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Based on Biot’s saturated soil wave theory, using wave function expansion method, theoretical solutions of multiple scattering of
plain P1 waves are achieved by rows of cavities as barrier with arbitrarily arranged cavities in saturated soil. Undetermined complex
coefficients afterwave function expansion are obtained by cavities-soil stress anddisplacement free boundary conditions.Numerical
examples are used to investigate variation of dimensionless displacement amplitude at the back and force of cavities barrier under
P1 wave incident, and it is also discussed that themain parameters influenced isolation effect such as scattering orders, separation of
cavities, distances between cavity rows, numbers of cavities, and arrangement of barriers.The results clearly demonstrate optimum
design proposals with rows of cavities: with the multiple scattering order increases, the displacement amplitude tends to converge
and the deviation caused by subsequent scattering cannot be neglected; it will obtain higher calculation accuracy when the order
of scattering is truncated at𝑚 = 4; it is considered to select 2.5 ≤ 𝑠p/𝑎𝑠 ≤ 3.0 and 2.5 ≤ ℎ/𝑎𝑠 ≤ 3.5, while designing cavity spacing
and row-distance, respectively. The isolation properties of elastic waves with rectangular arrangement (counterpoint) are weaker
than that with hexagonal arrangement (counterchanged) when the row-distance of barrier is uniform.

1. Introduction

With the accelerated process of urbanization, cities have
been expanding continuously. Artificial vibration caused by
large-scale construction is increasingly frequent, whether
the mechanical vibration during the construction process
or the traffic load during running period will do harm to
adjacent constructions, underground pipelines, tunnels, and
important equipment. It will also affect people’s production
and life. Therefore, the approach to deal with decreasing
artificial vibration and controlling vibration pollution has
become one of the most important research topics in soil
dynamics.

As a representative discontinuous barrier of vibration
isolation, rows of cavities not only can be convenience to
construction and supporting, but also are more economical
than rows of piles as barrier (Figure 1), because it need not be
excavated as empty trench or continuous wall. Therefore it is

concerned as an idea measure to be adopted in the vibration
pollution control project, especially in saturated soft soil area
with high underground water level. As the research basis
of rows of cavities as barrier, the problem of refraction and
scattering of elastic waves in cylindrical interface has been
studied by researchers worldwide [1–4].

Since the calculation of cavities as barrier is usually
regarded as the same origin of piles as barrier, many liter-
atures are concentrated on pile rows. Liao and Sangery [5]
calculated the passive isolation vibration of solid and hollow
piles in far field by introducing acoustical propagation model
in 2D fluid media. Kattis et al. [6] numerically solved vibra-
tion isolation of one-row piles with 3D frequency domain
BEM. Tsai et al. [7] used 3D frequency domain FEM to
simulate the block process of Rayleigh waves by one-row pile
barrier with various materials in half-space. Xu et al. [8] used
complex variable method to investigate the characteristics
of elastic wave scattering by arbitrarily shaped cavities in
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Figure 1: The sketch of artificial isolation vibration by cavities as discontinuous barrier.

saturated soil and gave transient solutions as well. Lu et al.
[9] derived the solution of isolation vibration problem of pile
rows subjected to high speed moving load, and then they
developed a new type of pile rows-linked pile rows. With
establishing numerical model by Fourier transformation and
BEM, they concluded that the isolation effect of rows-linked
piles is better than free-style piles [10]. Recently, Huang
and Shi [11–13] regarded discontinuous barrier as periodic
structure, and they have obtained attenuation domains range
which covers dominant frequencies with various vibrations.
They provided a new insight into the analysis and design
of pile barriers to block vibrations. Zhang and Lu [14]
established a wave domain BEM model for the half-space
soil and also considered piles as periodic structure. Carta et
al. [15] presented a mathematical model to calculate elastic
fluid-filled cylinders subjected to industry-inspired problem.
Turan et al. [16] investigated an inclined secant micropile
wall positioned as an active vibration barrier with 3D time
domain finite element models. On account of its inaccuracy
to assume the actual soil as monophasic medium, Cai et al.
[17, 18] theoretically solved elastic wave scattering problem
by single-row discontinuous barrier in full space using Biot’s
saturation equation. Thereafter Xu and Xia [19] developed a
theoretical method to solve the one-row hollow pile barrier
under the P1 wave incident in saturated soil as well.

Researches specialized in cavities as barrier are stemmed
from 1970s. Woods et al. [20] carried out experimental
research of cavity rows with holographic method and pro-
posed an evaluation criteria called Amplitude Reduction
Coefficient (1−𝐴RC) indicating dimensionless isolation effec-
tiveness, which is still used to assess designing requirement so

far. Xu et al. [21] used conformal mapping complex variable
function method and wave function expansion method to
discover the vibration isolation effect by multirow of cylin-
drical and honeycomb-shaped cavities under plane P and SV
wave incident, and results showed that vibration isolation
effect would be much better when the number of cavities
increases.

On the other hand, isolation vibration is derived from
the propagation of elastic waves, which contains multiple
scattering and diffraction process. It is usually taken into
account in the field of acoustics and electromagnetism. The
multiple scattering theory can be traced back to the past
century, Twersky [22, 23] initiated the study with multiple
scattering of infinite cylinders subjected to acoustical and
electromagnetic waves in elastic media. An unrecognized
backscattered phenomenon occurs, of which the coherent
radiative waves propagate through media imbedding several
scatterers, such as the thick cloud in the sunshine; incident
waves would be scattered multiple times. Considerable peak
intensity at the backscattering orientation by homologic
backscattered effect is generated, which cannot be neglected
in physics and engineering. Sancar and Pao [24] and Sancar
and Sachse [25] derived multiple scattering analytical solu-
tions of P waves by two cylindrical cavities in homogeneous
isotropic media on the basis of Twesky’s work, which pro-
vides theoretical ground of ultrasonic nondestructive testing
technology. Xia et al. [26, 27] proposed theoretical solutions
of body waves’ scattering by arbitrarily arranged and shaped
discontinuous barriers (solid and hollow piles) in single-
phasemediumby introducing themultiple scatteringmethod
firstly.
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Figure 2: The propagation of elastic waves subjected to a hollow cylinder.

