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Planetary gear is widely used in engineering and usually has symmetrical structure. As the number of teeth in contact changes
during rotation, the time-varying mesh stiffness parametrically excites the planetary gear and may cause severe vibrations and
instabilities. Taking speed fluctuations into account, the time-varyingmesh stiffness is frequencymodulated, and therefore sideband
instabilities may arise and original instabilities are significantly affected. Considering two different speed fluctuations, original
and sideband instabilities are numerically and analytically investigated. A rotational lumped-parameter model of the planetary
gear is developed, in which the time-varying mesh stiffness, input speed fluctuations, and damping are considered. Closed-form
approximations of instability boundaries for primary and combination instabilities are obtained by perturbation analysis and
verified by numerical analysis.The effects of speed fluctuations and damping on parametric instability are systematically examined.
Because of the frequency modulation, whether a parametric instability occurs cannot be simply predicted by the planet meshing
phase which is applicable to constant speed. Besides adjusting the planet meshing phase, speed fluctuation supplies a new thought
to minimize certain instability by adjusting the amplitude or frequency of the speed fluctuation. Both original and sideband
instabilities are shrunken by damping, and speed fluctuation further shrinks the original instability.

1. Introduction

Planetary gears are widely used in power transmission
because of their compact design, high efficiency, and reduced
noise. As the number of teeth in contact changes during
rotation, gear mesh stiffness varies periodically with time.
This parametric excitation is a primary source of vibra-
tion and noise, causing severe vibrations and instabilities
under certain operating conditions [1]. When the parametric
excitation interacts with clearance nonlinearity, complicated
nonlinear behaviors such as jump phenomena and secondary
resonances are observed in planetary gears [2, 3]. Moreover,
when the planets are equally spaced or diametrically opposed,
this structural symmetry will lead to structured vibration
characteristics [4, 5], which has a great effect on the paramet-
ric instability of the planetary gear caused by time-varying
gear mesh stiffness [6]. Therefore, it is of great significance to
determine the operating conditions of parametric instability
and identify parameters that minimize the occurrence.

Parametric instability in gear system with constant speed
has been investigated extensively. Tordion and Gauvin [7]
and Benton and Seireg [8] analyzed the instabilities of
the same two-stage gear system but derived contradictory
conclusions. Lin and Parker [9] clarified the conflict and
derived simple design formulas to control particular insta-
bilities. For planetary gears, the structural symmetry results
in highly structured modal properties [4, 5]. Based on the
unique properties and ignoring damping, Lin and Parker
[6] obtained the expressions of instability boundaries with
constant speed using the perturbation method. In practice,
planet meshing phase rules are often applied to neutralize the
resonant response where themesh frequency is near a natural
frequency [10–13]. Considering the elastic deformation of the
ring gear, Parker and Wu [14] investigated the parametric
instability with an elastic-discrete model.

The investigationsmentioned above assume that the input
rotating speed is constant. However, speed fluctuation is
unavoidable in practice such as the engine output speed and
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the wind speed and induces frequency modulation of the
gear mesh stiffness in gear systems. Parametric instability
of the single-mesh gear system under speed fluctuation has
attracted more and more attention [15–17]. The instability
boundaries are numerically and analytically determined, and
different speed fluctuation types are considered. However,
investigations on the parametric instability of planetary gears
under speed fluctuations are relatively scarce. Ignoring damp-
ing, Qiu et al. [18] numerically calculated a primary insta-
bility of the planetary gear under engine speed fluctuation.
Analytical expressions of parametric instabilities were not
obtained, and the influence rules of fluctuation parameters
on the instabilities were not derived.

The objective of this investigation is to systematically
analyze the parametric instabilities induced by two different
speed fluctuations and present a new way to control the para-
metric instability by adjusting speed fluctuation parameters.
Perturbation analysis is conducted to determine operating
conditions leading to instabilities and the results are verified
by numerical integration. A pure rotational model of the
planetary gear considering speed fluctuation and damping is
introduced first. The parametric instabilities are then numer-
ically and analytically investigated. Finally, the influences of
various parameters on instabilities are investigated, such as
the frequency and amplitude of speed fluctuations and system
damping.

The main differences between this paper and [18] are the
following: (1) two speed fluctuation types are considered,
and their different influences on parametric instability are
investigated; (2) damping is included in this paper, and the
combined effect of damping and speed fluctuation is indi-
cated; (3) besides numerical investigation, analytical expres-
sions of primary and combination parametric instabilities are
derived; (4) the influence rules of fluctuation amplitude and
frequency on the instabilities are concluded, and a new way
to adjust instability is presented.

2. System Model

The analysis deals with the parametric instability of the plan-
etary gear subjected to input speed fluctuations. A rotational
lumped-parameter model of the planetary gear is shown in
Figure 1. All components are modeled as rigid bodies with
moments of inertia 𝐼𝑐, 𝐼𝑟, 𝐼𝑠, and 𝐼𝑛 (𝑛 = 1, 2, . . . , 𝑁,𝑁 is
the number of planets). The subscripts 𝑐, 𝑟, 𝑠, and 𝑛 denote
the carrier, ring, sun, and the 𝑛th planet, respectively. The
circumferential angle of the 𝑛th planet is represented by𝜓𝑛. Only gear rotational displacements 𝑢ℎ = 𝑟ℎ𝜑ℎ (ℎ =𝑐, 𝑟, 𝑠, 1, . . . , 𝑁) are considered, where 𝑟ℎ is the base circle
radius and 𝜑ℎ are the rotations in radian. Sun-planet and
ring-planet gear meshes are modeled as linear springs acting
along the line of action and are denoted by 𝑘𝑠𝑛(𝑡) and 𝑘𝑟𝑛(𝑡),
respectively.

