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Based on Hamilton’s principle, this study has developed a continuous treatment for the steel-concrete composite truss beam
(SCCTB). It has also deduced the SCCTB element stiffness matrix and mass matrix, which include the effects of interface slip,
shear deformation, moment of inertia, and many other influencing factors. A finite beam element method (FBEM) program for
SCCTB’s natural vibration frequency has been developed and used to calculate the natural vibration frequencies of several SCCTBs
with different spans and different degrees of shear connections. The FBEM’s calculation results of several SCCTBs agree well with
the results obtained from ANSYS. Based on the results of this study, the following conclusions can be drawn. For the SCCTB with
high-order natural vibration frequency and with short span, the effect of the shear deformation is greater. Hence, the effect of the
shear deformation on the SCCTB’s high-order natural vibration frequency cannot be ignored. On the other hand, the effect of the
interface slip on the SCCTB’s high-order natural vibration frequency is insignificant. However, the effect of the interface slip on the
SCCTB’s low-order natural vibration frequency cannot be ignored.

1. Introduction

The SCCTB is a new-type structural member. It is developed
on the basis of ordinary composite beams and uses shear
connectors to connect the concrete slab to the steel truss into
one entire joint work. Comparing with ordinary truss beams,
SCCTB is more effective because it uses both the compressive
strength of concrete and the tensile strength of steel. Hence, it
is characterized by high utilization rate of indoor space, high
economic efficiency, high bending stiffness, and high bearing
capacity [1, 2].

Even though a beam is designed as a full composite sec-
tion, due to the deformation of shear studs, it cannot respond
with perfect composite action without slip. Further, unlike
Euler–Bernoulli beams in which there is infinite shear stiff-
ness, it may not be appropriate to design other beams by
neglecting the shear deformation of the concrete slab and
steel truss beam, for example, composite beams with a small
span-to-depth ratio [3–6]. Therefore, the natural vibration
characteristics of SCCTBs are affected by the coupled effects

of the shear deformation and the interfacial slip between the
concrete slab and steel truss beam.

Hitherto, there are many studies on the shear behavior of
hybrid steel-trussed-concrete beams, which are constructed
by embedding the prefabricated steel trusses into a concrete
core cast in situ. On the other hand, there are few studies
on the mechanical properties of SCCTB. Using the software
ABAQUS to carry out the finite element (FE) numerical
simulations, Monaco [7] investigated the shear behavior of
hybrid steel-trussed-concrete beams. Monti and Petrone [8]
developed the shear capacity equations from a purposely
developed mechanics-based shear model for hybrid steel-
trussed-concrete beams. Campione et al. [9] investigated a
calculation method for the prediction of the shear resistance
of precast composite beam; both experimental and numerical
results were used to validate the developed analytical expres-
sions.

Giltner andKassimali [10] developed amethodwhich can
replace the trusses and the beam elements with an equivalent
beam, thereby reducing the size of the computer model for
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analysis. Machacek and Cudejko [11, 12] investigated the
distribution of longitudinal shear along the interface between
the steel and the concrete of various composite truss bridges
from the elastic phase to the plastic collapse. He found
that the nonlinear distribution of the longitudinal shear
significantly depends on the rigidity of the shear connection
and the densification of the shear connectors above the
truss nodes. By carrying out an experimental study and a
theoretical analysis, Chan and Fong [13] concluded that the
use of the effective length method in the linear analysis and
design method was less convenient and less accurate than
the second-order analysis. On the basis of the literature [13],
Fong et al. [14] further showed that the second-order analysis
method was not only an accurate design method, but it can
also avoid the uncertain approximate value of the effective
length. By comparing the results from the finite element
numerical calculation method with the experimental results,
Bujnak and Bouchair [15] found that the local effects of the
concentrated longitudinal shear forces should be examined in
SCCTB. Siekierski [16] analyzed the effects of the shrinkage
of concrete slab in SCCTB and developed a set of linear
equations to compute the axial forces in the flange members
of the truss girder and the transverse shear forces in SCCTB.

The natural vibration characteristic analysis is the basis
to investigate the dynamic characteristics of SCCTB. So, it is
necessary to investigate its natural vibration characteristics.
As shown by the earlier studies, the mechanical properties of
SCCTB are affected by the interface slip, shear deformation,
moment of inertia, and many other factors. However, there
are only a few studies on the SCCTB’s natural vibration
characteristics which have taken these factors into account.
In this study, a continuous treatment for SCCTB has been
developed. It has also deduced the SCCTB element stiffness
matrix and mass matrix with the cubic Hermite polynomial
shape function, which includes the effects of the interface slip,
shear deformation, moment of inertia, and many other influ-
encing factors. Hence, even with fewer degrees of freedom,
the precision in the calculation is satisfactory. Based on the
developed SCCTB element, this study has developed a FBEM
program which can calculate the natural vibration frequency
of SCCTBs commonly used in the engineering practice.
Finally, it calculates the natural vibration frequencies of
several SCCTBs with different spans and different degrees of
shear connections. Based on the results of the analyses, some
conclusions which are related to the engineering design are
drawn.