However, most of the studies mentioned above are still
aimed at single-phase medium, which does not conform
to real physical process of solid-liquid coupling scattering
between soil skeleton and fluid in saturated soil. Literatures
are rarely focused on elastic waves propagation in a number
of arbitrarily arranged and arbitrary radius cavities, andmuch
less attention is paid to coherent scattering lawof elasticwaves
encounteringmultiple irregular cavities in saturatedmedium
with the point of view ofmultiple scattering.Therefore, based
on Biot’s poroelastic theory [28, 29] and multiple scattering
method [23], with wave function expansion, this paper
proposes the theoretical solution of multiple scattering under
plane P1 wave incident when it confronts with arbitrarily
arranged and arbitrary radius cavities in saturated soil. The
normalized displacement amplitude behind the cavity barrier
is numerically analyzed, which has certain engineering guid-
ing significance for vibration isolation.

2. Methodology

2.1. Theoretical Model. Assuming a hollow cylinder embed-
ded in saturated medium with infinite length (Figure 2), the
z-direction of coordinate is along with the length axis of
cylinder, and the radius of cross-section is r. A series plain
strainwaveswith frequency of𝜔 are incidentwith𝑥-axis from
the saturated medium. Therefore there exist P1, P2, and SV
waves’ scattering as depicted in Figure 2. Multiple scattering
model for several different radii and arbitrarily arranged
heterogeneities under plane wave’s incident as mentioned in
the literature is used [27]. By replacing heterogeneities with
cavities (hole-rows), the model is shown at Figure 3, and the
medium around is saturated soil. It is assumed that incident
angle of the incident P waves is 𝜃0; setting a point K as study
object at far wave field arbitrarily and cavity O as the initial
heterogeneity, a Cartesian rectangular coordinate system x-
y with origin O is established which is the centroid of the
certain cavity. It is obvious that coordinates of K are r, 𝜃; in
the next place, another cavity s is chosen as the object of study
in wave field, and the relative coordinates of K point to s are
r𝑠, 𝜃𝑠; rest can be done as the same manner; for example, the
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Figure 3: 2D model of plain P1 waves’ multiple scattering by
arbitrarily arranged and arbitrary radius cavity barrier in saturated
soil.

relative coordinate of K point to 𝑠 is 𝑟𝑠 , 𝜃𝑠 . On the other
hand, the relative coordinates of cavity s to cavity o are r𝑜𝑠,𝜃𝑜𝑠, the relative coordinates of cavity 𝑠 to cavity o are 𝑟𝑜𝑠 , 𝜃𝑜𝑠 ,
and so as the cavity s to 𝑠 is 𝑟𝑠𝑠 , 𝜃𝑠𝑠 and so on.

The physical process of multiple scattering could be
described as follows: an arbitrary subject of scatterer is named
as 𝑠, which is excited by the incident P1 waves 𝑠𝜙inc initially. A
potential function 𝑠𝜙sc1 with this scattering of the first order is
defined. With the addition to the incident P1 waves, the total
wave field of scatterer 𝑠 can be expressed as 𝑠𝜙 = 𝑠𝜙inc + 𝑠𝜙sc1 ,
which satisfies the radiation condition of scatterer 𝑠 under the
specific coordinate system; thus it can be solved by prescribed
boundary conditions at the interface. If there are multiple
scatterers in this medium, the total wave field is the sum
of all the scatters 𝑠𝜙1 = 𝑠𝜙inc + ∑∞𝑠 𝑠𝜙sc1 . This is usually
so-called the single scattering hypothesis. Subsequently, the
first order of scattering waves (from the remaining scatterers𝑠 𝑠, etc.) is the secondary excitation wave to the specific
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scatterer 𝑠, which performs the second scattering wave field
as∑∞𝑠 𝑠𝜙sc1 .The total wave field is 𝑠𝜙2 = ∑∞𝑠 𝑠𝜙sc1 +𝑠𝜙sc2 that
is also contented with the required boundary conditions.The
successive order of scattering mth could be produced in the
sameway.Making orderm approach to infinite and summing
up all the scattering wave potentials, 𝑠𝜙 = ∑∞𝑚 𝑠𝜙𝑚 is gained
as the total scattering waves of scatterer s finally.

Based on the modified Biot’s wave function [30], the
influence of inertial additional mass of solid-liquid phase is
neglected; it is just considered compression of soil skeleton
and the viscous coupling effect of fluid and soil skeleton. As
known to all, it gives coupled scattering when it is confronted
with incident P waves in saturated medium, which produces
three kinds of scattering waves, compressional fast wave P1,
compressional slow wave P2, and shear wave S. In consid-
eration of incident P2 wave’s rapid attenuation in saturated
soil and occupying small quantity energy of elastic waves, the
P2 wave is neglected in propagation of elastic waves induced
by artificial vibration, while the effects of wave P1 are only
considered.

The incident P waves’ potential function is expanded
into a series of Fourier-Bessel series in cylindrical coordinate
system such as

𝑠
s𝜙inc = 𝑒𝑖𝛼1s𝑟0𝑠(𝜃0+𝜃0𝑠) +∞∑

𝑛=−∞

𝐽𝑛 (𝛼1s𝑟𝑠) 𝑒𝑖𝑛𝜑𝑠𝑒−𝑖𝜔𝑡, (1)

where the superscript inc of 𝜙 on the right side defines the
incident wave, the subscript s on the left side is soil skeleton,
the superscript s on the left side indicates sth cavity, 𝐽𝑛(⋅)
indicates 𝑛th-order Bessel function, 𝛼1s is the wave number
of incident wave P1, whose subscript 1 indicates P1 wave and
subscript 𝑠 represents the soil, and 𝜑𝑠 = 𝜃𝑠 + 𝜃0 + 𝜋/2. Time
factor exp(−𝑖𝜔𝑡) can be omitted due to all the excitation and
response wave functions contain it.

