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A dynamic model is proposed in this paper for analyzing the nonlinear characteristics of a flexible blade. The dynamical equation
of motion for a rotational flexible blade in a centrifugal force field is established based on the finite element method. Amacro-stick-
slip mechanical model of dry friction is established to simulate the constraint condition of the flexible blade.The combined motion
of the external excitation and friction produces a piecewise linear vibration which is actually nonlinear. The numerical integration
method is employed to calculate the vibration reduction characteristics of the nonlinear constrained rotating blade. The results
show that the nonlinear dry friction force produced by the dovetail interface plays an important role in vibration reduction. And
the effect of dry friction vibration reduction is significant when the rotating speed is slow or the friction coefficient is small. Besides,
the magnitude of external excitation also has a great impact on the state of the friction. Therefore, some relevant experimental
researches should be done in the future.

1. Introduction

In the aeroengine components, the blade has the largest num-
ber and is the most prone to accident. The blade is inevitably
affected by the aerodynamic force and the centrifugal force
during the process of starting, running, and stopping of
the engine. This is one of the main reasons for the blade
damage. The dovetail attachment structure is often used in
the installation of modern aeroengine blades. This structure
has the advantage of simple manufacture. And it can also use
the dry friction to reduce the vibration level of blade. Thus,
the high cycle fatigue damage of the blade is reduced. And
the service life of the blade is longer. Therefore, the design
of the blade connection structure and the construction of
the dry friction mechanics model are the important contents
of the research and design of aeroengine blade. In recent
decades, many scholars at home and abroad have carried out
in-depth theoretical analysis and experimental research on
the dynamic characteristics of the blade. They have achieved
fruitful results and laid a solid foundation for the further
study of the later generations.

The natural characteristics of the blade have been studied
in the early studies of blade. Turhan and Bulut [1] investigated

the nonlinear bending vibrations of a rotating beam. The
perturbation analysis was used to obtain the natural frequen-
cies and the frequency responses. Chung and Yoo [2] used
the finite element method and the discretized equations to
investigate the behaviors of the natural frequencies with the
variation of the rotating speed. Tsai [3] used the FEM to
explore the dynamic characteristics of a single blade, 6-blade
groups, and 12-blade groups and found that the vibration
frequency and mode shape of single blade are in good
agreement with that of the whole blade. Yan et al. [4] used the
experimental mode analysis and mode correction methods
to investigate the coupling vibration of the mistuned blade-
disk in aeroengine and found the right working frequency
range of aeroengine. Park et al. [5] investigated the vibration
characteristics of the rotating blades of the wind-turbine and
obtained the accurate natural frequencies of blades through
the numerical method.

In order to find out the reason for blade damage and
prevent it, many experts have done a lot of researches on
the dynamic characteristics of the blade. Choi and Lee [6]
used the modal analysis for one blade and the assembly of
the blades to check the dynamic characteristics of the blades.
The results showed that it is close to the resonance condition
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of the assembled blades when the blade is broken. Al-Bedoor
and Al-Qaisia [7] used a reduced order nonlinear dynamic
model to investigate the forced vibrations of a flexible rotating
blade under the excitation of shaft torsional vibration. Yao et
al. [8] investigated the nonlinear dynamic characteristics of
the rotating blade and used the bifurcation diagram, phase
portrait, and power spectrum to demonstrate that periodic
motions and chaotic motions occur in nonlinear vibrations
of the rotating blade under certain conditions. Lee et al. [9]
developed a computational model for the dynamic charac-
teristics of a rotor-blade system. The dynamic characteristics
of the system for various system parameters were obtained.
Li et al. [10, 11] established a dynamic model of rotor-blade
coupling system with elastic restraints to investigate the
influence of shaft bending on the coupling vibration of rotor-
blades system and analyze the nonlinear dynamic behavior of
a continuum model. Allara [12] established different contact
models to investigate the dynamic response characteristics
of turbine blades and obtained the hysteresis curves of the
oscillating tangential contact force versus relation tangential
displacements and the dissipated energy at the contact for
different contact geometries.

It is known that the damage caused by the resonance
vibration of the blade is through analyzing the vibration
characteristics of the blade. Proper method must be found
to restrain the vibration of blade and increase the service
life of blades. There are many works that have been done on
the vibration reduction, but the primary method is to reduce
the vibration by friction. Hartog [13] developed an ideal dry
friction model which can qualitatively analyze the effect of
the dry friction vibration reduction. Iwan [14] proposed the
famous piecewise nonlinear hysteresis model and studied
the dynamic responses of the system of a single degree of
freedom and two degrees of freedom. Yang and Menq [15]
used the Coulomb friction law and the macroslip model
to investigate the coupling contact kinematics and devel-
oped the mathematical expression of the dry friction force.
Ciğeroğlu and Özgüven [16] indicated that the microslip
model can provide more accurate results by applying a quasi-
linearization technique. They proposed a new model about
all blades around the disk, which developed the microslip
method and validated feasibility of the model. Xu et al.
[17, 18] presented a macroslip model to determine the dry
friction force on the contact interface between the blade
dovetail attachment and the disk dovetail groove. And a
lumped-mass-spring model was used to explore the effect of
some control parameters of a damped structure on its forced
response.

