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In this paper, the stability of vehicle concerning the slow-varying sprung mass is analyzed based on two degrees of freedom
quarter-car model. A mathematical model of vehicle is established, the nonlinear vibration caused by sprung mass vibration is
solved, and frequency curve is obtained. The characteristics of a stable solution and the parameters affecting the stability are
analyzed. The numeric solution shows that a slow-varying sprung mass is equivalent to adding a negative damping coefficient to
the suspension system, making the effective damping coefficient change from negative to positive. Such changing parameters lead
to Hopf bifurcation and a shrinking limit cycle. The simulation results indicate the existence of static as well as dynamic bifurcation
and the result is a change in the final stable vibration of the suspension. Even the tiny vibration of the sprung mass will lead to
amplitude mutation, leading to the sprung mass instability.

1. Introduction
The stability and bifurcation of a nonlinear system are closely
related. Bifurcations that include both static and dynamic
bifurcations affect the stability of the system. Static bifurcation such as saddle node bifurcation occurs mainly due
to the nonlinear stiffness, discussed in vibration absorbers
[1, 2]. Dynamic bifurcation such as Hopf bifurcation occurs
due to the parameter variations, reported in induction motor
drive system [3] and circuit system [4]. They separated static
bifurcation from dynamic bifurcation.
Research on static bifurcation varies. Static bifurcation
caused by maneuvering load of an aircraft is analyzed in [5].
The bifurcation of a bearing system is studied in [6] and it was
found that when the speed exceeds a critical value, the saddle
node bifurcation occurs. The static bifurcation of an oscillator
and its control is studied in [7, 8], illustrating the connection
between nonlinear stiffness and saddle node bifurcation.
Vibration analysis of a drill string using FEM [9] enables
easy reconfiguration of the drill string for different boundary
conditions. The model of these works is based on a smooth
vibration state without any restriction. Compared with that,
a vibro-impact system [10–13] is repeatedly reported. In these

literatures, bifurcation of a piecewise-linear impact oscillator
with drift is analyzed in [10]. Works in [11–13] concentrated
on slip and contact motion of an oscillator excited by moving
base. These researches go further to find more parameters
which could result in bifurcation. However, the bifurcation
is still static. The systems of all the works mentioned above
can be treated as static models since their parameters remain
still. But the parameters of any practical system always change
with time.
Considering the case of high-speed rail CRH3 in China
as the object, the critical speed leading to Hopf bifurcation
between the wheel and the rail, which is critical for the safety
of high-speed trains, is analyzed [14]. The stability of the
rotational motion is studied in [15–17], of which the work
presented in [16] analyzed an asymmetric rotation movement
and found that both the Hopf bifurcation and the saddle node
bifurcation will occur when the damping coefficient or the
speed reaches a certain value. The kinematic stability of a
symmetrical vane wheel of an aircraft is studied in [15] and
it was found that any variation of the damping between the
blade and the bearing, as well as the rotational speed, may
lead to the generation of Hamilton Hopf bifurcation. Literatures [18–22] concern the effects of Coulomb damping on the
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system. Hopf bifurcation occurs as the effect of nonsmooth
Coulomb friction [18]. After analyzing the vibration-impact
dynamics of SDOF oscillator under the effect of Coulomb
damping, it has been found out that there exist abundant
dynamic phenomena, such as period-doubling routes to
chaos [19, 20] and jump between multiperiodic orbits [21,
22]. A 1 : 2 resonant Hopf-Hopf bifurcation [23] and cellular
shock instability are also studied concerning Hopf bifurcation
[24]. Compared with the literature mentioned above, these
references focused on the effect of parameter variations on
the stability of the system. From these studies, it can be
seen that the variations in system parameters can lead to the
bifurcation. However, these studies are limited to the time
delay and any changes in the characteristics of the system,
such as variations in mass, stiffness, and damping coefficient,
are neglected. The effect of the slowly varying parameters
leading to bifurcation is rarely studied, and this kind of
changes is widespread. Hence, it is worth paying attention to.
Slowly varying parameter defines the parameter which
demands one-tenth time or less compared with other parameters with same self-variation in one system. Vehicle suspension is a system where the sprung mass is slowly varying.
The fast-varying parameters like velocity or acceleration vary
back and forth quickly. They are considered as variables in
system equations. Different from that, the sprung mass is
usually considered as constant. Actually, it decreases slowly,
adding a slowly varying parameter to a suspension system,
which changes the form of the equations. This is always
ignored by researchers. For example, an adaptive control of
nonlinear uncertain active suspension systems is analyzed
in [25]. A vehicle seat with negative stiffness structures [26]
and nonlinear asymmetrical shock absorber for vehicles [27]
are presented. A controller considering actuator time delay
is presented in [28, 29]. They focus only on the control of
nonlinear suspension and time delay, ignoring the slowly
changing parameters, especially the variations in sprung
mass. Enlighted by bifurcation research and the inadequate
nonlinear suspension study mentioned above, we decide to
figure out the effect of varying sprung mass on the stability of
the nonlinear suspension.
This paper is organized as follows. In Section 2, a mathematical model for 1/4 nonlinear suspension is established
and is solved using the method of multiple scales. Section 3
analyzes the stability of the solution and possible bifurcation.
Section 4 verifies the effectiveness of the proposed theoretical
analysis. Section 5 concludes the paper.
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Figure 1: Nonlinear quarter-car model.

wheel can be simplified as a nonlinear spring 𝑘𝑢 (𝛿𝑢 ) and a
damper 𝑐𝑢 (𝜉𝑢 ). When the automobile travels in the freeway,
the construction vehicle crawls in the construction site, or
the military vehicle slows down preparing for shooting, the
unevenness of the road is small, which can be treated as a
plane. And the vertical vibration is 𝑚𝑒 𝑒 cos(Ω𝑡).
According to Newton’s second law, the governing equation is
𝑑𝑧
𝑑𝑧
𝑑𝑧
𝑑
[𝑚𝑠 (𝜏) 𝑠 ] + 𝑓𝑐𝑠 ( 𝑠 − 𝑢 )
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡

(1a)