2. Cross-Sectional Analysis of Strain and
Stress of SCCTB

2.1. Displacement Model of SCCTB. In Figure 1, 𝐻3, 𝑇3, ℎ3,
and 𝑡3 are the height and width of the external and internal
walls of the upper chord, respectively; 𝐻4, 𝑇4, ℎ4, and 𝑡4
are the height and width of the external and internal walls
of the lower chord, respectively; 𝐻5, 𝑇5, ℎ5, and 𝑡5 are the
height and width of external and internal walls of the oblique
web member, respectively; 𝐻6, 𝑇6, ℎ6, and 𝑡6 are the height
and width of the external and internal walls of the vertical

0

b2 b1 b1 b2

t2 t1 t2

ℎ3 H3

b6

ℎ4 H4

b7

z, w

y, 

Figure 1: Sectional dimension and the coordinate system of the
SCCTB.

web member, respectively; 𝐻7, 𝑇7, ℎ7, and 𝑡7 are the height
and width of the external and internal walls of the lower
horizontal connection member, respectively; 𝐻8, 𝑇8, ℎ8, and𝑡8 are the height and width of the external and internal walls
of the oblique bracing member, respectively; 𝑡1 and 𝑡2 are
the thicknesses of the concrete roof and the cantilever slabs,
respectively; 2𝑏1 and 𝑏2 are thewidths of the concrete roof and
the cantilever slabs, respectively; and 𝑏3, 𝑏4, 𝑏5, 𝑏6, 𝑏7, and 𝑏8
are the lengths of the upper chord, lower chord, oblique web
member, vertical web member, lower horizontal connection
member, and oblique bracing member, respectively.

The strain of oblique bracingmember can be expressed as

𝜀𝑏8 = Δ 𝑏8𝑏8 = Δ 𝑏4 cos𝛽𝑏4/ cos𝛽 = Δ 𝑏4cos2𝛽𝑏4 = 𝜀𝑥4cos2𝛽, (1)

where 𝛽 is the angle between lower horizontal connection
member and oblique bracing member, Δ 𝑏8 is the axial
displacement of the oblique bracing member, and Δ 𝑏4 is the
axial displacement of the lower chord.

Further, the axial force of the oblique bracing member is
given by

𝐹𝑏8 = 𝐸𝑠𝜀𝑏8𝐴8 = 𝐸𝑠𝜀𝑥4𝐴8cos2𝛽. (2)

The longitudinal component of the axial force of the
oblique bracing member is given by

𝐹𝑝𝑥 = 𝐹𝑏8 cos𝛽 = 𝐸𝑠𝜀𝑥4𝐴8cos3𝛽. (3)

Therefore, the longitudinal equivalent area of the oblique
bracing member can be expressed as follows:

𝐴8𝐻 = 𝐴8cos3𝛽 = 𝐴8cos3𝛽. (4)

The longitudinal displacement of SCCTB can be
expressed as follows [17]:

𝑢𝑖 (𝑥, 𝑦, 𝑧) = {{{
𝑘𝑐𝜉 (𝑥) − (𝑧 − 𝑧𝑐) 𝜃 (𝑥) 𝑖 = 1, 2
𝑘𝑠𝜉 (𝑥) − (𝑧 − 𝑧𝑠) 𝜃 (𝑥) 𝑖 = 3, 4, (5)

𝑘𝑐 = −𝐴 𝑠𝐴0 ,
𝑘𝑠 = 𝐴𝑐(𝑛𝐴0) ,

(6)
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where 𝑧𝑠 is the 𝑧-coordinate of the centroid of the steel truss
beam; 𝑧𝑐 is the 𝑧-coordinate of the centroid of the concrete
slab; 𝜃(𝑥) = 𝑤(𝑥) − 𝛾𝑤(𝑥) is the cross-sectional rotation
angle; 𝑤(𝑥) is the vertical deflection of the SCCTB; 𝜉(𝑥)
is the difference between the longitudinal displacement of
the concrete slab centroid and that of the steel truss beam
centroid; 𝐸𝑠 is the elastic modulus of the steel truss and 𝐸𝑐
is the elastic modulus of the concrete slab. Further, 𝑛 =𝐸𝑠/𝐸𝑐; 𝐴𝑐 = 𝐴1 + 𝐴2; 𝐴 𝑠 = 𝐴3 + 𝐴4 + 𝐴8𝐻; 𝐴0 = 𝐴𝑐/𝑛 +𝐴 𝑠; 𝐴1 = 2𝑏1𝑡1; 𝐴2 = 2𝑏2𝑡2; 𝐴3 = 2(𝐻3𝑇3 − ℎ3𝑡3); 𝐴4 =2(𝐻4𝑇4 − ℎ4𝑡4); 𝐴5 = 2(𝐻5𝑇5 − ℎ5𝑡5); and 𝐴8 = 𝐻8𝑇8 − ℎ8𝑡8.

The axial displacement of the oblique web member is
given by

Δ 5 = 𝛿1 cos𝛼,
𝛿1 = 𝑏4 (𝑤 − 𝜃) , (7)

where 𝛼 is the angle between the oblique and vertical web
members.

2.2. Strain Model of SCCTB. According to the displacement
model of SCCTB in Section 2.1, the longitudinal strain of the
cross-section can be expressed as

𝜀𝑥𝑖 = 𝜕𝑢𝑖𝜕𝑥 = {{{
𝑘𝑐𝜉 − (𝑧 − 𝑧𝑐) 𝜃 𝑖 = 1, 2
𝑘𝑠𝜉 − (𝑧 − 𝑧𝑠) 𝜃 𝑖 = 3, 4, (8)

𝛾𝑤 = 𝑤 − 𝜃, (9)

𝜀𝑓𝑥 = Δ 5𝑏5 = 𝑏4 (𝑤 − 𝜃) cos𝛼
𝑏5 = 𝑏4𝑏6𝑏52 (𝑤 − 𝜃) , (10)

where 𝜀𝑥𝑖 (𝑖 = 1, 2, 3, 4) are the longitudinal strains of
the top slab, cantilever slab, upper chord, and lower chord,
respectively; 𝜀𝑓𝑥 is the normal strain of the oblique web
member.