For the sake of differentiating coupled scattering waves
that emerged at cylindrical heterogeneity under incident P
waves, scattering waves consisting of P1, P2, and SV wave
are written as the series forms of displacement potential
functions as follows:

𝑠
s𝜙sc𝑚 =

+∞∑
𝑛=−∞

𝑠𝐴𝑚𝐻𝑛 (𝛼1s𝑟𝑠) 𝑒𝑖𝑛𝜃𝑠 , (2a)

𝑠
f𝜙sc𝑚 =

+∞∑
𝑛=−∞

𝑠𝐵𝑚𝐻𝑛 (𝛼2s𝑟𝑠) 𝑒𝑖𝑛𝜃𝑠 , (2b)

𝑠𝜓sc
𝑚 =
+∞∑
𝑛=−∞

𝑖𝑠𝐶𝑚𝐻𝑛 (𝛽s𝑟𝑠) 𝑒𝑖𝑛𝜃𝑠 , (2c)

where the superscript sc on the right side of 𝜙 stands for
scattering wave P; the subscripts s and f on the left side
represent soil skeleton and fluid in soil medium, separately,
which indicate the wave function of scattering wave P1 and
P2; subscripts 1 and 2 of the wave number 𝛼 indicate P1 and
P2 wave too; 𝜓 indicates the potential function of scattering
SV wave; 𝛽s is the wave number of scattering SV wave; 𝐴,𝐵, and 𝐶 represent the undetermined complex coefficients of

scattering series expansion, respectively; subscript m means
mth scattering;𝐻𝑛(⋅) is the 𝑛th-order Hankel function of the
first kind.The remaining symbols are the same as mentioned
above.

2.2. Solution. The boundary conditions of the first order of
scattering are

[𝜎inc𝑟𝑠𝑟𝑠 (𝑟𝑠, 𝜃𝑠) + 𝑠𝜎1𝑟𝑠𝑟𝑠 (𝑟𝑠, 𝜃𝑠)]𝑟𝑠=𝑎𝑠 = 0,
𝑠 = 0, 1, 2, . . . , 𝑁, 0 ≤ 𝜃𝑠 ≤ 2𝜋, (3a)

[𝜎inc𝑟𝑠𝜃𝑠 (𝑟𝑠, 𝜃𝑠) + 𝑠𝜎1𝑟𝑠𝜃𝑠 (𝑟𝑠, 𝜃𝑠)]𝑟𝑠=𝑎𝑠 = 0,
𝑠 = 0, 1, 2, . . . , 𝑁, 0 ≤ 𝜃𝑠 ≤ 2𝜋. (3b)

Assuming the cavity-soil interface is permeable, the fluid
stress is free:

[ f𝑝inc (𝑟𝑠, 𝜃𝑠) + 𝑠f𝑝1 (𝑟𝑠, 𝜃𝑠)]𝑟𝑠=𝑎𝑠 = 0,
𝑠 = 0, 1, 2, . . . , 𝑁, 0 ≤ 𝜃𝑠 ≤ 2𝜋, (3c)

where all the superscripts 1 indicate the first scattering, the
subscripts r and 𝜃 of soil skeleton stress 𝜎 represent radial and
tangential stresses, and the letter p of fluid stress has the same
definition as above.

Substituting the equilibrium equation of Biot’s poroelastic
theory under the cylindrical coordinate system, the stress of
soil skeleton and fluid can be expressed by potential functions
such as

𝜎𝑟𝑠𝑟𝑠 = 𝜆(𝜕 2s𝜙𝜕𝑟2𝑠 +
1𝑟𝑠
𝜕 s𝜙𝜕𝑟𝑠 +

1𝑟2𝑠
𝜕 2s𝜙𝜕𝜃2𝑠 ) + 2𝐺(𝜕2𝜓𝜕𝑟2𝑠

+ 1𝑟𝑠
𝜕2𝜓
𝜕𝑟𝑠𝜕𝜃𝑠 −

1𝑟2𝑠
𝜕𝜓
𝜕𝜃𝑠) + 𝜂𝑀(𝜕 2f𝜙𝜕𝑟2𝑠 +

1𝑟𝑠
𝜕 f𝜙𝜕𝑟𝑠

+ 1𝑟2𝑠
𝜕 2f𝜙𝜕𝜃2𝑠 ) ,

(4a)

𝜎𝑟𝑠𝜃𝑠 = 𝐺( 2𝑟𝑠
𝜕 2s𝜙𝜕𝑟𝑠𝜕𝜃𝑠 −

2𝑟2𝑠
𝜕 s𝜙𝜕𝜃𝑠 +

1𝑟2𝑠
𝜕2𝜓
𝜕𝜃2𝑠 −

𝜕2𝜓
𝜕𝑟2𝑠

+ 1𝑟𝑠
𝜕𝜓
𝜕𝑟𝑠) ,

(4b)

− f𝑝 = 𝑀(𝜕 2f𝜙𝜕𝑟2𝑠 +
1𝑟𝑠
𝜕 f𝜙𝜕𝑟𝑠 +

1𝑟2𝑠
𝜕 2f𝜙𝜕𝜃2𝑠 ) + 𝜂𝑀(𝜕 2s𝜙𝜕𝑟2𝑠

+ 1𝑟𝑠
𝜕 s𝜙𝜕𝑟𝑠 +

1𝑟2𝑠
𝜕 2s𝜙𝜕𝜃2𝑠 ) ,

(4c)

where 𝜆 andG are Lamé constant of soil skeleton,𝑀 indicates
the compressibility constant of pore fluid, 𝜂 indicates viscous
coefficient of pore fluid, and the rest of the symbols’ meanings
are the same as before.
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Substituting (1) and (4a), (4b), and (4c) into (3a), (3b), and
(3c), there are