+ 𝑓𝑘𝑠 (𝑧𝑠 − 𝑧𝑢 ) = 𝑚𝑒 𝑒 cos (Ω𝑡) ,
𝑚𝑢

𝑑2 𝑧𝑠
𝑑𝑧
𝑑𝑧
− 𝑓𝑐𝑠 ( 𝑠 − 𝑢 ) − 𝑓𝑘𝑠 (𝑧𝑠 − 𝑧𝑢 )
2
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑧
+ 𝑓𝑐𝑢 ( 𝑢 ) + 𝑓𝑘𝑢 (𝑧𝑢 ) = 0,
𝑑𝑡

(1b)

where 𝑓𝑐𝑠 (𝑑𝑧𝑠 /𝑑𝑡 − 𝑑𝑧𝑢 /𝑑𝑡) = 𝑐𝑠 (𝑑𝑧𝑠 /𝑑𝑡 − 𝑑𝑧𝑢 /𝑑𝑡) +
𝜉𝑠 (𝑑𝑧𝑠 /𝑑𝑡 − 𝑑𝑧𝑢 /𝑑𝑡)3 , 𝑓𝑘𝑠 (𝑧𝑠 − 𝑧𝑢 ) = 𝑘𝑠 (𝑧𝑠 − 𝑧𝑢 ) + 𝛿𝑠 (𝑧𝑠 −
𝑧𝑢 )3 , 𝑓𝑐𝑢 (𝑑𝑧𝑠 /𝑑𝑡) = 𝑐𝑢 (𝑑𝑧𝑠 /𝑑𝑡) + 𝜉𝑢 (𝑑𝑧𝑠 /𝑑𝑡)3 , 𝑓𝑘𝑢 (𝑧𝑢 ) =
𝑘𝑢 𝑧𝑢 +𝛿𝑢 𝑧𝑢 3 . The damping term and the spring term share the
same form 𝑎𝑥 + 𝑏𝑥3 in accordance with literatures [29, 30].
Owing to the fact that the slow time satisfies 𝜏 = 𝜀𝑡, so we
can get 𝑑/𝑑𝑡 = (𝑑/𝑑𝜏)(𝑑𝜏/𝑑𝑡) = 𝜀(𝑑/𝑑𝜏). And (1a) and (1b)
can be simplified as follows:

2. Governing Equation for Nonlinear
Suspension with Slowly Varying Sprung
Mass under Forced Vibration

𝑚𝑠 (𝜏) 𝑧𝑠̈ + 𝜀𝑚 (𝜏) 𝑧𝑠̇ + 𝑐𝑠 (𝑧𝑠̇ − 𝑧𝑢̇ ) + 𝜉𝑠 (𝑧𝑠̇ − 𝑧𝑢̇ )

Leaving the turn of the vehicle out of account, the suspension
model can be described in Figure 1, which includes eccentric
mass 𝑚𝑒 , the sprung mass 𝑚𝑠 (𝜏), and the unsprung mass
𝑚𝑢 , connected by a nonlinear spring 𝑘𝑠 (𝛿𝑠 ) and a shock
absorber 𝑐𝑠 (𝜉𝑠 ). Since the sprung mass is a slowly varying
parameter, it is 𝑚𝑠 (𝜏) instead of 𝑚𝑠 (𝑡) based on the definition
of slowly varying parameter mentioned in Introduction. The

𝑚𝑢 𝑧𝑢̈ − 𝑐𝑠 (𝑧𝑠̇ − 𝑧𝑢̇ ) − 𝜉𝑠 (𝑧𝑠̇ − 𝑧𝑢̇ ) − 𝑘𝑠 (𝑧𝑠 − 𝑧𝑢 )

3

3

(2a)

+ 𝑘𝑠 (𝑧𝑠 − 𝑧𝑢 ) + 𝛿𝑠 (𝑧𝑠 − 𝑧𝑢 ) = 𝑚𝑒 𝑒 cos (Ω𝑡) ,
3

3

− 𝛿𝑠 (𝑧𝑠 − 𝑧𝑢 ) + 𝑐𝑢 𝑧𝑢̇ + 𝜉𝑢 𝑧𝑢̇ 3 + 𝑘𝑢 𝑧𝑢 + 𝛿𝑢 𝑧𝑢 3 = 0,
..

(2b)
..

where 𝑚 (𝜏) = 𝑑𝑚(𝜏)/𝑑𝜏, 𝑧𝑠 = 𝑑2 𝑧𝑠 /𝑑𝑡2 , 𝑧𝑠̇ = 𝑑𝑧𝑠 /𝑑𝑡, 𝑧𝑢 =
𝑑2 𝑧𝑢 /𝑑𝑡2 , 𝑧𝑢̇ = 𝑑𝑧𝑢 /𝑑𝑡.
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Comparing to suspension system with constant sprung
mass, this system contains an additional damping term
𝜀𝑚 (𝜏)𝑧𝑠̇ , and the damping coefficient 𝜀𝑚 (𝜏) of this term
is the function of the slowly varying sprung mass. When
the sprung mass varies from big to small, this slowly
varying damping coefficient is negative, resulting in selfexcited vibration. Meanwhile, the natural frequency is slowly
varying, leading to slowly varying amplitude and phase angle.
The sprung mass vibration makes the whole suspension
in a forced vibration state. Equations (2a) and (2b) can be
changed as

Substituting (4a) and (4b) into (3a) and (3b) and retaining
𝜀0 and 𝜀1 terms yield the following equations:
3

𝑥̈ + 𝜀𝜇𝑥̇ + 2𝜀𝜍𝑥 𝑤𝑥 (𝑥̇ − 𝑦)̇ + 2𝜀𝜁𝑥 𝑤𝑥 (𝑥̇ − 𝑦)̇
3

+ 𝑤𝑥2 (𝑥 − 𝑦) + 𝜀𝛽𝑥 (𝑥 − 𝑦) = 𝜀𝑓 cos (Ω𝑡) ,

(5a)

3

𝑦̈ − 2𝜀𝜍𝑥𝑦 𝑤𝑥𝑦 (𝑥̇ − 𝑦)̇ − 2𝜀𝜁𝑥𝑦 𝑤𝑥𝑦 (𝑥̇ − 𝑦)̇ − 𝜀𝑤𝑥𝑦 2 𝑥
3

− 𝜀𝛽𝑥𝑦 (𝑥 − 𝑦) + 𝑤𝑦2 𝑦 = 0.