For spur gears, gear mesh stiffness is usually approxi-
mated as rectangular wave and expressed in Fourier series as
[6] 𝑘𝑠𝑛 (𝑡) = 𝑘𝑠𝑝 + 2𝑘𝑠V∞∑

𝑙=1

(𝑎(𝑙)𝑠𝑛 sin 𝑙𝜃 + 𝑏(𝑙)𝑠𝑛 cos 𝑙𝜃) ,
𝑘𝑟𝑛 (𝑡) = 𝑘𝑟𝑝 + 2𝑘𝑟V∞∑

𝑙=1

(𝑎(𝑙)𝑟𝑛 sin 𝑙𝜃 + 𝑏(𝑙)𝑟𝑛 cos 𝑙𝜃) . (1)
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Figure 1: Rotational lumped-parametermodel of the planetary gear.

The calculation of 𝜃 under input speed variation is stated in
detail as follows. In general, the input speed for rigid body
conditions can be introduced via the Fourier series as [18]Ω (𝑡) = Ω0 (1 + 𝛼 cos𝜔𝑎𝑡) , (2)

whereΩ0 is the nominal input speed and a small parameter 𝛼
is defined to indicate the amplitude of the speed fluctuation:

𝜃 = ∫𝑡
0
𝑝Ω (𝑡) 𝑑𝑡 = 𝜔𝑡 + 𝛽 sin (𝜔𝑎𝑡) . (3)

In (3), 𝜔 = 𝑝Ω0 is the nominal mesh frequency without con-
sidering the speed fluctuation, and 𝛽 = 𝛼𝜔/𝜔𝑎 depends on
the amplitude of the speed fluctuation and the ratio between
the nominal input speed and the fluctuation frequency. In
planetary gear, 𝑝 is determined by the configuration and the
tooth number of the central gears. With a fixed ring, 𝑝 = 𝑍𝑟
when the carrier is the input element, and𝑝 = 𝑍𝑟𝑍𝑠/(𝑍𝑟+𝑍𝑠)
when the sun is the input element. Substituting (3) into (1),
sun-planet and ring-planet mesh stiffness can be rewritten as

𝑘𝑠𝑛 (𝑡) = 𝑘𝑠𝑝 + 2𝜀1𝑘𝑠𝑝 ∞∑
𝑙=1

(𝑎(𝑙)𝑠𝑛 sin 𝑙 (𝜔𝑡 + 𝛽 sin𝜔𝑎𝑡)
+ 𝑏(𝑙)𝑠𝑛 cos 𝑙 (𝜔𝑡 + 𝛽 sin𝜔𝑎𝑡)) ,

𝑘𝑟𝑛 (𝑡) = 𝑘𝑟𝑝 + 2𝜀2𝑘𝑟𝑝 ∞∑
𝑙=1

(𝑎(𝑙)𝑟𝑛 sin 𝑙 (𝜔𝑡 + 𝛽 sin𝜔𝑎𝑡)
+ 𝑏(𝑙)𝑟𝑛 cos 𝑙 (𝜔𝑡 + 𝛽 sin𝜔𝑎𝑡)) ,

(4)

where the two small parameters 𝜀1 = 𝑘V𝑠/𝑘𝑠𝑝 and 𝜀2 =𝑘V𝑟/𝑘𝑟𝑝 are defined to indicate the amplitudes of the gearmesh
stiffness variations. It can be clearly seen that the gear mesh
stiffness is frequencymodulated by the speed fluctuation.The
time history and the spectrum of an example gear mesh stiff-
ness under speed fluctuation are shown in Figure 2. Because
of the frequency modulation induced by speed fluctuations,
sideband frequencies are introduced and symmetrically dis-
tributed on both sides of the harmonics of the nominal
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Figure 2: (a) Time history and (b) spectrum of an example sun-planet mesh stiffness under input speed fluctuation with 𝜔 = 2000Hz, 𝜔𝑎 =
200Hz, and 𝛽 = 0.5.

gear mesh frequency 𝜔, and the amplitude at nominal gear
mesh frequency 𝜔 changes as well. In contrast to the single
frequency excitation without considering speed fluctuations,
more instability regions will arise due to sideband frequen-
cies, and the original instability (which is similar to that of
constant speed) will be affected.

Based on the relationship between the fluctuation fre-
quency 𝜔𝑎 and the nominal gear mesh frequency 𝜔, the input
speed fluctuations can be classified into two categorizations:

in the first type, the fluctuation frequency 𝜔𝑎 is constant; in
the second type, fluctuation frequency 𝜔𝑎 is proportional to
the nominal mesh frequency 𝜔; that is, 𝜔 = 𝑃𝜔𝑎, such as the
engine speed fluctuation [15, 16].

Through force analysis, the equations of motion of the
planetary gear can be derived, and the system stability is
governed by the free vibration equation [19]. The equation
is applicable for general 2K-H planetary gear, and input and
output component is not restricted:

Mẍ + Cẋ + K (𝑡) x = 0, (5)

x = [𝑢𝑐, 𝑢𝑟, 𝑢𝑠, 𝑢1, . . . , 𝑢𝑁]𝑇 , (6)

M = diag [ 𝐼𝑐𝑟2𝑐 + 𝑁𝑚𝑝, 𝐼𝑟𝑟2𝑟 , 𝐼𝑠𝑟2𝑠 , 𝐼1𝑟21 , . . . , 𝐼𝑁𝑟2𝑁] , (7)

