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To identify the fault frequency characteristics of the gear transmission system under coupling fault of fixed-axis gear crack and
planetary gear wear, dimensionless dynamical equations of gear transmission system were established. Bifurcations in normal
condition and coupling fault condition were contrasted. The affected excitation frequency range was found. Fault frequency
characteristics in sensitive interval caused by the coupling fault of fixed-axis gear crack and planetary gear wear were analyzed.
Simulation analysis shows that the crack fault in fixed-axis gear brings up peaks in doubling of 1∼10 for fault frequency, the wear
fault in planetary gear increases the amplitude of meshing frequency and its double and triple, and the coupling of both shows two
kinds of fault features around the planetary gear meshing frequency.

1. Introduction

The wind turbine gearbox is the core component of the
wind turbine; its transmission system is a multistage gear
transmission system with a two-stage fixed-axis gear and a
one-stage planetary gear.Thewind turbine gearbox has a high
failure rate by the disorder, variable load, and strong impact
wind load. The vibration mechanism and fault mechanism
of multistage gear transmission system are not clear, so the
online monitoring and fault diagnosis of the wind turbine
gearbox are not perfect. A lot of fault were not discovered
early, resulting in a chain reaction. It makes the whole
transmission system downtime, resulting in huge economic
loss and bad social impact. Only by studying the vibration
mechanism and fault mechanism of the multistage gear
transmission system and finding out the complex signal
correlation characteristics caused by the fault, can the early
fault of the gear be identified by the signal processingmethod.

There is a large difference between the local fault vibration
signal of the planetary gearbox and the fixed-axis gearbox.
The dynamic model of the single pair cannot describe the
modulation effect of the dynamic signal in the coupling
state, and the fault side band of the coupling state cannot be
properly extracted. Therefore, it is necessary to delve into the

spectral characteristics of the vibration signal of the planetary
gearbox (especially in the case of coupling faults), so as
to achieve the purpose of fault diagnosis of the planetary
gearbox through the fault feature frequency component.

For the study of coupling faults, Li et al. [1, 2] used the
combined intelligent signal analysismethod based onwavelet
packet, empirical mode decomposition, Wigner distribution,
and ARmodel to identify five single faults and three coupling
faults. Then he proposed a new method [3], using the inde-
pendent component analysis (ICA - R) as the fault frequency
tracking tool to simplify the coupling fault to a single fault.
Luo et al. [4] proposed a sparse representation method based
on wavelet based compound fault feature extraction, which
can separate and extract different transient characteristics of
bearings and gears. Xiao-yu et al. [5] differentiated single
fault and coupling faults through the correlation dimension
and the largest Lyapunov exponent.The research on coupling
failure is based on the experimental signal analysis, and its
accuracy depends on the large data accuracy. Data of different
test rig may contain its unique characteristic and do not have
generality for fault diagnosis of other devices. Experimental
method cannot distinguish which feature is common feature
which is a unique feature and the mechanism of various
features. So with research on the nonlinear characteristics
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Figure 1: Torsional dynamic model of gear transmission system.

and fault mechanism of coupling faults from the angle of
bifurcation and chaos characteristics, we can distinguish the
changes caused by the coupling effect and find the general
characteristics of coupling.

In the article [6], the coupling fault of fixed-axis crack and
planetary gear chippingwas studied from the nonlinear angle,
and the fault frequency characteristics of the coupling fault
were analyzed. However, wear fault occurs more frequently
and is more difficult to identify than chipping fault. When
the system has wear fault, it will affect the clearance between
the gears. The clearance is the main cause of the collision
movement within the system, which will change the motion
state of the system. Therefore, it is of great significance
to study the influence of wear fault on the bifurcation
characteristics of the system compared with chipping fault.
On the basis of article [6], this paper studies the coupling fault
of fixed-axis crack and planetary gear wear. The nonlinear
dynamicmodel with the coupling fault of the fixed-axis crack
fault and the planetary wear fault is established, and the
bifurcation characteristics and coupling fault characteristics
of the fixed-axis gear in the system are analyzed by the
simulation method in normal state, fixed-axis crack fault
state, planetary wear fault state, and coupling fault state.
Characteristics and frequency bands of the fault frequency
are discussed for different excitation frequencies. According
to the numerical simulation results, the fault frequency of the
measured signal is identified.

2. Torsional Dynamic Model of Gear
Transmission System

The system studied in this paper is a test rig of gear
transmission system which contains a two-stage fixed-axis
gear and a one-stage planetary gear, where spur gears 1 and
2 compose the 1st-stage fixed-axis gear for the input, spur
gears 3 and 4 compose the 2nd-stage fixed-axis gear, and the
planet carrier is for the output. The torsional dynamic model
is established by using the lumped mass method (Figure 1).

When gear system, the drive shaft, bearing, and box
bearing stiffness are relatively large, then regardless of their
flexibility the gear system turns into pure torsional vibration
model. If the gear system input and output shaft stiffness
is relatively small, the gear system can be isolated from the
prime mover and the load, and a separate vibration model of
the gear system can be established. Due to the nonconsider-
ation of the specific vibration form of the transmission shaft,
the support stiffness and damping of the transmission shaft,
bearing, and box can be expressed as the combined equivalent
values. The model does not consider the transverse vibration
displacement of gears. Gear parameters are simulated with a
spring and a damper.