Several suitable friction models are obtained through the
studies of the above. And there are some suitable methods
which can be used to study the possibility of friction vibration
reduction. Wang and Chen [19] used the HBM to explore the
vibration characteristics of blade and computed the accurate
steady-state response of bladewith damper.Ding et al. [20, 21]
presented an analytical method for determining the steady-
state response of a system with dry friction damper. Sinha
[22] discussed the transient response of the rotor with the
blades deforming. And the Numerical results were presented
for the highly nonlinear impact dynamics problem of hard

rub with Coulomb friction. Cao et al. [23] analyzed the
2D friction contact problem of a flexible blade and found
that the gap between the tips and the rotating speed of the
blade significantly influence the dynamics of the system.
Wang and Long [24] established the mechanical model of
bladed diskswith randommistuning of hysteretic dry friction
damping, and used an incremental harmonic balancemethod
to analyze the effects of parameters of bladed disks on its
forced response. Zhang et al. [25] developed the constitutive
relation of dry friction force for blade-root damper based on
a microslip friction model and used the harmonic balance
method to analyze the effect of dry friction on vibration
performances of mistuned bladed disk system. Pust et al.
[26] used a harmonic excitation near the natural frequency
of blade to act on a blade system with damping element and
investigated the vibration response characteristics of blade
with dry friction dampers. Zhang et al. [27] described an effi-
cient method to predict the nonlinear steady-state response
of a complex structure with multiscattered friction contacts
and analyzed the nonlinear response of the blade with under-
platform dampers. Ozaydin and Ciğeroğlu [28] used one-
dimensional macroslip friction model with constant normal
load to model the dry friction damper and investigated the
effect of dry friction damping on vibration attenuation of
helicopter tail shaft.

As can be seen from the previous references, the damage
of blade mostly occurs in the resonance region. And most
present studies simplify blade as the lumped-massmodel.The
deviation of this model from the actual shape of the blade is
large. In order to simulate the actual shape of flexible blade
more accurately and reduce the resonance peak, the discrete
model of the blade based on the finite element method is
established. And the ideal dry friction mechanical model is
used to simulate the boundary conditions of the blade. This
conforms to the dynamic environment of the rotating flexible
blade. The effects of the parameters of blade system like the
rotating speed, the friction coefficient, and the amplitude of
external excitation on the vibration reduction characteristics
of the blade are studied and the transient response of the blade
is analyzed in this paper.

2. The Establishment of Dynamic Model

The structural diagram of the rotating blade with dovetail
interface is shown in the Figure 1(a). In the model, 𝑅, Ω,
and 𝐿 stand for the radius of the disk, the rotating speed
of blade, and the length of blade, respectively. 𝜔(𝑥, 𝑡) is the
transverse displacement of the blade.The force analysis of the
infinitesimal body d𝑥 is shown in Figure 1(b).𝑀 and𝑉 stand
for the bending moment and the shearing force, respectively.

According to the knowledge ofmechanics of elasticity, the
influence of shearing deformation is considered. When the
blade is deformed by the external excitation in the rotating
state, the total energy equation Π can be written as follows:

Π = 12 ∫𝑅+𝐿
𝑅

𝐸𝐼(𝜕2𝜔b (𝑥, 𝑡)𝜕𝑥2 )2 d𝑥
+ 12 ∫𝑅+𝐿
𝑅

𝐺𝐴𝑘 (𝜕𝜔s (𝑥, 𝑡)𝜕𝑥 )2 d𝑥
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Figure 1: The continuous model of the blade with dovetail interface.

+ 12 ∫𝑅+𝐿
𝑅

𝑁Ω (𝜕𝜔 (𝑥, 𝑡)𝜕𝑥 )2 d𝑥
+ 12 ∫𝑅+𝐿
𝑅

𝜌𝐴(𝜕𝜔 (𝑥, 𝑡)𝜕𝑡 )2 d𝑥,
(1)

where the first item on the right of equal sign is the bending
strain energy. The second is the shearing strain energy. The
third is the centrifugal strain energy. And the fourth is the
kinetic energy of blade. 𝜔(𝑥, 𝑡) is the transverse displacement
resulting from the deformation of blade; 𝜔b(𝑥, 𝑡) is the
transverse displacement caused by the bending deformation;𝜔s(𝑥, 𝑡) is the transverse displacement due to the shearing
displacement; what is more 𝜔(𝑥, 𝑡) = 𝜔b(𝑥, 𝑡) + 𝜔s(𝑥, 𝑡); 𝐸,𝐺, and 𝐼 denote Young’s Modulus, the modulus of shearing,
and the moment of inertia, respectively;𝑁Ω is the centrifugal
force of the blade, 𝐴 is the cross-sectional area, and 𝜌 is
density and 𝑘 is the correction factor for considering the fact
that the actual shearing strain and shearing stress are not
uniformly distributed.