Derived from (5), the longitudinal relative slip 𝜁(𝑥, 𝑡)
between the concrete slab and the truss is

𝜁 (𝑥, 𝑡) = 𝜉 + ℎ𝑐𝜃 + ℎ𝑠𝜃 = 𝜉 + ℎ𝜃, (11)

where ℎ = ℎ𝑐 + ℎ𝑠; ℎ𝑐 and ℎ𝑠 are the distances from the
centroids of the concrete slab and steel truss to the interface,
respectively.

2.3. Stress Model of SCCTB. Based on the strain models of
SCCTB in Section 2.2, the stresses of SCCTB are

𝜎𝑥𝑖 = {{{
𝐸𝑐 [𝑘𝑐𝜉 − (𝑧 − 𝑧𝑐) 𝜃] 𝑖 = 1, 2
𝐸𝑠 [𝑘𝑠𝜉 − (𝑧 − 𝑧𝑠) 𝜃] 𝑖 = 3, 4,

𝜏𝑤 = 𝐺𝑠 (𝑤 − 𝜃) ,
𝜎𝑓𝑥 = 𝐸𝑠 𝑏4𝑏6𝑏52 (𝑤 − 𝜃) ,

(12)

where 𝜎𝑥𝑖 (𝑖 = 1, 2, 3, 4) are the longitudinal stresses of
the top slab, cantilever slab, upper chord, and lower chord,

respectively; 𝜏𝑤 is the shear stress of the upper chord and the
lower chord, respectively; and 𝜎𝑓𝑥 is the normal stress of the
oblique web member.

The shearing force per unit length of the interface is given
by

𝜍 (𝑥, 𝑡) = 𝑘𝑠𝑙𝜁 (𝑥, 𝑡) = 𝑘𝑠𝑙 (𝜉 + ℎ𝜃) , (13)

𝑘𝑠𝑙 = 𝐾1/𝑙𝑠,
𝐾1 = 0.66𝑛𝑠𝑉𝑢,
𝑉𝑢 = 𝐴 𝑠𝑓𝑠𝑟𝑙𝑠(𝐿𝑛𝑠) ,

(14)

where 𝑘𝑠𝑙 is the longitudinal shear stiffness in per unit length
between the concrete slab and the steel truss beam and
the unit is N/mm2; 𝐾1 is the longitudinal shear stiffness
of the shear connections, and the unit is N/mm; 𝑛𝑠 is the
number of shear connections in a crosswise row; 𝑙𝑠 is the
longitudinal spacing between two studs;𝐿 is the effective span
of SCCTB; 𝑟 is the degree of shear connection; 𝑓𝑠 is the yield
strength of steel material; and 𝑉𝑢 is the shear strength of the
stud.

3. Finite Beam Element Method of SCCTB

3.1. Improved SCCTB Element Stiffness Matrix and Mass
Matrix Including the Effects of Interface Slip and Shear Defor-
mation. In order to satisfy the consistency requirements,
for the different displacement functions to contribute to the
same strain function, the degree of polynomial has to be
the same after the finite element approximation. Otherwise,
there are unreal geometric constraint conditions, which can
significantly reduce the accuracy of the finite elementmethod
and result in shear locking [5, 18]. The highest-order deriva-
tives of each displacement function in (8)–(11) show that the
highest derivatives of 𝜉(𝑥) and 𝜃(𝑥) are first-order derivatives.
Hence, the corresponding shape function can only satisfy
the continuity condition for 𝐶0. Further, (9) shows that the
shape function of the deflection function 𝑤(𝑥) must satisfy
the continuity condition of 𝐶1. According to the principle of
numerical calculation, in order to satisfy the continuity con-
dition of 𝐶1, the Hermite polynomial has to be at least cubic.
However, (9) shows that the contribution of the deflection
function 𝑤(𝑥) to the cross-section rotation function 𝜃(𝑥) is
a quadratic polynomial. Hence, in order to satisfy the consis-
tency requirements, the displacement functions 𝜉(𝑥) and 𝜃(𝑥)
have to be approximated using the quadratic polynomials.
Further, the elements satisfying the consistency requirements
have to have at least 10 degrees of freedom, as shown
in Figure 2. Assume that the nodal displacement vector
is

𝜉 (𝑥) = 𝜑𝜉q𝜉,
𝜃 (𝑥) = 𝜑𝜃q𝜃,
𝑤 (𝑥) = 𝜑𝑤q𝑤,

(15)
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Figure 2: Nodal degrees of freedom of the SCCTB element.

q𝜉 = [𝜉1, 𝜉2, 𝜉3]𝑇 ,
q𝜃 = [𝜃1, 𝜃2, 𝜃3]𝑇 ,
q𝑤 = [𝑤1, 𝑤1, 𝑤2, 𝑤2]𝑇 .

(16)

The Hermite polynomial shape function to satisfy the
continuity condition of 𝐶1 at the element boundary is

𝜑𝜉 = 𝜑𝜃 = [1 − 3𝑘 + 2𝑘2, 4𝑘 − 4𝑘2, −𝑘 + 2𝑘2]
𝜑𝑤 = [1 − 3𝑘2 + 2𝑘3, (𝑘 − 2𝑘2 + 𝑘3) 𝑙, 3𝑘2

− 2𝑘3, 𝑙 (−𝑘2 + 𝑘3)] ,
(17)

where 𝑘 = 𝑥/𝑙 and 𝑙 is the element length.
Substituting (15) into (8) gives

𝜀𝑥𝑖 = {{{
𝑘𝑐𝜑𝜉q𝜉 − (𝑧 − 𝑧𝑐) 𝜑𝜃q𝜃 𝑖 = 1, 2
𝑘𝑠𝜑𝜉q𝜉 − (𝑧 − 𝑧𝑠) 𝜑𝜃q𝜃 𝑖 = 3, 4

𝛾𝑤 = 𝜑𝑤q𝑤 − 𝜑𝜃q𝜃,
𝜁 (𝑥) = 𝜑𝜉q𝜉 + ℎ𝜑𝜃q𝜃,
𝜀𝑓𝑥 = 𝑏4𝑏6𝑏52 (𝜑𝑤q𝑤 − 𝜑𝜃q𝜃) .

