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Because the flexible multispan shaft in large machines often rotates at supercritical speed, it is desirable to find ways to suppress the
resulting bending vibration. In this paper, a novel type of support structure is proposed and investigated, which can suppress the
bending vibration using dry friction. This approach is called Smart Spring support (SMSS). A dynamic model for the multispan
shaft with SMSS is developed. The relationship between the vibration suppression effect and the control parameters of the SMSS is
obtained through a numerical example involving a helicopter tail drive shaft. A structure of the SMSS is designed and examinedwith
a rotor test. The results demonstrate that the SMSS has a significant effect on bending vibration suppression of flexible multispan
shafts. The vibration-reduction ratio of the peak amplitude reaches 57.2% in the numerical example and 45.2% in the rotor test.

1. Introduction

Multispan shafts are widely used in aviation, vehicles, ships,
and large generator units. They are an important part of the
transmission chain of many large machines. Together with
the trend towards flexible and high-speed rotors, the rotating
speed of multispan shafts often exceeds their critical speed,
and the problem of supercritical bending vibration becomes
increasingly prominent.Therefore, finding an effective bend-
ing vibration control method is highly desirable.

The majority of previous studies focused on changing
the stiffness and damping characteristics of the multispan
shaft supports, using passive vibration dampers to suppress
bending vibration. Examples include flexible support and
squeeze film dampers (SFD), metal-rubber dampers (MRD),
or polymer-based composite structures [1]. However, the
structure of a multispan shaft is complex, and its behavior
is difficult to predict for different assembly and working
conditions. This makes the design of a passive vibration
absorber difficult. Active vibration suppression methods are
capable of changing the instantaneous control force or the
dynamic characteristics of the structure based on the real-
time vibration situation by using external energy sources
[2]. This has a unique advantage for attenuating the bending
vibration faster, compared to passive vibration dampers.

The piezoelectric actuator (PZTA) is low-cost, light-
weight, and easy-to-implement [3]. As a result, it is widely
used in active control technologies. Active vibration sup-
pression technologies based on the PZTA have strong envi-
ronmental adaptability, and they can be used in an effective
manner to suppress vibration significantly over a broadband
of frequencies [4]. However, presently, most of them are used
to reduce the amplitude or vibration force by restraining the
excitation force directly [5–7]. The dynamic displacement of
the PZTA is generally on a micron level, which implies a
restriction on the direct vibration control.

The Smart Spring is a semiactive control concept to
suppress vibration based on the PZTA. It does not use the
PZTA to counteract the excitation loads but adaptively varies
the stiffness, damping, and mass of the dynamic system [4].
Hence, the Smart Spring system does not need a complex dis-
placement amplification device and high actuation voltages,
which makes it easier to implement.

Nitzsche and other researchers published most of the
current literature on Smart Springs. Their research on Smart
Springs mainly focuses on the vibration control of the
helicopter rotor [8]. In 2009, Oxley et al. modeled the
Smart Spring as a replacement for the conventional rotor
pitch link to attenuate airframe vibration in helicopters [9].
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Then, in 2012, Nitzsche and Fred designed a type of Active
Pitch Link (APL) based on the Smart Spring concept and
obtained experimental closed-loop results using a state-
switching control algorithm [10]. After that, in 2013, Nitzsche
et al. performed experimental and numerical simulation with
an open-loop control law applied to an APL and observed
a significant reduction of the amplitude of the blade [11]. In
2015, Arras et al. carried out the dynamic identification of a
reduced-scale helicopter blade system that uses the APL for
vibration control from FRFs measurements [12].

The above research focused on the vibration reduction
of helicopter rotor blades. There is little research of the
bending vibration suppression of shafts. In 2011, Cavalini et al.
established a discrete dynamic model for shafts with a Smart
Spring mechanism and performed numerical simulation
using on-off control strategies [13]. In this study, however,
the effects of dry friction were neglected, and the vibration-
reduction effect is not very strong.Therefore, current research
on bending vibration suppression of shafts with Smart Spring
is still at an early stage. An accurate dynamic model to
describe the system and necessary experimental verification
is still in need.

In this paper, we apply the Smart Spring to the sup-
port structure of a flexible multispan shaft, known as the
Smart Spring support (SMSS). The structure of the paper
is as follows. First, a novel continuous bending vibration
dynamics model of the flexible multispan shaft with a SMSS
is introduced. Then, the dynamic differential equation with
consideration of the effect of dry friction is derived. In the
next section, we perform a numerical simulation of the
supercritical bending vibration suppression, using the SMSS,
for a helicopter tail shaft. We designed the structure of a type
of SMSS, with which we will verify the effect of vibration
suppression during rotor testing. Overall, a theoretical model
and an experimental reference for the design of an SMSS is
provided.