K (𝑡) =

[[[[[[[[[[[[[[[[[[[[[[

𝑁∑
𝑛=1

(�̃�𝑠𝑛 cos𝛼𝑠 + �̃�𝑟𝑛 cos𝛼𝑟) − 𝑁∑
𝑛=1

�̃�𝑟𝑛 − 𝑁∑
𝑛=1

�̃�𝑠𝑛 �̃�𝑟1 − �̃�𝑠1 �̃�𝑟2 − �̃�𝑠2 ⋅ ⋅ ⋅ �̃�𝑟𝑁 − �̃�𝑠𝑁
𝑁∑
𝑛=1

𝑘𝑟𝑛 0 −𝑘𝑟1 −𝑘𝑟2 ⋅ ⋅ ⋅ −𝑘𝑟𝑁
𝑁∑
𝑛=1

𝑘𝑠𝑛 𝑘𝑠1 𝑘𝑠2 ⋅ ⋅ ⋅ 𝑘𝑠𝑁𝑘𝑟1 + 𝑘𝑠1 0 ⋅ ⋅ ⋅ 0
symmetric 𝑘𝑟2 + 𝑘𝑠2 ⋅ ⋅ ⋅ 0

d
...𝑘𝑟𝑁 + 𝑘𝑠𝑁

]]]]]]]]]]]]]]]]]]]]]]

, (8)

�̃�s𝑛 = 𝑘𝑠𝑛 (𝑡) cos𝛼𝑠,�̃�𝑟𝑛 = 𝑘𝑟𝑛 (𝑡) cos𝛼𝑟. (9)
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Table 1: Simulation parameters of an example planetary gear with three equally spaced and in-phase planets.

Number of planets 𝑁 = 3
Inertia (kg)

𝐼𝑠𝑟𝑠2 = 2.5,
𝐼𝑠𝑟𝑠2 = 2.5,

𝐼𝑝𝑟𝑝2 = 2

Mesh stiffness (N/m) 𝑘𝑠𝑝 = 𝑘𝑟𝑝 = 108

Pressure angle (degree) 𝛼𝑠 = 24.6, 𝛼𝑟 = 20.19
Contact ratio 𝑐𝑠 = 1.4, 𝑐𝑟 = 1.6

Circumferential angle 𝜓𝑛 = 2𝜋(𝑛 − 1)𝑁 , 𝑛 = 1, 2, . . . , 𝑁
Sun-planet meshing phase 𝛾𝑠𝑛 = [0, 0, 0]
Ring-planet meshing phase 𝛾𝑟𝑛 = [0, 0, 0]
Natural frequencies (Hz) 𝜔1 = 0, 𝜔2 = 1177.7, 𝜔3 = 𝜔4 = 1591.5, 𝜔5 = 2215.1
Mesh stiffness variation 𝜀 = 𝜀1 = 0, 0.05, 0.1, 0.15, 0.2, 0.25
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Figure 3: Sun-planet mesh deflections for 𝛼 = 0.05, 𝜀 = 0.15, and 𝜔𝑎 = 200Hz at nominal mesh frequencies of (a) 4000Hz and (b) 4265Hz.

Substituting (4) into (9) and letting 𝜀 = 𝜀1 = 𝜀2𝑐𝑟/𝑐𝑠 (𝑐𝑟 and𝑐𝑠 are contact ratios), the time-varying stiffness matrix can be
rewritten as

K (𝑡) = K0 + 2𝜀∞∑
𝑙=1

(K(𝑙)V1 sin 𝑙𝜃 + K(𝑙)V2 cos 𝑙𝜃) , (10)

where K0 is the time-invariant stiffness matrix with the
inclusion of the average gear mesh stiffness and K(𝑙)V1 and K(𝑙)V2
are the Fourier coefficient matrices. Damping is introduced
via the modal damping ratio and expressed as

C = (V−1)𝑇 diag (2𝜉𝑗𝜔𝑗)V−1, (11)

where 𝜉𝑗 (𝑗 = 1, 2, . . . , 𝑁 + 3) are the modal damping
ratios.Themodal matrixV and the natural frequencies𝜔𝑗 are
calculated by solving the eigenvalue problemK0k𝑗 = 𝜔𝑗2Mk𝑗.
The vibration matrix V is normalized as V𝑇MV = I [19].

3. Numerical Analysis

In the case of steady speed, parametric instability occurs in
the vicinity of the critical frequencies defined as 𝜔/(𝜔𝑚 +𝜔𝑑) = 2/𝑞 (𝑞 = 1, 2, 3, . . .), where 𝜔𝑚 and 𝜔𝑑 are the natural
frequencies of the planetary gear [6]. If 𝑚 = 𝑑, the situation
is defined as primary instability. If 𝑚 ̸= 𝑑, the situation is
defined as combination instability. As high-order instabilities
have much smaller instability regions and are unlikely to
occur in practice [6], the following analysis focuses on 𝑞 = 1.

An example planetary gear with equally spaced and in-
phase planets is used for numerical simulation. The ring is
fixed to the gearbox housing, and its vibration is constrained
to be zero. Damping is ignored for the example numerical
analysis. Simulation parameters are listed in Table 1. The
operating conditions leading to parametric instabilities can
be derived by calculating the free vibrations under nontrivial
initial conditions using numerical integration. As shown
in Figure 3, if the amplitude of the response diverges, the
response is unstable. Otherwise, the response is stable. Based
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(a) (b)

Figure 4: Modal properties of the planetary gear with three equally spaced planets: (a) distinct mode; (b) degenerate mode. Dashed lines are
the equilibrium positions and solid lines are the deflected positions.
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Figure 5: Stability diagram of the example planetary gear for constant input speed.

on this, the instability regions of the planetary gear under two
different speed fluctuations can be numerically obtained.

Because of the unique cyclic symmetry, the vibration
modes of the planetary gear with three equally spaced planets
can be classified into 1 rigid bodymode (𝜔1), 2 distinctmodes
(𝜔2, 𝜔5), and 2 degenerate modes (𝜔3 = 𝜔4). As shown in
Figure 4, the planets have identical motions in the distinct
modes, and the central components have no motions and the
motions of the planets differ in the degenerate modes.

