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Time-dependent reliability models, failure rate models, and lifetime distribution models of belt drive systems are developed in
this paper, which take geometric parameters, material parameters, and motion parameters as the input and consider the dynamic
properties of the belt drive systems. Most of the reliability models of belt drive systems are static models. The proposed models
can take into account the time-dependent statistical properties of dynamic stress process. Moreover, the stiffness degradation is
considered in the established models, whose influences on reliability indices are analyzed in case study. The results show that
stiffness degradation has significant impacts on reliability, failure rate, and lifetime distribution. In addition, sensitivity models of
reliability with respect to input parameters are constructed, which can be used for the guidance of safe design of belt drive systems.

1. Introduction

As an important form of mechanical drive, belt drive systems
have been widely used in various mechanical products
including precision machineries and control systems [1-3].
For many mechanical systems, the working performance and
service lifetime are determined by the belt drive systems.
In practice, despite the advantages of high transmission
efficiency and low cost, belt drive systems are always encoun-
tered with the problems of vibration and fatigue, which
substantially reduces the operational lifetime of belt drive
systems [4]. Hence, it is vital to carry out reliability analysis
of belt drive systems to enhance the quality of mechanical
systems.

In the last few decades, a great deal of innovative work
has been concentrated on the dynamic analysis of belt
drive systems. For instance, Hu et al. established a three-
dimensional dynamic finite element model to consider the
pulley misalignment associated with its effects on dynamic
characteristics of belt drive systems [5]. Besides, three types
of misalignment were presented in the literature. In order
to achieve the velocity regulation of belts by correcting

the feedback control, Matsuda et al. developed a control
approach to reduce the velocity-fluctuation resulting from
belt thickness-variation [6]. Eliseev and Vetyukov simplified
the belt drive systems by a nonlinear string model and
revealed the effects of chosen strain measure on the param-
eters of steady operation [7]. Ding analyzed the steady-state
responses of a belt drive system with a one-way clutch [8]. The
nonlinear differential equations in the models were solved by
using the Galerkin truncation method. Li and Chen modeled
the belts as strings and analyzed coupled vibration of belt
drive systems by means of the modal method [9].

In general, the main difficulties in dynamic analysis of belt
drive systems lie in the mathematical description of belts and
the coupling between the motion of belts and that of pulleys.
Although some analytical methods for dynamic analysis of
belt drive systems have been provided by simplifying the
transmission belts as strings or a series of beams, many
geometric parameters and material parameters cannot be
reflected in these models. Furthermore, excessive simplifi-
cation could cause computational error. Besides, the results
are limited in deterministic dynamic analysis. It is difficult
to consider the randomness in the material parameters,
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structural parameters, and forces of belt drive systems in
the existing models, which limits the dynamic reliability
analysis of belt drive systems. In current reliability models
of belt drive systems, the system fatigue failure is analyzed
by comparing the static strength of belts and the tension in
the belts. Correspondingly, the system reliability is derived
by calculating the possibility that the static strength is larger
than the tension. However, the derivation of the tension lacks
further explanation and the reliability calculated is static. As
a matter of fact, the tension is essentially dynamic and related
to parameters of material, structure, and loads. Furthermore,
degradation of material parameters always takes place, such
as the strength degradation or the stiffness degradation. The
statistical properties of tension and those of the correspond-
ing stress under the tension are time-dependent. In this case,
the assumptions of ergodic and stationary process about the
dynamic tension and stress cannot be satisfied, which limits
the application of conventional rain flow counting (RFC)
method in the fatigue lifetime distribution analysis. There-
fore, it is necessary to develop dynamic reliability models of
belt drive systems considering their dynamic characteristics
with the material parameters, structural parameters, and
forces as input, which are seldom reported but conducive to
random lifetime analysis of belt drive systems. In practice,
the driving pulley and the driven pulley seldom fail to work
before the failure of belts. However, the dynamic stress in
the belts is directly decided by the motion of the pulleys.
Therefore, in this paper, dynamic reliability models and
random lifetime models of belt drive systems are established
based on the system dynamic properties.

This paper is structured as follows. Dynamic stress in
belts associated with the method for obtaining its distribu-
tion is derived in Section 2. The time-dependent reliability
models and lifetime distribution models of belt drive systems
considering time-dependent stiffness of belts are developed
in Section 3. Sensitivity models are provided in Section 4.
Section 5 presents a case study and the conclusions are
summarized in Section 6.