(5b)

3

𝑥̈ + 𝜀𝜇𝑥̇ + 2𝜍𝑥 𝑤𝑥 (𝑥̇ − 𝑦)̇ + 2𝜁𝑥 𝑤𝑥 (𝑥̇ − 𝑦)̇
3

+ 𝑤𝑥2 (𝑥 − 𝑦) + 𝛽𝑥 (𝑥 − 𝑦) = 𝑓cos (Ω𝑡) ,

(3a)

3

𝑦̈ − 2𝜍𝑥𝑦 𝑤𝑥𝑦 (𝑥̇ − 𝑦)̇ − 2𝜁𝑥𝑦 𝑤𝑥𝑦 (𝑥̇ − 𝑦)̇ − 𝑤𝑥𝑦 2 𝑥
3

− 𝛽𝑥𝑦 (𝑥 − 𝑦) + 2𝜍𝑦 𝑤𝑦 𝑦̇ + 𝑤𝑦2 𝑦 + 𝛽𝑦 𝑦3 = 0,

(3b)

where 𝑧𝑠 = 𝑥, 𝑧𝑢 = 𝑦, 𝜇 = 𝑚𝑠  (𝜏)/𝑚𝑠 (𝜏), 𝜍𝑥 = 𝑐𝑠 /2𝑤𝑥 𝑚𝑠 (𝜏),
𝜁𝑥 = 𝜉𝑠 /2𝑤𝑥 𝑚𝑠 (𝜏), 𝑤𝑥2 = 𝑘𝑠 /𝑚𝑠 (𝜏), 𝛽𝑥 = 𝛿𝑠 /𝑚𝑠 (𝜏), 𝜍𝑥𝑦 =
𝑐𝑠 /2𝑤𝑥𝑦 𝑚𝑢 , 𝜁𝑥𝑦 = 𝜉𝑠 /2𝑤𝑥𝑦 𝑚𝑢 , 𝑤𝑥𝑦 2 = 𝑘𝑠 /𝑚𝑢 , 𝛽𝑥𝑦 = 𝛿𝑠 /𝑚𝑢 ,
𝜍𝑦 = 𝑐𝑢 /2𝑤𝑦 𝑚𝑢 , 𝑤𝑦 2 = (𝑘𝑠 + 𝑘𝑢 )/𝑚𝑢 , 𝛽𝑦 = 𝛿𝑢 /𝑚𝑢 , 𝑓 = 𝑚𝑒 𝑒/
𝑚𝑠 (𝜏).
The sprung mass varies due to the change of load. When
𝑚𝑠 ≈ 9𝑚𝑢 𝑘𝑠 /(𝑘𝑠 + 𝑘𝑢 ), the 3 : 1 internal resonance occurs.
Because the exact solution of (3a) and (3b) cannot be
found, this paper applies the method of multiple scales to
solve the equation. A small perturbation parameter 𝜀 is
introduced, and the scale transformation is carried out.
𝜍𝑥 → 𝜀𝜍𝑥 ,

𝜍𝑥𝑦 → 𝜀𝜍𝑥𝑦 ,
𝜁𝑥𝑦 → 𝜀𝜁𝑥𝑦 ,
(4a)

(6a)

𝑦 (𝑡, 𝜀) = 𝑦0 (𝑇0 , 𝑇1 ) + 𝜀𝑦1 (𝑇0 , 𝑇1 ) + 𝑂 (𝜀2 ) ,

(6b)

where 𝑇0 = 𝑡 can be seen as faster time scale and 𝑇1 = 𝜀𝑡 can
be seen as slower time scale.
Under 3 : 1 internal resonance condition,
Ω = 𝑤𝑥 + 𝜀𝜎,

(7a)

𝑤𝑦 = 3𝑤𝑥 + 𝜀𝜎2 ,

(7b)

𝑑
(⋅) = (𝐷0 + 𝜀𝐷1 ) (⋅) ,
𝑑𝑡
𝑑2
(⋅) = (𝐷02 + 2𝜀𝐷0 𝐷1 ) (⋅) ,
𝑑𝑡2

𝛽𝑥𝑦 → 𝜀𝛽𝑥𝑦 ,
𝑤𝑥𝑦 2 𝑥 → 𝜀𝑤𝑥𝑦 2 𝑥,

𝐷0 =

𝑓 → 𝜀𝑓,
2

𝜍𝑦 → 𝜀 𝜍𝑦 ,
𝛽𝑦 → 𝜀2 𝛽𝑦 .

𝑥 (𝑡, 𝜀) = 𝑥0 (𝑇0 , 𝑇1 ) + 𝜀𝑥1 (𝑇0 , 𝑇1 ) + 𝑂 (𝜀2 ) ,

where 𝜎 is a detuning parameter expressing the closeness of Ω
to 𝑤𝑥 and 𝜎2 is a detuning parameter expressing the closeness
of 𝑤𝑦 to 3𝑤𝑥 .
There are differential operators like these

𝜁𝑥 → 𝜀𝜁𝑥 ,

𝛽𝑥 → 𝜀𝛽𝑥 ,

The term 𝑤𝑥𝑦 2 𝑥 in (3b) is much smaller in value than
the term 𝑤𝑦2 𝑦, as such this term can be considered as a
small perturbation term. Because of that, it can be rescaled
as 𝜀𝑤𝑥𝑦 2 𝑥 in (5b).
According to the method of multiscale, the approximate
solution can be expressed as

(4b)

Because the stiffness of the tire 𝑘𝑢 is much bigger, the
nonlinearity term 𝛿𝑢 is much smaller than that of the spring,
and the equivalent damping coefficient 𝑐𝑢 is much smaller
than the damper, the perturbation parameter is 𝜀2 (4b) when
rescaling stiffness and damping coefficient of the tire in the
same equation.