2. Dynamic Model

2.1. Model Simplification. The Smart Spring system is shown
in Figure 1. The system is composed of a primary spring, an
active spring, and a PZTA.There is friction coupling between
the primary spring and the active spring. The movements
of these two springs are independent of each other until a
control voltage is applied to the PZTA.Then, the control force𝑁𝑡 is generated on the friction surface. If there is a relative
motion between the primary spring and the active spring, the
sliding friction force 𝐹𝑑 is induced by the control force 𝑁𝑡,
which will dissipate the energy of the system.This procedure
is called Damping Control. With the increase of the control
force 𝑁𝑡, the active spring will be gradually combined with
the primary spring via viscosity forces. When the control
force𝑁𝑡 is large enough, these two springs are fully integrated
together, and the natural frequency of the coupling system
is far higher than that of the original primary spring for the
common system parameters [14]. This procedure is called
Rigidity Control.

As illustrated in Figure 2, the research aim of this paper
is a flexible multispan shaft with hinged supports at both
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Figure 1: The Smart Spring system [4].

ends and elastic supports in the middle. Some of the elastic
supports are provided with the Smart Spring vibration damp-
ing system, SMSS, as mentioned above. We call the primary
spring-shaft the main support, and the active spring–PZTA
the auxiliary support. The influence of the gyro moment on
the bending vibration of the shaft cannot be ignored because
of the high rotation speed. Therefore, the shaft section is
equivalent to the Rayleigh beam, but the influence of the gyro
moment is considered as well. In addition, we assume that
the shaft and its supports are isotropic. Thus, the dynamic
model of the system can be projected to two orthogonal
directions, and the model parameters are the same in these
two directions, except for gravity.

The origin 𝑂0 of the inertial coordinate system 𝑂0𝑥0𝑦0𝑧0
is located at the centroid point at the left end of the shaft in
Figure 2. The displacements of the shaft section center along
the 𝑥0- and 𝑦0-axis are 𝑢𝑧𝑏 and V𝑧𝑏, respectively, where the
abscissa value is 𝑧𝑏. The eccentricity of the shaft section is 𝑒𝑧𝑏,
the initial phase angle is 𝜙𝑒0, and the rotating speed is 𝜔𝜙.
When the shaft rotates, the unbalanced excitation, which is
caused by the eccentric mass, produces the dynamic bending
deflection of the shaft. The shaft will spin around the 𝑧0-axis
besides rotation, and the shaft section will deviate from the
original plane. The spatial motion of the shaft section can
be separated into translation of the base point and the fixed-
point rotation around the base point. The coordinate system
of the shaft section in spatial motion is shown in Figure 3,
where𝑂𝑥1𝑦1𝑧1 is the translational coordinate systemwith the
basis of the base pointO.𝑂𝑥2𝑦2𝑧2 is the transition coordinate
system and 𝑂𝑥𝑦𝑧 is the rotational coordinate system. The
coordinate of the base point O in 𝑂0𝑥0𝑦0𝑧0 is (𝑢𝑧𝑏, V𝑧𝑏, 𝑧𝑏)
and the Euler angles of 𝑂𝑥𝑦𝑧 deflecting from 𝑂𝑥1𝑦1𝑧1 are(𝜓, 𝜃, 𝜙).
2.2. Equation Deduction. Themotion of the shaft in Figure 2
can be described using the second Lagrange equation as

𝑑𝑑𝑡 ( 𝜕𝑇𝜕 ̇𝑞𝑗) − 𝜕𝑇𝜕𝑞𝑗 +
𝜕𝑈𝜕𝑞𝑗 = 𝑄𝑗 (𝑗 = 1, . . . , 𝑛) , (1)
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Figure 2: Flexible multispan shaft with the SMSS.

x

x2

x1

x0

y

y2

y1

y0

O

O0
z0

z1

z2

z















uzb

zbzb

Figure 3: Coordinate system for the shaft element in motion.

where 𝑇 is the kinetic energy of the system,𝑈 is the potential
energy, 𝑄𝑗 is the generalized force acting on the system, 𝑞𝑗
is the generalized coordinate, and 𝑛 is the total degree of
freedom.

