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A new analytical model of a logarithmic sprag clutch considering profile modification is proposed to reflect the effect of profile
parameters on the dynamic contact pressure distribution during the engagement, especially the edge stress of a sprag roller. In the
model, a nonlinear iteration method of normal force including the logarithmic profile model with three parameters and structural
deformations of races is given.0e alternate friction model considering stationary and rate-dependency friction is formulated and
applied in the contacts between the sprag rollers and races. 0en, the kriging model describing the relationship between the
maximum contact stress throughout the engagement and the profile parameters is established and validated, and the kriging-
based optimization of the design parameters is proposed using genetic algorithms. In subsequent analysis, based on the presented
analytical model and optimization process, the maximum contact stress throughout the engagement can decrease greatly through
optimizing the profile parameters.0erefore, the results of the present paper could aid in the design of the logarithmic sprag clutch
and help avoid end crush failure and low cycle fatigue of the sprag roller.

1. Introduction

0e sprag clutch is the type of freewheel clutches most
commonly used today due to its lower manufacturing costs
and high reliability, and it can transmit torque moment in
one direction through friction contact and allow idling in the
opposite direction. In order to facilitate the standardization
of applications, the sprags in the clutch have attained a high
degree of refinement with a precision-machined engagement
curve such as a circular profile and logarithmic spiral profile,
which is a prerequisite for precise engaging and long op-
erating life. 0erefore, the performance of the sprag clutch
depends on the geometry of the sprag roller, especially the
parameters of the engagement curve. Lynwander et al. [1]
presented the design procedure for a multiarc sprag clutch
from the view of static, including the deformations of the
components and the geometric relationship. Kish [2] further
proposed the iterative design method for a single-arc sprag
clutch containing additional centrifugal deformation of the
outer race. However, the dynamic stress throughout the
engagement is much higher than the static stress, and the
concentrated stress appears at both ends of the sprag roller

because of the edge effect in line contact. Due to frequent
start-up and variable speed operation, the dynamic stress
with the edge effect in engaging may lead to end corrupt of
the sprag roller or low cycle fatigue. To offer a theoretical
basis for the dynamic design of the logarithmic spiral sprag
clutch in this paper, it is necessary to construct a logarithmic
spiral sprag clutchmodel that can consider the geometry, the
dynamic interactions of the components, and the profile
modification which eliminates the concentrated stress.

Figure 1 shows a cut view of a complete logarithmic sprag
clutch and components of the clutch. Such a logarithmic sprag
clutch is composed of five components: a cylindrical inner
race, a cylindrical outer race, accurately formed sprag rollers
with a logarithmic profile, a sprag cage, and energizing
springs. 0e two races form a cylindrical annular space, in
which each sprag roller is essentially a strut placed between
the races by the sprag cage. 0e sprag rollers transmit power
from one race to the other by an engaging action when either
race is rotated in the driving direction, while rotation in the
other direction disengages the sprag rollers and the clutch is
free, or overruns. Either race may be the driven member or
the driving member. At the initial engagement position, the
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energizing springs hold the sprag rollers in contact with the
races. Regarding the characteristic of the logarithmic curve,
the logarithmic sprag clutch has an advantage that the en-
gagement angles of the sprag rollers are stabilized in all zones
of contact over the entire engagement zone.

Because the sprag clutch is a type of friction component,
which is characterized by geometry, contact nonlinearity,
and friction, its dynamic performance in engaging is thus
deeply affected by these factors, and the analytical model of
the sprag clutch has been studied extensively over the last
twenty years.

