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This study focuses on the biodynamic responses of a seated human model to whole-body vibrations in a vehicle. Five-degree-offreedom nonlinear equations of motion for a human model were derived, and human parameters such as spring constants and
damping coeﬃcients were extracted using a three-step optimization processes that applied the experimental data to the
mathematical human model. The natural frequencies and mode shapes of the linearized model were also calculated. In order to
examine the eﬀects of the human parameters, parametric studies involving initial segment angles and stiﬀness values were
performed. Interestingly, mode veering was observed between the fourth and ﬁfth human modes when combining two diﬀerent
spring stiﬀness values. Finally, through the frequency responses of the human model, nonlinear characteristics such as frequency
shift and jump phenomena were clearly observed.

1. Introduction
Vibrational characteristics of seated humans are an important consideration in the automotive industry because
they play a major role in riding comfort. Furthermore, recent
signiﬁcant advances in electric and autonomous vehicles
may aﬀect the perception and emotions of occupants in
a vehicle. For example, in conventional vehicles, combustion
engine-induced vibration and noise act in concert to mask
road-induced vibration and noise; generally, this does not
occur with electric vehicles. Thus, we can expect that drivers
and passengers will be more sensitive to road-induced vibrations, and that the importance of analyzing vibrational
perception in vehicles will increase.
The characteristics of the dynamic responses of a seated
human body are mainly aﬀected by low-frequency vibrations
(below 50 Hz). A number of studies have also found that the
fundamental frequency of a seated human exposed to wholebody vibration is lower than 10 Hz [1–5]. The natural frequencies and frequency responses of a seated human are
decided depending on body weight, length of human segments, and sitting posture (e. g., slouched or erect) [6–10]. In
addition, dynamic characteristics of a seated human involve
nonlinearities such as the frequency softening phenomenon,

in which the ﬁrst natural frequency decreases as the magnitude of the excited vibrations increases [11–13]. Mansﬁeld
and Griﬃn [11] inferred that complex human factors such as
muscle forces and the bending or buckling of a spine could
give rise to these nonlinearities. Therefore, it is challenging
to quantitatively analyze the dynamic responses of a seated
human body, owing to its complexity and nonlinearity.
Various ﬁnite element models of the human have been
designed to investigate the complex characteristics of a seated
human. Vavalle et al. [14] introduced the whole body ﬁnite
element model, for conducting dynamic simulations under
impact loading conditions. Siefert et al. [15] developed
a human-seat interaction system and extracted the seat
transfer functions and contact pressure between a human
body and a seat. Butz et al. [16] proposed the ﬁnite element
model of the lower extremity based on anatomy data and
calculated the dynamic responses of the human model in the
military vehicles. Although the ﬁnite element method is capable of sophisticated modelling of the entire human body
and local segments, its computational time increases as the
number of elements increases in nature. In addition, it is not
straightforward to develop ﬁnite element models of a human
body that can accommodate variations in geometric parameters such as body segment lengths and sitting postures.
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To overcome the disadvantages of ﬁnite element models,
lumped parameter models consisting of masses, springs, and
dampers have been widely emphasized in various studies. Wei
and Griﬃn [17] utilized single-degree- and two-degree-offreedom human models to mathematically predict seat
transmissibility. They also revealed that the two-degree-offreedom provided the better ﬁtness to the experimental results
than the single-degree-of-freedom. Choi and Han [18] used the
vertical seat-human model that calculated the vibrational
performance of semiactive seat suspensions quantitatively with
SEAT values and vibration dose value (VDV). Bai et al. [19]
analyzed the dynamic characteristics of a four-degree-offreedom biodynamic model with various structural conﬁgurations to identify the best conﬁguration. An improved generic
algorithm was considered to determine the human parameters.
Although these human models that take only translational
motions into account can be used to describe frequency responses of occupants exposed to whole-body vibrations, they
cannot represent the swing motions of human segments, owing
to the absence of rotational degrees-of-freedom. Therefore, in
order to more accurately grasp and analyze the dynamic
movements of human segments, it is essential to develop
a biodynamic human model that considers rotational motions.
Lumped human models with rotational degrees-of-freedom have been studied extensively to interpret fore-and-aft
and pitch movements in the sagittal plane. Matsumoto and
Griﬃn [20] developed four- and ﬁve-degree-of-freedom
human models including the viscera with rotational springs
and dampers, and they showed that the models having the
rotational degree-of-freedom represented the more reasonable descriptions for the dynamic characteristics of the seated
human body. Cho and Yoon [21] presented nine-degree-offreedom human model consisting of three rigid bodies and
compared with the single-, two-, and three-degree-of-freedom models to verify the performance of the proposed ninedegree-of-freedom human model. Further, they also investigated the eﬀect of the seat backrest. Kim et al. [22]
proposed a seven-degree-of-freedom seat-mannequin model
whose parameters were obtained using indentation and swing
experimental tests; the frequency response functions of the
seat-mannequin model were presented and compared to
the experimental results. Zheng et al. [23] proposed sevendegree-of-freedom human model and showed analytical
and experimental apparent masses with and without
a backrest in the vertical and fore-and-aft directions. Also,
the sensitive parameters were presented according to the
presence or absence of backrest. Mohajer et al. [24] presented a human biomechanical model that consisted of 15
rigid bodies. The ride comfort was also estimated with
respect to road roughness, vehicle speed, and the weights of
the subjects using the proposed human model.
To develop the human model, we used a Lagrangian
formulation to derive the nonlinear equations of motion for
a ﬁve-degree-of-freedom model. The spring constants and
damping coeﬃcients were extracted from experimental data
in the literature using an optimization process. The natural
frequencies and mode shapes were also calculated from the
linearized human model. In addition, several parametric
studies were performed. Finally, we calculated the frequency
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response curves of the nonlinear human model, and then
compared those of the linear model, nonlinear model, and
the experiment.