See Figure 1, where, 𝜃𝑠, 𝜃𝑐, 𝜃𝑝𝑛, 𝜃1, 𝜃2, 𝜃3, and 𝜃4 represent
the angular displacement of sun gear, planet carrier, planetary
gear 𝑛 (𝑛 = 1, 2, 3, 4), and spur gears 1, 2, 3, and 4, respectively.
Throughout this paper, the subscripts 𝑠, 𝑐, 𝑝𝑛, 𝑟, 1, 2, 3, and 4
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denote sun gear, planet carrier, planetary, ring gear, and spur
gears 1, 2, 3, and 4. Quantities 𝑟𝑠, 𝑟𝑐, 𝑟𝑝𝑛, 𝑟1, 𝑟2, 𝑟3, and 𝑟4
are the base circle radius of gears. Quantities𝐾𝑠𝑝𝑛(𝑡),𝐾𝑟𝑝𝑛(𝑡),𝐾1(𝑡), and𝐾2(𝑡) denote themeshing stiffness of sun gear with
planetary gear 𝑛, ring gear with planetary gear 𝑛, 1st-stage
fixed gear, and 2nd-stage fixed gear. Quantities𝐶𝑠𝑝𝑛,𝐶𝑟𝑝𝑛,𝐶1,
and𝐶2 denote the damping of sun gear with planetary gear 𝑛,
ring gear with planetary gear 𝑛, 1st-stage fixed gear, and 2nd-
stage fixed gear. 𝑇in is the input and 𝑇out is the output.
2.1. Motion Differential Equations of the System. Based on the
Lagrangian equation, the motion differential equations of the
system are established on the basis of the clearance, the time-
varying meshing stiffness, and the comprehensive meshing
error [7, 8]:

𝐽1 ̈𝜃1 + 𝑟1𝐹1 = 𝑇in
𝐽23 ̈𝜃2 − 𝑟2𝐹1 + 𝑟3𝐹2 = 0

𝐽4𝑠 ̈𝜃4𝑠 + 4∑
𝑛=1

𝑟𝑠𝐹𝑠𝑝𝑛 − 𝑟4𝐹2 = 0
𝐽𝑝𝑛 ̈𝜃𝑝𝑛 − 𝑟𝑝𝑛𝐹𝑠𝑝𝑛 + 𝑟𝑝𝑛𝐹𝑟𝑝𝑛 = 0
𝐽𝑐 ̈𝜃𝑐 − 4∑

𝑛=1

𝑟𝑐𝐹𝑠𝑝𝑛 − 4∑
𝑛=1

𝑟𝑐𝐹𝑟𝑝𝑛 = −𝑇out,

(1)

where 𝐽23 = 𝐽2+𝐽3, 𝐽4𝑠 = 𝐽4+𝐽𝑠: 𝐽1, 𝐽2, 𝐽3, 𝐽4, 𝐽𝑠, 𝐽𝑝𝑛, and 𝐽𝑐 are
the moment of inertia of each gear on the shaft; 𝐹1, 𝐹2, 𝐹𝑠𝑝𝑛,
and 𝐹𝑟𝑝𝑛 are the meshing force of each stage on the meshing
line,𝐹𝑖 = 𝐶𝑖�̇�𝑖+𝐾𝑖(𝑡)𝑓(𝑥𝑖) (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛); 𝑥𝑖 is the relative
displacement of each stage meshing line (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛):

𝑥1 = 𝑟1𝜃1 − 𝑟2𝜃2 − 𝑒1 (𝑡) ,𝑥2 = 𝑟3𝜃3 − 𝑟4𝜃4 − 𝑒2 (𝑡) ,𝑥𝑠𝑝𝑛 = 𝑟𝑠𝜃𝑠 − 𝑟𝑝𝑛𝜃𝑝𝑛 − 𝑟𝑐𝜃𝑐 − 𝑒𝑠𝑝𝑛 (𝑡) ,
𝑥𝑟𝑝𝑛 = 𝑟𝑝𝑛𝜃𝑝𝑛 − 𝑟𝑐𝜃𝑐 − 𝑒𝑟𝑝𝑛 (𝑡) ;

(2)

𝑓(𝑥𝑖) is the clearance nonlinear function (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛),
written as

𝑓 (𝑥𝑖) =
{{{{{{{{{
𝑥𝑖 − 𝑏𝑖, 𝑥𝑖 > 𝑏𝑖0, 𝑥𝑖 ≤ 𝑏𝑖𝑥𝑟𝑝𝑖 + 𝑏𝑖, 𝑥𝑖 < −𝑏𝑖,

(3)

where 𝑏𝑖 is half of the clearance (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛).
The time-varying meshing stiffness of the gear pair 𝐾𝑖(𝑡)

will be specified in Section 2.2.
The damping coefficient forms

𝐶1 = 2𝜉1√ 𝐾𝑚1(1/𝑚1 + 1/𝑚2)
𝐶2 = 2𝜉2√ 𝐾𝑚2(1/𝑚3 + 1/𝑚4)