Chassapis and Lowen [3] presented a total stiffness-
damping model of the circular sprag clutch adapted in a
press-feed mechanism, using a linear damping model to ex-
press the energy dissipation. Based on the work, Xu and Lowen
[4] improved the total stiffness-damping model using a non-
linear damping model. Further, Xu and Lowen [5] proposed
a complete mathematical model firstly considering the dy-
namic contact nonlinearity and pointed out that the edge effect
should be taken into consideration to improve the accuracy of
the model. However, the friction between the sprag rollers and
the races are assumed to pure rolling and the structural de-
formations of the races are neglected in Xu’s proposed model.
Vernay et al. [6, 7] used a Coulomb friction model to model
the dynamic friction in contacts between the sprag rollers and
the inner race, and the structural deformations of the races are
firstly considered. To further improve the accuracy of the
model, Huang et al. [8] developed a multiarc clutch model
considering the geometry and interactions, in which a novel
nonlinear iteration method of the normal contact force fo-
cusing on the varied contact radius and edge effect is proposed,
and the alternate friction model considering stationary and
rate-dependency friction is formulated. As for modeling the
logarithmic spiral clutch, only Liu et al. [9] presented a
mathematical model of the logarithmic sprag clutch based on
Xu’s research, but also assumed the stationary friction in
contacts and neglected structural deformations of the races,
not to mention the roller profile modification.

Most studies on the profile design for cylindrical contact
are about roller bearings. Lundberg [10] introduced a loga-
rithmic function to the profile design of the roller, which can
ensure uniform contact pressure distribution between the roller
and races, but it has the drawback of discontinuity at the end of
the roller. Johns andGohar [11] revised Lundberg’s logarithmic

function to obtain continuous uniform contact pressure dis-
tribution, especially under the condition of misalignment
between the roller and races. In order to facilitate engineering
application, Fujiwara and Kawase [12, 13] gave a logarithmic
crowing formula by introducing three design parameters into
Johns and Gohar’s formula, offering a new design approach
that prevented edge loading due to misalignment. Kamamoto
et al. [14] optimized the crowing profile of the cylindrical roller
bearing, and results showed that the contact pressure became
axially uniform and fatigue life was improved. Kumar et al. [15]
optimized the fatigue life of the roller bearing by a genetic
algorithm to obtain the chosen geometric parameter and two
logarithmic profile parameters of the roller. However, re-
garding the profile design of the logarithmic sprag clutch, no
research has been reported until now.

0is paper will be organised as follows. In the following
section, the calculation method of the normal force con-
taining the roller profile model with three parameters and
the friction force is presented, and then an analytical model
of the logarithmic sprag clutch considering profile modifi-
cation is established and validated. Subsequently, in the next
section, a kriging model describing the relationship between
the maximum stress and the three design parameters is
developed and validated, and the kriging-based optimization
procedure for design parameters is proposed using the
genetic algorithm. In the results and discussion section, the
effect of design parameters on contact pressure distribution
is investigated, and the optimization of design parameters
under different torques applied is discussed. In the last
section, some conclusions are given.

2. The Analytical Model of Crowned
Logarithmic Sprag Clutch

2.1. Geometry Parameter Description. Figure 2 shows
a simplified configuration of a complete logarithmic sprag
clutch at the initial engagement position, and the corre-
sponding geometric parameters are labeled. O is the common
center of inner and outer circles for the races, Cg is the
centroid position of the sprag roller depending on its mass
distribution, and points A and B are the contact points be-
tween the sprag roller and the inner race and outer race. It is
assumed that the center of the outer circleCe is also the pole of
the inner logarithmic curve, and thus the line ACe is the polar
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Figure 1: A cross-sectional view of the GMN logarithmic sprag clutch model.
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radius.0e associated contact angles ] and ω are described by
the line AB with respect to the lines OA and OB, and the
angles β and c are expressed by the line OB with respect to the
lines OA and OCg, respectively. 0e angle η is presented by
the lines AB and ACe, and the angleΩ between the horizontal
line CeE and the line MN is defined as the rotation angle. Re

is the radius of the inner surface of the outer race, andRi is the
radius of the outer surface of the inner race.

In addition to the above geometric parameters, a three-
design parameter logarithmic roller profile model is used to
avoid edge stress concentration, shaping the axile sectional
of the sprag roller. 0e logarithmic roller profile is shown in
Figure 3, and its formulation is given as

z(y) � −
2K1Q

πlE′
ln 1− 1− exp −

zm

A
  

y− l/2
K2l/2

+ 1 

2⎧⎨

⎩

⎫⎬

⎭,

(1)

where z(y) is the crown drop at the axial position y, E′ is
equivalent Young’s modulus, Q is the load, l is the effective
length of the sprag roller, and K1, K2, and zm correspond to
the crowning curvature, the ratio of the crowing region
length to the effective roller length, and the crown drop at
the crowing region ends, respectively.