2. Nonlinear and Linear
Five-Degree-of-Freedom Models
2.1. Model Description. In order to investigate dynamic
characteristics of a seated human, we developed a lumped
parameter model consisting of masses, dampers, and springs.
In the proposed model, we considered three rigid bodies—a
head, trunk, and lower body (including the thighs and pelvis).
The trunk and lower body are the suggested measurement
points of vibrations in BS 6841, which is the standard for
assessing human vibrations [25]. Further, the motions of the
head-neck segment are a prominent source of discomfort [10]
because they may aﬀect the vision of vehicle occupants and
may cause motion sickness. Foot support was not considered
because the vibrations transmitted through foot supports are
relatively small compared to the vibrations aﬀecting the trunk
and lower body [26].
Based on these assumptions, we developed a ﬁve-degreeof-freedom human model consisting of xh, zh, θ1, θ2, and θ3,
as shown in Figure 1 xh and zh, respectively, represent the
horizontal and vertical displacements of the hip joint with
respect to the basi-centric coordinate system, while θ1, θ2,
and θ3, respectively, represent the angular displacements of
the lower body, trunk, and head around the y-axis. Because
we focus our interpretation on analyzing motions in the
rotational and vertical directions at the x-z plane (sagittal
plane), dynamic behavior in the lateral direction was not
considered. The base motion zb is the input vertical displacement and velocity of the seat ﬂoor. It was assumed that
no components overlapped, and each segment was connected to a torsional spring and damper to represent the
rotational motion. The translational springs were connected
to the surface of each component. It is also assumed that
each human segment has uniform mass distribution. The
joints of the human model were modelled using the pin joint
condition because the elongation and compression at the
rotational joints of an actual human body are very small. In
other words, the independent translational movements of
each segment were not considered in our model.
The combination of seat foam and human skin was
considered as the translational springs and dampers. All
springs assumed to be massless and frictionless were in
nonstretched and nonrotated conditions at the initial conﬁguration. Although seat foam has nonlinear viscoelastic
properties [27–29], it has been reported that such properties
do not signiﬁcantly aﬀect the transmissibility of human body
vibrations in practice [13]. It was also assumed that because
deformations of the human back and buttock tissue after
sitting on a seat are suﬃciently small, their nonlinearity could
be disregarded. Therefore, considering the combination of
seat foam and human tissue as the linear translational spring
and damper provides a convenient and reasonable approach
to developing this lumped parameter human model. The
backrest was set to be parallel to the trunk of the human
model at the initial conﬁguration.
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Figure 1: The proposed five-degree-of-freedom seated biodynamic
human mathematical model (red colored symbols: generalized
coordinates).

It is necessary to define translational spring deformation
values to reflect actual deformation characteristics of the seat
foam and tissue. Unlike vertical human models comprising
one-dimensional motion in vertical directions, each segment of
the proposed five-degree-of-freedom model is able to represent
horizontal and rotational motions. When the deformation
value of the translational spring is defined by the distance
between two connected points, the spring forces are generated
in the diagonal direction under this definition. In the case of
actual foam and tissue deformation, when the contact points are
moved, the foam of the seat located at the moved position
generates the force to support a human body in the normal
direction. To this end, the tangential force of the translational
spring was disregarded, and the deformation of the translational
spring in the normal direction of the seat floor and seatback was
used for calculating the dynamic responses (Figure 2).
2.2. Derivation of Nonlinear Equations of Motion. The
nonlinear equations of motion for the five-degree-of-freedom
mathematical model were derived using the Lagrange equation. The locations of the center of mass at each segment are
1
x1  xh + Lth cos θ1 ,
2
1
x2  xh + Ltr cos θ2 ,
2
1
x3  xh + Ltr cos θ2 + Lh cos θ3 ,
2
(1)
1
z1  zh + Lth sin θ1 ,
2
1
z2  zh + Ltr sin θ2 ,
2
1
z3  zh + Ltr sin θ2 + Lh sin θ3 ,
2

Figure 2: Directional definition of the translational spring
deflections.

where xh and zh are the horizontal and vertical displacements of the hip joint, xi and zi are the locations of the
centers of mass of the lower body, trunk, and head, respectively, and Lth , Ltr , and Lh define the lengths of the lower
body, trunk, and head, respectively. The kinetic energy of the
human model is derived as follows:
T

1 3
1 3
2
 mi x_ 2i + z_2i  +  Ji θ_ i ,
2 i1
2 i1

(2)

where mi and Ji , respectively, indicate the mass and mass
moment of inertia of the corresponding segment. It can be
easily seen that translational and rotational kinetic energy
are considered for three rigid bodies. The derived potential energy and Rayleigh’s dissipation function are
written as
V

3
1 4
1 2
 ki δ2i +  kti δ2ti +  mi gΔi ,
2 i1
2 i1
i1

(3)