𝐶𝑠𝑝𝑛 = 2𝜉𝑠𝑝𝑛√ 𝐾𝑚𝑠𝑝𝑛(1/𝑚𝑠 + 1/𝑚𝑝𝑛)
𝐶𝑟𝑝𝑛 = 2𝜉𝑟𝑝𝑛√ 𝐾𝑚𝑟𝑝𝑛(1/𝑚𝑟 + 1/𝑚𝑝𝑛) ,

(4)

where 𝜉1, 𝜉2, 𝜉𝑠𝑝𝑛, and 𝜉𝑟𝑝𝑛 are damping ratios and𝑚1,𝑚2,𝑚3,𝑚4,𝑚𝑠,𝑚𝑝𝑛, and𝑚𝑟 are the mass of each gear.
The comprehensive meshing error of gear pair using the

1st harmonic form of meshing function is

𝑒𝑖 (𝑡) = 𝑒𝑎𝑖 sin (𝑤𝑚𝑖𝑡 + 𝜑𝑖) , (5)

where 𝑒𝑎𝑖 is the comprehensive meshing error amplitude of
each gear (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛).𝜑𝑖 is the comprehensivemeshing
error initial phase of each gear (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛); 𝑤𝑚𝑖 is the
meshing frequency of each gear (𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛).

Define time nominal scale𝑤ℎ, order 𝜏 = 𝑤ℎ𝑡, where𝑤ℎ =√𝐾𝑚1 × 𝑚𝑒1; 𝑥𝑖 is dimensionless displacement, 𝑥𝑖 = 𝑥𝑖/𝑏1,𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛; Ω𝑖 is dimensionless excitation frequency,Ω𝑖 = 𝑤𝑚𝑖/𝑤ℎ, 𝑖 = 1, 2, 𝑠𝑝𝑛, 𝑟𝑝𝑛; 𝑒𝑎𝑖 is dimensionless
comprehensivemeshing error amplitude, 𝑒𝑎𝑖 = 𝑒𝑎𝑖/𝑏1, 𝑖 = 1, 2,𝑠𝑝𝑛, 𝑟𝑝𝑛. Dimensionless nonlinear function is

𝑓 (𝑥𝑖) =
{{{{{{{{{{{{{{{

𝑥𝑖 − 𝑏𝑖𝑏1 , 𝑥𝑖 > 𝑏𝑖𝑏10, 𝑥𝑖 ≤ 𝑏𝑖𝑏1𝑥𝑟𝑝𝑖 + 𝑏𝑖𝑏1 , 𝑥𝑖 < − 𝑏𝑖𝑏1 .
(6)

The equations are normalized, and the systemdimension-
less motion differential equations can be got:

�̈�1 + 𝐶1𝑚𝑒1𝑤ℎ �̇�1 + 𝐾1 (𝜏)𝑚𝑒1𝑤2ℎ𝑓 (𝑥1) −
𝐶2𝑚𝑒2𝑤ℎ �̇�2

− 𝐾2 (𝜏)𝑚𝑒2𝑤2ℎ𝑓 (𝑥2) =
𝑇in𝑟1𝐽1𝑤2ℎ𝑏1 +

𝑒𝑎1𝑏1 Ω21sin (Ω1𝜏 + 𝜑1)
�̈�2 − 𝐶1𝑚𝑒1𝑤ℎ �̇�1 − 𝐾1 (𝜏)𝑚𝑒2𝑤2ℎ𝑓 (𝑥1) +

𝐶2𝑚𝑒3𝑤ℎ �̇�2
+ 𝐾2 (𝜏)𝑚𝑒3𝑤2ℎ𝑓 (𝑥2) −

4∑
𝑛=1

𝐶𝑠𝑝𝑛𝑚4𝑠𝑤ℎ �̇�𝑠𝑝𝑛
− 4∑
𝑛=1

𝐾𝑠𝑝𝑛 (𝜏)𝑚4𝑠𝑤2ℎ 𝑓 (𝑥𝑠𝑝𝑛) =
𝑒𝑎2𝑏1 Ω22sin (Ω2𝜏 + 𝜑2)

�̈�𝑠𝑝𝑛 + 1𝑚4𝑠𝑤ℎ
4∑
𝑛=1

𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛 + 1𝑚𝑐𝑤ℎ
4∑
𝑛=1

𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛
+ 1𝑚𝑝𝑛𝑤ℎ𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛 + 1𝑚4𝑠𝑤2ℎ