The shaft section in Figure 3 can be equivalent to a thin
disk for the analysis of the kinetic energy. The kinetic energy
of the disk can be divided into two parts: translational energy
and rotational energy. We define the mass of the disk as 𝑚𝑑,
and the moments of inertia of the disk relative to the axes in𝑂𝑥𝑦𝑧 as 𝐼𝑑𝑥, 𝐼𝑑𝑦, and 𝐼𝑑𝑧, respectively, where 𝐼𝑑𝑥 = 𝐼𝑑𝑦 because
of the isotropy of the shaft. As the Euler angles 𝜓, 𝜃 are very
small, we assume that cos 𝜃 ≈ 1 and sin 𝜃 ≈ 𝜃. The kinetic
energy of the disk without the high-order microquantity can
be written as

𝑇𝑑 = 12𝑚𝑑 (�̇�2𝑧𝑏 + V̇2𝑧𝑏) + 12𝐼𝑑𝑥 (�̇�2 + ̇𝜃2)
+ 12𝐼𝑑𝑧 (𝜔2𝜙 + 2𝜔𝜙�̇�𝜃) .

(2)

The kinetic energy of the entire shaft in Figure 2 can be
obtained by integrating (2) along the length of the shaft:

𝑇𝑠 = 𝜌𝐴2 ∫𝑙
0
((�̇�𝑧𝑏 − 𝑒𝑧𝑏𝜔𝜙 sin (𝜔𝜙𝑡 + 𝜙𝑒0))2

+ (V̇𝑧𝑏 + 𝑒𝑧𝑏𝜔𝜙 cos (𝜔𝜙𝑡 + 𝜙𝑒0))2) 𝑑𝑧𝑏 + 𝜌𝐼2
⋅ ∫𝑙
0
(�̇�2 + ̇𝜃2) 𝑑𝑧𝑏 + 𝜌𝐼𝑙𝜔2𝜙 + 2𝜌𝐼𝜔𝜙 ∫𝑙

0
�̇�𝜃 𝑑𝑧𝑏,

(3)

where 𝐴 is the area of the shaft section, 𝜌 is the density, 𝐼 is
themoment of inertia of the shaft section relative to its center,
and the last term in the equation is caused by the gyroscopic
effect.The Euler angles𝜓, 𝜃 can be described by 𝜃 = 𝜕𝑢𝑧𝑏/𝜕𝑧𝑏
and 𝜓 = −𝜕V𝑧𝑏/𝜕𝑧𝑏 as their microscale.

The potential energy of the shaft is mainly composed of
two parts: the strain energy induced by the shaft bending
and the gravitational potential energy under gravitational
acceleration, 𝑔. The potential energy of the entire shaft can
be obtained using Hooke’s law:

𝑈𝑠 = EI2 ∫𝑙
0
[(𝜕2𝑢𝑧𝑏𝜕𝑧2

𝑏

)2 + (𝜕2V𝑧𝑏𝜕𝑧2
𝑏

)2]𝑑𝑧𝑏
+ ∫𝑙
0
𝜌𝐴𝑔 [𝑢𝑧𝑏 + 𝑒𝑧𝑏 cos (𝜔𝜙𝑡 + 𝜙𝑒0)] 𝑑𝑧𝑏.

(4)

In the case, where 𝑆𝑖 in Figure 2 is an elastic support, the
virtual work on the shaft produced by the support can be
written as the following equation that neglects the bending
effect:

𝛿𝑊𝐵,𝑖 = [−𝑘𝑖𝑢 (𝑧𝑖) − 𝑐𝑖�̇� (𝑧𝑖)] 𝛿𝑢 (𝑧𝑖) − 𝑘𝑖V (𝑧𝑖) 𝛿V (𝑧𝑖)
− 𝑐𝑖V̇ (𝑧𝑖) 𝛿V (𝑧𝑖) = 𝑄𝑢,𝑖𝛿𝑢 (𝑧𝑖) + 𝑄V,𝑖𝛿V (𝑧𝑖) , (5)

where 𝑄𝑢,𝑖 and 𝑄V,𝑖 are the equivalent generalized forces of
the elastic support in 𝑥0 and 𝑦0 directions, respectively, and𝑧𝑖 is the coordinate of the installation position for the elastic
support.
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If 𝑆𝑖 is a SMSS, the virtual work on the shaft produced by
the support can be written as

𝛿𝑊𝐵,𝑖 = − [𝑘𝑖𝑢 (𝑧𝑖) + 𝑐𝑖�̇� (𝑧𝑖) + 𝐹𝑑𝑢,𝑖] 𝛿𝑢 (𝑧𝑖)
− [𝑘𝑖V (𝑧𝑖) + 𝑐𝑖V̇ (𝑧𝑖) + 𝐹𝑑V,𝑖] 𝛿V (𝑧𝑖)

= 𝑄𝑢,𝑖𝛿𝑢 (𝑧𝑖) + 𝑄V,𝑖𝛿V (𝑧𝑖) ,
(6)

where 𝐹𝑑𝑢,𝑖 and 𝐹𝑑V,𝑖 are the sliding friction forces between
the friction surfaces of the main support and the auxiliary
support in 𝑥0 and 𝑦0 directions, respectively:
𝐹𝑑𝑢,𝑖