D

1 4 _2 1 2 _2
c δ + c δ ,
2 i1 i i 2 i1 ti ti

(4)

where V is the potential energy associated with the translational and torsional spring forces and gravity, D is the
Rayleigh’s dissipation function representing linear functions
of velocities, and ki , ci , and g, respectively, denote translational spring constants, damping coefficients, and gravitational acceleration. kti and cti denote torsional stiffness
values and damping coefficients, respectively. δi and δti are
the displacements of the translational springs and torsional
springs, respectively. Now, applying the Lagrange equation
to Equations (1)–(4) yields
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The elements of each matrix are given in Appendix A.
Prior to examining the dynamic characteristics using
nonlinear equations of motion, linearization was performed.
It is not a simple task to simulate the nonlinear human
model to obtain dynamic characteristics such as the natural
frequency, mode shape, and parametric sensitivity, and
excessive computational time would be required. Therefore,
we carried out the linearization by expending the Taylor
series at the initial conﬁgurations, which makes it possible to
represent the equations of motion with a set of generalized
coordinates. In the linearization of nonlinear equations of
motion, the following approximations were considered:
sin θ � sin θ∗ + θ0  ≈ sin θ0 + cos θ0 · θ∗ ,
cos θ � cos θ∗ + θ0  ≈ cos θ0 − sin θ0 · θ∗ ,

(6)

where θ∗ denotes a small perturbation around the initial conﬁguration. The linearized equations of motion can be written as
M€
x + Cx_ + Kx � z_b Cb + zb Kb ,

(7)

where xT is the generalized coordinate vector
(x∗h , z∗h , θ∗1 , θ∗2 , θ∗3 )T , and each matrix and vector is conﬁgured as follows:
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The elements of each matrix are given in Appendix B.
Taking the Fourier transform of Equation (7), the linear
equations of motion in the frequency domain are given by

−1

jωCb + Kb Zb (jω).

(9)

Thus, we can calculate the natural frequency and mode
shape of the human model using the mass and stiﬀness
matrix. The seat-to-head (STH) transmissibility of the linear
model can be computed from Equation (9); it will be used to
determine the human parameters by a comparison with the
experimental results.
2.3. Identiﬁcation of Human Parameters. The inertial and
geometric properties, stiﬀness, and damping coeﬃcients are
crucial parameters that determine the dynamic responses of
the proposed human model. In this study, we determined
the human parameters through the following three steps:
(1) Determination of inertial and geometric properties
(2) Extraction of stiﬀness values
(3) Extraction of damping coeﬃcients.
The inertial and geometric parameters were measurable
using the measurement tools; further, we chose the mass,
moment of inertia, and human segment length data from the
reported literature related to anthropometry. By contrast, the
stiﬀness and damping coeﬃcients are not easy to measure
experimentally, and thus we extracted these parameters by
using the optimization process from the experimental STH
transmissibility results [30]. In the second and third steps, we
determined the stiﬀness values and damping coeﬃcients.
2.3.1. Determination of Inertial and Geometric Parameters.
In the initial step, we determined the mass, moment of inertia,
and segment length values. In the second and third step to
obtain the stiﬀness and damping coeﬃcients, the experimental
subjects in the whole-body experiments were Korean males in
their late 20s [21, 30], and thus we tried to select the mass and
geometric parameters from Korean anthropometric data as
close as possible to these experimental subjects [31, 32].
However, we used the mass moment of inertia from alternative
anthropometric data, which is the similar conﬁguration of the
proposed human model, because of a lack of validated oﬃcial
data for Korean males [22]. The human mathematical model
in this study had a backrest angle of 111°, a seat pan angle of 12°
[12], and a head angle of 100° (to the horizontal line) [22]. The
mass, mass moment of inertia, and geometric length values
used in the human mathematical model are listed in Table 1.
2.3.2. Extraction of the Stiﬀness and Damping Coeﬃcients.
In this study, the springs and dampers underneath the
lower body and the springs and dampers connected between
the backrest and trunk were set to have diﬀerent stiﬀness
values and damping coeﬃcients. The foam of the seatback
shows the diﬀerent force-displacement relationship from
the seat pad [33]. However, in the sitting condition on a seat,
it is assumed that the stiﬀness of a human body in the vicinity of the buttock and thigh has approximately identical
value in the case of small penetration based on loaddeﬂection measurement [34]. Furthermore, the deformation
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Table 1: Inertial properties and length data of the ﬁve-degree-offreedom human model.

Mass (kg)

Mass moment of inertia (kg·m2)

Length (mm)

Property
m1
m2
m3
J1
J2
J3
Ltr
Lth
Lh
L1
L2
L3
L4
Lt1
Lt2

Value
10.49
33.98
6.67
0.23
2.05
0.03
598.60
571.70
217.10
88.00
459.80
100.00
478.90
156.20
224.00

characteristics of the foam in the seatback or seat pad were
assumed to be similar; therefore, we assumed that the
stiﬀness and damping coeﬃcients of the translational
springs and dampers connected to the same component of
the human model have the equal values, respectively (i.e., k1
� k2, k3 � k4, c1 � c2, and c3 � c4).
To identify the stiﬀness and damping coeﬃcients, the
experimental STH transmissibility was obtained from the
reported literature [30]. In the optimization to obtain human
parameters, we used the “fmincon” function in MATLAB
(2015b), which is known to be eﬀective for convex optimization. Firstly, the stiﬀness values were extracted based on
the natural frequency of the experimental results. Because
the estimation of the natural frequency tends to be more
repeatable than the estimation of amplitude in general vibration experiments, we considered that the natural frequency values reported in the literature are more reliable
than those for amplitude; we subsequently prioritized determining the natural frequency of the human model. We
then determined the damping coeﬃcients by minimizing the
diﬀerence between the amplitude of the human mathematical model and the experiment.
The stiﬀness of the ﬁve-degree-of-freedom human model
was determined based on the ﬁrst and second natural frequencies (4.2 Hz and 7.5 Hz) from the experimental results.
The following objective function was used in the process for
determining the stiﬀness values:




fex − fcal  + w(2) fex − fcal ,
E1 � minw(2)
(10)