There are generally two methods for the numerical dis-
cretization of the total energy which is shown in (1). The first
is the numerical discretization by using its modal functions.
The second is the discretization of the finite element method
by using the shape functions.The plane beam element is used
to discretize the blade in this paper. And the whole blade is
divided into 30 elements. The stiffness matrix and the mass
matrix of the element are derived from the local coordinate
system oxy. The transverse displacement of an element is𝜔𝑒 = 𝜔𝑒b + 𝜔𝑒s in the discrete modal considering the effect
of the shearing deformation.

In the local coordinate system oxy, the strain energy
caused by bending and shearing deformation of any element
can be written as follows:

𝑈𝑒b = 12 ∫𝑖𝑙
(𝑖−1)𝑙

𝐸𝐼(𝜕2𝜔𝑒b𝜕𝑥2 )2 d𝑥,

𝑈𝑒s = 12 ∫𝑖𝑙
(𝑖−1)𝑙

𝐺𝐴𝑘 (𝜕𝜔𝑒s𝜕𝑥 )2 d𝑥,
(2)

where 𝑙 is the length of an element, 𝑖 is the ordinal number of
the elements, and 𝑖 = 1, 2, 3, . . . , 𝑛. In this paper 𝑛 = 30.

The blade is affected by the centrifugal force under the
working condition. And the centrifugal strain energy which
is produced by any elements can be shown as

𝑈𝑒c = 12 ∫𝑖𝑙
(𝑖−1)𝑙

𝑁𝑒𝑖 (𝑥𝑒) �̇�𝑒2 (𝑥𝑒, 𝑡) d𝑥𝑒, (3)

where𝑥𝑒 is the distance fromapoint in an element to the front
end of the element; 𝜔𝑒(𝑥𝑒, 𝑡) is the transverse displacement of
this point;𝑁𝑒𝑖 (𝑥𝑒) is the centrifugal force of this point and can
be written as follows:

𝑁𝑒𝑖 (𝑥𝑒) = ∫𝐿
(𝑖−1)𝑙+𝑥

𝑒

𝜌𝐴Ω2 [𝑅 + (𝑖 − 1) 𝑙 + 𝑥𝑒] d𝑥. (4)

𝑁b(𝑥), 𝑁s(𝑥) are the element shape functions. And 𝛿𝑒b,
𝛿
𝑒
s are the element nodal displacement arrays. They are

substituted into the element strain energy equations after the
bending strain energy 𝑈𝑒b, the shearing strain energy 𝑈𝑒s , and
the centrifugal strain energy 𝑈𝑒c of the element are obtained.
The bending stiffness matrix k𝑒b, the shearing stiffness matrix,
and the centrifugal stiffnessmatrix k𝑒c are obtained.Therefore,
the element stiffness matrix k𝑒 is obtained by integrating the
above three matrices.

The kinetic energy of any element consists of two parties.
It can be expressed as given below:

𝑇𝑒 = 𝑇𝑒b + 𝑇𝑒s
= 12 ∫𝑖𝑙
(𝑖−1)𝑙

𝜌𝐴(𝜕𝜔b𝜕𝑡 )2 d𝑥
+ 12 ∫𝑖𝑙
(𝑖−1)𝑙

𝜌𝐴(𝜕𝜔s𝜕𝑡 )2 d𝑥,
(5)

where𝑇𝑒b and𝑇𝑒s are the kinetic energy caused by the bending
deformation and the shearing deformation, respectively. Sim-
ilarly, the mass matrices𝑚𝑒b and𝑚𝑒s can be obtained based on
the kinetic energy of the element.Then, the twomassmatrices
are integrated to obtain the element mass matrixm𝑒.