𝜕
,
𝜕𝑇0

𝜕
𝐷1 =
.
𝜕𝑇1

(8a)

(8b)

Substituting (6a), (6b), (7a), (7b), (8a), and (8b) into (5a)
and (5b) and listing equations with the same order of 𝜀 result
in the following equations:
𝜀0 : 𝐷02 𝑥0 + 𝑤𝑥2 𝑥0 = 𝑤𝑦2 𝑦0 ,

(9a)

𝐷02 𝑦0 + 𝑤𝑦2 𝑦0 = 0,

(9b)

4
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𝜀1 : 𝐷02 𝑥1 + 𝑤𝑥2 𝑥1 = −2𝐷0 𝐷1 𝑥0 − 𝜇𝐷0 𝑥0

Substituting (13a) and (13b) into (12a) and (12b) and
separating real and imaginary parts yield the following
equations:

− 2𝜍𝑥 𝑤𝑥 𝐷0 (𝑥0 − 𝑦0 )
− 2𝜁𝑥 𝑤𝑥 [𝐷0 (𝑥0 − 𝑦0 )]

3

(10a)

𝑎 = −𝑙1 𝑎 − ℎ1 𝑎3 − ℎ2 𝑎𝑏2 − ℎ3 𝑎2 𝑏 cos (𝜙 − 3𝛾)

3

+ 𝑤𝑥2 𝑦1 − 𝛽𝑥 (𝑥0 − 𝑦0 )
+ 𝑓cos (Ω𝑇0 ) ,
𝐷02 𝑦1

+

𝑤𝑦2 𝑦1

𝑎𝛾 = −𝑔1 𝑎 + ℎ6 𝑎3 + ℎ7 𝑎𝑏2 − ℎ3 𝑎2 𝑏 sin (𝜙 − 3𝛾)

= −2𝐷0 𝐷1 𝑦0

+ 2𝜁𝑥𝑦 𝑤𝑥𝑦 [𝐷0 (𝑥0 − 𝑦0 )]

3

(10b)

𝑏 = −𝑙2 𝑏 − 𝑠1 𝑎2 𝑏 − 𝑠2 𝑏3 − 𝑠3 𝑎3 cos (𝜙 − 3𝛾)

3

The general solution of (9a) and (9b) can be expressed as
𝑥0 = 𝐺𝐵𝑒𝑖𝑤𝑦 𝑇0 + 𝐺𝐵𝑒−𝑖𝑤𝑦 𝑇0 + 𝐴𝑒𝑖𝑤𝑥 𝑇0 + 𝐴𝑒−𝑖𝑤𝑥 𝑇0 ,
𝑦0 = 𝐵𝑒

+ 𝐵𝑒

,

where amplitudes 𝐴 and 𝐵 are functions of slower time 𝑇1 .
𝐴 and 𝐵 are the complex conjugates of 𝐴 and 𝐵 and 𝐺 =
𝑤𝑥2 /(𝑤𝑥2 − 𝑤𝑦2 ).
Substituting (11a) and (11b) into (10a) and (10b) and eliminating the secular terms result in the following equations:
− 2𝐴 𝑖𝑤𝑥 − 𝜇𝐴𝑖𝑤𝑥 − 2𝜍𝑥 𝑤𝑥 𝐴𝑖𝑤𝑥

2

+ 6𝐴𝐵𝐵 (𝐺 − 1)2 + 3𝐴 𝐵 (𝐺 − 1) 𝑒𝑖𝜎2 𝑇1 ] +

(12a)
1
2

⋅ 𝑓𝑒𝑖𝜎𝑇1 = 0,
− 2𝐵 𝑖𝑤𝑦 − 2𝜍𝑥𝑦 𝑤𝑥𝑦 𝐵𝑖𝑤𝑦 + 2𝜍𝑥𝑦 𝑤𝑥𝑦 𝐺𝐵𝑖𝑤𝑦

− 𝑠4 𝑎 cos (𝜙 − 3𝛾) ,
where 𝑙1 = 𝜇/2 + 𝑤𝑥 𝜍𝑥 , ℎ1 = (3/4)𝜁𝑥 𝑤𝑥3 , ℎ2 = (3/
2)𝜁𝑥 𝑤𝑥 𝑤𝑦2 (𝐺−1)2 , ℎ3 = (3/4)𝜁𝑥 𝑤𝑥2 𝑤𝑦 (1−𝐺), ℎ4 = −(3/8)(𝛽𝑥 /
𝑤𝑥 )(𝐺 − 1), ℎ5 = (1/2)(𝑓/𝑤𝑥 ), 𝑔1 = 𝜎, ℎ6 = (3/8)(𝛽𝑥 /𝑤𝑥 ),
ℎ7 = (3/4)(𝛽𝑥 /𝑤𝑥 )(𝐺 − 1)2 , 𝑙2 = 𝜍𝑥𝑦 𝑤𝑥𝑦 (1 − 𝐺), 𝑠1 = −(3/
2)𝜁𝑥𝑦 𝑤𝑥𝑦 𝑤𝑥2 (𝐺 − 1), 𝑠2 = −(3/4)𝜁𝑥𝑦 𝑤𝑥𝑦 𝑤𝑦2 (𝐺 − 1)3 , 𝑠3 = (1/
4)𝜁𝑥𝑦 𝑤𝑥𝑦 (𝑤𝑥3 /𝑤𝑦 ), 𝑠4 = −(1/8)(𝛽𝑥𝑦 /𝑤𝑦 ), 𝑔2 = 3𝜎 − 𝜎2 + (1/
2)(𝑤𝑥𝑦 2 /𝑤𝑦 )𝐺, 𝑠5 = −(3/4)(𝛽𝑥𝑦 /𝑤𝑦 )(𝐺 − 1), 𝑠6 = −(3𝛽𝑥𝑦 /
8𝑤𝑦 )(𝐺 − 1)3 , 𝛾 = 𝛽 − 𝜎𝑇1 , 𝜙 = 𝜃 + 𝜎2 𝑇1 − 3𝜎𝑇1 .