2. Random Dynamic Stress in Belts

In this section, all the deterministic responses serve as a series
of statistical samples to obtain the distribution of the random
load in the belts for the time-dependent reliability analysis
and the random lifetime distribution analysis. Currently,
there exists a large amount of literatures on deterministic
dynamic response analysis and static reliability analysis of belt
drive systems. However, the belt drive systems show obvious
dynamic working mechanism. Therefore, it is necessary to
establish time-dependent reliability models to evaluate the
quality and safety of the systems in their entire life cycle. At
present, time-dependent system reliability models are seldom
reported. Moreover, fatigue life analysis of the belts is mostly
completed under load with constant amplitude. Nevertheless,
the dynamic fluctuation and the randomness of load are
comprehensively encountered in practice. The joint effects of
the randomness in dynamic load, material parameters, and
structural parameters on lifetime distributions of belt drive
systems are seldom reported. The main purpose of this paper
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FIGURE 1: Structure of belt drive systems.

is to provide a theoretical basis for time-dependent reliability
analysis and the random lifetime distribution analysis.

2.1. Problems in Solution of Dynamic Stress via Analytical
Models. Typical structure of a belt drive system can be seen in
Figure 1. The driving pulley inputs energy for the operation of
the whole system. The belts transfer the input energy via the
friction between the pulleys and the belts. To investigate the
dynamic characteristics of the belt drive systems, the motion
of the driving pulley and the driven pulleys can be expressed
as follows:

My +Cyy + Ky = Fy, @

where y; = [x; y, x, y,] are the generalized coordinates of
the centroids of the driving pulley and the driven pulleys. F,
includes the normal pressure and the friction from the belts
and the forces caused by mass eccentricity.

When the boundary conditions of (1) are given, the
motion of the endpoints of the belt spans can be obtained,
which can be taken as the boundary conditions of the
string models and the beam models for the motion of the
belt spans. The dynamic stress and the fatigue failure are
closely correlated with the vibration of belts in the transverse
direction. Thus, the investigation in the vibration in the
transverse direction accounts for the majority of the research
in the vibration of belts. Generally, the string model for the
motion in the transverse direction of the belt spans can be
expressed as follows [9]:
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where p is the mass of belts per unit length, V is the velocity of

the belts, and F is the initial tension in the belts. In addition,

the beam model for the motion in the transverse direction of

the belt spans can be calculated as follows [10]:
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From (2) and (3), it can be learned that it is difficult

to acquire an accurate response of the belts. Moreover,

the simplification in the modeling of normal pressure and

friction, the simplification in the solution of the motion of

belt spans, and the coupling between the transverse vibration
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and the longitudinal vibration make it hard to obtain accurate
dynamic tension and dynamic stress. Besides, owing to the
existence of crack as well as its propagation, the average
or equivalent stiffness of belts presents a time-dependent
variation, which make it more difficult to derive the motion
equation of the belt drive systems and obtain the dynamic
stress. Furthermore, current work for dynamic analysis of belt
drive systems is mainly focused on deterministic response
analysis. In the reliability evaluation of belt drive systems,
the randomness of both the input parameters and the time-
dependent parameters in the motion equations has to be
take into account. The methods for time-dependent reliability
analysis of belt drive systems are seldom reported.

2.2. Random Dynamic Tension and Stress in Belts via Sim-
ulations. In this paper, the multibody program ADAMS is
adopted to consider the system dynamic properties and
derive the dynamic tension in the belts for system reliability
assessment. For different components in a belt drive system,
the system dynamic equation can be derived by the Lagrange
equation as follows [11-13]:

d(:\_ 2 u roa)f, o
dt<a§') a£+a€,+[a§]( L=0, Q=0, (4

where Q is the constraint equations, { is the Lagrangian
multiplier, and £ is the generalized coordinates. Besides, U
stands for the energy dissipation function, L represents the
generalized force, and Q is the difference between the system
kinetic energy and the system potential energy. Then, the
motion equations of a system can be expressed by [11]

:0,

where M, K, and D are the mass matrix, the stiffness matrix,
and the damping matrix, respectively. In the simulation
model, the input power is represented by the time-dependent
velocity of driving pulley. The force and motion are trans-
ferred through the pressure and friction between the belts and
the pulleys as shown in Figure 2 with the friction coeflicient
expressed as follows [14]:

B
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where v,, v,, and v; are the relative velocity between the
pulley and belts, the stick-slip conversion speed, and the
static-sliding conversion speed, respectively. a, and a, are the
sliding friction coeflicient and the static friction coefficient.
The pulleys are modeled as rigid bodies. In order to consider
the flexibility of the belts, the belts are always divided into
a series of small segments that are connected with flexible

Vi <V,

elements as shown in Figure 2. These flexible elements can
be regard as a generalized elastic force vector denoted by

= (Fo. Fy, F,, T,, T, T,]. F, and T, represent a force and a

moment in a certain direction, respectively [15-17]. It should
be noted that when the belts are discretized into a series of
rigid bodies with equal length, periodic excitation could be
incorporated in the system. This problem can be resolved
by introducing some randomness in the definition of rigid
elements length.