Because of this unique modal property, whether certain
instability occurs under constant speed can be directly
estimated by planet meshing phase [6]: when the planet
meshes are sequentially phased, primary instability and
combination instability of the distinct modes are suppressed;
when the planet meshes are in-phase, combination instability
of distinct and degenerate mode is suppressed. Therefore, for
the example planetary gear with in-phase planets, parametric
instability does not occur in the vicinity of𝜔2+𝜔3 and𝜔3+𝜔5
without considering speed fluctuation, as shown in Figure 5.

Responses of the planetary gear at point A (𝜔 = 3787Hz
which is in the vicinity of 𝜔3 + 𝜔5) in the presence of
speed fluctuation are compared with those for constant
speed. For constant speed, the vibration displacement and
spectral amplitudes converge, as shown in Figure 6. That is,
parametric instability does not occur at point A for constant
speed. Because of the influence of the frequency modulation
induced by speed fluctuations, instability may occur in the
frequency range where no instability occurs under constant
speed. As shown in Figure 7, parametric instability occurs at
point A with the inclusion of speed fluctuation. Compared
with the constant speed case shown in Figure 6(b), more
frequency components occur in the power spectrum, and the
spectral amplitude increases with time. Therefore, whether
instability occurs at certain nominal gear mesh frequency
cannot be simply predicted by the planet meshing phase.

The stability diagrams in the vicinity of 2𝜔5 for two
different speed fluctuations are shown in Figure 8. The width
of original instability which is similar to that of the constant
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Figure 6: Dynamic response of the planetary gear at point A: (a) time history; (b) power spectrum.
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Figure 7: Dynamic response of the planetary gear at point A for 𝛼 = 0.05 and 𝜔𝑎 = 200Hz: (a) time history; (b) power spectrum.
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Figure 8: Stability diagrams of the example planetary gear in the vicinity of 2𝜔5 for 𝛼 = 0.05: (a) 𝜔𝑎 = 200Hz; (b) 𝑃 = 24.
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Figure 9: Variations of the instabilities in the vicinity of 2𝜔5 with the speed fluctuation amplitude 𝛼 for 𝜀 = 0.15: (a) 𝜔𝑎 = 200Hz; (b) 𝑃 = 40.

speed case is changed, and sideband instabilities arise as well.
These changes are closely related to the frequencymodulation
of the gear mesh stiffness [17]: (1) the amplitude at nominal
mesh frequency changes; (2) sideband frequencies have influ-
ence on original instability andmay be in the frequency range
of parametric resonance, generating sideband instabilities.
Comparing Figure 8(a) with Figure 8(b), it can be clearly seen
that the original instability is approximately symmetrical,
while the sideband instability at higher frequencies leans to
high frequency direction and that at lower frequencies leans
to low frequency direction. Moreover, the distributions of
instabilities for the two fluctuations are different. For constant
speed fluctuation frequency 𝜔𝑎, the sideband instabilities
are equally spaced around the original instabilities and the
interval is 𝜔𝑎, while for 𝜔 = 𝑃𝜔𝑎, sideband instabilities
distribute more densely in the low frequency region.

The characteristics of the speed fluctuation have a great
effect on the widths of the instability regions when planet
meshing phases are determined, and the influence rule is
closely related to the amplitude and frequency of the speed
fluctuation. As shown in Figure 9(a), the sideband instabil-
ities increase with the speed fluctuation amplitude 𝛼, while
the original instability decreases with the speed fluctuation
amplitude 𝛼. As shown in Figure 9(b), the original instability
is relatively small and first decreases and then increases
with the speed fluctuation amplitude 𝛼. The phenomena
shown in Figure 9 inspire a new thought to decrease the
instabilities of the planetary gear with the inclusion of the
speed fluctuation. In order to systematically investigate the
parametric instability of the planetary gear under speed
fluctuation and present a new way to control instabilities,
analytical investigation is conducted using the method of
multiple scales (MMS).

4. Perturbation Analysis

Substituting the modal transformation x = Vz into (5), the
free vibrations of the planetary gear with a fixed ring are
transformed into modal response and are expressed as

�̈�𝑖 + 𝜀𝜆𝑖�̇�𝑖 + 𝜔2𝑖 𝑧𝑖
+ 2𝜀𝑁+2∑
𝑤=2

∞∑
𝑙=1

(𝐷(𝑙)𝑖𝑤 sin 𝑙𝜃 + 𝐸(𝑙)𝑖𝑤 cos 𝑙𝜃) 𝑧𝑤 = 0,
𝑖 = 2, . . . , 𝑁 + 2,

(12)

where the matrices D(𝑙) = V𝑇K(𝑙)V1V and E(𝑙) = V𝑇K(𝑙)V2V and𝜀𝜆𝑖 = 2𝜉𝑖𝜔𝑖. Because 𝑖 = 1 responds to the rigid body mode
which does not affect the parametric instability of the plane-
tary gear, it is not considered in the following analysis. Using
the method of multiple scales, the solutions of (12) can be
expressed as [19, 20]

𝑧𝑖 = 𝑧𝑖0 (𝑡0, 𝑡1, . . .) + 𝜀𝑧𝑖1 (𝑡0, 𝑡1, . . .) + ⋅ ⋅ ⋅ ,𝑖 = 2, . . . , 𝑁 + 2, (13)

where 𝑡0 = 𝑡 and 𝑡1 = 𝜀𝑡. Substituting (13) into (12) and mak-
ing the coefficients of the same power in 𝜀 of both sides equal
yield

𝐷20𝑧𝑖0 + 𝜔2𝑖 𝑧𝑖0 = 0, (14)𝐷20𝑧𝑖1 + 𝜔2𝑖 𝑧𝑖1= −2𝐷0𝐷1𝑧𝑖0 − 𝜆𝑖𝐷0𝑧𝑖0
− 2𝑁+2∑
𝑤=2

∞∑
𝑙=1

(𝐷(𝑙)𝑖𝑤 sin 𝑙𝜃 + 𝐸(𝑙)𝑖𝑤 cos 𝑙𝜃) 𝑧𝑤0.
(15)
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The general solutions of (14) are