(18)

Substituting (15) into (12)-(13) gives

𝜎𝑥𝑖 = {{{
𝐸𝑐 [𝑘𝑐𝜑𝜉q𝜉 − (𝑧 − 𝑧𝑐) 𝜑𝜃q𝜃] 𝑖 = 1, 2
𝐸𝑠 [𝑘𝑠𝜑𝜉q𝜉 − (𝑧 − 𝑧𝑠) 𝜑𝜃q𝜃] 𝑖 = 3, 4 (19)

𝜏𝑤 = 𝐺𝑠 (𝜑𝑤q𝑤 − 𝜑𝜃q𝜃) ,
𝜍 (𝑥) = 𝑘𝑠𝑙 (𝜑𝜉q𝜉 + ℎ𝜑𝜃q𝜃) , (20)

𝜎𝑓𝑥 = 𝐸𝑠 𝑏4𝑏6𝑏52 (𝜑𝑤q𝑤 − 𝜑𝜃q𝜃) . (21)

The kinetic energy of the SCCTB can be expressed as

𝑇 = 12 ∫
𝑙
𝑚�̇�2𝑑𝑥 + 12

4∑
𝑖=1

∫
𝑙
∫
𝐴𝑖

𝜌𝑖�̇� 2𝑖 𝑑𝐴𝑑𝑥

+ 12 ∫
𝑙
∫
𝐴5

𝜌𝑠�̇� 2𝑖 𝑏5𝑏4 𝑑𝐴𝑑𝑥 + 12 ∫
𝑙
∫
𝐴8

𝜌𝑠�̇�2
cos𝛽𝑑𝐴𝑑𝑥,

(22)

where 𝑚 = 𝜌𝑐𝐴𝑐 + 𝜌𝑠𝐴 𝑠; 𝜌𝑐 and 𝜌𝑠 are the densities of the
steel material and the concrete material, respectively; and𝜌1 = 𝜌2 = 𝜌𝑐, 𝜌3 = 𝜌4 = 𝜌𝑠.

The strain energy of SCCTB can be expressed as

𝑉 = 12 ∫
𝑙
( 4∑
𝑖=1

∫
𝐴𝑖

𝜎𝑥𝑖𝜀𝑥𝑖 𝑑𝐴 + ∫
𝐴𝑥𝑔

𝜏𝑤𝛾𝑤 𝑑𝐴

+ ∫
𝐴𝑒𝑞

𝜎𝑓𝑥𝜀𝑓𝑥 𝑑𝐴 + ∫
𝐴8𝐻

𝜎𝑥4𝜀𝑥4 𝑑𝐴 + 𝜍𝜁)𝑑𝑥,
(23)

where 𝐴𝑒𝑞 = 𝐴5/ sin𝛼 and 𝐴𝑥𝑔 = 𝐴3 + 𝐴4.
According to (22) and (23), the variation forms of the

strain energy and the kinetic energy can be expressed as

∫𝑡2
𝑡1

𝛿𝑇𝑑𝑡 = −∫𝑡2
𝑡1

[𝑚∫
𝑙
�̈�𝛿𝑤𝑑𝑥

+ ∫
𝑙
(∫
𝐴𝑐

𝜌𝑐�̈�𝑐𝛿𝑢𝑐 𝑑𝐴 + ∫
𝐴𝑥𝑔

𝜌𝑠�̈�𝑠𝛿𝑢𝑠 𝑑𝐴)𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑒𝑞

𝜌𝑠�̈�𝑠𝛿𝑢𝑠 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴8

1
cos𝛽𝜌𝑠�̈�𝑠𝛿𝑢𝑠 𝑑𝐴 𝑑𝑥]𝑑𝑡,

(24)

∫𝑡2
𝑡1

𝛿𝑉𝑑𝑡 = ∫𝑡2
𝑡1

[∫
𝑙
∫
𝐴𝑐

𝛿𝜀𝑇𝑥𝜎𝑥 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑥𝑔

(𝛿𝜀𝑇𝑥𝜎𝑥 + 𝛿𝛾𝑇𝑤𝜏𝑤) 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴5

1
sin 𝛼𝛿𝜀𝑇𝑓𝑥𝜎𝑓𝑥 𝑑𝐴𝑑𝑥

+ ∫
𝑙
∫
𝐴8𝐻

𝛿𝜀𝑇𝑥4𝜎𝑥4 𝑑𝐴𝑑𝑥 + ∫
𝑙
𝛿𝜁𝑇𝜍 𝑑𝑥] 𝑑𝑡.