3.1. Frequency Response and Stable Region of Solution. Since
sprung mass 𝑚(𝜏) is function of slow time scale 𝜏, it can
be considered constant in fast time scale 𝑡. The steady-state
response of system can be sought by letting 𝑎 = 𝑏 = 0
and 𝛾 = 𝜙 = 0 in (14a) and (14b). There are two kinds of
solutions, uncoupled case 𝑎 ≠ 0, 𝑏 = 0 and coupled case
𝑎 ≠ 0, 𝑏 ≠ 0. As for uncoupled case, (14a) and (14b) can
be simplified into
2

2

ℎ5 2 − (𝑙1 𝑎 + ℎ1 𝑎3 ) − (𝑔1 𝑎 − ℎ6 𝑎3 ) = 0.

+ 2𝜁𝑥𝑦 𝑤𝑥𝑦 𝑖 [6𝐴𝐴𝐵 (𝐺 − 1) 𝑤𝑥2 𝑤𝑦
+ 3𝐵2 𝐵 (𝐺 − 1)3 𝑤𝑦3 − 𝐴3 𝑤𝑥3 𝑒−𝑖𝜎2 𝑇1 ] + 𝑤𝑥𝑦 2 𝐺𝐵

(14d)

3

3. Stability Analysis of Solutions

− 2𝜍𝑥 𝑤𝑥 𝑖 [3𝐴2 𝐴𝑤𝑥3 + 6𝐴𝐵𝐵 (𝐺 − 1)2 𝑤𝑥 𝑤𝑦2
2

𝑏𝜙 = −𝑔2 𝑏 + 𝑠5 𝑎2 𝑏 + 𝑠6 𝑏3 + 𝑠3 𝑎3 sin (𝜙 − 3𝛾)

(11a)
(11b)

+ 3𝐴 𝐵 (1 − 𝐺) 𝑤𝑥2 𝑤𝑦 𝑒𝑖𝜎2 𝑇1 ] − 𝛽𝑥 [3𝐴2 𝐴

(14c)

− 𝑠4 𝑎3 sin (𝜙 − 3𝛾) ,

+ 𝑤𝑥𝑦 2 𝑥0 + 𝛽𝑥𝑦 (𝑥0 − 𝑦0 ) .

−𝑖𝑤𝑦 𝑇0

(14b)

− ℎ4 𝑎2 𝑏 cos (𝜙 − 3𝛾) − ℎ5 cos 𝛾,

+ 2𝜍𝑥𝑦 𝑤𝑥𝑦 𝐷0 (𝑥0 − 𝑦0 )

𝑖𝑤𝑦 𝑇0

(14a)

+ ℎ4 𝑎2 𝑏 sin (𝜙 − 3𝛾) − ℎ5 sin 𝛾,

(12b)

+ 𝛽𝑥𝑦 [6𝐴𝐴𝐵 (𝐺 − 1) + 3𝐵2 𝐵 (𝐺 − 1)3
+ 𝐴3 𝑒−𝑖𝜎2 𝑇1 ] = 0.
Change 𝐴 and 𝐵 into polar form:
1
𝐴 = 𝑎𝑒𝑖𝛽 ,
2

(13a)

1
𝐵 = 𝑏𝑒𝑖𝜃 ,
2

(13b)

where 𝑎, 𝑏, 𝛽, and 𝜃 are real functions of slower time 𝑇1 .

(15)

The number of solutions concerning (15) can be 1 or 3.
When the intensity of excitation from sprung mass vibration
is beyond a certain value, the number of solutions is 3,
resulting in saddle node bifurcation and jump phenomenon
in amplitude-frequency curve. When the intensity is within
this value, only one solution can be sought. And this critical
value can be solved when there is only one solution in (15)
throughout the whole frequency band.
𝑠5_stable
=√

3

8
2

27 (ℎ1 2 + ℎ6 2 )

(𝑙1 ℎ6

ℎ1 + √3ℎ6
− 𝑙1 ℎ1 ) .
ℎ6 − √3ℎ1

(16)
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As can be seen from (16), this critical value is related to
damping coefficient and nonlinearity stiffness of the spring.
Combining (7a), (7b), (11a), and (11b) and (13a) and (13b),
then we get
𝑥 = 𝐺𝑏 cos (3Ω𝑡 + 𝜙) + 𝑎 cos (Ω𝑡 + 𝛾) + 𝑂 (𝜀) ,

(17a)

𝑦 = 𝑏 cos (3Ω𝑡 + 𝜙) + 𝑂 (𝜀) .

(17b)

From (17a) and (17b) we can see that, in the coupled case,
there exist two vibration frequencies, that is, forced vibration
frequency Ω and free vibration frequency 3Ω, due to the
existence of internal resonance. The nonlinear stiffness of the
spring makes the free vibration frequency exactly three times
the forcing frequency. As for uncoupled case, the vehicle
vibration is mainly reflected by the vibration of sprung mass,
and there is only one vibration frequency in the vehicle.
When the suspension is in the uncoupled case, the steady
statement of sprung mass vibration is that of autonomous
system in the singularity (𝑎, 𝑟). Linearize the system.
Linearizing (14a) and (14b) in the singularity (𝑎, 𝑟) yields
the following equation about disturbance of Δ𝑎 and Δ𝑟:
𝑑Δ𝑎
= −𝑙1 Δ𝑎 − 3ℎ1 𝑎2 Δ𝑎 − ℎ5 cos 𝛾Δ𝛾,
𝑑𝑇1

(18a)

𝑑Δ𝛾
ℎ
ℎ
= 2ℎ6 𝑎Δ𝑎 + 25 cos 𝛾Δ𝑎 + 5 sin 𝛾Δ𝛾.
𝑑𝑇1
𝑎
𝑎

(18b)

Use 𝑎 = 𝛾 = 0 to eliminate 𝛾 in the former equation and
secular equation can be got:
−𝑙1 − 3ℎ1 𝑎2 − 𝜆

det [

𝑀

𝑁

] = 0,
−𝑙1 − ℎ1 𝑎2 − 𝜆

(19)

where 𝑀 = (1/𝑎)[−𝑔1 + 3ℎ6 𝑎2 ], 𝑁 = −𝑎[−𝑔1 + ℎ6 𝑎2 ].
Expand (19):
𝜆2 + (2𝑙1 + 4ℎ1 𝑎2 ) 𝜆 + 𝑙1 2 + 4𝑙1 ℎ1 𝑎2 + 3ℎ1 2 𝑎4 + 𝑔1 2
− 4ℎ6 𝑔1 𝑎2 + 3ℎ6 2 𝑎4 = 0.