After obtaining the strain energy and the kinetic energy
of the element, the total energy Π of the discretized model
can be written as follows:

Π = 𝑛∑
𝑖=1

𝑈𝑖b + 𝑛∑
𝑖=1

𝑈𝑖s +
𝑛∑
𝑖=1

𝑈𝑖c + 𝑛∑
𝑖=1

𝑇𝑖. (6)



4 Shock and Vibration

The element stiffness matrix k𝑒 and the element mass
matrixm𝑒 are transformed from the local coordinate system
to the whole coordinate system. Then, the whole stiffness
matrixK and thewholemassmatrixM are obtained bymeans
of the set of elementmatrices.Thedamping of thewhole blade
system is expressed by Rayleigh damping; its expression is

C = 𝛼M + 𝛽K. (7)

𝛼 and 𝛽 are the coefficients of Rayleigh damping.They can be
expressed as follows:

𝛼 = 2 (𝜉2/𝜔2 − 𝜉1/𝜔1)(1/𝜔22 − 1/𝜔21) , (7.1)
𝛽 = 2 (𝜉2𝜔2 − 𝜉1𝜔1)(𝜔22 − 𝜔21) , (7.2)

where 𝜔1 and 𝜔2 are the first-order and the second-order
natural angular frequency of the blade, respectively; 𝜉1 and 𝜉2
are the damping coefficients corresponding to the two natural
frequencies, respectively.

3. The Establishment of Mechanical Model

The tenons are closely connected together to form the contact
interfaces due to the centrifugal force of the blade. There
are complicated nonlinear forces at the contact interfaces.
In order to research the effect of the nonlinear force on
the natural characteristics of the blade, an ideal dry friction
model is established to simulate the nonlinear force of the
tenon joint. The mechanical model of the dry friction is
illustrated in Figure 2, where 𝛾 is tenon angle and 𝜙 and 𝜂
are the angle between the contact interface and the vertical
direction. A1 and A2 are the contact interfaces of the tenon;𝑥(𝑡) is the horizontal displacement of the blade-root; 𝑑u and𝑑v are the displacement of the contact interfaces A1 and A2,
respectively; 𝑁Ω is the centrifugal force of blade; 𝑁1 and 𝑁2
are the normal pressure on the two contact interfaces; 𝑘1, 𝑓1,
and 𝜇1 are the shearing stiffness, the friction force, and the
friction coefficient of the contact interface A1, respectively.𝑘2, 𝑓2, and 𝜇2 stand for the shearing stiffness, the friction
force, and the friction coefficient of the contact interface
A2, respectively. 𝑤1 and 𝑤2 are the displacement of the dry
friction damper.

In order to facilitate analysis and calculation, the follow-
ing simplifications are made in this paper.

(1)The influence of the change of the friction force on the
normal pressure acting on the contact interface is ignored.

(2)The effects of the twisting, the spanwise displacement,
and the installation angle of the blade are neglected. Only the
transverse displacement of the blade is considered.

(3) It is assumed that the contact interfaces are always
in contact with each other. No separation occurs under the
action of the centrifugal force.

N1
N2

NΩ

k1 f1

w1

1

k2

f2

w2 2x(t)

 



du dv

！2！1

Figure 2: The mechanical model of the dry friction.

The displacements of the two contact interfaces are
obtained from the geometric relation in Figure 2:

𝑑u = 𝑥 (𝑡)
cos 𝛾 ,

𝑑v = 𝑥 (𝑡)
cos 𝛾 .

(8)

As shown in Figure 2, when the elasticity of the shearing
spring is smaller than the slipping friction force, the contact
interfaces are in sticking state. On the contrary, the contact
interfaces are in slipping state. Therefore, the mathematical
expression of the dry friction force can be written as follows:

𝑓1 = {{{
𝑘1 (𝑑u − 𝑤1) 𝑘1 𝑑u − 𝑤1 < 𝜇1𝑁1
𝜇1𝑁1 sgn (�̇�1) 𝑘1 𝑑u − 𝑤1 ≥ 𝜇1𝑁1,

𝑓2 = {{{
𝑘2 (𝑑v − 𝑤2) 𝑘2 𝑑v − 𝑤2 < 𝜇2𝑁2
𝜇2𝑁2 sgn (�̇�2) 𝑘2 𝑑v − 𝑤2 ≥ 𝜇2𝑁2.

(9)

According to the mechanical balance and neglecting the
influence of the friction force, the positive pressure acting on
the contact interface can be expressed as follows:

𝑁1 = 𝑁2 = 𝑁Ω2 cos 𝛾 . (10)

Assuming that the rotating speed is Ω, the centrifugal
force of the blade is

𝑁Ω = ∫𝑅+𝐿
𝑅

𝜌𝐴Ω2𝑥 d𝑥. (11)

It can be seen that the dry friction force is segmented
in the period of blade vibration from its mathematical
expression. Taking the contact interface A1 as an example,
the contact interfaces of the tenon-mortise will be in sticking
statewhen the elasticity 𝑘1|𝑑u−𝑤1| is smaller than the slipping
friction force 𝜇1𝑁1. Then the speed of the damper is �̇�1 = 0.
The contact interfaces of the tenon-mortise will be in slipping
state when the elasticity 𝑘1|𝑑u −𝑤1| is bigger than or equal to
the slipping friction force𝜇1𝑁1.Then the speed of the damper
is �̇�1 = ̇𝑑u. Therefore, the speed of the damper can be used to
judge the state of the contact interfaces.