𝑧𝑖0 = 𝐴 𝑖 (𝑡1) 𝑒𝑗𝜔𝑖𝑡 + c.c. 𝑖 = 2, . . . , 𝑁 + 2, (16)

where c.c. represents the complex conjugate of the preceding
terms. Because of speed fluctuations, sin(𝜃) and cos(𝜃) are
no longer the standard Fourier series. With the aid of the
Bessel function of the first kind [21], they can be expanded
in generalized Fourier series as

sin 𝜃 = 𝐽0 (𝛽) sin𝜔𝑡 + ∞∑
𝑚=1

𝐽2𝑚 (𝛽) [sin (𝜔 + 2𝑚𝜔𝑎) 𝑡
+ sin (𝜔 − 2𝑚𝜔𝑎) 𝑡] + ∞∑

𝑚=0

𝐽2𝑚+1 (𝛽)
⋅ [sin (𝜔 + (2𝑚 + 1) 𝜔𝑎) 𝑡− sin (𝜔 − (2𝑚 + 1) 𝜔𝑎) 𝑡] ,

(17)

cos 𝜃 = 𝐽0 (𝛽) cos𝜔𝑡 + ∞∑
𝑚=1

𝐽2𝑚 (𝛽) [cos (𝜔 + 2𝑚𝜔𝑎) 𝑡
+ cos (𝜔 − 2𝑚𝜔𝑎) 𝑡] + ∞∑

𝑚=0

𝐽2𝑚+1 (𝛽)
⋅ [cos (𝜔 + (2𝑚 + 1) 𝜔𝑎) 𝑡− cos (𝜔 − (2𝑚 + 1) 𝜔𝑎) 𝑡] .

(18)

Substitution of (16) and (18) into (15) yields

𝐷20𝑧𝑖1 + 𝜔2𝑖 𝑧𝑖1 = −2𝑗𝜔𝑖𝑒𝑗𝜔𝑖𝑡𝐷1𝐴 𝑖 − 𝜆𝑖𝑗𝜔𝑖𝑒𝑗𝜔𝑖𝑡𝐴 𝑖
− 𝑁+2∑
𝑤=2

∞∑
𝑙=1

𝐴𝑤𝐽0 (𝛽) [(𝐸(𝑙)𝑖𝑤 − 𝑗𝐷(𝑙)𝑖𝑤) 𝑒𝑗(𝜔𝑤+𝑙𝜔)𝑡
+ (𝐸(𝑙)𝑖𝑤 + 𝑗𝐷(𝑙)𝑖𝑤) 𝑒𝑗(𝜔𝑤−𝑙𝜔)𝑡] − 𝑁+2∑

𝑤=2

∞∑
𝑙=1

∞∑
𝑚=1

𝐽𝑚 (𝛽)
⋅ 𝐴𝑤 [(𝐸(𝑙)𝑖𝑤 − 𝑗𝐷(𝑙)𝑖𝑤) 𝑒𝑗(𝜔𝑤+𝑙(𝜔+𝑚𝜔𝑎))𝑡 + (𝐸(𝑙)𝑖𝑤 + 𝑗𝐷(𝑙)𝑖𝑤)
⋅ 𝑒𝑗(𝜔𝑤−𝑙(𝜔+𝑚𝜔𝑎))𝑡] − 𝑁+2∑

𝑤=2

∞∑
𝑙=1

∞∑
𝑚=1

𝐽𝑚 (𝛽)
⋅ 𝐴𝑤 [(𝐸(𝑙)𝑖𝑤 − 𝑗𝐷(𝑙)𝑖𝑤) 𝑒𝑗(𝜔𝑤+𝑙(𝜔−𝑚𝜔𝑎))𝑡
+ (𝐸(𝑙)𝑖𝑤 + 𝑗𝐷(𝑙)𝑖𝑤) 𝑒𝑗(𝜔𝑤−𝑙(𝜔−𝑚𝜔𝑎))𝑡] + c.c.

(19)

In the following perturbation analysis, primary instabilities
of distinct modes, primary instabilities of degenerate modes,
and combination instabilities of distinct modes are consid-
ered. Other instabilities can be obtained following the similar
procedure listed below.

(1) Primary Instability of Distinct Modes. Let 𝑙𝜔 + 𝑛𝜔𝑎 =2𝜔𝑝 + 𝜀𝜎 (𝑛 = 0, ±1, ±2, . . .), where 𝜔𝑝 is distinct and 𝜎 is the

detuning parameter to be determined. Elimination of secular
terms in (19) requires2𝑗𝜔𝑝𝐷1𝐴𝑝 + 𝜆𝑝𝑗𝜔𝑝𝐴𝑝

+ 𝐽𝑛 (𝛽)𝐴𝑝 (𝐸(𝑙)𝑝𝑝 − 𝑗𝐷(𝑙)𝑝𝑝) 𝑒𝑗𝜎𝑡1 = 0. (20)

Substitution of𝐴𝑝(𝑡1) = (1/2)𝑎(𝑡1)𝑒𝑗𝛽(𝑡1)+c.c. into (20) yields
𝜔𝑝𝐷1𝑎 + 12𝑎𝜔𝑝𝜆𝑝 − 12𝑎𝐽𝑛 (𝛽) (𝐷(𝑙)𝑝𝑝 cos 𝛾 − 𝐸(𝑙)𝑝𝑝 sin 𝛾)= 0,
𝜔𝑝𝐷1𝛾 − 𝜔𝑝𝜎 + 𝐽𝑛 (𝛽) (𝐸(𝑙)𝑝𝑝 cos 𝛾 + 𝐷(𝑙)𝑝𝑝 sin 𝛾) = 0,