(25)

By substituting (18)–(20) into (24), the SCCTB element
mass matrix is

M𝑒 = [[[
[

M𝜉𝜉 M𝜉𝜃 M𝜉𝑤
M𝜃𝜉 M𝜃𝜃 M𝜃𝑤
M𝑤𝜉 M𝑤𝜃 M𝑤𝑤

]]]
]
,

M𝜉𝜉 = ∫
𝑙
∫
𝐴𝑐

𝜌𝑐𝑘𝑐2𝜑𝜉𝑇𝜑𝜉 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑥𝑔

𝜌𝑠𝑘𝑠2𝜑𝜉𝑇𝜑𝜉 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑒𝑞

𝜌𝑠𝑘𝑠2𝜑𝜉𝑇𝜑𝜉 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴8

1
cos𝛽𝜌𝑠𝑘𝑠2𝜑𝜉𝑇𝜑𝜉 𝑑𝐴𝑑𝑥,
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M𝜉𝜃 = ∫
𝑙
∫
𝐴𝑐

𝜌𝑐𝑘𝑐𝑧1𝜑𝜉𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑥𝑔

𝜌𝑠𝑘𝑠𝑧2𝜑𝜉𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑒𝑞

𝜌𝑠𝑘𝑠𝑧2𝜑𝜉𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴8

1
cos𝛽𝜌𝑠𝑘𝑠𝑧2𝜑𝜉𝑇𝜑𝜃 𝑑𝐴𝑑𝑥,

M𝜃𝜃 = ∫
𝑙
∫
𝐴𝑐

𝜌𝑐𝑧21𝜑𝜃𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑥𝑔

𝜌𝑠𝑧22𝜑𝜃𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑒𝑞

𝜌𝑠𝑧22𝜑𝜃𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴8

1
cos𝛽𝜌𝑠𝑧22𝜑𝜃𝑇𝜑𝜃 𝑑𝐴𝑑𝑥,

M𝜉𝑤 = 0,
M𝜃𝑤 = 0,
M𝑤𝑤 = 𝑚∫

𝑙
𝜑𝑤𝑇𝜑𝑤 𝑑𝑥,

M𝜃𝜉 = M𝑇𝜉𝜃,
M𝑤𝜉 = M𝑇𝜉𝑤,
M𝑤𝜃 = M𝑇𝜃𝑤,

(26)

where𝑚 = 𝑚1+𝑚2+𝑚3+𝑚4+𝑚5+𝑚6+𝑚7+𝑚8;𝑚1 = 𝜌𝑐𝐴1;𝑚2 = 𝜌𝑐𝐴2; 𝑚3 = 𝜌𝑠𝐴3; 𝑚4 = 𝜌𝑠𝐴4; 𝑚5 = 𝜌𝑠𝐴5𝑏5/𝑏4; 𝑚6 =𝜌𝑠𝑏6𝐴6/𝑏4; 𝑚7 = 𝜌𝑠𝑏7𝐴7/𝑏4; 𝑚8 = 𝜌𝑠𝐴8𝑏8/𝑏4; 𝑘1 = 𝑘2 = 𝑘𝑐;𝑘3 = 𝑘4 = 𝑘𝑠; 𝑧1 = 𝑧𝑐 − 𝑧; 𝑧2 = 𝑧𝑠 − 𝑧.
By substituting (18)–(20) into (25), the SCCTB element

stiffness matrix is

K𝑒 = [[[
[

K𝜉𝜉 K𝜉𝜃 K𝜉𝑤
K𝜃𝜉 K𝜃𝜃 K𝜃𝑤
K𝑤𝜉 K𝑤𝜃 K𝑤𝑤

]]]
]
,

K𝜉𝜉 = ∫
𝑙
∫
𝐴𝑐

𝐸𝑐𝑘𝑐2𝜑𝜉𝑇𝜑𝜉 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑥𝑔

𝐸𝑠𝑘𝑠2𝜑𝜉𝑇𝜑𝜉 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴8

𝐸𝑠𝑘𝑠2𝜑𝜉𝑇𝜑𝜉 cos3𝛽𝑑𝐴𝑑𝑥
+ ∫
𝑙
𝑘𝑠𝑙𝜑𝜉𝑇𝜑𝜉𝑑𝑥,

K𝜉𝜃 = ∫
𝑙
∫
𝐴𝑐

𝐸𝑐𝑘𝑐𝑧1𝜑𝜉𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑥𝑔

𝐸𝑠𝑘𝑠𝑧2𝜑𝜉𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴8

𝐸𝑠𝑘𝑠𝑧2𝜑𝜉𝑇𝜑𝜃 cos3𝛽 𝑑𝐴𝑑𝑥
+ ∫
𝑙
𝜑𝜉𝑇𝑘𝑠𝑙ℎ𝜑𝜃 𝑑𝑥,

K𝜃𝜃 = ∫
𝑙
∫
𝐴𝑐

𝑧21𝐸𝑐𝜑𝜃𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑥𝑔

(𝑧22𝐸𝑠𝜑𝜃𝑇𝜑𝜃 + 𝐺𝑠𝜑𝜃𝑇𝜑𝜃) 𝑑𝐴𝑑𝑥

+ ∫
𝑙
∫
𝐴5

𝑏4𝑏26𝑏35 𝐸𝑠𝜑𝜃𝑇𝜑𝜃 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴8

𝑧22𝐸𝑠𝜑𝜃𝑇𝜑𝜃 cos3𝛽𝑑𝐴𝑑𝑥
+ ∫
𝑙
ℎ2𝑘𝑠𝑙𝜑𝜃𝑇𝜑𝜃 𝑑𝑥,

K𝜃𝑤 = ∫
𝑙
∫
𝐴5

(−𝑏4𝑏26𝑏35 𝐸𝑠𝜑𝜃𝑇𝜑𝑤)𝑑𝐴𝑑𝑥
− ∫
𝑙
∫
𝐴𝑥𝑔

𝐺𝑠𝜑𝜃𝑇𝜑𝑤 𝑑𝐴𝑑𝑥,

K𝑤𝑤 = ∫
𝑙
∫
𝐴5

𝑏4𝑏26𝑏35 𝐸𝑠𝜑𝑤𝑇𝜑𝑤 𝑑𝐴𝑑𝑥
+ ∫
𝑙
∫
𝐴𝑥𝑔

𝐺𝑠𝜑𝑤𝑇𝜑𝑤 𝑑𝐴𝑑𝑥,
K𝜉𝑤 = 0,
K𝜃𝜉 = K𝑇𝜉𝜃,
K𝑤𝜉 = K𝑇𝜉𝑤,
K𝑤𝜃 = K𝑇𝑤𝜃.