�̇�1 = {0 sticking state
̇𝑑u slipping state.

(12)
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Table 1: The default parameters of the blade system.

Parameters Disk
radius (𝑅) Blade

length (𝐿) Blade
width (𝑏)

Blade
thickness(ℎ) Density (𝜌) Element

number(𝑛)
Young’s
modulus(𝐸)

Poisson’s
ratio (]) Correction

factor (𝑘)
Shear
stiffness(𝑘1, 𝑘2)

Value 350mm 150mm 60mm 7mm 7850 kg/m3 30 200GPa 0.3 6/5 8 × 106N/m
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Figure 3: The amplitude-frequency response curves of blade at different rotating speeds.

The integral of the above equation is obtained:

𝑤1 = {{{
𝑐1 sticking state

𝑑u + 𝑐2 slipping state,
(13)

where 𝑐1, 𝑐2 are constant number. But the values of 𝑐1, 𝑐2
are unknown. Therefore, the influence of 𝑐1 and 𝑐2 can be
eliminated by using the displacement difference between the
former and later moments of the damper in the process of
iterative calculation. Then the expression from formula (13)
can be obtained:

Δ𝑤1𝑠 = 𝑤1𝑠 − 𝑤1(𝑠−1) = {{{
0 sticking state

Δ𝑑u𝑠 slipping state,
(14)

where 𝑠 represents the order of iterations. From (14), it can
be seen that the displacement difference Δ𝑤1𝑠 = 0 when the
contact interfaces of the tenon-mortise are in sticking state
and Δ𝑤1𝑠 = Δ𝑑u𝑠 when the contact interfaces of the tenon-
mortise are in slipping state.

The friction forces of the two contact interfaces are all
along the contact interface, but in the opposite direction.The
components of the friction force in vertical and horizontal
direction are

𝑓v = 𝑓1 sin 𝛾 − 𝑓2 sin 𝛾,
𝑓h = 𝑓1 cos 𝛾 + 𝑓2 cos 𝛾. (15)

Thegeometric relationship of the tenon shows that𝑓v = 0.
The stiffness matrix K, the mass matrixM, and the damping
matrix C of the system are known. The dynamic equation of
the system can be written as follows:

MẌ + CẊ + KX = Q (𝑡) − Fh (𝑥, 𝑡) . (16)

where Q(𝑡) is the external excitation and Fh(𝑥, 𝑡) is the
friction vector.

4. The Natural Characteristics

In this paper, the default parameters of rotating blades are
shown in Table 1.

The rotating speed of blade is Ω = 200 rad/s. The friction
coefficients of the contact interfaces are equal: 𝜇1 = 𝜇2 =0.2. The harmonic excitation Q(𝑡) = 𝑃a sin(𝜔𝑡) is used to
simulate the aerodynamic excitation, where the excitation
amplitude𝑝a = 500Nand the angular frequency of excitation𝜔 = 1600 rad/s. This section will analyze the effect of
the rotating speed of blade, the friction coefficient, and the
excitation amplitude on the nonlinear characteristics of blade,
respectively.

4.1. The Effect of Rotating Speeds. Figure 3 shows the
amplitude-frequency response curve of the blade-tip at differ-
ent rotating speeds. And each curve corresponds to different
rotating speeds. In Figure 3(a), the amplitude-frequency
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Figure 4: The responses of blade-root at different rotating speeds ((a) is the time-domain response, (b) is the frequency spectrum, and (c) is
the phase diagram).

response curve of the blade shows a certain hard nonlinear
phenomenon when the rotating speed of blade is less than
350 rad/s. The resonance peak of the blade has a tendency of
shift to the right. And the value is obviously lower than that of
the linear phenomenon. At the same time, the resonance peak
of blade increases with the rotating speed. When the rotating
speed is higher than 350 rad/s, the amplitude-frequency
response curve is no longer nonlinear. However, the resonant
frequency of the blade increases gradually. And the resonance
peak decreases gradually with the rotating speed. It can also
be seen from the diagram that when the rotating speed
is lower, the blade also has a large response amplitude in
the low-frequency area. Figure 3(b) shows the amplitude-
frequency response curve of blade at slow speed. In addition
to the higher response amplitude at low frequencies, the
amplitude-frequency response curve exhibits a soft nonlinear
phenomenon when the excitation angular frequency ranges
from 600 rad/s to 900 rad/s. There is the same trend as the
result which is obtained in [15]. In the current excitation
frequency range, which is far less than the first natural
frequency, the blade should behave as a rigid body. But the

soft nonlinear phenomenon disappeared immediately with
the increase of the rotating speed of blade.