1
1
1
2
2
2 
ex
cal
cal
where fex
1 , f2 , f1 , f2 denote the ﬁrst and second natural
frequency of the experiment and the proposed human
(2)
model, respectively. w(2)
1 , w1 are the weighting factors (2.0
and 1.0 were applied, respectively). The superscripts indicate
the second step. We calculated the natural frequencies of the
human model using a mass and stiﬀness matrix whose elements are optimized spring constants, and both results
indicate the same natural frequency, as listed in Table 2. The
mode shape was also computed, as shown in Figure 3; it will
be explained in detail in Section 3.2.

Table 2: Natural frequencies of the proposed human model and
experiment.
Mode
1
2
3
4
5

Natural frequency (Hz)
Proposed model
Experiment
4.20
4.20
7.50
7.50
9.99
—
19.70
—
21.35
—

The objective function for the extraction of the damping
coeﬃcient is as follows:
(3)
E2 � minw(3)
1 D1 + w2 D2 ,

(11)

 

f 
fb Tex fi  −Tcak fi df
a
D1 �
,

f 
fb Tex fi df

(12)



D2 � max Tex  − maxTcal ,

(13)

where

a

where Tex is the experimental STH transmissibility and Tcal
is the STH transmissibility of the human mathematical
model. fa and fb are the ﬁrst and ﬁnal frequencies of the
experimental data (0 Hz and 20 Hz, respectively). In order to
maximize the correlation between our calculated amplitudes
and the experimental results near the ﬁrst natural frequency,
(3)
the weighting factors w(3)
1 , w1 are set to 1.0 and 2.0, respectively. The initial and optimized stiﬀness and damping
coeﬃcients are listed in Table 3.
It can be seen that the ﬁrst natural frequency and the
maximum amplitude of the STH transmissibility of the
human mathematical model calculated from the optimized
parameters are consistent with those of the experimental
STH transmissibility, as shown in Figure 4. The frequency
response curve of the human model around the fundamental
frequency is in good agreement with that of the experimental
STH transmissibility in the range of 0–7 Hz. However, both
results diﬀer at frequencies ranging from 7–15 Hz. In
practice, it is not easy to simultaneously represent the ﬁrst
and second peaks in the frequency response curves using our
model, owing to the limited conﬁgurations of the proposed
human model. Thus, we focused on ﬁtting to the amplitude
of the ﬁrst natural frequency in the frequency domain.
Typically, in the frequency response curves of a seated
human, the ﬁrst resonance frequency is clearly distinguished
from the higher mode. Moreover, similar frequency bands
and amplitudes are reported in many studies [1, 6, 15, 21].
However, the second natural frequency of a seated human is
relatively undetectable and is signiﬁcantly aﬀected by individual subject characteristics such as sitting posture, body
weight, and length of human segments. For example,
Rakheja et al. [6] reported the apparent masses of seated
subjects with respect to their sitting postures. In this literature, the clarity of the second peak is dependent on the body
mass, measurement point, and magnitude of the excited
vibrations. In addition, the amplitude of the fundamental

6

Shock and Vibration
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5th mode

Figure 3: Mode shapes of the five-degree-of-freedom human model (solid line: initial configuration; dashed line: mode shape configuration;
black color: head; blue color: trunk; red color: lower body).
Table 3: Initial and optimized values of the stiffness and damping
coefficients.
Parameter

Parameter Initial value Optimized value
k1, k2
80.00
66.60
Stiffness
100.00
95.54
k3, k4
(kN/m, kNm/rad)
kt1
2.00
1.42
1.00
1.12
kt2
c1, c2
1.50
0.89
Damping coefficient
1.50
0.94
c3, c4
0.30
0.30
(kNs/m, kNms/rad)
ct1
ct2
0.20
0.20

STH transmissibility

4

3

2

1

0

0

5

10
Frequency (Hz)

15

20

Experiment
Proposed human model

Figure 4: STH transmissibility of experimental results [30] and the
five-degree-of-freedom human linear model calculated using the
optimized stiffness and damping coefficients.

frequency is much greater than that of the higher-order
natural frequency, and it can be inferred that fitting to the
first natural frequency represents the dynamic characteristics more accurately. In this sense, it can be concluded that
the optimized parameters of the proposed human model can
adequately represent the dynamic characteristics of the
human body.