𝜆{𝑒𝑖𝛼1s𝑟0𝑠(𝜃0+𝜃0𝑠)+𝑖𝑛(𝜃0+𝜋/2) +∞∑
𝑛=−∞

[𝛼21s𝐽𝑛 (𝛼1s𝑎𝑠)

+ 𝛼1s𝑎𝑠 𝐽

𝑛 (𝛼1s𝑎𝑠) − 𝑛2𝑎2𝑠 𝐽𝑛 (𝛼1s𝑎𝑠)]

+ +∞∑
𝑛=−∞

[𝛼21s𝐻𝑛 (𝛼1s𝑎𝑠) + 𝛼1s𝑎𝑠 𝐻

𝑛 (𝛼1s𝑎𝑠)

− 𝑛2𝑎2𝑠 𝐻𝑛 (𝛼1s𝑎𝑠)]
𝑠𝐴1} + 2𝐺 +∞∑

𝑛=−∞

𝑖 [𝛽2s𝐻𝑛 (𝛽s𝑎𝑠)

+ 𝑖𝑛𝛽s𝑎𝑠 𝐻

𝑛 (𝛽s𝑎𝑠) − 𝑖𝑛𝑎2𝑠 𝐻𝑛 (𝛽s𝑎𝑠)]

𝑠𝐶1
+ 𝜂𝑀 +∞∑

𝑛=−∞

[𝛼22s𝐻𝑛 (𝛼2s𝑎𝑠) + 𝛼2s𝑎𝑠 𝐻

𝑛 (𝛼2s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐻𝑛 (𝛼2s𝑎𝑠)] 𝑠𝐵1 = 0

(5a)

𝐺{𝑒𝑖𝛼1s𝑟0𝑠(𝜃0+𝜃0𝑠)+𝑖𝑛(𝜃0+𝜋/2) 2𝑖𝑛𝑎𝑠
+∞∑
𝑛=−∞

[𝛼1𝑠𝐽𝑛 (𝛼1s𝑎𝑠)

− 1𝑎𝑠 𝐽𝑛 (𝛼1s𝑎𝑠)] +
2𝑖𝑛𝑎𝑠
+∞∑
𝑛=−∞

[𝛼1s𝐻𝑛 (𝛼1s𝑎𝑠)

− 1𝑎𝑠𝐻𝑛 (𝛼1s𝑎𝑠)]
𝑠𝐴1 + 𝑖

+∞∑
𝑛=−∞

[−𝑛2𝑎2𝑠 𝐻𝑛 (𝛽s𝑎𝑠)

− 𝛽2s𝐻𝑛 (𝛽s𝑎𝑠) + 𝛽s𝑎𝑠𝐻

𝑛 (𝛽s𝑎𝑠)] 𝑠𝐶1} = 0

(5b)

𝑀 +∞∑
𝑛=−∞

[𝛼22s𝐻𝑛 (𝛼2s𝑎𝑠) + 𝛼2s𝑎𝑠 𝐻

𝑛 (𝛼2s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐻𝑛 (𝛼2s𝑎𝑠)] 𝑠𝐵1
+ 𝜂𝑀{𝑒𝑖𝛼1s𝑟0𝑠(𝜃0+𝜃0𝑠)+𝑖𝑛(𝜃0+𝜋/2) +∞∑

𝑛=−∞

[𝛼21s𝐽𝑛 (𝛼1s𝑎𝑠)

+ 𝛼1s𝑎𝑠 𝐽

𝑛 (𝛼1s𝑎𝑠) − 𝑛2𝑎2𝑠 𝐽𝑛 (𝛼1s𝑎𝑠)]

+ +∞∑
𝑛=−∞

[𝛼21s𝐻𝑛 (𝛼1s𝑎𝑠) + 𝛼1s𝑎𝑠 𝐻

𝑛 (𝛼1s𝑎𝑠)

− 𝑛2𝑎2𝑠 𝐻𝑛 (𝛼1s𝑎𝑠)]
𝑠𝐴1} = 0
𝑠 = 0, 1, 2, . . . , 𝑁, 0 ≤ 𝜃𝑠 ≤ 2𝜋.

(5c)

Simplifying (5a), (5b), and (5c), the matrix equation QX
= R is obtained, where Q is a coefficients matrix, X is the

first undetermined complex coefficients matrix of scattering
(transmission), and R is a vector matrix, whose expression
is as shown in the appendix. Subscripts of element 𝑞𝑖𝑗 and𝑟𝑗 are 𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑚, where 𝑛 = 𝑚 = 3.
Coefficients can be solved by means of Cramer’s law, and the
specific elements expressions of Q and R are shown in the
appendix as well.

+∞∑
𝑛=−∞

[[
[

𝑞11 𝑞12 𝑞13
𝑞21 𝑞22 𝑞23
𝑞31 𝑞32 𝑞33

]]
]
X = −𝑠𝜃𝛼

+∞∑
𝑛=−∞

[[
[

𝑟1
𝑟2
𝑟3
]]
]
, (6)

where X = [𝑠𝐴1 𝑠𝐵1 𝑠𝐶1]T, 𝑠𝜃𝛼 = 𝑒𝑖𝛼1s𝑟0𝑠(𝜃0+𝜃0𝑠)+𝑖𝑛(𝜃0+𝜋/2).
For the mth (𝑚 ≥ 2) order of scattering, the first order

of scattering waves is all regarded as the origin of secondary
wave, and the stress boundary conditions at interface are
satisfied with those

[
[
𝑠𝜎𝑚
𝑟𝑠𝑟𝑠

(𝑟𝑠, 𝜃𝑠) +
𝑁∑
𝑠=0,𝑠 ̸=𝑠

𝑠𝜎𝑚−1
𝑟
𝑠
 𝑟
𝑠

(𝑟𝑠 , 𝜃𝑠)]]