(21)

where 𝛾 = 𝜎𝑡1 − 𝛽. To obtain the steady-state motion, let𝐷1𝑎 = 𝐷1𝛾 = 0, and then 𝜎 can be determined:

𝜎 = ±√𝐽2𝑛 (𝛽) ((𝐸(𝑙)𝑝𝑝)2 + (𝐷(𝑙)𝑝𝑝)2) − 𝜆2𝑝𝜔2𝑝𝜔𝑝 . (22)

If the speed fluctuation frequency 𝜔𝑎 is proportional to the
nominal gearmesh frequency𝜔,𝛽 = 𝛼𝑃does not changewith𝜔, and thus the instability boundaries can be easily expressed
as𝜔
= (2𝜔𝑝 ± (√𝜀2𝐽20 (𝛼𝑃) ((𝐸(𝑙)𝑝𝑝)2 + (𝐷(𝑙)𝑝𝑝)2) − 4𝜉2𝑝𝜔4𝑝) /𝜔𝑝)(𝑙 + 𝑛/𝑃) . (23)

If 𝜔𝑎 is constant, 𝛽 = 𝛼𝜔/𝜔𝑎 varies with 𝜔, and the instability
boundaries can be obtained by solving the following equa-
tion:𝑙𝜔 + 𝑛𝜔𝑎

= 2𝜔𝑝 ± √𝜀2𝐽2𝑛 (𝛽) ((𝐸(𝑙)𝑝𝑝)2 + (𝐷(𝑙)𝑝𝑝)2) − 4𝜉2𝑝𝜔4𝑝𝜔𝑝 . (24)

The case 𝑛 = 0 corresponds to the original instability, and the
cases 𝑛 ̸= 0 correspond to sideband instabilities. From (23)
and (24), it can be seen that the intersections of instability
boundaries and the abscissa axis are 2𝜔0/(1 + 𝑛/𝑃) and 2𝜔0 −𝑛𝜔𝑎, respectively, which explains the different distributions of
instabilities for the two fluctuation types. Moreover, with the
increase of𝜔𝑎, the interval of original and sideband instability
becomes larger. With the increase of 𝑃, the original and
sideband instability region becomes more intense.

Once the detuning parameter 𝜎 is determined, the calcu-
lations of the instability boundaries are similar for all insta-
bilities. Therefore, only the calculation of 𝜎 is emphasized in
the following analysis.

(2) Combination Instability of Distinct Modes. Let 𝑙𝜔 + 𝑛𝜔𝑎 =𝜔𝑝 + 𝜔𝑞 + 𝜀𝜎 (𝑛 = 0, ±1, ±2, . . .), where 𝜔𝑝 and 𝜔𝑞 are both
distinct. Elimination of secular terms in (19) requires2𝑗𝜔𝑝𝐷1𝐴𝑝 + 𝜆𝑝𝑗𝜔𝑝𝐴𝑝

+ 𝐽𝑛 (𝛽)𝐴𝑞 (𝐸(𝑙)𝑝𝑞 − 𝑗𝐷(𝑙)𝑝𝑞) 𝑒𝑗𝜎𝑡1 = 0,
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2𝑗𝜔𝑞𝐷1𝐴𝑞 + 𝜆𝑞𝑗𝜔𝑞𝐴𝑞
+ 𝐽𝑛 (𝛽)𝐴𝑝 (𝐸(𝑙)𝑞𝑝 − 𝑗𝐷(𝑙)𝑞𝑝) 𝑒𝑗𝜎𝑡1 = 0.

(25)

Substituting 𝐴𝑝(𝑡1) = (1/2)𝑎𝑝(𝑡1)𝑒𝑗𝛽𝑝(𝑡1) + c.c. and 𝐴𝑞(𝑡1) =(1/2)𝑎𝑞(𝑡1)𝑒𝑗𝛽𝑞(𝑡1) + c.c. into (25), the detuning parameter 𝜎 is
derived as

𝜎 = ±√ (1/4) 𝐽20 (𝛽) ((𝐸(𝑙)𝑝𝑞)2 + (𝐷(𝑙)𝑝𝑞)2) (√𝜆𝑝/𝜆𝑞 + √𝜆𝑞/𝜆𝑝)2 − (1/4) (𝜆𝑝 + 𝜆𝑞)2 𝜔𝑝𝜔𝑞𝜔𝑝𝜔𝑞 . (26)

(3) Primary Instability of Degenerate Modes. Let 𝑙𝜔 + 𝑛𝜔𝑎 =𝜔𝑝+𝜔𝑞+𝜀𝜎 (𝑛 = 0, ±1, ±2, . . .), where𝜔𝑝 = 𝜔𝑞 are degenerate.
Elimination of secular terms in (19) requires2𝑗𝜔𝑝𝐷1𝐴𝑝 + 𝜆𝑝𝑗𝜔𝑝𝐴𝑝 + 𝐽𝑛 (𝛽)

⋅ [𝐴𝑝 (𝐸(𝑙)𝑝𝑝 − 𝑗𝐷(𝑙)𝑝𝑝) + 𝐴𝑞 (𝐸(𝑙)𝑝𝑞 − 𝑗𝐷(𝑙)𝑝𝑞)] 𝑒𝑗𝜎𝑡1 = 0,2𝑗𝜔𝑞𝐷1𝐴𝑞 + 𝜆𝑞𝑗𝜔𝑞𝐴𝑞 + 𝐽𝑛 (𝛽)
⋅ [𝐴𝑝 (𝐸(𝑙)𝑞𝑝 − 𝑗𝐷(𝑙)𝑞𝑝) + 𝐴𝑞 (𝐸(𝑙)𝑞𝑞 − 𝑗𝐷(𝑙)𝑞𝑞)] 𝑒𝑗𝜎𝑡1 = 0.