2.2. )e Geometry Deformation Coordination

2.2.1. )e Deformations in Components. As shown in Fig-
ure 4, with the rotation of the sprag roller during the

engagement, two types of deformations are generated at the
contacts: the local contact deformation between the sprag
roller and races and the structural deformation of the races,
which should be both considered in the analytical model.
0e local contact deformations of the sprag rollers inter-
acting the inner race and outer races are defined as δHI and
δHE, respectively. 0e structural deformations of the inner
and outer races are expressed as δBI and δBE, and the
structural deformation of the sprag roller is written as δg. To
consider the effect of high speed, the centrifugal deformation
of the outer race is also included and defined as δce. 0e
following discusses a calculation method for obtaining the
above-described deformations and the formulation of basic
geometric quantities after rotation.

0e local contact deformations δHE and δHI are calcu-
lated by the slice method [16], in which the logarithmic roller
profile model is included. As shown in Figure 5, the sprag
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Figure 2: A three-design parameter logarithmic roller profile.
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Figure 3: A schematic diagram of a logarithmic sprag clutch.
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roller is axially divided into a certain number of slices with
equal length, and the slices influence each other’s deflection
through the influence coefficient. Based on these, the ex-
pression between the load and the deflection of each slice can
be obtained as follows:

Sw i · q i � Δ{ }i,

Sw e · q e � Δ{ }e.
(2)

In each of the above equations, [Sw] is the matrix of
weighted influence coefficients with a specific expression:

Sw  �
n

j,kwj,k

s · wj,k · · · s · wj,n

⋮ ⋱ ⋮

s · wn,k · · · s · wn,n

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

for j � 1, . . . , n, k � 1, . . . , n,

(3)

where s is the elastic compliance of each slice in contact with
the inner or outer race, ωj,k is the weighting function, which
means that the unit pressure on the slice acts on the effect of
deformation on slice k. Moreover, since the weighting
function has the relationship ωj,k � ωk,j, [Sw] is a symmetric
matrix.

q  is the vector of unknown forces on each slice element
of the sprag roller:

q  �

qj

⋮

qn

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
, for j � 1, . . . , n. (4)

Δ{ } is the vector of deflections belong to each slice el-
ement of the sprag roller:

Δ{ } �

δj − z(j) 
1/ex

⋮

δn − z(n)( 
1/ex
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where z(j) is the crown drop on the slice j, δj is the de-
flection of the slice j calculated by Hertz theory of line
contact under load qj, and thus δj − z(j) is the deflection of
the slice j considering profile modification.

0e structural deformations of the races δBI and δBE are
calculated by the Lame formula of thick-walled cylinder
theory, and the expressions can be obtained as follows:

δBI �
Nbin

2πlE

R2
i + R2

id

R2
i −R2

id

− ] ,

δBE �
Nben

2πlE

R2
ed + R2

e

R2
ed −R2

e

+ ] ,

(6)

where E refers to the elastic modulus, ] represents Poisson’s
ratio, l is the length of the sprag roller, n is the number of the
sprag rollers, Red is the radius of the outer surface of the
outer race, Rid is the radius of the inner surface of the inner
race, and Nbi and Nbe represent the normal contact forces of
the inner race and outer race, respectively.

0e structural deflection of the sprag roller δg can be
written as

δg �
Nbi Re −Ri( 

blE
. (7)

Moreover, based on the hollow disk theory, the ex-
pression of the additional centrifugal deformation of the
outer race can be written as

δce �
Re

E

(3 + υ)ρ
4

πn

30
 

2
R
2
ed + R

2
e

1− υ
3 + υ

  . (8)

2.2.2. Basic Geometric Quantities after Deformation.
Based on the above deformations, the essential length
geometric quantities of the logarithmic sprag clutch have
corresponding changes and can be expressed as

Pressure
distribution

Pressure
distribution

Distance rij

The ith slice

The jth slice

Figure 5: 0e slice method applied at contacts between the sprag
roller and the races.
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OA � Ri − δBI −
δHI

2
,

OB � Re + δBE +
δHE

2
+ δce,

OCe � Re − re + δBE +
δg

2
+ δHE.