In practice, the vibration of the belts always comes
from the external motion input into the belt drive systems,
which significantly influences the fatigue lifetime of the belts
drive systems. To describe this external motion, besides the
rotation, a periodic translational velocity is applied to the
centroid of the driving pulley as shown in Figure 2.

By using the established model, the dynamic tension and
stress can be obtained. However, the results are deterministic
rather than random. To express the randomness in the
dynamic stress, the response surface methodology is adopted
in this paper and the assumptions about the motion of the
belts are listed as follows.

(1) The operational duration T of the belts is divided into
a series of time interval t; (i = 1,2,...,n)

(2) The statistical characteristics of the dynamic stress
change due to the stiffness degradation, which occurs
gradually and can be mathematically expressed by
the probability density function (PDF) f(w;) (i =
1,2,...,n) in each time interval.

In the situation where the external motion is random,
the dynamic stress also presents its random characteristics.
Provided that the motion parameters are denoted by y =
(v, v, V,,], the stress w can be obtained via the
response surface methodology as follows:

1y L&)
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In the case of sufficient samples, the coefficients in (7) can be
acquired via the least square method.

Due to the time-dependent statistical characteristics of
the dynamic stress, the interference of dynamic stress and
dynamic strength in each time interval has to be considered,
which is different from the conventional RFC method under
ergodic stationary stress. Provided that the statistics of the
instant distribution of the dynamic stress are carried out in
each time interval, the following data are needed:

(1) (1)
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FIGURE 2: Multibody dynamics model of belt drive systems.

where a'” s the jth statistical stress in the ith time interval.
The number of the statistical data is equal to i * j, which is
enormous. To improve the statistics, the following equation
in material mechanics is employed:

 RE
w®= T

)

K(t) is the time-dependent equivalent stiffness of belts. As
a matter of fact, the stiffness degradation takes place due to
the propagation of internal cracks of belts. The propagation
of internal cracks decreases the effective cross-sectional
area, which leads to an increase in both the stress and the
deformation of belts. Hence, in this paper, an increasing
equivalent coefficient 3(t) of belts is adopted to describe the
propagation of internal cracks and the corresponding stift-
ness degradation. Denote an initial deterministic dynamic
stress by w;. The ratio of w; to the dynamic stress in the ith
time interval w; originating from w; is expressed as follows:

|
B =" (10)

1

Then, the PDF of the dynamic stress in the ith time interval
fi(w;) can be calculated by

fi(w)=B® fi(BHw,), (1)

where f,(w,) is the PDF of initial dynamic stress. Then the
work in stress statistics can be substantially reduced.

3. Reliability and Random Lifetime Models
considering Time-Dependent Stiffness

At present, the literature on reliability of belt drive systems
is mostly based on the stress-strength interference model
(SSID) which is a static reliability model and considers the
interference between the stress and the fatigue limit. The
time-dependent reliability models of the belt drive systems
based on dynamic properties are seldom reported. The static
model cannot take into account the influences of the structure
and material parameters on the system reliability. Besides,
the SSID neglect the dynamic stress application process
where the statistical characteristics of stress vary with time,
which could result in a large computational error in system
reliability.

According to the S-N Curve theory, the relationship
between the stress w and the lifetime N under w can be
mathematically expressed as follows:

Nuw™ =C, (12)
where m and C are material parameters. The fatigue limit
indicates the stress w, under which the lifetime of the
component is larger than a specified lifetime N,. In practice,

N, is always set to be 10°. Then the reliability of the belts can
be calculated by using the SSID as follows:

szmﬂijmﬁ%QdeMw. (13)
0 w

From (13), it can be seen that the static reliability model does
not consider the working mechanism of belts. To take into
account the degradation of strength with time, the equivalent

strength in each time interval Ny, (N, = N;),...,(N,,—N,_;)
can be given by
C
=N (i=12,...,n). (14)

i

Then, consider the randomness of the material parameter of
C; the instant reliability in the ith time interval can be written
as

e} C/N;
R=["fe©]  fu@)dudc, 09

0 —

where f,, (w;) is the PDF of stress in the ith time interval,
which can be acquired by means of the method proposed in
Section 2.2. It should be noted that the instant reliability is not
the time-dependent reliability of belts and cannot be used to
derive the random lifetime distribution of belts. The instant
reliability only takes the interference of stress and strength at
a specified time instant into consideration and neglects the
stress application process.