=
{{{{{{{{{

sgn (V𝑢𝑟,𝑖) 𝜇𝑑𝑁𝑡,𝑖, V𝑢𝑟,𝑖 ̸= 0,
𝐹𝑢sum,𝑖, 𝐹𝑢sum,𝑖 < 𝜇𝑠𝑁𝑡,𝑖, V𝑢𝑟,𝑖 = 0,
sgn (𝐹𝑢sum,𝑖) 𝜇𝑠𝑁𝑡,𝑖, 𝐹𝑢sum,𝑖 ≥ 𝜇𝑠𝑁𝑡,𝑖, V𝑢𝑟,𝑖 = 0,

𝐹𝑢sum,𝑖 = 𝑚𝑖 �̈�𝑖 + 𝑘𝑖𝑢𝑖 + 𝑐𝑖 �̇�𝑖 ,
𝐹𝑑V,𝑖

=
{{{{{{{{{

sgn (VV𝑟,𝑖) 𝜇𝑑𝑁𝑡,𝑖, VV𝑟,𝑖 ̸= 0,
𝐹Vsum,𝑖, 𝐹Vsum,𝑖 < 𝜇𝑠𝑁𝑡,𝑖, VV𝑟,𝑖 = 0,
sgn (𝐹Vsum,𝑖) 𝜇𝑠𝑁𝑡,𝑖, 𝐹Vsum,𝑖 ≥ 𝜇𝑠𝑁𝑡,𝑖, VV𝑟,𝑖 = 0,

𝐹Vsum,𝑖 = 𝑚𝑖 V̈𝑖 + 𝑘𝑖V𝑖 + 𝑐𝑖 V̇𝑖 ,

(7)

where V𝑢𝑟,𝑖 and VV𝑟,𝑖 are the relative speed between friction
surfaces of the main support and the auxiliary support in 𝑥0
and 𝑦0 directions, respectively. If these are zero, the SMSS
will be under Rigidity Control; otherwise, the SMSSwould be
under Damping Control. 𝐹𝑢sum,𝑖 and 𝐹Vsum,𝑖 are the restoring
forces, which depend on the motion state of the auxiliary
support. 𝑢𝑖 and V𝑖 are the radial displacements of the auxiliary
support. 𝜇𝑑 is the dynamic friction coefficient, and 𝜇𝑠 is the
static friction coefficient.

After substituting (3), (4), (5), and (6) into (1), the
dynamic equation of the system can be formulated as

𝜌𝐴𝜕2𝑢𝑧𝑏𝜕𝑡2 + EI
𝜕4𝑢𝑧𝑏𝜕𝑧𝑏4 − 𝜌𝐼 𝜕4𝑢𝑧𝑏𝜕𝑧𝑏2𝜕𝑡2 − 2𝜌𝐼𝜔𝜙 𝜕3V𝑧𝑏𝜕𝑧𝑏2𝜕𝑡

= 𝜌𝐴𝑒𝑧𝑏𝜔𝜙2 cos (𝜔𝜙𝑡 + 𝜙𝑒0) − 𝜌𝐴𝑔 + 𝑄𝑢,
𝜌𝐴𝜕2V𝑧𝑏𝜕𝑡2 + EI

𝜕4V𝑧𝑏𝜕𝑧𝑏4 − 𝜌𝐼 𝜕4V𝑧𝑏𝜕𝑧𝑏2𝜕𝑡2 + 2𝜌𝐼𝜔𝜙 𝜕3𝑢𝑧𝑏𝜕𝑧𝑏2𝜕𝑡
= 𝜌𝐴𝑒𝑧𝑏𝜔𝜙2 sin (𝜔𝜙𝑡 + 𝜙𝑒0) + 𝑄V.

(8)

Equation (8) is a partial differential equation and its
solution space has infinite dimensions.The Galerkin method
is used to simplify (8) into a finite number of ordinary
differential equations. In the constitutional equation (9),

𝑊𝑟(𝑧𝑏) is the 𝑟th order mode shape function of the hinged
beam and 𝑞𝑢𝑟(𝑡) and 𝑞V𝑟(𝑡) are the generalized coordinates.