(9)

As shown in Figure 4, the angles ∠OCgCe, β, ], c, and η
and the parameters of the logarithmic inner profile vary with
the changes of the lines OA, OB, and OCe. 0e equations of
these parameters can be expressed as

∠OCgCe � θi + α � arccos
CeC

2
g + OC2

g −OC2
e

2 × CeCg × OCg

⎛⎝ ⎞⎠,

β � arctan(m)− arcsin
m × OA

OCe × sqrt 1 + m2( )
 ,

] � −arctan
OB × sin(β)

OA−OB × cos(β)
  ,

η � arcsin
m × OA

OCe × sqrt 1 + m2( )
 ,

ρ �
OA × sin(β)

sin(η)
,

theta � log
(ρ/a)

m
,

(10)

where θi is the initial value of the angle ∠OCGCi at the initial
contact position, α is the rotation angle of the sprag roller,
and OCg is also the variable parameter depending on the
deformations.

2.2.3. Calculation of the Normal Contact Force. Based on
the above equations of geometric deformation coordina-
tion, the normal contact force on the inner race would
be obtained through nonlinear iterations and can be
expressed as

Nbi �
f α, θi, Ri, Re, re, ρ, a, m, δhe, δhi, δbe, δbi, δg, δce , α< 0,

0, else.

⎧⎨

⎩

(11)

Note that the contact angles ] and ω are so small that the
values of normal forces on the inner and outer races are
approximately equal.

2.2.4. Calculation of the Friction Force. Since the friction at
the contacts is static friction for most of the time during the
engagement, the alternate friction model including static
friction, rate-dependent friction, and the transformation
between them is adapted to reflect the sliding in contacts. In
the model, a narrow band of zero velocity [17] is introduced
to overcome the discontinuity of the transition point. Fig-
ure 6 shows the alternate friction model [18] of the inner
contact, which is similar to the contact friction model of the
outer contact. Its expression can be written as

Tbi(x) �

Tbif(x), if Velbi


<DV, Tbif(x)



<Tbis (stick),

Tbissgn Tbif(x) , if Velbi


<DV, Tbif(x)



>Tbis (stick to slip transition),

Nbiμbd Velbi( sgn Velbi( , if Velbi


>DV (slip),

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(12)

with

μbd Velbi(  � μcb + μsb − μcb( e
−cb Velbi| |, (13)

where x is the system state vector, Velbi is the sliding velocity
at the contact point of the inner race, DV is a narrow band of
zero velocity, Tbif(x) is the static force to keep the pure
rolling contact, and Tbis is the maximum static friction force.
μbd is used to represent the dynamic friction coefficient
during the slip phase since the contacts between the sprag
roller and the races are cylindrical contact with high
contact pressure and lubrication. In the expression, μsb and
μcb are the static and Coulomb friction coefficients with
0< μcb < μsb < 1 and cb is a positive constant. 0ese pa-
rameters can be calculated by fitting the dynamic friction
coefficient as a function of relative sliding speed, which is
obtained from a disc machine using rolling cylinders as
reported in Johnson’s article [19].

2.3. Differential Equations of Motion. Based on Newton’s
second law, the differential equations of the motion of the
logarithmic sprag clutch can be derived to describe the dy-
namic behavior during the engagement. First, it is necessary to
analyze the forces acting on the components of the logarithmic
sprag clutch: the sprag roller, the inner race, and the outer race.

0e forces acting on the sprag roller are shown in Figure 7.
Nbi and Nbe are the normal forces at the contacts of the inner
race and outer race, Tbi and Tbe are the friction forces at the
contacts of the inner race and outer race, Crl is the torsional
viscous damping between the races, Cbi and Cbe are the con-
stant torques applied on the inner and outer races, Kr is the
stiffness of the elastic blades holding the sprag rollers and the
races in contact, αmax is themaximum rotation angle depending
on the logarithmic curve of the sprag roller, andKr and αmax are
obtained from the initial contact equilibrium equations.