(20)

As for 2𝑙1 + 4ℎ1 𝑎2 > 0, the condition of losing stability for
steady-state solution is
𝑙1 2 + 𝑔1 2 − 4 (𝑙1 ℎ1 − ℎ6 𝑔1 ) 𝑎2 + 3 (ℎ1 2 + ℎ6 2 ) 𝑎4 < 0.

(21)

The stable region is solved from (21).
3.2. Stability of Solutions Accompanied with Bifurcation. In
the slow time scale 𝜏, the excitation only changes the position
of the equilibrium point of the dynamic bifurcation. It does
not change the nature of the bifurcation. Therefore, the
excitation is out of consideration when analyzing the dynamic
bifurcation of the suspension. We can make ℎ5 = 0. As for
uncoupled case, (14a) and (14b) can be transformed into
𝑎 = −𝑙1 𝑎 − ℎ1 𝑎3 ,

(22a)

𝛾 = −𝑔1 + ℎ6 𝑎2 .

(22b)

Focus on (22a) and let
𝑧 (𝑎) = −𝑙1 𝑎 − ℎ1 𝑎3 = 0.
def

(23)

Then we get two solution curves intersecting at (0, 0). That
is,
𝑎 = 0,
𝑎 = √−

(24a)
𝑙1
.
ℎ1

(24b)

They are point and circle in polar coordinates, which
correspond to the equilibrium point and limit cycle of
the two-dimensional systems (22a) and (22b). Focus on its
stability and define
𝑧 (𝑎) =

𝑑𝑧
= −𝑙1 − 3ℎ1 𝑎2 .
𝑑𝑎

(25)

For trivial solution 𝑎 = 0 : 𝑧 (0) = −𝑙1 . At the time 𝑙1 > 0,
𝑎 = 0 is asymptotic stable. At the time 𝑙1 < 0, (0, 0) is not
stable.
For nontrivial solution 𝑎 = √−𝑙1 /ℎ1 : 𝑧 (√−𝑙1 /ℎ1 ) = 2𝑙1 .
At the time 𝑙1 < 0, the system has asymptotically stable
solution. And at the time 𝑙1 > 0, the system has unstable
solutions. The former corresponds to a supercritical pitchfork
bifurcation, while the latter corresponds to subcritical pitchfork bifurcation.
For the nonlinear suspension system, the sprung mass
𝑚(𝜏) reduced slowly from large to small. In the beginning
when 𝑙1 < 0, the system has nontrivial solution 𝑎 = √−𝑙1 /ℎ1 .
As the sprung mass continues decreasing, the limit cycle is
reduced until the trivial solution 𝑎 = 0 emerges. Then, the
sprung mass continues to decrease, 𝑙1 > 0, and the system
solution is asymptotically stable. In the range 𝑙1 < 0, the
initial amplitude inside the limit cycle increases and that
outside the limit cycle reduces, all converging in the stable
limit cycle in the end. This process leads to change in the static
bifurcation nature of some initial values after they go through
the dynamic bifurcation, destroying the system stability.

4. Numerical Validation
4.1. Frequency Response and Stable Region of Solution. Let
𝑚𝑢 = 45 kg, 𝑘𝑠 = 2000 N/m, 𝛿𝑠 = 660 N/m, 𝑘𝑢 =
16000 N/m. When the damper is out of work, the damping
decreases sharply to 𝑐𝑠 = 20 Ns/m, 𝜉𝑠 = 0.3 Ns/m. At the
same time, the slowly varying sprung mass satisfies
{80𝑒
𝑚𝑠 (𝜏) = {
45
{

−(5/9)𝜏

𝜏 ≤ 0.52
𝜏 > 0.52.

(26)

When 𝜏 > 0.52, the sprung mass remains constant, and 𝑤𝑦 =
20 rad/s , 𝑤𝑥 = 6.6667 rad/s, which means 𝑤𝑦 ≈ 3𝑤𝑥 . These
parameters are simplified from real trucks like SY5500THB,
SY5411THB, and XZJ5470THB53.

1.5

Increase in acceleration
f = 2, 6, 10 m/s2

1

0.5

0

6.4

6.6
6.8
Force frequency Ω (rad/s)

7

Figure 2: The effect of varying acceleration 𝑓 on frequency response
of vibration 𝑎. 𝑓 = 2 m/s2 (black squares) and 𝑓 = 6 m/s2 (red
triangles), 𝑓 = 10 m/s2 (blue crosses).

According to (16), the maximum excitation acceleration
in which the bifurcation does not occur in the steady-state
is 𝑓stable = 2𝑤𝑥 𝑠5_stable = 2.8677 m/s2 . When the excitation
acceleration increases, the amplitude of the sprung mass
vibration will show bifurcation caused by the saddle node,
that is, jumping phenomenon in the amplitude-frequency
curve.
Figure 2 shows that when the excitation acceleration is
less than 𝑓stable , the amplitude-frequency curve is singlevalued and remains the same in the forward frequency
sweeping or backward frequency sweeping. When the excitation acceleration is much bigger than 𝑓stable , jump phenomenon occurs. When the frequency is swept up, the
amplitude is getting higher to the top and then jumps
down to a much lower level. As the frequency continues
to increase, the amplitude declines. When the frequency
is swept down, the opposite jump-up phenomenon will
occur. In other words, there exists jump phenomenon caused
by bifurcation in amplitude-frequency curve. The curve is
different in the forward frequency sweeping or backward
frequency sweeping. With the increase of excitation acceleration, the vibration amplitude of the sprung mass under all
frequency bands increases, and the unstable frequency band
increases.
Figures 3 and 4 are frequency response curves under the
conditions of 𝛿𝑠 = 660 N/m and 𝜉𝑠 = 0.3 Ns/m, respectively,
and 𝑓stable = 2.8677 m/s2 in common. As can be seen in
Figure 3, when the nonlinear damping coefficient of the
damper is bigger than 0.3 Ns/m, under which the solution is
stable, the steady-state solution of the sprung mass vibration
does not bifurcate. On the contrary, bifurcation occurs in
the steady-state solution of the sprung mass vibration. And
the smaller the damping coefficient is, the wider the unstable
bands become. Different from Figure 2, only the amplitude
of which the frequency is close to the resonant frequency
will get larger as the nonlinear damping coefficient decreases.
Those beyond the resonant frequency change later. This
indicates that the decreasing nonlinear damping coefficient
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Figure 3: The effect of varying nonlinear damping coefficient 𝜉𝑠 on
frequency response of vibration 𝑎. 𝜉𝑠 = 1 Ns/m (black squares), 𝜉𝑠 =
0.5 Ns/m (red triangles), and 𝜉𝑠 = 0.05 Ns/m (blue crosses).
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Figure 4: The effect of varying nonlinear stiffness 𝛿𝑠 on frequency
response of vibration 𝑎. 𝛿𝑠 = 60 N/m (black squares), 𝛿𝑠 = 460 N/m
(red triangles), and 𝛿𝑠 = 860 N/m (blue crosses).