This paper takes the response of the blade-root as an
example. The transient response characteristics of the blade
are observed because of the friction force acting on the tenon
of blade. In order to make the response more obvious, the
excitation angle frequency is 1600 rad/s which is close to the
first natural frequency of the blade.When the rotating speeds
are 100 rad/s, 200 rad/s, and 600 rad/s, the time-domain
response diagram, the frequency spectrum, and the phase
diagram of blade-root are shown as (a1), (b1), (c1); (a2), (b2),
(c2); and (a3), (b3), (c3) of Figure 4, respectively. When the
rotating speeds are slow, such as 100 rad/s and 200 rad/s, the
time-domain waveform shows a harmonic phenomenon and
the response amplitude decreases because of the nonlinear
dry friction force. There are not only dominant frequency,
but also obvious 3x and 5x components in the frequency
spectrum. And the phase diagram of the blade-root is no
longer smooth, indicating that themotion of the blade is com-
plicated.When the rotating speed is higher, such as 600 rad/s,
the time-domain waveform of blade-root shows that a simple
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Figure 5:The variation curves of dry friction force at different rotating speeds (subscript 1 represents the variation curve of dry friction force
and subscript 2 represents the hysteresis loop).

harmonic variation and the response amplitude are small.
There is only dominant frequency in the frequency spectrum.
It proves that there is not nonlinear phenomenon at this
moment.Thephase diagram changes smoothly and regularly.

In Figure 5, (a1) and (a2), (b1) and (b2), and (c1) and
(c2) show the variation curves of dry friction force and
the hysteresis loops when the rotating speeds are 100 rad/s,
200 rad/s, and 600 rad/s, respectively. They can reveal the
variation of dry friction force at different rotating speeds.
When the rotating speeds are 100 rad/s and 200 rad/s, the
dry friction force shows a wave clipping phenomenon with
time and will keep constant for a period after it reaches the
maximum value. The maximum value of dry friction force
will increase with the rotating speed. But the time of the
dry friction force at its peak will gradually decrease. The dry
friction force varies piecewise linearly with the displacement
of blade-root under these speeds. The hysteresis loop of dry
friction force is a closed parallelogram. And the area of it
represents the energy consumed by dry friction. The area
of the hysteresis loop (2 × the peak of dry friction force ×
slipping distance = 0.76) in Figure 5(b2) is larger than that
(2 × the peak of dry friction force × slipping distance =
0.29) in Figure 5(a2). The result illustrates that the energy
consumption of dry friction is larger when the rotating speed
is 200 rad/s.Thatmakes the response amplitude of blade-root
smaller.When the rotating speed of the blade is 600 rad/s, the
dry friction force presents a simple harmonic variation with
time and the hysteresis loop is a reciprocating straight line.
There is no energy consumption at this moment.

4.2. The Effect of Friction Coefficient. The dry friction force
and the vibration reduction characteristics of the blade are

directly affected by the change of friction coefficient. In order
to research the effect of friction coefficient on the vibration
reduction characteristics, the amplitude-frequency curves of
blade-tip at different friction coefficients are obtained when
the rotating speeds are 200 rad/s and 400 rad/s, respectively.
It can be seen form Figure 6(a) that when the friction
coefficient of the contact interfaces is small, the amplitude-
frequency curves of the blade-tip exhibit a certain hard
nonlinear phenomenon. And the response amplitude of the
blade increases and the nonlinear phenomenon decreases
gradually with the friction coefficient in resonance region.
There is no longer nonlinearity in the amplitude-frequency
curve of blade-tip when the friction coefficient is bigger
than before. It can be obtained by comparing Figure 6(a)
with Figure 6(b) that the response amplitude of the blade in
resonance region is larger and the nonlinear phenomenon
is relatively weak when the friction coefficients are the same
and the rotating speed is higher. Therefore, the effect of dry
friction vibration reduction ismore obviouswhen the friction
coefficient is small and the rotating speed is slow.

In order to further research the effect of the friction
coefficient on the vibration reduction characteristics of blade.
The transient response of the blade-root at different friction
coefficients is observed. When the friction coefficients are
0.2, 0.4, and 0.8, the time-domain response diagram, the
frequency spectrum, and the phase diagram of blade-root
are shown as (a1), (b1), (c1); (a2), (b2), (c2); and (a3), (b3),
(c3) of Figure 7, respectively. When the friction coefficients
are small, such as 0.2 and 0.4, the time-domain waveform
shows a harmonic phenomenon and the response amplitude
decreases because of the nonlinear dry friction force. There
is not only dominant frequency, but also obvious 3x and



8 Shock and Vibration

500 1000 1500 2000 2500 3000
0

2

4

6

8

10

12

100

A
m

pl
itu

de
 A

 (m
m

)

 = 0.10

 = 0.15

 = 0.20

 = 0.40

 = 0.60

 = 0.80

Frequency  (rad/s)

(a) The rotating speed is 200 rad/s

500 1000 1500 2000 2500 3000
0

2

4

6

8

10

100

A
m

pl
itu

de
 A

 (m
m

)

 = 0.10

 = 0.15

 = 0.20

 = 0.40
 = 0.60

 = 0.80

Frequency  (rad/s)

(b) The rotating speed is 400 rad/s

Figure 6: The amplitude-frequency response curves of blade at different friction coefficients.
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Figure 7: The responses of blade-root at different friction coefficients ((a) is the time-domain response, (b) is the frequency spectrum, and
(c) is the phase diagram).
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Figure 8: The variation curves of dry friction force at different friction coefficients (subscript 1 represents the variation curve of dry friction
force and subscript 2 represents the hysteresis loop).