4∑
𝑛=1

𝐾𝑠𝑝𝑛 (𝜏) 𝑓 (𝑥𝑠𝑝𝑛)
+ 1𝑚𝑐𝑤2ℎ

4∑
𝑛=1

𝐾𝑠𝑝𝑛 (𝜏) 𝑓 (𝑥𝑠𝑝𝑛)
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+ 1𝑚𝑝𝑛𝑤2ℎ𝐾𝑠𝑝𝑛 (𝜏) 𝑓 (𝑥𝑠𝑝𝑛) − 1𝑚𝑝𝑛𝑤ℎ𝐶𝑟𝑝𝑛�̇�𝑟𝑝𝑛
+ 1𝑚𝑐𝑤ℎ

4∑
𝑛=1

𝐶𝑟𝑝𝑛�̇�𝑟𝑝𝑛 − 1𝑚𝑝𝑛𝑤2ℎ𝐾𝑟𝑝𝑛 (𝜏) 𝑓 (𝑥𝑟𝑝𝑛)
+ 1𝑚𝑐𝑤2ℎ

4∑
𝑛=1

𝐾𝑟𝑝𝑛 (𝜏) 𝑓 (𝑥𝑟𝑝𝑛) − 𝑟4𝐶2𝑚4𝑠𝑟𝑠𝑤ℎ �̇�2
− 𝑟4𝐾2 (𝜏)𝑚4𝑠𝑟𝑠𝑤2ℎ𝑓 (𝑥2) =

𝑟𝑐𝑇out𝐽𝑐𝑒𝑤2ℎ𝑏1
+ 𝑒𝑎𝑠𝑝𝑛𝑏1 Ω2𝑠𝑝𝑛sin (Ω𝑠𝑝𝑛𝜏 + 𝜑𝑠𝑝𝑛)

�̈�𝑟𝑝𝑛 − 1𝑚𝑝𝑛𝑤ℎ𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛 + 1𝑚𝑐𝑤ℎ
4∑
𝑛=1

𝐶𝑠𝑝𝑛�̇�𝑠𝑝𝑛
− 1𝑚𝑝𝑛𝑤2ℎ𝐾𝑠𝑝𝑛 (𝜏) (𝑥𝑠𝑝𝑛)
+ 1𝑚𝑐𝑤2ℎ

4∑
𝑛=1

𝐾𝑠𝑝𝑛 (𝜏) 𝑓 (𝑥𝑠𝑝𝑛) + 1𝑚𝑝𝑛𝑤ℎ𝐶𝑟𝑝𝑛�̇�𝑟𝑝𝑛
− 1𝑚𝑐𝑤ℎ

4∑
𝑛=1

𝐶𝑟𝑝𝑛�̇�𝑟𝑝𝑛 + 1𝑚𝑝𝑛𝑤2ℎ𝐾𝑟𝑝𝑛 (𝜏) 𝑓 (𝑥𝑟𝑝𝑛)
− 1𝑚𝑐𝑤2ℎ

4∑
𝑛=1

𝐾𝑟𝑝𝑛 (𝜏) 𝑓 (𝑥𝑟𝑝𝑛) = 𝑟𝑐𝑇out𝐽𝑐𝑒𝑤2ℎ𝑏1
+ 𝑒𝑎𝑟𝑝𝑛𝑏1 Ω2𝑟𝑝𝑛sin (Ω𝑟𝑝𝑛𝜏 + 𝜑𝑟𝑝𝑛) ,

(7)

where𝑚𝑒1, 𝑚𝑒2, 𝑚𝑒3, 𝑚4𝑠 are the equivalent masses of gear; 𝐽𝑐𝑒
is the equivalent moment of inertia of gear:

𝑚𝑒1 = 𝐽1𝐽23𝐽23𝑟21 + 𝐽1𝑟22 ,
𝑚𝑒2 = 𝐽23𝑟2𝑟3 ,
𝑚𝑒3 = 𝐽4𝐽23𝐽23𝑟24 + 𝐽4𝑟23 ,
𝑚4𝑠 = 𝐽4𝑠𝑟2𝑠 ;𝐽𝑐𝑒 = 𝐽𝑐 + 𝑁𝑚𝑝𝑛𝑟2𝑐 .

(8)

2.2.Mesh Stiffness. Thepotential energymethod [9] is used to
evaluate themesh stiffness with the consideration of Hertzian
energy 𝑘ℎ, bending energy 𝑘𝑏, shear energy 𝑘𝑠, and axial
compressive energy 𝑘𝑎. The beam model of a gear tooth is
shown in Figure 2(a). The stiffness expressions are

1𝑘𝑏
= [1 − (𝑁 − 2.5) cos𝛼1 cos𝛼3/𝑁cos𝛼0]3 − (1 − cos𝛼1 cos𝛼2)32𝐸𝐿 cos𝛼1sin3𝛼2
+ ∫𝛼2
−𝛼1

3 {1 + cos𝛼1 [(𝛼2 − 𝛼) sin𝛼 − cos𝛼]}2 (𝛼2 − 𝛼) cos𝛼2𝐸𝐿 [sin𝛼 + (𝛼2 − 𝛼) cos𝛼]3 𝑑𝛼
1𝑘𝑠
= 1.2 (1 + ]) cos2 𝛼1 (cos𝛼2 − ((𝑁 − 2.5) /𝑁 cos𝛼0) cos𝛼3)𝐸𝐿 sin𝛼2
+ ∫𝛼2
−𝛼1