3. Study of Parameters in Human Linear Model
Understanding how parameters affect the dynamic characteristics of the human model is an important issue in the
mechanical approach to explaining the dynamic responses of
the human body. Such understanding also requires parametric analysis of the human mathematical model, which is
achieved by varying the human parameters. Thus, we analyzed the variations in the natural frequencies of the human
model according to changes in the parameters, which mainly
affect the dynamic responses of the proposed model. In
order to conduct the parameter study, we selected the inclination angles of the human model, including seat pan,
backrest and head angles, and the translational and torsional
stiffness values.
3.1. Variations in Rotational Angles. Parameter studies focused on the angle of the seat pan, backrest, and head were
performed in order to analyze the variations in natural
frequencies caused by varying the sitting posture. In the
linear human model, the angles of the seat pan, backrest, and
head were defined as θ10, θ20, and θ30, respectively. The
optimized stiffness and damping coefficients were applied to
the parametric study, and the natural frequencies of the
human mathematical model were calculated when θ10, θ20,
and θ30 were changed in turn.
Figure 5 shows the variations in natural frequency that
resulted from variations in the inclination angles. In this
figure, the first, second, and third columns, respectively,
indicate the resonance frequency with respect to the seat
pan, backrest, and head angle, and the first to fifth rows
represent the order of the natural frequency. The y-axis scale
with respect to the inclination angle was determined based
on the sensitivity of the corresponding parameter.
The changes in natural frequencies with respect to the
seat pan angle are shown in the first column of Figure 5.
The angle of the seat pan was changed in the range of 0° to
20° at 2° intervals. We set the y-axis scale to ±5% of the
corresponding natural frequency because the variation in
all natural frequencies is relatively small. The black dotted
line indicates the baseline value of the seat pan angle.
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Figure 5: Natural frequencies of the ﬁve-degree-of-freedom linear model with respect to the seat pan, backrest, and head angle (dotted
vertical green line: baseline angle; blue line in the graph in the second column of the ﬁrst row: experimental results [35]; the top through the
bottom rows represent the ﬁrst through the ﬁfth modes, respectively).

As can be seen, the natural frequencies of the human
mathematical model are not signiﬁcantly aﬀected by the
change in the seat pan angle. As the seat pan angle increases, the natural frequencies excluding the fourth mode
tend to decrease as a whole, but the variation values are
less than 5%. These tendencies were also observed in the
experimental results. Wang et al. reported no statistical
signiﬁcance between the variations in the seat pan angle
and the variations in the ﬁrst natural frequency of the
human body [8].
The second column of Figure 5 shows the variations in
natural frequencies caused by varying the backrest angle from
80° to 130° at 10° intervals. The y-axis scale was set to ±30% of
the corresponding order of the natural frequency. To verify the

human mathematical model, we performed a comparison
between the ﬁrst natural frequencies of the human model and
the experiment. The experimental natural frequency resulting
from varying the backrest angle is shown in Figure 5 in the
second column of the ﬁrst row as the solid blue line; in this
case, the foam thickness is 150 mm [35]. The fundamental
frequency of the human model was reduced by approximately
20% as the backrest angle increased from 80° to 130°, and the
experimental results show a similar tendency. From this
tendency, it is inferred that the human back muscles become
relaxed as the backrest angle increases, and that the ﬁrst
natural frequency decreases owing to the reduction in the
stiﬀness of the human back [35]. In addition, the second
natural frequency increases as the backrest angle increases, and
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the third natural frequency slightly decreases and then increases. There was no signiﬁcant change in the fourth and ﬁfth
natural frequencies according to the backrest angle change.
Therefore, it can be expected that our human mathematical
model enables us to represent variations in the ﬁrst natural
frequency through comparisons with experimental data.
The variations in the natural frequencies with respect to
the head angle were also calculated, as shown in the third
column of Figure 5. The head angles were varied between 70°
and 130° at intervals of 10°. The y-axis scale was set to ±5% of
the corresponding natural frequency. As the head angle increased, all natural frequencies had diﬀerent tendencies but
did not change substantially. Similar to the results of the
change in the seat pan angle, the head angle seems to have only
a minor role in the natural frequencies of the human model.
3.2. Eﬀect of Translational and Torsional Stiﬀness. To investigate the eﬀect of the translational and torsional spring
constants, we analyzed the change in the natural frequencies
according to the change in stiﬀness (Figure 6). The natural
frequency of the human model was calculated by changing the
baseline stiﬀness values from 1/1000 to two times the baseline
value. The black dotted lines indicate the baseline stiﬀness values.
The ﬁrst natural frequency increases with an increase in
k1, and the change in k2 does not have a signiﬁcant eﬀect.
Also, the ﬁrst natural frequency slightly increases with an
increase in k3 and k4 when k3 and k4 are greater than the
baseline. The variations in kt1 and kt2, which, respectively,
represent the hip joint and head/neck joint, do not significantly aﬀect the ﬁrst natural frequency. These tendencies
can also be conﬁrmed from the conﬁgurations of the corresponding mode shape. It can be expected that the variations in the k2 stiﬀness spring, which is connected relatively
far from the hip joint, would not have a signiﬁcant eﬀect on
the ﬁrst mode because the ﬁrst mode shape is comprised
mainly of the vertical motion of the hip joint. In addition, the
rotational motions of the head and trunk are relatively small
compared to the vertical motion of the hip joint; thus, the
torsional spring has a very small eﬀect on variations in the
ﬁrst natural frequency. In summary, the fundamental frequency of the human model was sensitive to the changes in
k1, k3, and k4 stiﬀness; in particular, the variations in k1
stiﬀness play a major role in the ﬁrst mode.
The second natural frequency was sensitive to k3, k4, kt1,
and kt2 stiﬀness. In particular, the eﬀects of varying k3 and k4
are more signiﬁcant. The change in k3 stiﬀness has a minor
eﬀect when the k4 value varies below the baseline value, but
the second natural frequency is varied considerably owing to
an increase in the k3 value when the k4 value is greater than
the baseline. Moreover, it can be seen that the second natural
frequency indicates a minor change with respect to the
variations in k1. The dominant motion of the second mode is
the rotation of the trunk. Thus, the translational motion of
the hip joint and the rotation of the head and thigh are not
signiﬁcant. Therefore, the springs that aﬀect the rotation of
the trunk are k3, k4, and kt1, owing to its mode shape. The
third mode is particularly inﬂuenced by the changes in the
translational stiﬀness values k3 and k4. The stiﬀness values of
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the k3 and k4 springs, which connect the backrest and trunk,
play an important role because the hip joint moves in the
horizontal direction. The other stiﬀness values also have
relatively little inﬂuence on the third-order natural frequency. It can be seen that kt2 and k2 are the most inﬂuential
parameters in the fourth and ﬁfth modes. The conﬁgurations
of corresponding mode shapes support these ﬁndings, and
the rotational motions of the head and lower body occur
simultaneously in the fourth and ﬁfth modes. These modes
have no impact on the variations in the hip joint torsional
spring kt1 or the translational springs k3 and k4.
Interestingly, the veering phenomenon was observed
for variations in k2 and kt2 in the fourth and ﬁfth modes
[36]. Further, the veering regions are changed owing to the
variations in k2 and kt2. Figure 7 shows the natural frequency loci of the fourth and ﬁfth modes when k2 and kt2
vary from 1/1000 to two times the baseline stiﬀness value.
We illustrate the natural frequency loci using a three-dimensional graph, in order to more eﬃciently describe how
diﬀerent parameters cause modes to be inﬂuenced by the
presence of the veering phenomenon associated with multi
parameters k2 and kt2 [37]. Here, the upper and lower
planes indicate the fourth and ﬁfth natural frequencies,
respectively. It can be seen that the two planes approach
each other according to the variations in each parameter,
and then they veer away abruptly. In the veering region, an
interchange between the fourth and ﬁfth eigenvectors also
occurs and their mode shape subsequently changes. The
presence of the eigenvalue veering phenomenon in the
fourth and ﬁfth modes is of prime importance because
small variations in k2 and kt2 stiﬀness values can give rise to
large changes in the eigenvectors within the veering region.
In this human mathematical model, such veering phenomena play a key role in the design of seat and suspensions for a vehicle.
In order to investigate the veering quantitatively,
a veering index value was calculated from the combination
of the modal dependence factor (MDF) and the crosssensitivity quotient (CSQ) [38] as follows:
VIij � MDFij × CSQij × MDFji .