(27)

3.2. Solving the Natural Vibration Frequency of SCCTB.
Based on the SCCTB element stiffness matrix K𝑒, element
mass matrix M𝑒, and element displacement vector q𝑒 ={q𝑇𝜉 , q𝑇𝜃 , q𝑇𝑤}𝑇, and using the “seat by number” method, the
SCCTB overall stiffness matrix K, overall mass matrix M,
and overall degree of freedom vector q can be obtained.
The common boundary conditions for the SCCTB can be
expressed as follows [17, 19]:

𝜉𝑥=0,𝐿 = 𝑤|𝑥=0,𝐿 = 𝜃|𝑥=0,𝐿 = 0. (28)
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The transformational relationship between the SCCTB
overall degree of freedom vector before and after applying the
boundary constraint can be expressed as follows:

q = Sq, (29)

where S is the transformation matrix for the overall degree
of freedom vector, which can be obtained for the given
boundary conditions, and q is the SCCTB overall degree of
freedom vector after applying the boundary constraint.

The free vibration function for a structure with multiple
degrees of freedom can be expressed as follows:

Mü + Ku = 0. (30)

Let

u = q sin𝜔𝑡, (31)

where 𝜔 is the structure’s natural vibration frequency.
Substituting (31) into (30) gives

(−𝜔2M + K) q = 0. (32)

Substituting (29) into (32) gives

(−𝜔2M + K) q = 0, (33)

where

M = S𝑇MS,
K = S𝑇KS. (34)

Using (33), the frequency equation of SCCTB can be
obtained as follows: −𝜔2M + K = 0. (35)

The software MATLAB has been used to develop the
FBEM program of the abovementioned SCCTB element.
Then, the natural vibration frequency of SCCTB has been
solved by including the effects of both the interface slip and
shear deformation.

3.3. Simplification of SCCTB Element Stiffness Matrix. If the
shear deformation is not considered, then

𝛾𝑤 = 𝑤 − 𝜃 = 0 ⇒
𝑤 = 𝜃 ⇒

𝜑𝑤q𝑤 = 𝜑𝜃q𝜃,
𝑤𝑥=0 = 𝜑𝑤q𝑤𝑥=0 = 𝑤1,
𝑤𝑥=𝑙 = 𝜑𝑤q𝑤𝑥=𝑙 = 𝑤2,

𝑤𝑥=0.5𝑙 = 𝜑𝑤q𝑤𝑥=0.5𝑙 = [− 32𝑙 , −14 , 32𝑙 , −14] q𝑤,
𝜃|𝑥=0 = 𝜑𝜃q𝜃𝑥=0 = 𝜃1,

𝜃|𝑥=0.5𝑙 = 𝜑𝜃q𝜃𝑥=0.5𝑙 = 𝜃2,
𝜃|𝑥=𝑙 = 𝜑𝜃q𝜃𝑥=𝑙 = 𝜃3.

(36)

Using (36), the following expression can be obtained:

𝜃1 = 𝑤1,
𝜃2 = [− 32𝑙 , −14 , 32𝑙 , −14] q𝑤,
𝜃3 = 𝑤2.

(37)

Using (37) and excluding the effect of the shear deforma-
tion, the element stiffness matrix K̃𝑒 and mass matrix M̃𝑒 are

K𝑒 = S𝑑K𝑒S
𝑇
𝑑 ,

M𝑒 = S𝑑M𝑒S
𝑇
𝑑 ,

(38)

where S𝑑 is a 7×10 transformationmatrix and can be obtained
using (37).

After obtaining the SCCTB element stiffness matrix and
mass matrix without the effect of the shear deformation, the
same method in Section 3.2 can be used to calculate the
natural vibration frequency of SCCTB without the effect of
the shear deformation.

4. Cases for Analyses

To verify the accuracy of the developed FBEM (Section 3),
the natural frequencies of two groups of clamped supported
SCCTBs (i.e., SCCTB-1 and SCCTB-2) have been calculated
using both the finite elementmethod and the FBEM. For each
group, there are cases with five degree of shear connection
(𝑟 = 0.4, 0.6, 0.8, 1.0, 2.0) and two spans. The mechanical and
geometrical parameters of the SCCTBs are as follows:

𝑙𝑠 = 25mm,
𝑛𝑠 = 10,
𝑏1 = 400mm,
𝑏2 = 200mm,
𝑏3 = 200mm,
𝑏4 = 200mm,
𝑏5 = 447.2mm,
𝑏6 = 400mm,
𝑏7 = 760mm,
𝑏8 = 785.9mm,
𝑡1 = 150mm,
𝑡2 = 150mm,
𝐻3 = 40mm,
ℎ3 = 34mm,
𝐻4 = 40mm,
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ℎ4 = 34mm,
𝐻5 = 43mm,
ℎ5 = 37mm,
𝐻6 = 22mm,
ℎ6 = 17mm,
𝐻7 = 22mm,
ℎ7 = 17mm,
𝐻8 = 22mm,
ℎ8 = 17mm,
𝐻9 = 22mm,
ℎ9 = 17mm,
𝑇3 = 40mm,
𝑡3 = 34mm,
𝑇4 = 40mm,
𝑡4 = 34mm,
𝑇5 = 43mm,
𝑡5 = 37mm,
𝑇6 = 22mm,
𝑡6 = 17mm,
𝑇7 = 22mm,
𝑡7 = 17mm,
𝑇8 = 22mm,
𝑡8 = 17mm,
𝑇9 = 22mm,
𝑡9 = 17mm,
𝐸𝑠 = 2.1 × 105MPa,
𝐸𝑐 = 4.5 × 104MPa,
𝜌𝑠 = 7900 kg⋅m−3,
𝜌𝑐 = 2400 kg⋅m−3,
𝑓𝑦 = 400MPa,
𝜇𝑠 = 0.3,
𝜇𝑐 = 0.2,
𝐿1 = 10m,
𝐿2 = 12m.