has effect on the amplitude of which the frequency is close
to the resonant frequency, enlarging both the amplitude and
the unstable frequency bands. In the rest of the frequency
band, the amplitude has nothing to do with the damping
coefficient. Figure 4 shows that the nonlinearity of the spring
does not increase the vibration amplitude of the sprung
mass but causes the resonance point to shift to right and
generates unstable bands. Concluding from Figures 2, 3,
and 4, the increasing acceleration of the excitation, the
decreasing nonlinear damping coefficient of the damper, and
the increasing nonlinearity of the spring result in wider and
wider unstable frequency bands.
From Figure 2, it can be found that when the amplitudefrequency curve shows an unstable frequency band, the excitation acceleration and force frequency will show multiple
values. This is reflected more clearly in Figure 5. Let 𝜉𝑠 =
0.3 Ns/m and 𝛿𝑠 = 660 N/m; then we get Figure 5. In a
smaller force frequency like Ω = 6.67 rad/s, the amplitude
of the sprung mass vibration is a single-valued curve; when
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Figure 7: The effect of varying force frequency Ω on nonlinear
stiffness response of vibration 𝑎. Ω = 6.69 rad/s (black squares),
Ω = 6.73 rad/s (red triangles), and Ω = 6.77 rad/s (blue crosses).
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Figure 5: The effect of varying force frequency Ω on force acceleration response of vibration 𝑎. Ω = 6.67 rad/s (black squares),
Ω = 6.77 rad/s (red triangles), and Ω = 6.87 rad/s (blue crosses).
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Figure 6: The effect of varying force frequency Ω on nonlinear
damping coefficient response of vibration 𝑎. Ω = 6.67 rad/s (black
squares), Ω = 6.77 rad/s (red triangles), and Ω = 6.87 rad/s (blue
crosses).

Ω = 6.77 rad/s and Ω = 6.87 rad/s, the curve changes to
multivalue. Similar to Figure 2, in the multivalue curve, there
is a jumping phenomenon in the process of increasing or
decreasing the excitation acceleration and the acceleration
response curve is different. The force frequency gets bigger;
the unstable interval of the excitation acceleration gets wider
and gradually shifts to right. Different from Figure 2, with
small excitation acceleration, the amplitude decreases as the
force frequency increases; with big excitation acceleration,
the opposite will occur.
Figures 6 and 7 are response curves under the conditions
of 𝛿𝑠 = 660 N/m and 𝜉𝑠 = 0.3 Ns/m, respectively, and 𝑓stable =
6 m/s2 in common. As can be seen in Figure 6, in a small force
frequency like Ω = 6.67 rad/s, the amplitude of the sprung
mass vibration is a single-valued curve, which decreases as
the damping coefficient increases. When Ω = 6.77 rad/s
and Ω = 6.87 rad/s, the curve changes to multivalue. In the
process of increasing in the nonlinear damping coefficient,
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Figure 8: The effect of varying nonlinear damping coefficient 𝜉𝑠
on unstable area of vibration 𝑎. 𝜉𝑠 = 1 Ns/m (black squares), 𝜉𝑠 =
0.5 Ns/m (red triangles), and 𝜉𝑠 = 0.05 Ns/m (blue crosses).

the unstable damping coefficient interval under small force
frequency gradually moves to right and decreases, and curves
converge in the end. Figure 7 shows that when the nonlinear
stiffness of the spring increases, the bigger the force frequency
is, the larger the vibration amplitude is, and the unstable
nonlinear stiffness interval increases and shifts to right. But
the maximum amplitude of the sprung mass vibration in the
whole nonlinear stiffness range is equal.
Let the nonlinear stiffness 𝛿𝑠 = 660 N/m and the nonlinear damping coefficient 𝜉𝑠 = 0.3 Ns/m; Figures 8 and 9
are obtained. As can be seen in Figure 8, with the increase
of the damping coefficient, the unstable region reduces along
the direction of the saddle node. Similar to Figure 8, as the
nonlinear stiffness increases, the whole unstable region in
Figure 10 enlarges and gradually moves down.
Let the nonlinear damping coefficient 𝜉𝑠 = 0.3 Ns/m and
the nonlinear stiffness 𝛿𝑠 = 660 N/m; Figures 10 and 11 are
obtained. Both Figures 10 and 11 indicate that, in the whole
range of nonlinear damping coefficient, the force frequency
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Figure 9: The effect of varying nonlinear stiffness 𝛿𝑠 on unstable area of vibration 𝑎. 𝛿𝑠 = 260 N/m (black squares), 𝛿𝑠 = 460 N/m (red
triangles), and 𝛿𝑠 = 860 N/m (blue crosses).
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Figure 10: The effect of varying force frequency Ω on unstable area of vibration 𝑎. Ω = 6.77 rad/s (black squares), Ω = 6.87 rad/s (red
triangles), and Ω = 6.97 rad/s (blue crosses).