The reliability of belts within N, can be expressed as
follows:

n

00 C/N;
RN) = [ f @[ fu@)dwdc.  qe)
j=1 Y7

0
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The corresponding failure rate of the belts is given by
h(N) F( n+1) F(Nn):R(N) R( n+1)
! R(N,) R(N,)
CIN; CINu 7)
_[ fC(C)Hz 1_[ fw ( )dw (1_'[ fwnﬂ( n+1)dwn+1)dc

Jo” S O [ o, (w) dwidC
According to the relationship between reliability and lifetime
distribution, the PDF of the system lifetime can be expressed
as follows:

C/N; C/Npyy
w;)dw,; (1 - " dw,,, )dC
(N)— 0 [I—R( )] _[ fC( )Hz 1_[ fw( ( '[ fwnﬂ( n+1) n+1> . (18)
Nn+1 Nn

It should be noted that (16), (17), and (18) consider the stiff-
ness degradation. When the stiffness degradation is neg-
lected, the reliability, failure rate, and lifetime PDF of the belt
drive systems can be rewritten as follows.

System reliability:

n_ -C/N,

RN - [ fC(C)HJ

[ (W) dwdC. 19)

(0]

System failure rate:

hy (N,)
SO [ S @ (1= [T £, @)dw) dC(20)
jo fe©TIL, L,o' f,, (W) dwdC
System lifetime PDF:
fl (Nn)
Iy S OTH [ fu@rduo (1= [+ fu (@i ) ac (2D
B Nn+1 - Nn

4. Sensitivity Models

From the analysis in Section 3, it can be learned that the
motion, the pulleys, and the stiffness degradation have signi-
ficant impacts on the system reliability, failure rate, and
the system lifetime distribution. In addition, these impacts
change with time. To quantify these impacts and analyze their
variation with time, the sensitivity models with respect to
motion parameters of driving pulleys and f(t) are provided
as follows.

(1) Sensitivity of system reliability with respect to mean
value of motion parameters u(y) = [u(y,) u(y,)
u(y,,)l:

o[ fe T [T £, () dwiac]
o ou (wja) (22)

(j3=1,2,...,m,).

(2) Sensitivity of system reliability with respect
to standard deviation of motion parameters o(y) =

lo(yy) o(y,) - O‘(l[/nz)]:
[,[0 fC (C) H; 1 f fw (w dw dC]
v ou (v, (23)

(Js=12,...,m)).
(3) Sensitivity of system reliability with respect to 3(¢):

C/N

C/N;

o[f f OTIL [0 fu (@) dwdc]
b B () :
5. Case Study

Consider a belt drive system composed of a driving pulley,
a driven pulley, and transmission belts with the geometric
parameters and the material parameters listed in Table 1.
Besides rotation, the motion of driving pulley in the vertical
direction is expressed by v(t) = Asin(207t + ¢). The ampli-
tude A follows the normal distribution with the mean value
of 12 mm and the standard deviation of 2 mm. 3(N;) is given
by

1
1+ (i—1)/8000

ﬁ(Ni) =

(25)
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FIGURE 3: Monte Carlo simulation.

In practice, the operational duration is divided into a series of
subintervals with the stiffness in each subinterval remaining
constant. Then, the stiffness degradation law can be obtained
by using the curve fitting techniques with the stiffness tested
in each subinterval [18, 19]. The reliability, failure rate, and
lifetime PDF of the belts with stiffness degradation and those
without stiffness degradation are shown in Figures 4-6.
When considering the randomness of material parame-
ters and stiffness degradation, it is unaffordable or impractical
to perform the physical experiment of belts with a large
amount of belt samples to validate the proposed models. To
overcome this problem, the method of integrating both the
simulation via ADAMS and the Monte Carlo simulations is
used in this paper. In fact, due to the difficulty in obtaining
a large number of experimental samples, Monte Carlo sim-
ulations (MCS), rather than physical experiment, have been
widely used for reliability validation in existing literatures. In
the MCS, the randomness in load, material parameters are

considered and the working process is consistent with the
actual working process. The purpose of the MCS is to verify
the validity and effectiveness of the theoretical framework of
time-dependent reliability estimation proposed in this paper.
The Mote Carlo simulation with the flowchart in Figure 3
is shown in Figure 4. Besides, the instant reliability with
stiffness degradation and that without stiffness degradation
are shown in Figure 7. In addition, the sensitivities of
reliability with respect to the statistical parameters of A and
B(N;) are shown in Figures 8-10.