(14)

The MDF was also deﬁned as
T

MDFij �

 zϕi /za Mϕj 

2

,
T
zϕi /za M zϕi /za

(15)

where ϕj and ϕj are mass-normalized eigenvectors and M is
the stiﬀness matrix. The eigenvector sensitivity with respect
to parameter a was approximated by
zϕi
ϕT (zM/zδ)ϕi αij
≈− i
+
ϕ,
(16)
za
2
Δλij i
where Δλij � λj − λi , and λi denotes the eigenvalue associated with i-th mode. The modal coupling αij was deﬁned as
zK
zM
αij � ϕTj  − λi ϕi ,
za
za

(17)

where K is the stiﬀness matrix. The CSQ is also given by
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Figure 6: Natural frequency of the human model with respect to the translational and torsional stiﬀness values (dotted black vertical and
horizontal line: baseline values of the stiﬀness; the top through the bottom rows, respectively, represent the ﬁrst through the ﬁfth modes).

CSQij �

α2ij
α2ij + Δσ ji /2

2,

(18)

where Δσ ji � σ j − σ i , and σ i indicates the eigenvalue sensitivity. It can be written as
σi �

zλi
zM
zK
� ϕTi 
− λi ϕi .
za
za
za

(19)

Figure 8 shows the veering indices with respect to k2 and
kt2 stiﬀness. A veering index approaching 1 indicates that the
eﬀect of the veering phenomenon is relatively large. Thus, it
can be expected that the folded area of the eigenvalue plane
in Figure 7 represents the larger veering indices in Figure 8.

Further, the veering intensity band changes with respect to
k2 and kt2 stiﬀness; this demonstrates that the eigenvalue
curvature of the fourth and ﬁfth modes is changed when
stiﬀness values vary. Therefore, the natural frequency loci
and veering index are considered simultaneously for better
understanding of this veering phenomenon.

4. Dynamic Simulation of Nonlinear
Five-Degree-of-Freedom Human Model
We carried out dynamic analysis of a ﬁve-degree-of-freedom
nonlinear human model in the frequency domain to investigate its nonlinearity. Because nonlinear dynamic systems may have multiple responses at the same excitation
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frequency, steady-state responses are needed to reach the
solution for the frequency response function. We also used
the optimized parameters of the human model in the
analysis of the linear model. For the nonlinear human
model, we applied a nonlinear force-displacement relationship to the translational springs to more accurately
reflect the actual deformation behavior of seat foam and
tissue. When the deflection of the translational spring is
larger than the initial length of the corresponding spring, it
means that the connection between the human body and the
seat would be physically removed. Therefore, we considered
that the tension force of the translational spring was set to
zero when δi ≥ δi0. Here, the linear spring model was applied
to k3 and k4 owing to horizontal constraints.
In order to compute the frequency response function of
the five-degree-of-freedom nonlinear model near the fundamental frequency, the base floor was excited by harmonic
excitation within a frequency range of 0.1 Hz to 5 Hz at
intervals of 0.1 Hz. To extract the steady-state responses of
the human model, a sufficient excitation time must be taken