(27)

Because modal coupling between the degenerate modes is
stronger than that between distinctmodes, the determination
of the instability boundaries is more complex, as shown
in (27). Following the standard procedure, the detuning
parameter is expressed as

𝜎 = ±√𝐽2𝑛 (𝛽) Γ(𝑙) − 𝜆2𝑝𝜔2𝑝𝜔𝑝 , (28)

Γ(𝑙) = 𝐷(𝑙)𝑝𝑞𝐷(𝑙)𝑞𝑝 + 𝐸(𝑙)𝑝𝑞𝐸(𝑙)𝑞𝑝
+ 12 ((𝐷(𝑙)𝑝𝑝)2 + (𝐷(𝑙)𝑞𝑞)2 + (𝐸(𝑙)𝑝𝑝)2 + (𝐸(𝑙)𝑞𝑞)2) . (29)

To validate the analytical results, comparisons of the
numerical and analytical results using the same parameters
are shown in Figure 10. It can be clearly seen that the
perturbation solution for the original instabilities matches
well with the numerical results for the two speed fluctuation
types.

5. Discussions

5.1. Influence of Speed Fluctuations. As shown in (22), (26),
and (29), planetmeshing phase changes the instability regions
by influencing the elements of matrices D and E. Besides
planet meshing phase, it can be clearly seen that speed
fluctuations have a significant influence on the width of
instability region by changing the value of 𝐽𝑛(𝛽).That is, speed
fluctuation amplitude 𝛼 and frequency 𝜔𝑎 have a combined
effect on the parametric instability width, and the influence
rule is closely related to the properties of the Bessel function
of the first kind.

As shown in Figure 11, 𝐽0(𝛽) shows cosine oscillation
attenuation, while the rest shows sine oscillation attenuation.

This property explains the variation tendency of the original
and sideband instabilities in the numerical analysis. For
the first speed fluctuation type, where the speed fluctuation
frequency 𝜔𝑎 is constant, the influences of 𝛼 and 𝜔𝑎 on
original instabilities in the vicinity of 2𝜔3, 𝜔3 + 𝜔5, and 2𝜔5
are shown in Figure 12. All original instabilities decrease with
the increase of 𝛼 and increase with the increase of 𝜔𝑎 under
the simulation conditions. Because 𝜔𝑎 is constant, the ratio
of the nominal mesh frequency 𝜔 and 𝜔𝑎 varies with 𝜔.
The change of instability width differs in different frequency
range. With the definition of instability ratio 𝑖𝑟 = width (𝛼 ̸=0)/width (𝛼 = 0), the instability ratios of 2𝜔3, 𝜔3 + 𝜔5, and2𝜔5 for 𝜔𝑎 = 200Hz and 𝛼 = 0.05 are 0.852, 0.826, and 0.715,
respectively.

For the second speed fluctuation type, where 𝜔 = 𝑃𝜔𝑎,
the influences of fluctuation amplitude 𝛼 and frequency ratio𝑃 on original instabilities of 2𝜔3,𝜔3+𝜔5, and 2𝜔5 are shown in
Figure 13. Similarly, all original instabilities decrease with the
increase of 𝛼 and 𝑃 under the simulation conditions. Because
the frequency ratio 𝑃 does not change with the nominal gear
mesh frequency, instability ratios of 2𝜔3, 𝜔3 +𝜔5, and 2𝜔5 are
identical once the fluctuation amplitude is determined, which
is different from the first fluctuation type.

Through the above parameter analysis, it can be found
that the properties of the Bessel function of the first kind
with different order supply a new possibility to minimize
certain parametric instability by adjusting the parameters of
the speed fluctuation. The adjusting rule is to minimize the
value of 𝐽𝑛(𝛽): 𝑛 = 0 corresponds to the original instability,
and 𝑛 = ±1, ±2, . . . correspond to the sideband instabilities. It
should be noted that the influence trends of speed fluctuation
on original and sideband instabilities may be different. Based
on the first-order perturbation solution, the instability width
with different speed fluctuation parameters can be easily
obtained. For the second speed fluctuation type, variations
of original and sideband instability width of 2𝜔5 with speed
fluctuation parameters are shown in Figure 14, for example.
Based on these figures, speed fluctuation parameters can be
easily determined tominimize certain instability. Comparing
point B (𝑃 = 24.05 and 𝛼 = 0.1) with point C (𝑃 = 24 and𝛼 = 0.05), although speed fluctuation amplitude of point B
is larger than point C, the corresponding instability region of
point B is much smaller. The numerical results in Figure 15
show the similar decrease when the speed fluctuation is
changed from point C to point B.
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Figure 10: Comparisons of numerical and analytical results: (a) 𝛼 = 0.05 and 𝜔𝑎 = 200Hz; (b) 𝛼 = 0.05 and 𝑃 = 24; (c) 𝛼 = 0.1 and 𝑃 = 20.
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Figure 11: Plot of Bessel function of the first kind for integer orders 𝑛 = 0, 1, 2, 3.
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Figure 12: Influence of fluctuation amplitude and fluctuation frequency on the original instabilities for the first speed fluctuation type: (a) 𝜔𝑎
= 200Hz; (b) 𝛼 = 0.05.
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Figure 13: Influence of fluctuation amplitude and fluctuation frequency on the original instabilities for the second speed fluctuation type: (a)𝑃 = 20; (b) 𝛼 = 0.05.
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Figure 14: Analytical results of (a) original and (b) sideband instability width of 2𝜔5 with different speed fluctuation parameters for 𝜀 = 0.15.
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Figure 15: Original instability of 2𝜔5 under different speed fluctua-
tion parameters obtained by numerical integration.
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Figure 16: Combined effect of the damping and speed fluctuation on
original instabilities for 𝑃 = 24 and 𝜉 = [0, 0.01, 0.01, 0.01, 0.01].
5.2. Combined Effect of Damping and Speed Fluctuations. In
all of the above calculations, damping is constrained to be
zero. Taking damping into account, the combined effect of
damping and speed fluctuations on original instabilities is
shown in Figure 16. It is well known that damping shrinks the
instability region for the constant speed. With the inclusion
of speed fluctuations, original instability regions are further
shrunken. This is because 𝐽0(𝛽) obtains its maximum value
when the speed is constant (𝛽 = 0). The minimum value𝜀min of the mesh stiffness variance corresponding to the
occurrence of original instability is affected by damping
and speed fluctuation. As shown in Figure 16, the minimum
value for fluctuating speed is larger than that for constant
speed.This phenomenon can be easily explained by analytical
solutions (see (22), (26), and (29)), and speed fluctuation
offers a new way to suppress the occurrence of parametric