(39)

𝐿 𝑖 (𝑖 = 1, 2) are the calculation lengths of the two groups
of SCCTBs, respectively. Further, 𝜇𝑠 and 𝜇𝑐 are Poisson’s ratio
of steel and concrete, respectively.

The calculations by the finite element method have been
carried out using the finite element program, ANSYS. The
upper chord and the lower chord have been simulated
using SHELL43 shell element. The vertical web member,
oblique web member, lower horizontal connection member,
and oblique bracing member have been simulated using
BEAM188 elements. The concrete slab has been simulated
using SOLID65 solid elements.The studs have been simulated
using COMBIN14 spring elements. The elastic modulus 𝐾1
of the spring element has been calculated using (14). In the
finite element models, by coupling the degrees of freedom
in the vertical direction of the nodes at the same position,
the interface between the concrete slab and the steel truss
beam is connected in the vertical; that is, there is no vertical
separation between the concrete slab and the steel truss beam.
In order to simulate the clamped supported at the ends of
the beams in the finite element models, there are constrains
in the degrees of freedom in the vertical, transverse, and
longitudinal directions.

Tables 1 and 2 show a comparison of the results of the
calculated natural frequencies by the FBEM and ANSYS
model. 𝑅AN is the calculation result from the ANSYS model.𝑅FB is the calculation result from the FBEM including the
effects of the shear deformation and the interface slip. 𝑅SD
is the calculation result without including the effect of the
shear deformation. Further, 𝑒FB = 100(𝑅FB −𝑅AN)/𝑅AN is the
calculation error in FBEM, and 𝑒SD = 100(𝑅SD − 𝑅FB)/𝑅FB
and 𝐶𝑠 = (𝑅FB|𝑟=2.0 − 𝑅FB|𝑟=0.4)/𝑅FB|𝑟=2.0, where 𝑒SD and 𝐶𝑠
are the errors due to the effects of the shear deformation and
the interface slip, respectively.

From Tables 1 and 2 and Figures 3–5, the following can be
seen:

(1) By including the effects of the interface slip, shear
deformation, moment of inertia, and many other influencing
factors on the SCCTB, the results of the FBEM’s calculations
agree with those of the ANSYS’s finite element calculations.
The maximum calculation error 𝑒FB of the first six orders
of natural vibration frequency is less than 4.6%. This is an
indication that the SCCTB element stiffness matrix and mass
matrix developed in this study are rational and effective.
According to the calculation results of ANSYS, the local
vibration of SCCTB-1 with small span is becoming obvious
in the 6th mode, while SCCTB-2 with larger span does
not cause this kind of vibration in high modes. Neglecting
local vibration will result in generating additional restraints
on the SCCTB, which will overestimate the restrain rigidity
of the SCCTB. The proposed FBEM model in this paper
can be used to describe the actual behavior of SCCTBs in
flexural vibrations effectively, but it does not take into account
the local vibration. Therefore, the 6th natural frequency of
SCCTB-1 using FBEM is slightly larger than the ANSYS’
results.

(2) Without including the effect of the shear deformation
on the SCCTB’s natural vibration frequency, the FBEM’s
calculation results are greater than those of the ANSYS’s
calculations. Further, SCCTB’s shear deformation effect is
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Table 1: Comparison of calculation results between the FBEM and ANSYS model (SCCTB-1).

𝑟 Computation methods Natural frequencies (Hz)
1st 2nd 3rd 4th 5th 6th

0.40
𝑅AN 9.443 24.192 44.764 70.425 100.160 122.580𝑅FB 9.313 24.049 44.384 68.993 96.811 126.960𝑅SD 9.706 26.119 50.630 83.145 123.639 172.038

0.60
𝑅AN 9.580 24.359 44.930 70.570 100.280 122.610𝑅FB 9.480 24.274 44.629 69.225 97.022 127.146𝑅SD 9.895 26.404 50.977 83.524 124.037 172.447

0.80
𝑅AN 9.701 24.512 45.087 70.709 100.390 122.630𝑅FB 9.628 24.482 44.861 69.448 97.227 127.329𝑅SD 10.064 26.670 51.311 83.892 124.427 172.850

1.00
𝑅AN 9.809 24.653 45.236 70.844 100.510 122.660𝑅FB 9.760 24.676 45.083 69.665 97.428 127.508𝑅SD 10.216 26.920 51.631 84.251 124.810 173.248

2.00
𝑅AN 10.214 25.236 45.884 71.454 101.020 122.770𝑅FB 10.257 25.484 46.056 70.653 98.362 128.356𝑅SD 10.790 27.980 53.066 85.920 126.630 175.165𝐶𝑠 (%) 9.206 5.633 3.629 2.350 1.577 1.087

Table 2: Comparison of calculation results between the FBEM and ANSYS model (SCCTB-2).