into account to ensure steady-state responses; we set the
simulation time at each frequency step to 50 seconds. The
excitation frequency was also increased and then decreased
uniformly using 0.1 Hz intervals. The displacement excitation was applied to the base of the nonlinear human model,
and the amplitude of the excitation was changed in a range
from 3 mm to 12 mm in 3 mm increments to analyze the
dynamic characteristics of the human model with respect to
the amplitude of the excitation displacement.
Figure 9 displays the translational and angular displacements with respect to the excitation frequency and
amplitude in the frequency domain. The amplitudes of the
translational and angular displacements increase as the
excitation amplitude increases. It can be also confirmed that
the first natural frequencies of each generalized coordinate
have slightly different values. For example, the locations of
the maximum amplitude for the vertical displacements of
the hip joint, zh, and the angular displacements of the head,
θ3, occur at 4.0 Hz and 4.3 Hz, respectively. There is a minor
difference between the first natural frequency of the nonlinear model and that of the linear model (f1 of linear model
 4.2 Hz), and it may occur owing to its nonlinearity.
Importantly, it can be observed that a frequency softening phenomenon occurs in which the first natural frequency decreases with the increase in the excitation
amplitude. The fundamental frequency of the vertical displacements of the hip joint and the angular displacements of
the head was, respectively, reduced by approximately 15%
and 14% while the excitation amplitude increased from
3 mm to 12 mm. The first natural frequency exhibited
a minor variation as the excitation amplitude increased from
3 mm to 6 mm. The fundamental frequencies in the translational and angular displacements were rapidly decreased
when the excitation amplitude exceeded 6 mm. In addition,
the jump phenomenon (in which the amplitude dramatically
changes) becomes clear in the high excitation amplitude. As
an example study, Mansfield et al. reported that the fundamental frequency of experimental subjects decreased by
22.2% from 5.4 Hz to 4.2 Hz based on median data and
presumed that this frequency shifting would be caused by
various complex causes such as muscle and tissue responses
[11]. This phenomenon is more clearly observed in the
frequency response functions of the rotational coordinates.
In order to describe the multiple amplitudes at the same
excitation frequency, the frequency response functions in
the overlapped range are given using a zoom-in graph as
shown in Figure 10; the amplitudes were calculated using
0.01 Hz intervals.
Figure 10 shows STH transmissibility data from the
linear and nonlinear human models and the experiment. The
results of the linear model and experimental data are the
same as in Figure 4 and are replotted in Figure 10 for
comparison with the frequency response of the nonlinear
model. We also calculated the STH transmissibility of the
nonlinear human model from the vertical displacements of
the head at the center of gravity and provide the nonlinear
human model results associated with an excitation amplitude of 3 mm for comparison with those from the linear
model. Further, the STH transmissibility of the nonlinear
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human model was calculated in a range of 0 to 20 Hz at
frequency intervals of 0.1 Hz.
It can be seen that the STH transmissibility of the
nonlinear model is in good agreement with that of the linear
model. The maximum amplitude of the nonlinear model is
slightly lower than the amplitude of the experimental data
and linear human model. This illustrates the fact that if the

amplitude of the vertical excitation is relatively small, the
linear human model could suﬃciently represent frequency
response function. However, it is more diﬃcult to express
the frequency response characteristics of the human body
using the linear human model alone for large excitation
amplitudes that cause shifting of the ﬁrst natural frequency,
and thus the necessity of the nonlinear model becomes more
important. Further, the nonlinear model enables one to
describe rapid changes in amplitude, such as those caused by
the jump phenomenon. Therefore, it could be expected that
the nonlinear model is more suitable for representing the
vibrational characteristics of a seated human subjected to
whole-body vibrations generated from the road, in which the
proﬁles are changed from a smooth to a rough surface and
vice versa.

5. Conclusions
In this study, we ﬁrst derived the equations of motion for
a human model. The determination of the human parameters was performed in three steps. The inertial and geometrical parameters were selected on the basis of
anthropometry reference data comprised of measurable
properties, and the stiﬀness and damping coeﬃcients were
extracted from the experimental STH results using the
optimization process. The mode shapes were also obtained
using the mass and stiﬀness matrix of the linearized model.
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In addition, we analyzed the variations in the natural
frequencies of the linear human model when human parameters were varied. For this parametric study, the inclination angle and stiﬀness values were considered as the
prominent parameters in the dynamic characteristics of the
human model. As a result, the ﬁrst natural frequency is most
sensitive to the backrest angle, represented by spring stiﬀness value k1. The variations in natural frequencies according
to the change in stiﬀness values were compared with the
conﬁgurations of the corresponding mode shape. Here, the
mode veering occurs between the loci of the fourth and ﬁfth
natural frequencies for the variations in k2 and kt2.
The frequency response functions of the nonlinear human model were presented using the steady-state amplitude
of translational and angular displacements caused by harmonic base excitation. We note that frequency shifting was
observed in the ﬁrst mode, and various studies have reported
similar phenomenon. Thus, the proposed human model
could be reasonably expected to accurately exhibit the dynamic response characteristics of a seated human.

Appendix
Appendix A
The elements of the matrix in Equation (5) are
A11 � m1 + m2 + m3 ,
1
A13 � − m1 Lth sin θ1 ,
2
1
A14 � − Ltr m2 + 2m3 sin θ2 ,
2
1
A15 � − m3 Lh €θ3 sin θ3 ,
2
A22 � m1 + m2 + m3 ,
1
A23 � m1 Lth cos θ1 ,
2
1
A24 � Ltr m2 + 2m3 cos θ2 ,
2
1
A25 � m3 Lh cos θ3 ,
2
1
A33 � J1 + m1 L2th ,
4
1
A44 � J2 + m2 L2tr + m3 L2tr ,
4
1
A45 � m3 Ltr Lh cos θ3 − θ2 ,
2
1
A55 � J3 + m3 L2h ,
4