0e application of Newton’s second law yields, for the
sprag rollers,

Shock and Vibration 5



Ig(€α + €φ)− beTbe −Kr α + αmax( − biTbi

+ hiNbi − heNbe � 0,

−mgOCg€φ− cos(β + c)Tbi + sin(β + c)Nbi

+ Tbe cos(c)−Nbe sin c � 0,

(14)

with

bi � OCg · cos(β + c)−OA,

be � OB−OCg∗ cos(c),

h � OCg · sin(β + c),

he � OCg · sin(c),

(15)

where Ig is the inertia of the sprag roller, Ibi and Ibe are the
inertia of the inner race and outer races, respectively, φ and α
are the two degrees of the sprag roller, φ is the azimuthal
angle between the azimuth coordinate system oxGyG

������→ and the
absolute coordinate system oxoyo

�����→, and α is the rotational
angle of the sprag roller between the body fitted coordinate
system oxgyg

������→ and the azimuth coordinate system oxGyG
������→.

For the inner and outer races,

Ibi
€θbi − nsTbi

Ri − δBI − δHI

2
  + Crl

_θbi − _θbe 

−Cbi � 0,

Ibe
€θbe + Crl

_θbe − _θbi  + nsTbe

Re + δBE + δHE

2
+ δce 

−Cbe � 0,

(16)

where θbi and θbe are the degrees of the inner and outer races,
respectively.

0e system equations of motion are nonlinear ordinary
second order differential equations.0ey can be solved using
a fourth-order Runge–Kutta algorithm with a fixed time
step. 0e time step for the numerical procedure is chosen to
be Δt � 1 × 10−5s.

2.4. Validation. To verify the effectiveness of the proposed
model, the comparison analysis of dynamic contact forces
from different models is performed under the same oper-
ating condition and structural parameters of the logarithmic
sprag clutch. 0e operating condition is that the inner race
accelerates and moves into the engagement direction due to
the applied torsional torque T1, while the outer race is
connected to a fixed interface through a spring with large
torsional stiffness [6]. 0e parameters of the logarithmic
sprag clutch are shown in Table 1.

Figure 8 shows the comparison of dynamic contact
forces on the sprag rollers obtained from the proposed
model, the results of LS/DYNA, and Liu’s model. During the
engaging process, the dynamic contact force causes local
contact deformations and structural deformations of the
races. In Liu’s model, structural deformations of the inner
and outer races are not considered in the calculation of the
dynamic contact force, but these deformations are large
enough to be ignored [5]. Due to this reason, the maximum
dynamic contact force is significantly greater than the one
from the proposed model and the LS/DYNA model, which
have considered the above two deformations by the finite
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Figure 7: A schematic diagram of forces on the sprag roller.
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element method. On the other hand, the nonlinearity of
stiffness is more important than the nonlinear damping on
the dynamic behavior of the sprag clutch. 0us, the same
damping obtained from Vernay’s experiment [6, 7] is ap-
plied in both the proposed model and the LS/DYNA model.
0erefore, except the similar amplitude, the shape of the
dynamic contact force from the proposed model is also
similar to the one from the LS/DYNA.

In general, the amplitude and shape of dynamic contact
force obtained from the present model agree better with the
results of LS/DYNA than Liu’s model. 0is good agreement
shows the effectiveness of the proposed model.

3. Kriging-Based Optimization of
Design Parameters

0e single optimization objective function is minimized
Premax throughout the engagement:

min[f(X)] � min Premax , (17)

where X is the design variable vector, f(X) represents the
objective function, and Premax is the maximum contact stress
throughout the engagement.

Assuming that the basic geometric parameters of the
sprag clutch have been chosen, the three design parameters
of the sprag clutch profile are chosen as design variables for
the optimization:

X � k1, k2, k3 . (18)

To reduce the solution range, the strict upper and lower
bounds of the design parameters are given as follows:

1≤K1 ≤ 5,

0.4≤K2 ≤ 0.7,

0.005≤ zm ≤ 0.025.

(19)

Based on the new analytical model, the objective func-
tion value in the optimization can be obtained through
dynamic simulation. However, the optimization process
involves computationally intensive dynamic simulations,
which are quite inefficient due to the nonlinear iterations in
the new model. 0erefore, a more efficient prediction model
is necessarily developed to estimate the value of the objective
function for any given point in the design space.