𝑟𝑠=𝑎𝑠
= 0,

𝑠 = 0, 1, 2, . . . , 𝑁, 0 ≤ 𝜃𝑠 ≤ 2𝜋, 𝑚 ≥ 2,
(7a)

[
[
𝑠𝜎𝑚
𝑟𝑠𝜃𝑠

(𝑟𝑠, 𝜃𝑠) +
𝑁∑
𝑠=0,𝑠 ̸=𝑠

𝑠𝜎𝑚−1
𝑟
𝑠
𝜃
𝑠

(𝑟𝑠 , 𝜃𝑠)]]

𝑟𝑠=𝑎𝑠
= 0,

𝑠 = 0, 1, 2, . . . , 𝑁, 0 ≤ 𝜃𝑠 ≤ 2𝜋, 𝑚 ≥ 2.
(7b)

The fluid at interface also meets the stress-free condition
as follows:

[
[ f𝑝inc (𝑟𝑠, 𝜃𝑠) +

𝑁∑
𝑠=0,𝑠 ̸=𝑠

𝑠

f𝑝𝑚−1 (𝑟𝑠 , 𝜃𝑠)]]
𝑟𝑠=𝑎𝑠

= 0,
𝑠 = 0, 1, 2, . . . , 𝑁, 0 ≤ 𝜃𝑠 ≤ 2𝜋, 𝑚 ≥ 2.

(7c)

As the coordinates depicted above, it is required to
transfer the origin of the elementary wave functions so as to
implement the boundary conditions.

Therefore, the iterative relation of the mth (𝑚 ≥ 2) order
of scattering coefficients is QX = SY, where Q is defined as
the same expression before, X is the 𝑚th-order of scattering
coefficients, Y is the complex coefficients matrix obtained
previously, and S is the vector matrix; thus the expression
matrix can be reached as

+∞∑
𝑛=−∞

[[
[

𝑞11 𝑞12 𝑞13
𝑞21 𝑞22 𝑞23
𝑞31 𝑞32 𝑞33

]]
]
X

= − 𝑁


∑
𝑠=0,𝑠 ̸=𝑠


+∞∑
𝑛=−∞

+∞∑
𝑛=−∞

[[
[

𝑠11 𝑠12 𝑠13
𝑠21 𝑠22 𝑠23
𝑠31 𝑠32 𝑠33

]]
]
Y,

(8)

where X = [𝑠𝐴𝑚 𝑠𝐵𝑚 𝑠𝐶𝑚]T, Y = [𝑠𝐴𝑚−1 𝑠𝐵𝑚−1
𝑠𝐶𝑚−1]T, and the specific elements expressions of S are also
stated in the appendix. Reference coordinates transformation
is manipulated by means of Graf ’s additional theorem.
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Figure 4: Calculation model of equally spaced and unidiameter parallel cavity barriers in saturated soil.

3. Numerical Example Analyses

Assuming that the surrounding soil is a homogenous and
saturated medium and the depth of cavity is infinite, it turns
out to be a total space two-phase problem.There is a series of
time-harmonic plane P1 waves propagating perpendicularly
to the group of cavities. The angle of incident P1 wave is𝜃0 = 𝜋/2. The cross-section shapes of all the cavities are all
round, with the identical radius 𝑟𝑠 = 𝑎𝑠. The length of the
barrier is L, and all the neighboring cavities are uniformly
spaced with the spacing 𝑆p (from center of one cavity to the
center of the contiguous one). In order to compare between
the numerical examples of Avilés and Sánchez-Sesma [2], N-
cavity (𝑁 = 8) barrier with two configurations, linear (single-
row) and hexagon (double-row), is illustrated in Figure 4.The
origin o of the coordinate is at the center of the very left cavity.

When the barrier is hexagonally arranged, it becomes a
double-row barrier, and the row-distance is h; when ℎ = 0,
it is degenerated to a linear arrangement as Figure 4(a). The
Bessel function truncated terms n should be no less than 8 so
that the numerical accuracy would be guaranteed [27].

The selected soil physical and mechanical parameters are
listed in Table 1 [4].

The incident wave frequency is treated as dimensionless
while doing numerical calculation:

𝜁ps = 2𝑎𝑠Λ ps
= 𝛼1s𝑎𝑠𝜋 (9a)

𝜁pf = 2𝑎𝑠Λ pf
= 𝛼2s𝑎𝑠𝜋 (9b)

𝜁ss = 2𝑎𝑠Λ ss
= 𝛽s𝑎𝑠𝜋 , (9c)

where 𝜁 indicates dimensionless frequency, Λ indicates
wavelength, superscripts are the same as above, and the
wave numbers refer to literature [4]. The absolute value of
dimensionless displacement amplitude |𝑢/𝑢0| represents the
ratio of total scattering P wave displacement amplitude and
the incident wave displacement amplitude.

The influences of scattering order, cavity spacing, row-
distance, and configuration of arrangement are discussed as
below.

3.1. Model Verification. On one hand, a comparison with
the existing theoretical result [11] in elastic media is carried
out in Figure 5(a), where the dash curve demonstrates the
midline dimensionless displacement amplitude |𝑢/𝑢0| behind
the single-row piles encountering a series of incident Pwaves,
with inner radius 𝑏𝑠 is 0 (degenerated to cavities, SD = 5);
meanwhile the solid line is with the presentmethod in single-
phased elastic soil when 𝑚 = 1. A good agreement between
the two curves which validates the accuracy of the present
solution is obviously seen.

On the other hand, the variation curves of midline
dimensionless displacement amplitude behind the single-
row cavity barrier when scattering orders m varies from
1 to 5 are depicted. It can be observed that the similar
variation trend compared with reference [26], which presents
amplitude amplification phenomenon at a certain range near
the barrier (0 ≤ 𝑦/𝑎𝑠 ≤ 50); following a sharp attenuation,
the displacement amplitude decreases to about 0.5. With
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Figure 5: Midline dimensionless displacement amplitude |𝑢/𝑢0| behind the single-row cavity barrier with variation of scattering orders in
saturated soil (𝑠p/𝑎𝑠 = 3.0).