𝑟 Computation methods Natural frequencies (Hz)
1st 2nd 3rd 4th 5th 6th

0.40
𝑅AN 6.717 17.314 32.190 50.824 72.887 97.708𝑅FB 6.598 17.177 32.065 50.470 71.700 95.122𝑅SD 6.795 18.224 35.278 57.903 86.098 119.830

0.60
𝑅AN 6.833 17.465 32.347 50.966 73.013 97.813𝑅FB 6.734 17.370 32.284 50.686 71.903 95.307𝑅SD 6.944 18.454 35.562 58.214 86.427 120.170

0.80
𝑅AN 6.935 17.602 32.494 51.103 73.134 97.915𝑅FB 6.853 17.548 32.491 50.893 72.100 95.488𝑅SD 7.075 18.666 35.832 58.516 86.750 120.504

1.00
𝑅AN 7.025 17.729 32.634 51.235 73.252 98.014𝑅FB 6.957 17.712 32.688 51.094 72.292 95.665𝑅SD 7.190 18.864 36.090 58.810 87.065 120.834

2.00
𝑅AN 7.352 18.242 33.234 51.826 73.796 98.481𝑅FB 7.338 18.384 33.539 52.001 73.182 96.501𝑅SD 7.612 19.683 37.228 60.157 88.549 122.409𝐶𝑠(%) 10.079 6.564 4.396 2.944 2.026 1.429

greater for SCCTB with the high-order natural vibration
frequency. If SCCTB’s natural vibration frequency order
is six, the shear deformation effect is 36.5%. Hence, the
shear deformation effect on the SCCTB’s high-order natural
vibration frequency cannot be ignored.

(3) For SCCTBwith a shorter span, the shear deformation
effect is greater.

(4) The section rotation caused by the bending moment
and the shear deformation caused by the shear force both
result in a bending displacement of the structural member.
The shear deformation effect on SCCTB at the low-order
frequency is insignificant. This is an indication that the

SCCTB’s bending vibration-type of low-order is mainly due
to the bending deformation caused by the section rotation
and the bending deformation caused by shear deformation
is small.

(5) For the shear deformation effect-natural vibration
frequency order curves of SCCTB under different degrees of
shear connections, they overlap with each other. This is an
indication that the effect of the degree of shear connections
on SCCTB’s shear deformation effect is not significant. It is
because the shear force of SCCTB is mainly carried by the
web member of the steel truss and has little relation to the
degree of shear connections.
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Figure 3: Relationship between the calculation errors of FBEM and the mode orders of natural vibration frequency.
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Figure 4: Relationship between the shear deformation effect and the mode orders of natural vibration frequency.

(6) While the interface slip effect on the SCCTB’s high-
order natural vibration frequency is insignificant, the effect
on the SCCTB’s low-order natural vibration frequency can
be as high as 10.1%. Hence, the effect of interface slip stiffness
on the SCCTB’s low-order natural vibration frequency cannot
be ignored. According to the results of the analyses, this
is because SCCTB’s section bending stiffness increases with
increasing interface slip stiffness, while SCCTB’s bending
vibration-type of low-order is dominated by the bending
deformation caused by the section rotation.

Figures 6 and 7 show the comparison between the first
six flexural mode shapes of ANSYS and FBEM models
of SCCTB-1 and SCCTB-2. It can be seen that the first
six flexural mode shapes of FBEM’s calculations agree well

with those of the ANSYS’s finite element calculations when
including the effects of the interface slip, shear deformation,
moment of inertia, andmany other influencing factors on the
SCCTB, which shows that the proposed FBEMmodel can be
used to describe the actual behavior of SCCTBs in flexural
vibrations effectively and accurately.

5. Conclusions

By including the effects of the interface slip, shear deforma-
tion, moment of inertia, and many other influencing factors
on SCCTB, and based on Hamilton’s principle, the SCCTB
element stiffness matrix and mass matrix with cubic Hermite
polynomial shape function have been developed. Based on
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Figure 5: Relationship between the interface slip effect and the mode orders of natural vibration frequency.
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Figure 6: Comparison between the first six flexural modes of ANSYS and FBEMmodels of SCCTB-1.

the developed SCCTB element, this study has also developed
a FBEM program which can calculate the natural vibration
frequency of SCCTBs that are common in the engineering
practice. The program has been used to calculate the natural
vibration frequencies of several SCCTBs with different spans
and different degrees of shear connections. The conclusions
are as follows:

(1) The FBEM’s calculation results of the natural vibra-
tion frequencies of several SCCTBs agree well with

the results ofANSYS’s finite element calculations.This
is an indication that the SCCTB element stiffness
matrix and mass matrix developed in this study
are effective. Hence, this is a basis for the further
applications of the FBEM to the dynamic calculations
of SCCTB.

(2) The SCCTB’s bending vibration-type of low-order is
dominated by the bending deformation caused by
the section rotation, and the shear deformation effect
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Figure 7: Comparison between the first six flexural modes of ANSYS and FBEMmodels of SCCTB-2.

of SCCTB’s low-order natural vibration frequency is
insignificant.

(3) For the SCCTB with high-order natural vibration fre-
quency, the effect of the shear deformation is greater.
Hence, the shear deformation effect on the SCCTB’s
high-order natural vibration frequency cannot be
ignored.

(4) Under different degrees of shear connections, the
curves for the shear deformation effect and natural
vibration frequency order of SCCTBs are overlapped
with each other. This is an indication that the effect
of the degree of shear connections on SCCTB’s shear
deformation is not significant.

(5) While the interface slip effect on the SCCTB’s high-
order natural vibration frequency is insignificant, the
effect on the SCCTB’s low-order natural vibration
frequency is dominated by the section rotation defor-
mation which cannot be ignored.
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