5x components in the frequency spectrum. And the phase
diagram of the blade-root is also shown as a complicated
curve. When the friction coefficient is bigger, such as 0.8,
the time-domain waveform of blade-root shows a simple
harmonic variation and the response amplitude is bigger
than that of before. There is only dominant frequency in
the frequency spectrum. And the phase diagram changes
smoothly and regularly.

In Figure 8, (a1) and (a2), (b1) and (b2), and (c1) and
(c2) show the variation curves of dry friction force and the
hysteresis loops when the friction coefficients are 0.2, 0.4, and
0.8, respectively. They can reveal the variation of dry friction
force at different friction coefficients of contact interfaces.
When the friction coefficients are 0.2 and 0.4, the dry friction
force shows a wave clipping phenomenon with time and will
keep constant for a period after it reaches the maximum
value. The maximum value of dry friction force will increase
with the friction coefficient. But the time of the dry friction
force at its peak will gradually decrease. The dry friction
force varies piecewise linearly with the displacement of blade-
root. Meanwhile, the hysteresis loop of dry friction force is a
closed parallelogram. And the area of the parallelogram (2 ×
the peak of dry friction force × slipping distance) decreases
gradually with the increase of the friction coefficient. The
vibration dissipation by dry friction is low when the area of
the parallelogram is small. The dry friction force presents a
simple harmonic variation with the time and the hysteresis
loop is a reciprocating straight line when the friction coeffi-
cient is 0.8. And there is no energy consumption.

4.3. The Effect of Excitation Amplitude. Considering the soft
and hard nonlinear phenomena of the amplitude-frequency

curves at low and high rotating speed, the effect of different
excitation amplitudes on the vibration reduction charac-
teristics of the blade at a high or low speed is studied.
Figure 9 shows the amplitude-frequency response curves of
blade-tip at different excitation amplitudes when the rotating
speeds are 200 rad/s and 400 rad/s, respectively. Each curve
corresponds to different excitation amplitudes. It can be
seen from Figure 9(a) that the nonlinear phenomenon of
the amplitude-frequency curves is more obvious with the
increase of excitation amplitude. But the resonance peak
value of blade increases and the resonance zone also expands.
There is also a large response amplitude at the low frequency
when the excitation amplitude is too large. That is extremely
dangerous. In Figure 9(b), the amplitude-frequency curve
of the blade-tip does not show a nonlinear phenomenon
when the excitation amplitude is small. With the increase of
excitation amplitude, the nonlinear phenomenon ismore and
more obvious. And the value of resonance peak also increases
gradually. It can be known by comparing Figure 9(a) with
Figure 9(b) that the effect of dry friction vibration reduction
is obvious in the resonant region when the rotating speed is
slow. And the effect of vibration reduction is related to the
value of excitation amplitude.

In order to further research the effect of excitation
amplitude on the vibration reduction characteristics of blade,
the transient response characteristics of the blade-root at
different excitation amplitudes are observed. When the exci-
tation amplitudes are 100N, 500N, and 1000N, the time-
domain response diagram, the frequency spectrum, and the
phase diagram of blade-root are shown as (a1), (b1), (c1);
(a2), (b2), (c2); and (a3), (b3), (c3) of Figure 10, respectively.
When the excitation amplitude is small, such as 100N,
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Figure 9: The amplitude-frequency response curves at different excitation amplitudes.
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Figure 10: The responses of blade-root at different excitation amplitudes ((a) is the time-domain response, (b) is the frequency spectrum,
and (c) is the phase diagram).

the time-domain waveform of blade-root shows a simple
harmonic variation. There is only dominant frequency in the
frequency spectrum. And the phase diagram is smooth and
varies regularly. When the excitation amplitudes are bigger
than former, such as 500N and 1000N, the time-domain

waveform shows a harmonic phenomenon because of the
nonlinear dry friction force. There is not only dominant
frequency but also obvious 3x and 5x components in the
frequency spectrum. And the phase diagram of the blade-
root is also shown as a complicated curve. Compared with
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Figure 11:The variation curves of dry friction force at different excitation amplitudes (subscript 1 represents the variation curve of dry friction
force and subscript 2 represents the hysteresis loop).