1.2 (1 + ]) (𝛼2 − 𝛼) cos𝛼 cos2𝛼1𝐸𝐿 [sin𝛼 + (𝛼2 − 𝛼) cos𝛼] 𝑑𝛼
1𝑘𝑎
= sin2𝛼1 (cos𝛼2 − ((𝑁 − 2.5) /𝑁 cos𝛼0) cos𝛼3)2𝐸𝐿 sin𝛼2
+ ∫𝛼2
−𝛼1

(𝛼2 − 𝛼) cos𝛼 sin2 𝛼12𝐸𝐿 [sin𝛼 + (𝛼2 − 𝛼) cos𝛼]𝑑𝛼
𝑘ℎ = 𝜋𝐸𝐿4 (1 − ]2) ,

(9)

where 𝐸 represents the elastic modulus; 𝐿 is tooth width; 𝑁
is tooth number; 𝛼0 is the pressure angle; ] is Poisson’s ratio.
2.2.1. Overall Mesh Stiffness. Gear tooth profile follows an
involute curve up to the base circle as shown in Figure 2(a).
The tooth profile between the base circle and the root circle is
not an involute curve and hard to describe analytically [10].
Therefore, straight lines 𝑁𝑁 and 𝐷𝐷 are used to simplify
the curve. For the single-tooth-pair meshing duration, the
total effective mesh stiffness can be calculated as [11]

𝐾𝑡
= 11/𝑘ℎ + 1/𝑘𝑏1 + 1/𝑘𝑠1 + 1/𝑘𝑎1 + 1/𝑘𝑏2 + 1/𝑘𝑠2 + 1/𝑘𝑎2 ,

(10)

where subscripts 1 and 2 represent the driving gear and the
driven gear, respectively.

For the double-tooth-pair meshing duration, there are
two pairs of gears meshing at the same time. Total effective
mesh stiffness can be obtained as [11]

𝐾𝑡 = 𝐾𝑡1 + 𝐾𝑡2 = 2∑
𝑗=1

11/𝑘ℎ,𝑗 + 1/𝑘𝑏1,𝑗 + 1/𝑘𝑠1,𝑗 + 1/𝑘𝑎1,𝑗 + 1/𝑘𝑏2,𝑗 + 1/𝑘𝑠2,𝑗 + 1/𝑘𝑎2,𝑗 , (11)

where 𝑗 = 1 for the 1st pair and 𝑗 = 2 for the 2nd pair of
meshing teeth.

2.2.2. Crack Modeling. The crack is modeled as a straight
line from the gear tooth danger area (Figure 2(b)). The crack



Shock and Vibration 5

O

1

2
3




Rr

N

x
d

N
d1

Action line

Base circleRoot circle

Rb

D
D

Fa

F
Fb

ℎx ℎ I

J

1



(a)



O
2 3

Rr

Rb

r a c

B

C

A

q2

q1

ℎa

ℎx

ℎx

ℎc

ℎx

ℎo

E

EK





DD

N

M

x

N

d2

d1

Base circleRoot circle
da

(b)

Figure 2: Beam model of an external gear tooth: (a) beam model and (b) cracked tooth model [9].

propagates along the straight line until reaching the tooth
central line at point 𝐵. Then, it changes the propagation
direction towards point𝐷where the tooth breaks. According
to the state of the crack in the test rig, only the state when
the crack does not reach the centerline is studied, where 𝑞1 is
the crack length and the angle between the crack line and the
tooth center line is defined as 𝜐.

The Hertzian stiffness and axial compressive stiffness
will not be affected by the crack propagation [10]. Only the
bending stiffness and the shear stiffness will be affected due
to the change in the tooth length and the tooth height caused
by the crack.The bending stiffness and the shear stiffness with
the crack fault are

1𝑘𝑏 = ∫
𝛼𝑟

𝛼3

12 sin𝛼 [𝑁 cos𝛼0/ (𝑁 − 2.5) − (cos𝛼 + cos𝛼3 − cos𝛼𝑟 − (𝑞1/𝑅𝑟) cos 𝜐) cos𝛼1]2𝐸𝐿 (sin𝛼3 + sin𝛼 − (𝑞1/𝑅𝑟) sin 𝜐)3 𝑑𝛼
+ 4 [1 − (𝑁 − 2.5) cos𝛼1 cos𝛼3/𝑁 cos𝛼0]3 − 4 (1 − cos𝛼1cos𝛼2)3𝐸𝐿 cos𝛼1 (2 sin𝛼2 − (𝑞1/𝑅𝑏) sin 𝜐)3
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Table 1: Gear parameters.