From Figures 4-7, it can be learned that stiffness degra-
dation has great influences on the system reliability, the
system failure rate, and the system lifetime PDE In general,
the stiffness degradation decreases the system reliability and
increases the failure rate of belt drive systems. The difference
between the reliability considering stiffness degradation and
that without stiffness degradation considered increases with
the usage time of the belt drive systems. Moreover, the results



Shock and Vibration

1.0m

0.9 +
0.8 +
0.7 +
0.6
0.5 +
0.4 +

Reliability R(n)

0.3+
0.2+
0.1 |-

0.0 1 1 1 1 1 1
600 700 800 900 1000 1100 1200 1300

Number of time intervals »n

—— Reliability with stiffness degradation
—— Reliability without stiffness degradation
m  Reliability from Monte Carlo simulation
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FIGURE 5: Failure rate of belt drive systems.

TABLE 1: Geometric parameters and the material parameters.

Parameters Value Units
Density of pulley 7.8 10° kg/m’
Density of belts 53 %10° kg/m’
Velocity of belts 25 m/s

Center distance of pulleys 500 mm

Diameters of pulleys 100 mm

Cross-sectional area of belts 30 mm?
Number of time intervals 1500

Number of stress applications per time interval 1000

m 3.2

C 10°  MPa’
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0.004 -
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FIGURE 6: Lifetime PDF of belt drive systems.

1.00
0.99 +
0.98
097 +
0.96
0.95
0.94 +
093 +
0.92 |
091 +
0.90 +
0.89 +
0.88
0.87 +
0.86

Reliability R(n)

0.85
600 700 800 900 1000 1100 1200 1300 1400 1500

Number of time intervals »n

—— Reliability with stiffness degradation
—— Reliability without stiffness degradation

FIGURE 7: Instant reliability of belt drive systems.

from the Monte Carlo simulation validate the effectiveness
of the proposed models. Besides, the stiffness degradation
lowers the mean value of the system lifetime and lessens
the dispersion of the lifetime distribution. In addition, the
instant reliability is also effected by the stiffness degradation.
Furthermore, the instant reliability is significantly higher
than the system reliability, because the instant reliability only
considers the interference between the dynamic stress and
the strength at a specified moment. The stress application
history is not reflected in the instant reliability. Therefore,
when calculating reliability of belt drive systems, the usage
of instant reliability could cause large computational error.
From Figures 4-7, it can be seen that the time-dependent
reliability is sensitive to the mean value and standard devia-
tion of A in the stage where reliability significantly decreases.
Besides, the reliability is more sensitive to the standard devia-
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FIGURE 9: Sensitivity with respect to standard deviation of A in the
case where mean value of A is 12 mm.

tion of A than the mean value of A. Furthermore, the peak
value in the sensitive interval comes earlier as the mean value
of A or the standard deviation of A increases. In addition,
the system reliability is also sensitive to S(NN;) with the peak
value of sensitivities lying in the position where reliability
significantly decreases.

6. Conclusions

The failure of the belt drive systems occurs due to the inter-
action between the belts and the pulleys. Time-dependent
reliability analysis based on multibody dynamics models
can take this interaction into consideration. The proposed
time-dependent reliability models are developed based on
the dynamic properties of the belt drive systems with the
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FIGURE 10: Sensitivity with respect to S(IV;).

geometric parameters, the material parameters, and the
motion parameters as the input of the models. Moreover, the
established models take into account the stiffness degradation
and can consider the time-dependent statistical properties of
dynamic stress, which cannot be accomplished by using the
conventional RFC method that is limited to the condition of
ergodic stationary stress process. The influences of stiffness
degradation on time-dependent reliability, failure rate, and
lifetime distribution are analyzed by using the proposed
models. The results show that stiffness degradation has con-
siderable impacts on these reliability indices. In addition, the
system reliability presents different sensitivities to different
input parameters in different usage stage, which should be
paid attention to in the design of the belt drive systems.
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