instability under determined mesh stiffness variation besides
increasing the system damping. Taking point D (𝜔 = 3393Hz
and 𝜀= 0.13) in Figure 16 as an example, parametric instability
occurs at point D for constant speed (𝛼 = 0), while the
instability is suppressed when speed fluctuation is added (𝛼 =0.05). Comparing the minimum stiffness variation 𝜀min in
three instability regions, it can be found that speed fluctuation
has greater influence on the larger instability region.

The influence of speed fluctuation amplitude 𝛼 on the
original and sideband instabilities in the presence of damping
is shown in Figure 17. It can be clearly seen that the original
instability shrinks, while the sideband instabilities expand
with the increase of 𝛼 for the two speed fluctuations. Because𝐽−𝑛(𝛽) = (−1)𝑛𝐽𝑛(𝛽) and 𝜔 = 𝑃𝜔𝑎, the minimum values of𝜀 for the corresponding sideband instabilities for the second
fluctuation type are equal, while for the first fluctuation
type, the ratio of the nominal gear mesh frequency 𝜔 and
fluctuation frequency 𝜔𝑎 changes with 𝜔, and therefore
the minimum values of 𝜀 for the corresponding sideband
instabilities are not the same.

6. Conclusions

In this study, parametric instabilities of the planetary gear
under two different speed fluctuations are systematically
investigated. A rotational model of the planetary gear and
themesh stiffnessmodeling are introduced first. Perturbation
analysis is then conducted to determine operating conditions
leading to instabilities and the results are verified by numer-
ical integration. Finally, the influences of speed fluctuation
parameters and damping on instabilities are investigated,
and a new way to control instabilities by adjusting speed
fluctuation is proposed. Main conclusions are summarized as
follows:

(1) Speed fluctuations induce frequency modulation of
the gear mesh stiffness and then cause sideband
instabilities on both sides of original instabilities and
greatly influence the widths of original instabilities.

(2) Because of the influence of sideband frequencies,
whether parametric instability occurs at certain nom-
inal gear mesh frequency cannot be simply predicted
by the planet meshing phases that are applicable to
constant speed.

(3) The influence of speed fluctuations on instabilities
is determined by the Bessel function of the first
kind with different order. Original and sideband
instabilities can be controlled by changing the value of
the corresponding Bessel function, which is realized
by adjusting the amplitude and frequency of speed
fluctuations.

(4) Damping and speed fluctuations have a combined
effect on the occurrence of original instabilities.
When the mesh stiffness variation is determined,
original instabilities can be suppressed by introducing
proper speed fluctuation besides increasing damping.
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Figure 17: Original and sideband instabilities of 2𝜔5 with 𝜉5 = 0.01 for different fluctuation type: (a) 𝜔𝑎 = 200Hz; (b) 𝑃 = 24.

Nomenclature𝑐𝑟, 𝑐𝑠: Contact ratios𝐼ℎ (ℎ = 𝑐, 𝑟, 𝑠, 1, . . . , 𝑁): Moments of inertia𝑘𝑠𝑛 (𝑛 = 1, . . . , 𝑁): Time-varying sun-planet
mesh stiffness𝑘𝑠𝑝: Average sun-planet
mesh stiffness𝑘𝑠V: Variation amplitude of
sun-planet mesh
stiffness𝑘𝑟𝑛 (𝑛 = 1, . . . , 𝑁): Time-varying
ring-planet mesh
stiffness𝑘𝑟𝑝: Average ring-planet
mesh stiffness𝑘𝑟V: Variation amplitude of
ring-planet mesh
stiffness𝑁: Number of planets𝑃: Ratio of nominal gear
mesh frequency and
speed fluctuation
frequency𝑟ℎ (ℎ = 𝑐, 𝑟, 𝑠, 1, . . . , 𝑁): Base radii𝑢ℎ (ℎ = 𝑐, 𝑟, 𝑠, 1, . . . , 𝑁): Rotational
displacements𝑍𝑟, 𝑍𝑠: Tooth number of the
ring and the sun𝜓𝑛: Circumferential angle of
the 𝑛th planet𝜑ℎ (ℎ = 𝑐, 𝑟, 𝑠, 1, . . . , 𝑁): Rotations in radianΩ0: Nominal input speed𝛼: Variation amplitude of
input speed fluctuation𝛼𝑠, 𝛼𝑟: Pressure angles𝛾𝑠𝑛, 𝛾𝑟𝑛: Planet meshing phase

𝜔𝑎: Frequency of speed fluctuation𝜔: Nominal gear mesh frequency𝜀1, 𝜀2: Relative amplitude of gear mesh stiffness
variation𝜉: Modal damping ratio𝜎: Detuning parameter.

Subscript𝑐: Carrier𝑛: 𝑛th planet𝑟: Ring𝑠: Sun.
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