Gear Number of teeth 𝑅𝑟𝑖/mm 𝑅𝑏𝑖/mm Mass𝑚𝑖/g 𝐽𝑖/(g⋅m2) Face width/mm Module/mm Wheel axle distance/mm
1 29 19.2 20.4 125 0.05 30 1.5 91.318
2 100 68.9 70.5 1224.5 6 30 1.5
3 36 23.9 25.3 224 0.14 30 1.5 90.8304
4 90 61.5 63.4 1111 4 20 1.5𝑠 28 12.3 13 41 0.007 20 1.0𝑝𝑛 36 16 17 34.6 0.01 20 1.0𝑐 30 848.7 0.76 20 1.0𝑟 100 45.6 47 20 1.0

+ ∫𝛼2
−𝛼1

12 {1 + cos𝛼1 [(𝛼2 − 𝛼) sin𝛼 − cos𝛼]}2 (𝛼2 − 𝛼) cos𝛼𝐸𝐿 [sin𝛼2 − (𝑞1/𝑅𝑏) sin 𝜐 + sin𝛼 + (𝛼2 − 𝛼) cos𝛼]3 𝑑𝛼
(12)

1𝑘𝑠 = ∫
𝛼𝑟

𝛼3

2.4 (1 + ]) cos2𝛼1 sin𝛼𝐸𝐿 (sin𝛼3 − (𝑞1/𝑅𝑟) sin 𝜐 + sin𝛼)3 𝑑𝛼 +
2.4 (1 + ]) cos2𝛼1 (cos𝛼2 − ((𝑁 − 2.5) /𝑁 cos𝛼0) cos𝛼3)𝐸𝐿 (2 sin𝛼2 − (𝑞1/𝑅𝑏) sin 𝜐)

+ ∫𝛼2
−𝛼1

2.4 (1 + ]) (𝛼2 − 𝛼) cos𝛼 cos2𝛼1𝐸𝐿 [sin𝛼2 − (𝑞1/𝑅𝑏) sin 𝜐 + sin𝛼 + (𝛼2 − 𝛼) cos𝛼]𝑑𝛼.
(13)

Calculate the bending and shear stiffness of the cracked
tooth, and then calculate the overall mesh stiffness of the
cracked tooth by (11). In this study, we assume that the 1st-
stage fixed-axis small gear (spur gear 1) has a crack fault. The
crack gear in test rig is shown in Figure 3 (crack length 𝑞1 =1mm, crack angle 𝜐 = 70∘). The time-varying meshing stiff-
ness is calculated when the speed is 1Hz (Figure 4). The gear
parameters of gear transmission system are shown in Table 1.

2.2.3.WearModel. The gap between the teeth is altered when
the wear occurs. When the gears are evenly worn, the gap
between the teeth of the faulted gears will be increased.
Therefore all tooth wear fault can be expressed in terms of
constants. The function is

𝑓 (𝑥𝑖) =
{{{{{{{{{
𝑥𝑖 − (1 + 𝑎) , 𝑥𝑖 > (1 + 𝑎)0, 𝑥𝑖 ≤ 1𝑥𝑖 + (1 + 𝑎) , 𝑥𝑖 < − (1 + 𝑎) ,

(14)

where parameter 𝑎 is the size of all tooth wear. Assuming that
there is all tooth wear fault in the planetary gear 1, the gear
shown in Figure 5 is a planetary gear with all tooth wear fault
in the test rig of this paper, and its fault feature is set to 𝑎 = 0.1.
3. Analysis of Nonlinear Dynamic Behavior of
Coupling Fault

3.1. System Bifurcation Diagrams. The bifurcation diagrams
with the excitation frequency changed are calculated, respec-
tively, when the system is in normal state, planetary gear wear
fault state, and the fixed-axis crack fault state, and two faults

coexist. The structure parameters of the system are shown in
Tables 1 and 2, pressure angle 𝛼0 = 20∘,𝑇in = 6.5N⋅m, and𝑇out
= 8.5N⋅m.The values in Table 2 are equal on themeshing line
of gear, so the subscript 𝑖 is omitted.

Due to the fact that there are a lot of side frequencies at
the meshing point of the 1st-stage fixed-axis gear, so as to
study the bifurcation of this point, the nonlinear differential
equations (7) are numerically solved using the variable step
Runge-Kutta method to obtain the bifurcation diagram of
the relative displacement of the 1st-stage fixed-axis gear in
four states with the dimensionless excitation frequency Ω1
changed (Figure 6).

In (7), it can be seen that all stages of gears are affected not
only by their own vibration characteristics, but also by the
influence of adjacent teeth on the vibration characteristics.
Therefore, when using variable step Runge-Kutta method for
iterative calculation of coupling faults, the fault features of
the planetary gear wear fault are transmitted to the 2nd-
stage fixed-axis gear through the velocity and displacement
of the planetary gear and the sun gear meshing point and
then transmitted to the 1st-stage fixed-axis gearwhich has two
kinds of faults (the planetary gear wear fault and the 1st-stage
fixed-axis crack). The two faults can interact and then show
the coupling effect.

When the excitation frequency is small in normal state,
the motion state of the 1st-stage fixed-axis gear is periodic
(Figure 6(a)).When the excitation frequency increases to 0.5,
the system becomes with quasiperiodic motion by periodic
motion.When the excitation frequency increases to 1 (critical
rotational speed), the system resonates and the motion
becomes chaotic. Then the system is divided into three times
periodic motion and finally into the quasiperiodic motion.
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Table 2: Parameters of calculation.