𝑢𝑧𝑏 (𝑧𝑏, 𝑡) = +∞∑
𝑟=1

𝑊𝑟 (𝑧𝑏) 𝑞𝑢𝑟 (𝑡) ,

V𝑧𝑏 (𝑧𝑏, 𝑡) = +∞∑
𝑟=1

𝑊𝑟 (𝑧𝑏) 𝑞V𝑟 (𝑡) .
(9)

After substituting (9) into (8) and integrating it over the
length of the shaft after multiplying 𝑊𝑟(𝑧𝑏) on both sides of
the equation, we can obtain the ordinary differential dynamic
equations for the shaft using the orthogonality of its mode
shape functions:

𝑀𝑟 ̈𝑞𝑢𝑟 + 𝐾𝑟𝑞𝑢𝑟 − 𝜔𝜙𝐺𝑦𝑟 ̇𝑞V𝑟
= 𝑚𝑒𝑒𝑧𝑏𝜔2𝜙 cos (𝜔𝜙𝑡 + 𝜙𝑒0) − 𝐹𝐺 + 𝑄𝑢,

𝑀𝑟 ̈𝑞V𝑟 + 𝐾𝑟𝑞V𝑟 + 𝜔𝜙𝐺𝑦𝑟 ̇𝑞𝑢𝑟
= 𝑚𝑒𝑒𝑧𝑏𝜔2𝜙 sin (𝜔𝜙𝑡 + 𝜙𝑒0) + 𝑄V,

(10)

where 𝑀𝑟 = 𝜌𝐴∫𝑙
0
𝑊2𝑟 𝑑𝑧𝑏 − 𝜌𝐼 ∫𝑙

0
𝑊𝑟𝑊𝑟 𝑑𝑧𝑏, 𝐺𝑦𝑟 =

2𝜌𝐼 ∫𝑙
0
𝑊𝑟𝑊𝑟 𝑑𝑧𝑏, 𝐹𝐺 = 𝜌𝐴𝑔∫𝑙

0
𝑊𝑟𝑑𝑧𝑏, 𝑚𝑒 = 𝜌𝐴∫𝑙

0
𝑊𝑟𝑑𝑧𝑏,𝑄𝑢 = ∑𝑛𝑖=1[(−𝑘𝑖𝑞𝑢𝑟 − 𝑐𝑖 ̇𝑞𝑢𝑟)𝑊2𝑟 (𝑧𝑖) − 𝐹𝑑𝑞𝑢,𝑖𝑊𝑟(𝑧𝑖)], and 𝑄V =

∑𝑛𝑖=1[(−𝑘𝑖𝑞V𝑟 − 𝑐𝑖 ̇𝑞V𝑟)𝑊2𝑟 (𝑧𝑖) − 𝐹𝑑𝑞V,𝑖𝑊𝑟(𝑧𝑖)].
When 𝑆𝑖 is an elastic support, 𝐹𝑑𝑞𝑢,𝑖 = 𝐹𝑑𝑞V,𝑖 = 0.
When 𝑆𝑖 is a SMSS, then

𝐹𝑑𝑞𝑢,𝑖

=
{{{{{{{{{

sgn (V𝑞𝑢𝑟,𝑖) 𝜇𝑑𝑁𝑡,𝑖, V𝑞𝑢𝑟,𝑖 ̸= 0,
𝐹𝑞𝑢sum,𝑖, 𝐹𝑞𝑢sum,𝑖 < 𝜇𝑠𝑁𝑡,𝑖, V𝑞𝑢𝑟,𝑖 = 0,
sgn (𝐹𝑞𝑢sum,𝑖) 𝜇𝑠𝑁𝑡,𝑖, 𝐹𝑞𝑢sum,𝑖 ≥ 𝜇𝑠𝑁𝑡,𝑖, V𝑞𝑢𝑟,𝑖 = 0,

𝐹𝑢sum,𝑖 = 𝑊𝑟 (𝑧𝑖) [𝑚𝑖 ̈𝑞𝑢𝑟 + 𝑘𝑖 (𝑞𝑢𝑟 + 𝑞𝑢𝑟0) + 𝑐𝑖 ̇𝑞𝑢𝑟] ,
V𝑞𝑢𝑟,𝑖 = 𝑊𝑟 (𝑧𝑖) ̇𝑞𝑢𝑟 − �̇�𝑖 ,
𝐹𝑑𝑞V,𝑖

=
{{{{{{{{{

sgn (V𝑞V𝑟,𝑖) 𝜇𝑑𝑁𝑡,𝑖, V𝑞V𝑟,𝑖 ̸= 0,
𝐹𝑞Vsum,𝑖, 𝐹𝑞Vsum,𝑖 < 𝜇𝑠𝑁𝑡,𝑖, V𝑞V𝑟,𝑖 = 0,
sgn (𝐹𝑞Vsum,𝑖) 𝜇𝑠𝑁𝑡,𝑖, 𝐹𝑞Vsum,𝑖 ≥ 𝜇𝑠𝑁𝑡,𝑖, V𝑞V𝑟,𝑖 = 0,

𝐹Vsum,𝑖 = 𝑊𝑟 (𝑧𝑖) [𝑚𝑖 ̈𝑞V𝑟 + 𝑘𝑖 (𝑞V𝑟 + 𝑞V𝑟0) + 𝑐𝑖 ̇𝑞V𝑟] ,
V𝑞V𝑟,𝑖 = 𝑊𝑟 (𝑧𝑖) ̇𝑞V𝑟 − V̇𝑖 .