(b1), (b2), and (b3), it is found that the response amplitude of
the blade-root increases with the excitation amplitude.

In Figure 11, (a1) and (a2), (b1) and (b2), and (c1) and
(c2) show the variation curves of dry friction force and the
hysteresis loops when the excitation amplitudes are 100N,
500N, and 1000N, respectively.They can reveal the variation
of dry friction force at different excitation amplitudes. The
dry friction force represents a simple harmonic variation
and the hysteresis loop is a reciprocating straight line when
the excitation amplitude is 100N. The dry friction does
not consume energy at this moment. The dry friction force
shows a wave clipping phenomenon with time and will keep
constant for a period after it reaches the maximum value
when the excitation amplitudes are 500N and 1000N. The
maximum value of dry friction force will not change with
the increase of the excitation amplitude. But the time of
the dry friction force at its peak will gradually increase.
The dry friction force varies piecewise linearly with the
displacement of blade-root. Meanwhile, the hysteresis loop
of dry friction force is a closed parallelogram. And the area of
the parallelogram (2× the peak of dry friction force× slipping
distance) increases gradually with the excitation amplitude.
The vibration dissipation by dry friction is largewhen the area
of the parallelogram is large.

5. Discussion

The constraining force of the blade changes with the rotating
speed. The constraining force is small so that the tenon-
mortise is in completely loosing state when the rotating
speed of the blade is slow. The blade will show the whole
rigid body vibration under the action of external excitation.

And the amplitude-frequency curve of the blade has a soft
nonlinear phenomenon in the low-frequency range. The
constraining force increases rapidly with the square of the
speed (𝑁Ω ∝ Ω2). The dry friction force shows piecewise
linearly change with the displacement of blade-root when
the rotating speed is less than 350 rad/s. That makes the
amplitude-frequency curve of blade represent a certain hard
nonlinear phenomenon. When the rotating speed continues
to increase, the constraining force is too large so that the
tenon and mortise are tightly attached together. Therefore,
the dry friction force shows linearly change with the displace-
ment of blade-root. And there is no nonlinear phenomenon
in the amplitude-frequency curve of the blade.

The dry friction can consume the energy generated by the
vibration of the bladewhen the blade is excited by the external
excitation, that reduces the response amplitude of the blade. It
is known that the sliding friction force of the contact interface
is proportional to the friction coefficient (𝑓 ∝ 𝜇). When the
friction coefficient is small, the tenon and themortise are easy
in a relatively slipping state. This will result in obvious effect
of the dry friction vibration reduction. On the contrary, the
tenon and the mortise will be in a sticking state for a longer
time if the friction coefficient is bigger. And the effect of the
dry friction vibration reduction is weakened.

Although the effect of the dry friction vibration reduction
is different when the blade is at a lower speed and higher
speed, respectively, the energy dissipation of dry friction
is also affected by the friction coefficient. But the rotating
speed of blade, the friction coefficient, and the amplitude of
the external excitation are affected by each other. Therefore,
the dry friction vibration reduction has different results in
different situations.
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6. Conclusion

In this paper, the effect of the rotating speed of the blade, the
friction coefficient of contact interface, and the amplitude of
the external excitation on the natural characteristics of the
blade is studied, respectively, based on the ideal dry friction
model and finite element method. The conclusions are as
follows.

(1) The amplitude-frequency curve of the blade has a
soft nonlinear phenomenon at the low-frequency range when
the rotating speed is small. The soft nonlinear phenomenon
disappears gradually with the increase of the rotating speed.
And the amplitude-frequency curve begins to show a certain
hard nonlinear phenomenon in the resonance region of the
blade. There is an obvious effect of dry friction vibration
reduction. But when the rotating speed is too high, there is
no nonlinear phenomenon in the amplitude-frequency curve
of blade and the effect of dry friction vibration reduction
disappears. Therefore, it is important to pay more attention
to the structure design of tenon-mortise. There are different
vibration reduction effects with different structural parame-
ters.

(2)The change of the friction coefficient has a great effect
on the vibration reduction characteristics of the blade. When
the friction coefficient is small, the amplitude-frequency
curve of blade is easy to show nonlinear phenomenon.
And the effect of the dry friction vibration reduction is
obvious. But with the increase of the friction coefficient, both
the nonlinear phenomenon and the effect of dry friction
vibration reduction begin to decrease.

(3) The change of the excitation amplitude also has a
certain effect on the vibration reduction characteristics of
the blade. The nonlinear phenomenon of the amplitude-
frequency curves is more obvious with the increase of the
excitation amplitude. Although the effect of dry friction
vibration reduction is increased, the blade response ampli-
tude also increases. Therefore, it is very important to prevent
the blade from being excited by the external excitation with
too large fluctuation.
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