Table 1: Biot’s parameters in saturated soil.

𝜆
(Gpa)

𝐺
(10−2Pa)

𝜌f
(kg/m3) 𝜂 𝑀

(Gpa) 𝜌1 (kg/m3) 𝜁ps 𝜁pf 𝜁ss
7.556 2.61 1000 0.94 7.407 2204.5 0.45 0.8 0.6
𝜆 and G are Lamé constant of the soil, 𝜌f stands for the mass density of fluid, 𝜂 is the coefficient of fluid compression,𝑀 is the constant of compressibility in
soil, and 𝜌1 stands for the mass density of soil.

the increase of the scattering order 𝑚, |𝑢/𝑢0| is decreasing
gradually, and the increment is attenuating, with a trend
of convergence, especially when scattering order m values
4 to 5’ there are few differences between the numerical
calculation results. It is indicated that the multiple scattering
assumption is credible and a numerical truncation at𝑚 = 4 is
acceptable when it comes to design a cavity barrier. Secondly,
the displacement amplitude behind the barrier at a certain
distance (𝑦/𝑎𝑠 > 250) reaches 0.75 under the single order
of scattering hypothesis, which achieves 1.5-time value of
the results under the double order of scattering (𝑚 = 2)
hypothesis. A fact that the displacement amplitude increment
will be enlargedmore than 50% is depicted when using single
scattering hypothesis, which no doubt leads to increasing the
safety of barrier design. In other words, more material of
barrierwill result inwaste, which cannot be ignored in barrier
design.

3.2. Screening Effectiveness Influenced by the Variation of
Position behind the Barrier. The property of displacement
amplitude |𝑢/𝑢0| with different position behind the barrier is
illustrated in Figure 6. When the separation between single-
row cavities (ℎ = 0.0𝑎𝑠) is 𝑠p = 2.5𝑎𝑠 (Figure 6(a)), with
the variation of position (from the midline 𝑥/𝑎𝑠 = 7.5 to
the margin of the barrier, 𝑥/𝑎𝑠 = 15.0), |𝑢/𝑢0| occurs to
attenuate with a similar trend, which can be observed at the

following contour map as well. Regardless of the amplitude
amplification phenomenon or the attenuation value at the
near range of barrier, there is subtle distinction from the
midline 𝑥/𝑎𝑠 = 7.5 to 𝑥/𝑎𝑠 = 12.5, which manifests
that selecting a reasonable separation of cavities leads to a
homogeneous isolated expression until at a further distance
of 𝑥/𝑎𝑠 = 15.0, |𝑢/𝑢0| performs increasing. It indicates
a parallel characteristics at a double-row barrier when the
distance is ℎ = 2.5𝑎𝑠. The curves group shows a bigger
amplification near the barrier and a faster attenuation along
the different positions behind the barrier at the same time,
which demonstrates the double-row barrier will present as a
much continuous property of isolation vibration.Thedetailed
result is referred to Section 3.4.

3.3. Screening Effectiveness Influenced by the Variation of
Cavity Spacing. The contour of dimensionless displacement
amplitude |𝑢/𝑢0| with the variation of cavity spacing in
Figure 7 is shown. Amplification of dimensionless displace-
ment amplitude at the central region behind the barrier is
obviously observed (0 ≤ 𝑦/𝑎𝑠 ≤ 150). The displacement
amplitude attenuates radially with the increasing of cavity
spacing. No less than 40% incident waves are isolated at most
area behind the barrier (150 ≤ 𝑦/𝑎𝑠 ≤ 400). Secondly,
with the increase of the cavity spacing (2.5 ≤ 𝑠p/𝑎𝑠 ≤ 4.0),
the screening effectiveness decreases gradually, which the
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Figure 6: Dimensionless displacement amplitude |𝑢/𝑢0| with the variation of position behind the cavity barrier via 𝑦/𝑎𝑠-axis (𝑚 = 4).

optimum isolation region is away from the barrier. This is
owing to the fact that increase of cavity spacing leads to
increase the probability of incident wave transmission and
diffraction against the barrier. Thus the dimensionless cavity
spacing 𝑠p/𝑎𝑠 usually can be designed between 2.5 and 3.0.

3.4. Screening Effectiveness Influenced by the Variation of Row-
Distance. Figure 8 depicts a series of displacement amplitude|𝑢/𝑢0| contour variation with row-distance changing. For
the sake of comparison with single-row cavity barrier in
Figure 7(a), 𝑠p/𝑎𝑠 = 2.5 is adopted in all Figure 8 as two-row
cavity barrier. It is presented that the optimum range is more
closer to barrier in double-row barrier (Figure 8(a)) than
that in single-row barrier (Figure 7(a)). The range that can
shield off 60% incident wave is carried forward from 𝑦/𝑎𝑠 =350 to 200. Therefore increasing the row-distance leads to
significant improvement of isolated effect on the premise of
same cavity numbers, which exactly thickens the barrier and
rearranges the cavity rows. Secondly, the difference between
enlarging the cavity spacing and row-distance is that the
latter one will significantly enhance the isolated effect; until
the row-distance rises to 𝑠p/𝑎𝑠 = 4.0 in Figure 8(a), the
dimensionless displacement amplitude |𝑢/𝑢0| will gradually
increase; Therefore, the multirow cavity barrier will achieve
a better vibration isolation effect when it is designed with
a certain range (2.5 ≤ ℎ/𝑎𝑠 ≤ 3.5) of row-distance in
calculation.