Figure 9 presents a procedure for kriging-based opti-
mization design of modification parameters, and it is divided
into three main parts: experimental design, kriging mod-
eling, and genetic algorithm optimization.

First, a full factorial design is adapted to obtain the
sampled points of the design parameters. Each design pa-
rameter is divided into five levels in its design range, and the
design points selected are shown in Figure 10.

0en, based on the sampled points and corresponding
calculated maximum contact pressure during the engage-
ment, a kriging model [20] is established to reflect the
function relationship between them and is written as

Y(x) � Q(x) + G(x), (20)

where x is the input vector for any set of profile modification
parameters in design space, Y(x) is the actual unknown
function relationship between the maximum contact pres-
sure and profile modification parameters, Q(x) is the
quadratic polynomial function of x, and G(x) is the re-
alization of a Gaussian stochastic process [21].

Ten additional sampled points from design space are
randomly selected to verify the kriging model, and the re-
sults are shown in Table 2. It can be seen that all the relative
errors and MSE of the sampled points are within the al-
lowable range [20, 21], and the results show the effectiveness
of the kriging model.

At the last, the genetic algorithm is used as an opti-
mization design algorithm. Initial population size is set as
500, and the number of generations is set as 100, crossover
probability is 0.9, and mutation probability is 0.01.

4. Results and Discussion

In this section, based on the proposed analytical model and
kriging-based optimization process, the effect of design
parameters on contact pressure distribution is investigated,
and design parameters under different applied torques are
optimized. To achieve these, it is necessary to define the
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Figure 8: Comparison of the dynamic contact force obtained from
different models.

Table 1: 0e parameters of the sprag clutch applied in the
simulation.

Parameter Value Parameter Value
nbg 12 mg(kg) 1.8 × 10−3
Rid(mm) 7.21 I1(kg · m2) 1.97 × 10−4
Ri(mm) 11.11 Ibi(kg · m2) 1.41 × 10−3
Re(mm) 19.44 Ibe(kg · m2) 1.41 × 10−3
Red(mm) 26.23 Ig(kg · m2) 1.18 × 10−8
ri1(mm) 4.02 Kr(Nm/rad) 0.01
ri2(mm) 4.02 Crl(Nms/rad) 0.1
ri3(mm) 4.02 Cf(Nm) 1.66 × 10−2
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structural parameters and operating conditions for analysis
and optimization. 0e structural parameters of the loga-
rithmic sprag clutch are listed in Table 1, and the centroid
position coordinates are automatically obtained through the
CAD model of the clutch using macro programming
method. 0e operating condition is defined as follows: with
the outer race connected to a fixed interface through a spring
with large torsional stiffness, a constant torque Ce1 is applied
on the inner race. In addition, for optimizing the design
parameters under different torques, Ce1 are respectively
assigned to 25N·m and 40N·m to investigate the effect of
torque applied on the optimum results of design parameters.

4.1. Effect of Design Parameters of Roller on Contact Pressure
Distribution. At any position during the engaging process,
the contact stress between the sprag roller and the inner race
is greater than that between the sprag roller and the outer
race, and the results still remain the same even when the
sprag roller is profiled. 0erefore, the effect of design pa-
rameters on contact pressure distribution of the inner
contact is chosen to be investigated.

To investigate the effect of design parameters on contact
pressure distribution, the effect of design parameters on the
logarithmic profile should be firstly investigated. Figure 11
shows the logarithmic profiles of the sprag roller under
different design parameters. When only K1 increases, the
shape of the logarithmic profile becomes significantly steep,
and the overall crowned data increase. And when only K2
decreases, the shape becomes weakly steep with the starting
point moving to the end, but the more obvious is the ex-
pansion of the central straight region. Compared to K1, K2,
and zm play a major role in determining the overall crowned
data, especially the crowned data of the end. It can be
concluded that the shape and crowned data of the loga-
rithmic profile depend on all the three parameters, of which
K1 mainly determine the shape and zm mainly determine the
overall crowned data. As for the length of the central straight
region, it is only determined by zm.