(11)

Equations (10) are ordinary differential equations with
time-varying parameters, which can be solved using the
variable step Runge Kutta method using numerical software.
After substituting the solution of 𝑞𝑢𝑟 and 𝑞V𝑟 into (9), the
bending vibration response of the shaft for unbalanced
excitation can be obtained.
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Table 1: Typical parameters of a helicopter tail-shaft.

Properties Value/unit
𝜌 2800/(kg⋅m−3)𝐸 7 × 1010/Pa𝐺 2.7 × 1010/Pa𝐷 90/mm𝑑 84/mm𝑙 3.1/m𝑙1 0.85/m𝑙2, 𝑙3, 𝑙4 0.75/m𝑘1, 𝑘5 1.15 × 107/(N⋅m−1)𝑘2, 𝑘3, 𝑘4 1.5 × 105/(N⋅m−1)𝑐1, 𝑐5 0𝑐2, 𝑐3, 𝑐4 20/(N⋅s⋅m−1)𝑒𝑧𝑏 0.1/mm𝑛work 4200/(r⋅min−1)

Hinged boundary
Elastic boundary
Supports position
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Figure 4: 1st mode shape with hinged and elastic boundaries of the
helicopter tail shaft.

3. Example of the Helicopter Tail Shaft

3.1. Parameters of the Shaft. The helicopter tail shaft is a
typical multispan shaft, which can be simplified into a combi-
nation of continuous hollow shaft sections and supports. A set
of typical parameters for the helicopter tail shaft is selected in
Table 1, on the basis that the dynamic response calculation of
the shaft and the effect of the bending vibration suppression
of the SMSS can be carried out.

The approximate critical speed of the tail shaft can be
calculated using the transfer matrix method, where the 1st
critical speed is 3179 RPM, and the 2nd critical speed is
6562 RPM. The operating speed of the tail shaft 𝑛work =
4200RPM falls between the 1st and 2nd order critical speeds.
Hence, the tail shaft is flexible. The mode shape of the tail
drive shaft can be obtained using the transfer matrix method.
The 1st mode shapes of the tail shaft are very close with
different boundary conditions in Figure 4.This is because the
stiffness of the supports at both ends of the tail shaft is much
larger than that of the middle supports. Therefore, the tail

shaft can be simplified as a hinged beam model, similar to
that in Figure 2.

The SMSS is installed at position 𝑆3 of the maximum
amplitude in the 1st mode shape. The parameters of the
auxiliary support are 𝑘𝑖 =1 × 105N⋅m−1, 𝑐𝑖 = 0, and 𝑚𝑖
= 1.5 kg. The dynamic friction coefficient 𝜇𝑑 = 0.1 and the
static friction coefficient 𝜇𝑠 = 0.15. The tail shaft starts
to accelerate from rest with the angular acceleration 𝛼 =
146.6 rad/s2, which takes 3 sec to reach operating speed. After
substituting the parameters in Table 1 into (10), we obtain
the supercritical bending vibration response of the tail shaft.
For better comparison, the time-domain response results
obtained in this section are all at the position 𝑧𝑏 = 1.6m.

3.2. Simulation Results and Analysis. The supercritical bend-
ing vibration response of the tail shaft in the 𝑥0 direction,
for different control forces 𝑁𝑡 of the SMSS, is shown in
Figure 5. Considering that the trends of the change of the
vibration amplitude in 𝑥0 and 𝑦0 directions are generally
identical, only the vibration amplitude 𝑢𝑧𝑏 in the 𝑥0 direction
is given in Figure 5. The axis orbits at its operating speed for
different control forces 𝑁𝑡 of the SMSS (see Figure 6). The
peak vibration-reduction ratio 𝜂𝑝 is defined as a percentage
of the amplitude reduction of the bending vibration response
for the control force 𝑁𝑡. The curves for 𝑁𝑡 and 𝜂𝑝 are shown
in Figure 7. The critical speed 𝑛𝑐 of the tail shaft can be
obtained by multiplying the angular acceleration 𝛼 with the
time 𝑡𝑝 of the peak. The curves for 𝑁𝑡 and 𝑛𝑐 are shown in
Figure 8.