1
1
2
2
B1 � m1 Lth θ_ 1 cos θ1  + Ltr m2 + 2m3 θ_ 2 cos θ2 
2
2
1
2
+ m3 Lh θ_ 3 cos θ3  −c3 δ_ 3 + c4 δ_ 4 + k3 δ3 + k4 δ4 
2
· sin θ20 ,
1
1
2
2
B2 � m1 Lth θ_ 1 sin θ1 + Ltr m2 + 2m3 θ_ 2 sin θ2
2
2
1
2
+ m3 Lh θ_ 3 sin θ3 − c1 δ_ 1 − c2 δ_ 2 − k1 δ1 − k2 δ2
2
+ c3 δ_ 3 + c4 δ_ 4 + k3 δ3 + k4 δ4 cos θ20 − m1 + m2 + m3 g,
1
B3 � − c1 δ_ 1 + k1 δ1  Lt1 sin θ1 + L1 cos θ1 
2
1
_
−c2 δ2 + k2 δ2  Lt1 sin θ1 + L2 cos θ1  + ct1 δ_ t1
2
1
+ kt1 δt1 − m1 gLth cos θ1 ,
2
1
2
B4 � m3 Ltr Lh θ_ 3 sin θ3 − θ2  −c3 δ_ 3 + k3 δ3 
2
1
· Lt2 sin θ2 − θ20  − L3 cos θ2 − θ20  −c4 δ_ 4 + k4 δ4 
2
1
· Lt2 sin θ2 − θ20  − L4 cos θ2 − θ20  − ct1 δ_ t1
2
1
+ ct2 δ_ t2 − kt1 δt1 + kt2 δt2 − m2 + m3 gLtr cos θ2 ,
2
1
2
_
B5 � − m3 Ltr Lh θ2 sin θ3 − θ2  − ct2 δ_ t2 − kt2 δt2
2
1
− m3 gLh cos θ3 ,
(A.1)
2

where Li is the distance from the hip joint to the position
where the i-th translational spring and damper are connected. Lt1 and Lt2 denote the thickness values of the lower
body and trunk, respectively. The subscript 0 of θi0 indicates
the initial inclination angle. Moreover, the translational and
torsional spring displacements are given below.
L
δ1 � zh − t1 cos θ1 + L1 sin θ1 − zb − δ10 ,
2
Lt1
δ2 � zh − cos θ1 + L2 sin θ1 − zb − δ20 ,
2
δ3 � xh sin θ20 − zh cos θ20 − L3 sin θ2 − θ20 
−

Lt2
cos θ2 − θ20  − xs3 sin θ20 + zs3 cos θ20 − δ30 ,
2

δ4 � xh sin θ20 − zh cos θ20 − L4 sin θ2 − θ20 
−

Lt2
cos θ2 − θ20  − xs4 sin θ20 + zs4 cos θ20 − δ40 ,
2

δt1 � θ2 − θ1 − δt10 ,
δt2 � θ3 − θ2 − δt20 ,
(A.2)
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where xs3 , zs3 , xs4 , and zs4 are the connected locations
between the ﬁxed backrest of the seat and the trunk of the
human mathematical model. δi0 and δti0 denote the initial
length of the translational springs and the initial angle of the
torsional springs, respectively.

Appendix B
The elements of the mass, damping, and stiﬀness matrix of
the ﬁve-degree-of-freedom linear model are given by
M11 � m1 + m2 + m3 ,
1
M13 � − m1 Lth sin θ10 ,
2
1
M14 � − m2 + 2m3 Ltr sin θ20 ,
2
1
M15 � − m3 Lh sin θ30 ,
2
M22 � m1 + m2 + m3 ,
1
M23 � m1 Lth cos θ10 ,
2
1
M24 � m2 + 2m3 Ltr cos θ20 ,
2
1
M25 � m3 Lh cos θ30 ,
2
1
M33 � J1 + m1 L2th ,
4
1
M44 � J2 + m2 L2tr + m3 L2tr ,
4
1
M45 � m3 Lh Ltr cos θ20 − θ30 ,
2
1
M55 � J3 + m3 L2h ,
4

13
K12 � − k3 + k4 sin θ20 cos θ20 ,
K14 � − k3 L3 + k4 L3 sin θ20 ,
K22 � k1 + k2 + k3 + k4 cos2 θ20 ,
1
K23 � 2 k1 L1 + k2 L2 cos θ10 + k1 + k2 Lt1 sin θ10 ,
2
K24 � k3 L3 + k4 L3 cos θ20 ,
K33 � k1 L21 + k2 L22 cos2 θ10 + k1 L1 + k2 L2 Lt1 sin θ10 cos θ10
1
+ 4kt1 − 2m1 gLth sin θ10 + k1 + k2 L2t1 sin2 θ10 ,
4
K34 � −kt1 ,
K44 � kt1 + kt2 + k3 L23 + k4 L24 −

1
m + 2m3 gLtr sin θ20 ,
2 2

K45 � −kt2 ,
1
K55 � kt2 − m3 gLh sin θ30 ,
2
Cb2 � − c1 + c2 ,
1
Cb3 � − 2 c1 L1 + c2 L2 cos θ10 + c1 + c2 Lt1 sin θ10 ,
2
Kb2 � − k1 + k2 ,
1
Kb3 � − 2 k1 L1 + k2 L2 cos θ10 + k1 + k2 Lt1 sin θ10 .
2
(B.1)

Data Availability
The length and thickness data of the Korean male are accessible at https://sizekorea.kr/in the section of 5th measurement survey.
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