Parameters of calculation Value
Gear clearance b (𝜇m) 5
Comprehensive meshing error amplitude ea (𝜇m) 5
Meshing pair damping ratio 𝜉 0.07
Gear contact ratio 1.68

Figure 3: Fixed-axis gear with crack.

Figure 6 shows that when the system only has a fixed-
axis crack fault, it has an effect on the period, the quasi-
period, and the 3 times periodic motion when the excitation
frequency is less than 3. That is, fault periodic motion is
increased in the original periodic motion, indicating that
the fixed-axis crack fault is sensitive to low speed. In actual
operation, themotor speed is usually a low speed.This creates
the fixed-axis fault which is easy to identify, and the planetary
gear fault is difficult to identify.

When the system only has the planetary gear wear fault,
the quasiperiodic motion with excitation frequency greater
than 3 (3 times critical speed) becomes the intermittent
periodic motion, indicating that the planetary gear wear fault
is sensitive to the high speed.

When the system has the coupling fault, the fault char-
acteristics are similar to single fixed-axis crack fault when
the excitation frequency is less than 3, and the fault charac-
teristics are similar to single planetary gear wear fault when
the excitation frequency is greater than 3. Planetary fault
and fixed-axis fault affect different speed, so the vibration
coupling phenomenon of the two on the bifurcation diagram
is not obvious. Since the mutual influence of the coupling
fault cannot be found from the bifurcation diagram, it is
necessary to further study the fault frequency characteristics
caused by the coupling fault.

3.2. Coupling Fault Frequency Characteristics. The fault char-
acteristics of the fixed-axis crack fault in low excitation
frequency have been described in the literature [6]. This
paper will study the planetary wear fault at high excitation
frequency. The vibration is obvious in the interval of Ω1 =[3.5, 5]. So this part will be studied. The time domain,
frequency domain, phase diagram, and Poincaré section of
the 1st-stage fixed-axis gear are shown in Figure 7 in the
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Figure 4: The meshing stiffness of the fixed-axis gear with crack.

Figure 5: Planetary gear with wear fault.

normal state, the fixed-axis crack state, and the coupling fault
state of fixed-axis crack + planetary wear, when the excitation
frequency is 3.5. Dimensionless characteristic frequencies of
gear transmission system at all stages are shown in Table 3.

There is an increase in the impact of fault in the time
domain (Figures 7(a), 8(a), and 9(a)) as the number of
faults increases. The phase diagram behaves as quasiperiodic
motion bands in the normal state (Figure 7(b)), and the
band becomes wider in crack fault state (Figure 8(b)). When
a coupling fault occurs, the fault cycle makes the band
full (Figure 9(b)). The point group of the Poincaré section
(Figures 7(c), 8(c), and 9(c)) also increases with the increase
of fault. The amplitude of the coupling fault in frequency
domain (Figures 7(d), 8(d), and 9(d)) increases significantly.

Figures 7(e), 8(e), and 9(e) are the spectral refinement
of Figures 7(d), 8(d), and 9(d), at low frequencies. It can
be seen from Figure 7(e) that the main peak of the system
is the meshing frequency of 1st-stage fixed-axis gear 𝑓1, the
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Figure 6: Displacement bifurcation diagram of the first fixed gear: (a) normal state, (b) fixed-axis crack, (c) planetary wear, and (d) two-fault
coupling.

Table 3: Dimensionless characteristic frequencies of gear transmission system (Hz).

Characteristic frequency Dimensionless frequency
Meshing frequency of 1st-stage fixed-axis gear f 1 1
Meshing frequency of 2nd-stage fixed-axis gear f 2 0.3599
Meshing frequency of planetary f 3 0.0877
Fault frequency of 1st-stage fixed-axis gear f 𝑑 0.0345
Planetary fault frequency f 𝑟 0.0024

meshing frequency of 2nd-stage fixed-axis gear 𝑓2, the mesh-
ing frequency of the planetary gear 𝑓3, and its double and
triple (2𝑓3, 3𝑓3) in normal state. There are a large number of
regular side frequencies around themeshing frequency of the
planetary gear and its double and triple. The side frequency
is the rotation frequency of the 2nd-stage rotating shaft 𝑓𝑑.
It can be seen from Figure 8(e) that the fault frequency of
the fixed-axis crack 𝑓𝑑 occurs at a peak value of 1∼10 times,
and the amplitude gradually decreases. Figure 9(e) shows that
the increase of planetary gear wear fault makes the amplitude
of the planetary gear meshing frequency and its double and

triple increased. So two kinds of fault characteristics occur at
the same time in coupling faults state, all around the planet
gear meshing frequency.