The peak amplitude of the tail shaft decreases first and
increases later with the increase of the control force 𝑁𝑡,
which reaches the minimum value when 𝑁𝑡 = 250N (see
Figure 5). At this point, the peak vibration-reduction ratio 𝜂𝑝
reaches 57.2% in Figure 7. After that, 𝜂𝑝 only becomes smaller,
even if the control force 𝑁𝑡 is increased. The position of the
peak amplitude shifts left first, with increasing𝑁𝑡, because of
the introduction of dry friction damping. When 𝑁𝑡 is large
enough, the influence of damping of the auxiliary support
is offset by its stiffness effect, and the position of the peak
amplitude starts to shift right. It can be seen in Figure 8
that the position of the peak amplitude is farthest from the
operating speed when 𝑁𝑡 = 250N, and the critical speed 𝑛𝑐
reaches its minimum of 3339 RPM at this point.

In Figure 6, the center track of the tail shaft is circular with
a small control force𝑁𝑡, and its associated radius is becoming
smaller while 𝑁𝑡 increases. We suggest that the SMSS is in
the state of Damping Control here. When the control force𝑁𝑡 reaches 250N, the radius of the center track reaches its
minimum. With increasing 𝑁𝑡, the center track becomes
more irregular. We suggest that the two friction surfaces of
the SMSS no longer experience pure sliding friction here but
a Stick-Slip State, between sliding and sticking, which has a
strong nonlinear characteristic. When the control force 𝑁𝑡
reaches 1000N, the center track returns to the circle again
because the two friction surfaces of the SMSS have been fully
integrated. This means the SMSS is in the state of Rigidity
Control, and the radius of the center track becomes larger
because the critical speed of the tail shaft with its higher
supporting stiffness is closer to the operating speed.
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Figure 5: Bending vibration response of the tail shaft in the 𝑥0 direction accelerating to exceed the critical speed.
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Figure 6: Center track of the tail shaft at operating speed.
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Figure 7: Relationship between the control force 𝑁𝑡 and the peak
vibration-reduction ratio 𝜂𝑝.
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Figure 8: Relationship between the control force𝑁𝑡 and the critical
speed of the rotation 𝑛𝑐.

Considering the results above, we suggest that there
is an optimal control parameter for the bending vibration
suppression of the flexible multispan shaft with an SMSS. For
the helicopter tail shaft in this section, there is a constant
optimal control force: 𝑁𝑡opt = 250N. This optimal control
force is independent of whether it is needed to suppress the
peak amplitude accelerating over the critical speed, to reach a
steady state at the operating speed, or to let the critical speed
of the tail shaft change away from its operating speed.

4. Rotor Test

4.1. Test Equipment. In order to verify the effect of the
bending vibration suppression of the SMSS on the flexible
multispan shaft, a conceptual structure of the SMSS was
designed. Subsequently, a rotor test for vibration suppression
was carried out on the multispan shaft test-setup. The
arrangement of the test equipment is shown in Figure 9. Two
elastic rubber rings were installed on the outer rings of the
bearings in the elastic supports I and II, and for the rigid
support III a steel ring was used. An auxiliary support was
installed beside the elastic support II. These two represent
the Smart Spring support. An eddy current sensor was set to
measure the radial displacement of the shaft surface in the
vertical direction, and the real-time speed of the shaft was
measured with an infrared speed sensor.

Table 2: Support parameters of the test-setup.

Properties Value/unit
𝑘1 1.7 × 105/(N⋅m−1)𝑐1 20/(N⋅s⋅m−1)𝑘2 1.4 × 105/(N⋅m−1)𝑐2 22/(N⋅s⋅m−1)𝑘3 5 × 107/(N⋅m−1)𝑐3 0𝑘2 1.67 × 107/(N⋅m−1)𝑐2 0𝜇𝑑 0.1𝜇𝑠 0.15

The detailed structure of the SMSS in the test-setup is
shown in Figure 10. Three piezoelectric ceramics are put
inside the main body of the PZTA. The adjustment nuts are
used to apply prestress and fine-tune the gap between the
two friction disks.The piezoelectric ceramics can be supplied
with voltage from 0V to 150V. When they are activated, the
PZTA expands to push the two friction disks. As a result, the
auxiliary support is coupled with the main support to change
its radial stiffness and damping, so that the purpose of the
vibration control can be achieved.