3.5. Screening Effectiveness Influenced by the Variation of Bar-
rier Arrangement and Cavity Number. In order to investigate
the multiple scattering properties and characteristics of elas-
tic waves by cavity rows as barrier with different arrangement
in in saturated soil, a double-row rectangular arrangement
(counterpoint) is implemented in Figure 9 to compare with
the rows in hexagonal-shaped as mentioned above. Figure 10

illustrates a 5.0a𝑠 catity-spacing and 2.5a𝑠 row-distance two-
row barrier. Compared with the displacement amplitude in
Figure 8(a) in hexagonal arrangement, Figure 10 performs a
weaker screening ability of elastic P waves, which at the most
of the region (0 ≤ 𝑦/𝑎𝑠 ≤ 500) could only approach 20% iso-
lated effectiveness. It is inferred that although the calculation
distances seem identical, rectangular-shaped barrier actually
widens the spacing of the barrier, which brings about more
incident waves passing through the cavity rows and spreads
them behind the barrier, so that it does not play a preferable
role of isolation. As a consequence, the counterchanged-
shaped double-row barrier is usually considered as an ideal
arrangement in practical engineering, namely, hexagonal
arrangement.

On the other hand, the influence of screening effective-
ness with the variation of cavity number is also significant.
Midline displacement amplitude behind the barrier with
different number of cavities is showed in Figure 11. Increase
of cavity number results in a superior isolated effectiveness.
When doubling the cavity number, the decrement of dis-
placement amplitude will reduce to 50%. It is manifested that
increase of the cavity number is amount to widening the
barrier when the cavity spacing is identical.

4. Concluding Remarks

Based on the Biot’s poroelastic theory andmultiple scattering
theory, the plane P1 waves’ multiple scattering by arbitrarily
arranged and arbitrary radius cavity barrier in saturated soil is
derived and solved.The screening effectiveness of P1 waves by
single andmultirow cavities has been calculated in numerical
analysis, which concludes that(1) Multiple scattering assumption compensates the
defects of ignoring the wave coherent phenomenon of sub-
sequent scattering in former analysis for it regarding the
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Figure 7: Dimensionless displacement amplitude |𝑢/𝑢0| contour behind the single-row cavity barrier with variation of separation in saturated
soil (𝑚 = 4).

scatteringwave as a secondarywave source.Numerical results
indicate that the displacement amplitudes behind the barrier
are much less with the multiple scattering assumption than
considering single scattering only. Therefore, the deviation
caused by subsequent scattering cannot be neglected in
the vibration isolation design. As the order of scattering
increases, the displacement amplitude tends to converge; it
will obtain higher calculation accuracy when the order of
scattering is truncated at𝑚 = 4.(2) Increase of the cavity spacing will decrease the
isolation effectiveness of the barrier, and the optimum range
also presents far away from the barrier; that is, the result of
increase of the cavity spacing leading to more transmission
and diffraction of incidentwaves. Increasing the row-distance
could also improve the isolated effect when the total numbers

of cavities are equal. It is resulted from increase of row-
distance giving rise to thicken the barrier.The screening effect
declines when row-distance increases to a certain distance at𝑠p/𝑎𝑠 = 4.0; it is considered to select 2.5 ≤ 𝑠p/𝑎𝑠 ≤ 3.0, and2.5 ≤ ℎ/𝑎𝑠 ≤ 3.5 while designing of cavity spacing and row-
distance, respectively.(3) The scattering characteristics of cavity rows with
various arrangement are different. The isolation properties
of elastic waves with rectangular arrangement (counterpoint)
are weaker than that with hexagonal arrangement (coun-
terchanged) when the row-distance of barrier is uniform.
Rectangular arrangement actually widens the cavity spacing,
which makes more incident waves to be diffracted behind
the barrier. Thus hexagonal arrangement is usually used in
practical engineering. The screening effectiveness influenced
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Figure 8: Dimensionless displacement amplitude |𝑢/𝑢0| contour behind the double-row cavity barrier with variation of distance in saturated
soil (𝑚 = 4; 𝑠p = 2.5𝑎𝑠).
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Figure 11: Midline dimensionless displacement amplitude |𝑢/𝑢0|
behind the single-row cavity barrier with variation of cavity number
in saturated soil (𝑚 = 4; ℎ = 2.5𝑎𝑠).

by cavity number is also remarkable, and with the number
increases, the barrier widens, so that the isolation effect is
improved as well.

Appendix

Symbolic Meaning

𝑞11 = 𝜆[𝛼21s𝐻𝑛 (𝛼1s𝑎𝑠) + 𝛼1s𝑎𝑠 ⋅ 𝐻

𝑛 (𝛼1s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐻𝑛 (𝛼1s𝑎𝑠)] ;

𝑞12 = 𝜂𝑀[𝛼22s𝐻𝑛 (𝛼2s𝑎𝑠) + 𝛼2s𝑎𝑠 ⋅ 𝐻

𝑛 (𝛼2s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐻𝑛 (𝛼2s𝑎𝑠)] ;

𝑞13 = 2𝐺[𝑖𝛽2s𝐻𝑛 (𝛽s𝑎𝑠) − 𝑛𝛽s𝑎𝑠 ⋅ 𝐻

𝑛 (𝛽s𝑎𝑠) + 𝑛𝑎2𝑠

⋅ 𝐻𝑛 (𝛽s𝑎𝑠)] ;

𝑞21 = 2𝑖𝑛𝐺[𝛼1s𝑎𝑠 ⋅ 𝐻

𝑛 (𝛼1s𝑎𝑠) − 1𝑎2𝑠 ⋅ 𝐻𝑛 (𝛼1s𝑎𝑠)] ;

𝑞22 = 0;
𝑞23 = 𝑖𝐺[−𝑛2𝑎2𝑠 ⋅ 𝐻𝑛 (𝛽s𝑎𝑠) − 𝛽

2
s𝐻𝑛 (𝛽s𝑎𝑠) + 𝛽s𝑎𝑠

⋅ 𝐻𝑛 (𝛽s𝑎𝑠)] ;