4. Experimental Failure Analysis

The test rig of gear transmission systemwhich contains a two-
stage fixed-axis gear and a one-stage planetary is shown in
Figure 10. The parameters are shown in Tables 1 and 3. Test
and analyze the signal of the test rig in normal state and
coupling faults state, in which the crack failure occurs on
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Figure 7: Vibration characteristics when the excitation frequency is 3.5 in normal state: (a) time domain, (b) phase diagram, (c) Poincaré
section, (d) frequency domain, and (e) frequency refinement spectrum.
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Figure 8: Vibration characteristics when the excitation frequency is 3.5 in fixed-axis crack state: (a) time domain, (b) phase diagram, (c)
Poincaré section, (d) frequency domain, and (e) frequency refinement spectrum.
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Figure 9: Vibration characteristics when the excitation frequency is 3.5 in coupling faults state: (a) time domain, (b) phase diagram, (c)
Poincaré section, (d) frequency domain, and (e) frequency refinement spectrum.
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Figure 10: The test rig of gear transmission system: 1: motor; 2: torque sensor and encoder; 3: two-stage fixed-axis gearbox; 4: radial load of
bearing; 5: one-stage planetary gearbox; 6: brake.

0

2

4

6

8

A
m

pl
itu

de

f2

f1

f3

2f2

0.5 1 1.50
Ω1

(a)

0

5

10

15

A
m

pl
itu

de

0.5 1 1.50
Ω1

f2

f3

2f2

f1
fd

(b)

Figure 11: Spectrum of the fixed-axis gearbox: (a) normal state and (b) coupling faults of fixed-axis gear crack and planetary wear.

0.5 1 1.50
Ω1

0

50

100

150

200

A
m

pl
itu

de

f3

2f3

3f3
4f3

(a)

0.1 0.2 0.30
Ω1

10

20

30

40

A
m

pl
itu

de

f3

fd

2f3

3f3

4f3

(b)

Figure 12: Spectrum of the planetary gearbox with the coupling faults of fixed-axis gear crack and planetary gear wear: (a) frequency domain
and (b) frequency refinement spectrum.

the 1st-stage pinion (spur gear 1 in Figure 1) with the crack
length 𝑞1 = 1mm and the crack angle 𝜐 = 70∘, as shown
in Figure 3. Planetary wear fault occurs in the first planetary
gear 𝑝1 in Figure 1, and the planetary gear wear parameter
is 𝑎 = 0.1 (Figure 5). Sampling frequency is 3000Hz, the
number of sampling points is 2048, and the axial measure-
ment points of the fixed-axis gearbox drive side are selected
for testing. In order to facilitate the comparison, the spec-
trums are normalized to get the dimensionless spectrum in
normal state and coupling faults state (Figure 11).

The amplitude of the 2nd-stage fixed-axis meshing fre-
quency 𝑓2 and its doubling 2𝑓2 increased in the coupling

faults state (Figures 11(a) and 11(b)). Around the fixed-axis
gear meshing frequency 𝑓1 appears a large amount of fixed-
axis fault characteristic frequency 𝑓𝑑. But the amplitude of
the planetary gear meshing frequency 𝑓3 is relatively weak,
and the surrounding frequency is not easy to identify. So
the dimensionless radial spectrum of the planetary gearbox
under the coupling faults state is investigated, as shown in
Figure 12.

The amplitude of planetary gear meshing frequency 𝑓3
and its frequency-doubling (2𝑓3, 3𝑓3, and 4𝑓3) in vibration
signals of the planetary gearbox greatly increased (Figures 12
and 11). As can be seen in the frequency refinement diagram
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near the frequency of the planetary gear, the fault frequency of
the fixed axis 𝑓𝑑 is found around 𝑓3, which is consistent with
the numerical simulation results. By observing the vibration
signal of the fixed-axis gearbox and the planetary gearbox, the
fixed-axis crack fault and the planetary gear wear fault were
identified.

5. Conclusion

In this study, dimensionless dynamical equations of gear
transmission system which contains a two-stage fixed-axis
gear with crack fault and a one-stage planetary gear with
wear fault were established. With contrasted bifurcation
and frequency spectrum characteristics of system in normal
condition and coupling faults condition, it found that when
the system has the coupling fault, the fault characteristics are
similar to single fixed-axis crack fault when the excitation
frequency is less than 3, and the fault characteristics are
similar to single planetary gear wear fault when the excitation
frequency is greater than 3. This paper studied the planetary
wear fault at high excitation frequency. Fault frequency
characteristics caused by the coupling faults of the fixed-axis
crack fault and the planetary gear wear fault were analyzed.
Simulation analysis shows that the crack fault in fixed-axis
gear brings up peaks in doubling of 1∼10 for fault frequency,
the wear fault in planetary gear increases the amplitude of
meshing frequency and its double and triple, and the coupling
of both shows two kinds of fault features around the planetary
gear meshing frequency. For the test rig, by observing the
vibration signal of the fixed-axis gearbox and the planetary
gearbox, it is found that the experimental characteristics are
consistent with the numerical simulation results. Through
numerical simulation results the fixed-axis crack fault and
the planetary gear wear fault are accurately identified. This
study explored the complex fault features in multistage gear
transmission system and cognized fault dynamic behaviors
of multistage gear transmission system comprehensively to
diagnose the complex fault of multistage gear accurately.
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