We obtained the support parameters for the test-setup
in Table 2 via a load test. The radial stiffness of the elastic
supports I and II is very small compared to other supports
because of the elastic rubber rings. The auxiliary support
would be deformed in the axial direction when the PZTA
is activated. We measured the axial displacement of the
auxiliary support for different control voltages. We then
measured the axial stiffness of the auxiliary support (𝑘𝑎
= 8.9 × 106N⋅m−1). Then, the control force 𝑁𝑡 for the
corresponding control voltage was obtained by multiplying
these two quantities. As shown in Figure 11, the control
force 𝑁𝑡 and the control voltage have a linear relationship,
generally. When the control voltage reaches 150V, the control
force reaches the maximum 𝑁𝑡max = 447N. The theoretical
maximum output force generated by the PZTA is very large
(2000N), but the maximum deformation in axial direction
is very limited (65 𝜇m in axial direction). This means the
effective control force𝑁𝑡 ismainly related to the axial stiffness
of the auxiliary support, and there is still much room for
growth.

4.2. Test Results and Analysis. The shaft in the rotor setup
starts to accelerate from rest with the angular acceleration 𝛼
= 55 rad/s2, and it reaches its operating speed of 4200RPM
after 8 sec. Subsequently, the shaft maintains its speed of
rotation. The displacement responses of the point on the
shaft surface for different control voltages weremeasured (see
Figure 12). The amplitude reaches the first peak at 3229 RPM
(see Figure 12(a)), and it no longer reaches a second clear peak
until operating speed is reached.Hence, the first critical speed
of the shaft is 3229 RPM.

The peak amplitude of the shaft decreases significantly
when the PZTA is activated (see Figures 12(b)–12(f)). The
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force𝑁𝑡 in the SMSS.

peak vibration-reduction ratio 𝜂𝑝 keeps increasing with
growing control voltage (see Figure 13). The initial increase
of 𝜂𝑝 is not very clear because of the gap between the friction
disks. When the control voltage reaches 150V, 𝜂𝑝 reaches
its maximum 45.2%. Compared with Figure 7, the optimal
control parameter appears at the maximum value. This is
because the radial stiffness of the auxiliary support in the test-
setup (𝑘2 = 1.67 × 107N⋅m−1) is much greater than that in

the example in the previous section (𝑘3 = 1 × 105N⋅m−1).
This results in the fact that the maximum control force of
the PZTA (𝑁𝑡max = 447N) is not large enough to bond the
two friction disks. Therefore, the peak vibration-reduction
ratio, 𝜂𝑝, can be improved further by enhancing the effective
control force of the test equipment.

The position of the peak amplitude shifts left first with
increasing control voltage (see Figures 12(b)–12(f)). The
critical speed 𝑛𝑐 of the shaft keeps decreasing with growing
control voltage (see Figure 14). When the control voltage
reaches 150V, 𝑛𝑐 reaches its minimum of 2995 RPM. The
friction disks maintain a relative motion because the control
force generated by the PZTA is not large enough for the radial
stiffness of the auxiliary support.Therefore, the SMSS is in the
state of Damping Control here, which leads to the reduction
of 𝑛𝑐.

The previous numerical and experimental results suggest
that the increase of the radial stiffness of the auxiliary support
helps to improve the optimal control parameter (force or
voltage) for the SMSS. In addition, we need the PZTA to
generate enough control force to accomplish optimal control.
The control force 𝑁𝑡 and the axial stiffness of the auxiliary
support are directly related for the SMSS in the test-setup.
Hence, it is necessary to improve the axial stiffness of the
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Figure 12: The vibration response of the shaft system for different control voltages.
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Figure 13:The peak vibration-reduction ratio 𝜂𝑝 as a function of the
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Figure 14: The critical speed of rotation 𝑛𝑐 as a function of the
control voltage.

auxiliary support. The axial stiffness of the auxiliary support
in Figure 10 is closely related to its radial stiffness, and these
two are all dependent on the stiffness of the seat of the
auxiliary support. Therefore, we suggest that the increase
of the overall structural stiffness of the auxiliary support
contributes to the improvement of damping of the SMSS.

5. Conclusion

In this paper, a new method for bending vibration suppres-
sion of a flexible multispan shaft based on Smart Spring
support is investigated. The main conclusions are as follows:
(a) The SMSS has a strong effect on the bending vibration
suppression of the flexible multispan shaft when it exceeds
its critical speed. (b) When the SMSS is in the state of
Damping Control, it has better vibration suppression effect
than that of Rigidity Control. There exists an optimal control
force under the Damping Control state, which causes the
peak vibration-reduction ratio 𝜂𝑝 to reach its maximum. (c)
For the structural design of the SMSS, the overall structural
stiffness can be increased, so that the maximum control force𝑁𝑡max of the SMSS can reach, or get close to, its optimal
control force𝑁𝑡opt.
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