Figure 12 shows the contact distribution under different
design parameters. Although the edge effect in all contact
distributions has been significantly weakened in contrast to no
profile modification, the uniformity of each pressure distri-
bution is still different. As the load area is determined by the

Table 2: Ten additional selected points and calculated results to
verify the kriging model.

Actual
value (Mpa)

Predictive
value (MPa)

Relative
error MSE

3124.2 3167.9 1.38 14.08
3000.0 3050.1 1.64 10.86
3002.4 3015.9 0.45 1.36
2994 2994 0 0
3011.3 3001.3 0.33 3.55
3080.3 3084.7 0.14 5.3
3038.1 3047.3 0.3 5.15
3027.1 3044.5 0.57 15.79
3038.2 3032.5 0.19 3.01
3079.2 3073.8 0.17 3.01

Start

Input logarithmic sprag
clutch parameters

Full factorial experiment
of design parameters

Dynamic simulation to obtain the maximum
pressure throughout the engagement

Kriging model between the
maximum pressure throughout

the engagement and design
parameters

Genetic algorithm

Generations number+ = 1

Generations number ≥ 100

Output the optimum
design parameters

End

Figure 9: 0e procedure of optimization for design parameters
based on the kriging model.
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Figure 10: 0e sampled points obtained by the full factorial
design.
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uniformity of pressure distribution, the better uniformity
means the lower value of the maximum stress, which is de-
�ned as pmax in this paper. WhenK1,K2, and zm are assigned
to 1, 0.7, and 0.01, the uniformity of pressure distribution is the
best, and pmax is thus the lowest. However, when K1, K2, and
zm deviate from these values, the results deteriorate, and the
extent of the deterioration is directly related to the degree of
deviation.�e farthest deviation ofK1,K2, and zm assigned to
5, 0.7, and 0.015 shows the most uneven pressure distribution
and the highest pmax among the combinations.

Figure 13 shows the contact distribution throughout the
engagement under two sets of design parameters. It can be
seen that the contact pressure distribution at di erent
moments shows di erent characteristics, although the

design parameters are the same. At the initial moment of
engaging, the pressure is only distributed at the two ends of
the sprag roller. At the �rst peak, it shows the characteristics
of high at both ends and low in the middle. However, it
re�ects the opposite distribution feature at the �rst trough.
In addition, with increasing end crowned data zm in the
�gure, the uniformity of pressure distribution at peaks in the
�gure has clear improvement and the maximum stress pmax
has been signi�cantly reduced.

Note that the maximum stress pmax at the �rst peak is the
maximum stress throughout the engagement Premax. Espe-
cially, it can be reduced together with the uniformity of the
contact distribution by optimizing the three design parameters.

4.2. Optimization. Figure 14 shows the maximum contact
stress changing with the applied torque and design
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Figure 11: Logarithmic pro�le curves of the roller under di erent
design parameters.
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Figure 13: �e contact pressure distribution throughout engagement
varies with di erent design parameters under applied torque 25N·m.
(a) K1 � 1, K2 � 0:4, zm � 0.01, and (b) K1 � 3, K2 � 0:4, zm � 0.01.
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parameters. With the change of design parameters under
a specific torque applied, the maximum contact stress
varies in a region, and the low limit of the regions for
different torques is formed by different combinations of
design parameters. When the torque applied is 10 N·m, the
low limit of the region is formed by K1, K2, and zm assigned
to 1, 0.5, and 0.008, respectively. And when the torque
applied is 30 N·m, the low limit of region is formed by K1,
K2, and zm assigned to 5,0.5, and 0.015, respectively. 0e
reason for this is that K1 and zm should also increase with
the increasing torque applied to obtain a uniform pressure
distribution and the resulting low limit of the maximum
contact stress.

From the above analysis, it can be concluded that the
maximum contact pressure can be clearly reduced by op-
timizing K1, K2, and zm, and the optimization of the three
design parameters should be performed under a specific
applied torque.