increases, and the unstable region increases and moves to
upper right.
4.2. Stability of Solutions Accompanied with Bifurcation.
When 𝜏 > 0.52, the sprung mass remains constant and the
saddle node bifurcation occurs.
The critical lower limit frequency is 𝑤down ; the critical
upper limit frequency is 𝑤upper . When the force frequency
Ω gets close to 𝑤down , all vibrations under different initial
conditions are attracted to the stable focus 𝑃1 . Once the force
frequency Ω satisfies Ω > 𝑤down , another stable focus 𝑃3 is
generated, which is shown in Figures 12(a) and 12(b). It can
be seen in Figure 12(c), when the force frequency Ω satisfies
𝑤down < Ω < 𝑤upper , there exist two stable focuses 𝑃1 , 𝑃3 and
a saddle node 𝑃2 . Only certain initial leads to trajectory which
can get to the saddle node 𝑃2 . With a small disturbance, the
system state will be attracted to focus 𝑃1 or 𝑃3 . The dashed
line in Figure 12(c) is the dividing line of the two regions.
The state outside the dashed line is attracted to the stable
focus 𝑃3 and those inside the dashed line is attracted to the
stable focus 𝑃1 . As the force frequency continues to increase,
at the time Ω > 𝑤upper , the focus 𝑃1 disappears, and all

states are attracted to the focus 𝑃3 . The region covered by
red dash dotted line varies from large to small and ultimately
disappears. These phenomena indicate that the upper and
the lower two solutions are asymptotically stable in the
amplitude-frequency curve, and the intermediate solution is
unstable. Because of the fact that only asymptotically stable
motion can be achieved in actual physical world, the jumping
phenomenon can be watched.
When 𝜏 ≤ 0.52, the sprung mass changes slowly, and
dynamic Hopf bifurcation occurs. The limit cycle shrinks as
the sprung mass reduces. The initial amplitude inside the
limit cycle increases and that outside the limit cycle reduces,
all converging in the stable limit cycle in the end. At that time
𝜏 = 0.52, due to the impact of Hopf bifurcation, different
initials converge in the limit cycle 𝑎 = 0.7, as shown in
Figure 13.
This process changes the initial value. Since the nonlinear
vibration is closely related to initial state, it will change the
nature of the vibration.
In Figure 14, blue line represents vibration beginning with
the initial value (2, 0.7) while the red line represents vibration
beginning with the initial value (0.7, 0.7). The initial (0.7,
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Figure 11: The effect of varying force frequency Ω on unstable area of vibration 𝑎. Ω = 6.72 rad/s (black squares), Ω = 6.77 rad/s (red
triangles), and Ω = 6.82 rad/s (blue crosses).
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Figure 12: Evolution of the phase plane with the force frequency: (a) 6.81, (b) 6.82, (c) 6.85, and (d) 6.88 rad/s.

0.7) can be obtained from initial (2, 0.7) after being affected
by Hopf bifurcation. As can be seen in Figure 14(b), when
the excitation frequency satisfies 𝑤down < Ω < 𝑤upper , the
final stable state is different from these two initial values.
At the time 𝜏 = 0.52, the effect of the Hopf bifurcation

changes the initial value of the blue line to the initial value
of the red line. Once the sprung mass is constant, the Hopf
bifurcation disappears and the new initial value is affected by
the saddle node bifurcation. These indicate that the stability
of the system is extremely fragile.

10

Shock and Vibration

1

Amplitude of a (m)

Velocity of a (m/s)

5

0

−5
−1

−0.5

0
Amplitude of a (m)

0.5

0.5

0

−0.5

−1

1

0

10

20
Time t (s)

30

40

(b)

(a)

3

20

Amplitude of a (m)

Velocity of a (m/s)

2
10

0

−10

−20
−2

1
0
−1

−1

0
1
Amplitude of a (m)

2

3

(c)

−2

0

5

10
15
Time t (s)

20

25

(d)

Figure 13: Phase portrait and time-domain vibration amplitude of Hopf bifurcation.

5. Conclusion
In this paper, the stability of vehicle concerning the slowvarying sprung mass is analyzed based on two-degree-offreedom quarter-car model. The vibration amplitude solution
is solved using multiscale method, followed by numerical
validation. After analyzing amplitude-frequency curve, phase
plane of steady-state response and phase portrait, and timedomain vibration amplitude of Hopf bifurcation, the main
points of our work can be concluded as follows:
(a) There exist rich mechanical phenomena, which
include internal resonance, jumping phenomenon, and Hopf
bifurcation.
When the unsprung mass 𝑚𝑢 , sprung mass 𝑚𝑠 , the linear
stiffness of tire 𝑘𝑢 , and the linear stiffness of the suspension
spring 𝑘𝑠 satisfy the condition 𝑚𝑠 ≈ 9𝑚𝑢 𝑘𝑠 /(𝑘𝑠 + 𝑘𝑢 ),
the vibration frequency ratio of unsprung mass and sprung
mass is 3 : 1, and internal resonance will occur. Under the
condition of internal resonance, when the sprung mass and
the unsprung mass are not coupled, the vibration amplitude
of the sprung mass creates a jumping phenomenon. Meanwhile, since the sprung mass is slowly varying, dynamic Hopf
bifurcation occurs.

(b) The essential of the effect of slowly varying sprung
mass is changing the damping coefficient.
The numeric solution shows that a slow-varying sprung
mass is equivalent to adding a negative damping coefficient
to the suspension system, making the effective damping
coefficient change from negative to positive. Such changing
parameters lead to Hopf bifurcation and a shrinking limit
cycle.
(c) The stability of nonlinear suspension is closely related
to damping coefficient, nonlinear stiffness, and a slowly
varying sprung mass.
Because of the slowly varying process, vibration with
different initial states converges in the stable limit cycle in the
end. They cannot result in final vibration with different states.
Since the nonlinear vibrations are closely related to the initial
states, Hopf bifurcation can change the final stable state of the
vibration.
All of the above observations indicate the existence of
static as well as dynamic bifurcation and the result is a change
in the final stable vibration of the suspension. Even the tiny
vibration of the sprung mass will lead to amplitude mutation,
leading to the sprung mass instability.
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Figure 14: Different solution induced by Hopf bifurcation.
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