𝑞31 = 𝜂𝑀[𝛼21s𝐻𝑛 (𝛼1s𝑎𝑠) + 𝛼1s𝑎𝑠 ⋅ 𝐻

𝑛 (𝛼1s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐻𝑛 (𝛼1s𝑎𝑠)] ;
𝑞32 = 𝑀[𝛼22s𝐻𝑛 (𝛼2s𝑎𝑠) + 𝛼2s𝑎𝑠 ⋅ 𝐻


𝑛 (𝛼2s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐻𝑛 (𝛼2s𝑎𝑠)] ;
𝑞33 = 0;
𝑟1 = 𝜆[𝛼21s𝐽𝑛 (𝛼1s𝑎𝑠) + 𝛼1s𝑎𝑠 ⋅ 𝐽


𝑛 (𝛼1s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐽𝑛 (𝛼1s𝑎𝑠)] ;
𝑟2 = 2𝑖𝑛𝐺[𝛼1𝑠𝑎𝑠 ⋅ 𝐽


𝑛 (𝛼1s𝑎𝑠) − 1𝑎2𝑠 ⋅ 𝐽𝑛 (𝛼1s𝑎𝑠)] ;

𝑟3 = 𝜂𝑀[𝛼21s𝐽𝑛 (𝛼1s𝑎𝑠) + 𝛼1s𝑎𝑠 ⋅ 𝐽

𝑛 (𝛼1s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐽𝑛 (𝛼1s𝑎𝑠)] ;
𝑠11 = 𝜆[𝛼21s𝑠H𝑛𝑛 (𝛼1s𝑎𝑠𝑠) 𝐽𝑛 (𝛼1s𝑎𝑠) + 𝛼1s𝑎𝑠

⋅ 𝑠H𝑛𝑛 (𝛼1s𝑎𝑠𝑠) 𝐽𝑛 (𝛼1s𝑎𝑠) − 𝑛2
𝑎2
𝑠

⋅ 𝑠H𝑛𝑛 (𝛼1s𝑎𝑠𝑠) 𝐽𝑛 (𝛼1s𝑎𝑠)] ;
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𝑠12 = 𝜂𝑀[𝛼22s𝑠H𝑛𝑛 (𝛼2s𝑎𝑠𝑠) 𝐽𝑛 (𝛼2s𝑎𝑠) + 𝛼2s𝑎𝑠
⋅ 𝑠H𝑛𝑛 (𝛼2s𝑎𝑠𝑠) 𝐽𝑛 (𝛼2s𝑎𝑠) − 𝑛2

𝑎2
𝑠

⋅ 𝑠H𝑛𝑛 (𝛼2s𝑎𝑠𝑠) 𝐽𝑛 (𝛼2s𝑎𝑠)] ;

𝑠13 = 2𝐺[𝑖𝛽2s 𝑠H𝑛𝑛 (𝛽s𝑎𝑠𝑠) 𝐽𝑛 (𝛽s𝑎𝑠) − 𝑛𝛽s𝑎𝑠
⋅ 𝑠H𝑛𝑛 (𝛽s𝑎𝑠𝑠) 𝐽𝑛 (𝛽s𝑎𝑠) + 𝑛

𝑎2
𝑠

⋅ 𝑠H𝑛𝑛 (𝛽s𝑎𝑠𝑠) 𝐽𝑛 (𝛽s𝑎𝑠)] ;

𝑠21 = 2𝑖𝑛𝐺𝑎𝑠 [𝛼1sH𝑛𝑛 (𝛼1s𝑎𝑠𝑠) 𝐽𝑛 (𝛼1s𝑎𝑠)
− 1𝑎𝑠H𝑛𝑛 (𝛼1s𝑎𝑠𝑠) 𝐽𝑛 (𝛼1s𝑎𝑠)] ;

𝑠22 = 0;
𝑠23 = 𝑖𝐺[−𝑛2𝑎2

𝑠

⋅H𝑛𝑛 (𝛽s𝑎𝑠𝑠) 𝐽𝑛 (𝛽s𝑎𝑠)

− 𝛽2sH𝑛𝑛 (𝛽s𝑎𝑠𝑠) 𝐽𝑛 (𝛽s𝑎𝑠) + 𝛽s𝑎𝑠
⋅ 𝑠H𝑛𝑛 (𝛽s𝑎𝑠𝑠) 𝐽𝑛 (𝛽s𝑎𝑠)] ;

𝑠31 = 𝜂𝑀[𝛼21s𝐻𝑛 (𝛼1s𝑎𝑠) + 𝛼1s𝑎𝑠 ⋅ 𝐻

𝑛 (𝛼1s𝑎𝑠) − 𝑛2𝑎2𝑠

⋅ 𝐻𝑛 (𝛼1s𝑎𝑠)] ;

𝑠32 = 𝑀[𝛼22s𝑠H𝑛𝑛 (𝛼2s𝑎𝑠𝑠) 𝐽𝑛 (𝛼2s𝑎𝑠) + 𝛼2s𝑎𝑠
⋅ 𝑠H𝑛𝑛 (𝛼2s𝑎𝑠𝑠) 𝐽𝑛 (𝛼2s𝑎𝑠) − 𝑛2

𝑎2
𝑠

⋅ 𝑠H𝑛𝑛 (𝛼2s𝑎𝑠𝑠) 𝐽𝑛 (𝛼2s𝑎𝑠)] ;
𝑠33 = 0,

(A.1)

where 𝐻𝑛(𝜔𝑟𝑠)𝑒𝑖𝑛𝜃𝑠 = ∑+∞𝑛=−∞∑+∞𝑛=−∞𝐻𝑛−𝑛(𝜔𝑟𝑠𝑠)𝐽𝑛(𝜔𝑟𝑠) ⋅𝑒𝑖𝑛𝜃𝑠−𝑖(𝑛−𝑛)𝜃𝑠𝑠 , 𝑠H𝑛𝑛(⋅) = 𝐻𝑛−𝑛(⋅)𝑒−𝑖(𝑛−𝑛)𝜃𝑠𝑠 .
The variable 𝜔 represents the wave P or the wave SV

number.
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