4.2.1. Case Torque Applied Is 25N·m. Figure 15 gives that the
maximum contact pressure throughout the engagement
Premax varies with design parameters under the applied
torque 25N·m. Figure 15(a) shows that Premax decreases first
and then turns to increase with the increasing K1 or K2.
Firstly, the decrease in Premax means the contact pressure is
gradually evenly distributed; it is because the edge pressure
gradually decreases and the middle contact pressure in-
creases as K1 or K2 increases. 0en Premax turns to increase
with further increase in K1 or K2, meaning that the im-
proved uniformity of the contact pressure distribution be-
gins to deteriorate. 0e reason for this is that the edge
pressure has been reduced so much that the middle contact
pressure starts to rise. As shown in Figure 15(b), Premax has
similar trends with the increasing zm or K1, decreasing first
and then turns to increase, and the reason for the trend is
also the same.

As a result of the optimization based on the genetic
algorithm method, the optimum design parameters under
the applied torque are obtained as shown below,

K1 � 2.1507,

K2 � 0.6763,

zm � 0.0121.

(21)

Using the optimum logarithmic profile, the comparison
of contact pressure distribution between the unmodified
profile and the optimized profile is shown in Figure 16. In
Figure 16(a), sharp edge stress occurs at both ends of the roller
with the unmodified profile, and the maximum contact
pressure throughout the engagement is close to 3500MPa. In
Figure 16(b), the contact pressure distribution at the first peak
is almost uniform along the contact length direction, and thus
the maximum contact pressure throughout the engagement is

5000

4000

3000

Th
e m

ax
im

um
 co

nt
ac

t p
re

ss
ur

e (
M

Pa
)

2000

1000
0 10 20 30 40 50

Torque applied on races (N·m)

K1 = 1, K2 = 0.5, Zm = 0.008
K1 = 3, K2 = 0.5, Zm = 0.008
K1 = 5, K2 = 0.5, Zm = 0.004

K1 = 3, K2 = 0.2, Zm = 0.008
K1 = 5, K2 = 0.5, Zm = 0.015
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reduced to 2980MPa, which decreases by 14.86 per cent
compared with the result of the unmodified profile.

4.2.2. Case Torque Applied Is 40N·m. Figure 17 shows that
the maximum contact stress throughout the engagement
Premax varies with design parameters under the applied torque
40N·m. Compared with the results of applied torque 25Nm,
the design parameter K1 is necessary to increase significantly
to reduce Premax, and the effect of zm is more obvious.

0e optimum design parameters under the applied
torque are obtained as shown below,

K1 � 2.80,

K2 � 0.7,

zm � 0.0118.

(22)

Using the optimum logarithmic profile, the comparison
of contact pressure distribution between the unmodified
profile and the optimized profile is shown in Figure 18.
Premax decreases from 4700MPa to 3400MPa, which is
a 27.86 percent drop compared with the result of the un-
modified profile, and thus the improvement range increases
with the increasing torque applied.
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Figure 16: 0e contact pressure distribution throughout engagement under the applied torque of 25N·m (a) before optimization and (b)
after optimization.
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5. Conclusion

In the present paper, an analytical model of a logarithmic
sprag clutch considering profile modification has been
proposed, and then kriging-based optimization of design
parameters has been performed to reduce the maximum
contact pressure throughout the engagement. 0e following
conclusions can be drawn from the work presented in this
paper:

(1) To improve the accuracy of the model for the log-
arithmic sprag clutch, a new analytical model con-
sidering profile modification, structural deformation
of races, and friction between sprag rollers and the
inner race has been presented. Based on the new
model, the calculated dynamic normal force has
better agreement with LS/DYNA results than the
previous model, and contact pressure distribution
throughout the engagement reveals the effect of
profile design parameters.

(2) 0e design parameters significantly affect the contact
pressure distribution by changing the shape of the
logarithmic profile, the overall crowned data, and the
length of the central straight region. Using the se-
lected appropriate design parameters, the uniform
contact distribution and thus the greatly reduced
maximum stress at each moment of engagement can
be obtained. Furthermore, the maximum contact
pressure throughout the engagement is located on
the first peak of the contact pressure distribution
throughout the engagement.

(3) 0e kriging-based optimization using the genetic
algorithm is proven to be an effective and time-
saving method for optimizing the three design pa-
rameters. By using the optimal design parameters
of the logarithmic profile, the maximum stress

throughout the engagement can be greatly reduced.
Under different applied torques, the design param-
eters should be optimized differently.
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