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Wave-based methods for acoustic simulations within enclosures suffer the numerical dispersion and then usually have evident
dispersion error for problems with high wave numbers. To improve the upper limit of calculating frequency for 3D problems, a
hybrid smoothed finite element method (hybrid SFEM) is proposed in this paper. )is method employs the smoothing technique
to realize the reduction of the numerical dispersion. By constructing a type of mixed smoothing domain, the traditional node-
based and face-based smoothing techniques are mixed in the hybrid SFEM to give a more accurate stiffness matrix, which is widely
believed to be the ultimate cause for the numerical dispersion error. )e numerical examples demonstrate that the hybrid SFEM
has better accuracy than the standard FEM and traditional smoothed FEMs under the condition of the same basic elements.
Moreover, the hybrid SFEM also has good performance on the computational efficiency. A convergence experiment shows that it
costs less time than other comparison methods to achieve the same computational accuracy.

1. Introduction

Small enclosures, such as small studios and aircraft cabins,
are typical environments that require high sound quality and
low noise level in people’s daily life. Prediction on acoustic
behavior inside small enclosures using a simulation method
has been a basic step in the design of such spaces. )e finite
element method (FEM) is accepted as an effective numerical
strategy for solving low-frequency acoustic field [1]. How-
ever, it is well known that the accuracy of the FEM tends to
deteriorate with increasing wave number [2, 3]. Many efforts
are currently spent on improving performance of the wave-
based solution with high wave numbers [4–8].

To obtain precise results in the higher frequency range in
FEM, a widely used strategy is reducing the element size and
subsequently obtaining fine elements from the model.
However, this strategy actually works within the framework
of the standard FEM. It does not essentially avoid the
problem of precision degradation at midfrequencies and
often leads to a heavy computational burden. )erefore,

numerical methods that try to essentially improve the ac-
curacy with high wave numbers based on the mathematical
modifications have attracted much attention.

)e precision degradation of the standard FEM in
midfrequencies is mainly caused by the numerical disper-
sion [9], which is generated due to the discrete form of the
model. In the discrete model, the speed of sound is usually
higher than the real one in the continuous medium. It means
that the sound wave seems to propagate in some media
which are stiffer than the real medium. )at is the reason
why the standard FEM is usually called an “overly stiff”
method. For one-dimensional problems, the studies have
demonstrated that the dispersion error can be avoided.
While for two- and three-dimensional problems, it has been
proven that no methods are dispersion free [10–13].

Among different attempts to reduce the dispersion
error, the smoothing technique-based approach that pro-
posed and quickly developed in the past decade shows
strong competitiveness from both aspects of computational
accuracy and efficiency. )e smoothing technique-based
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method was originally proposed in the mechanical field.
Liu extended the strain smoothing technique in meshless
method [14] to the finite element method and named the
resulting method the smoothed finite element method
(SFEM) [15, 16]. In this method, a set of compatible strain
fields named smoothing domains is constructed based on
the standard finite element mesh system. )en the stiff
matrix in the system equation is reconstructed based on
these smoothing domains. By solving the new system
equation, the SFEM can achieve better solution at higher
frequencies with making very little changes to the standard
FEM formulation. Based on the good performances in the
mechanical field, the SFEM was naturally introduced into
acoustic simulations. Studies have found that it is capable
of offering simple and practical ways to weaken the in-
fluence of the numerical dispersion. More accurate results
can be achieved with high wave numbers by using the
smoothing technique. It indicates that the smooth tech-
nique can effectively “soften” the overly stiff FEM model.

)e smoothing technique in SFEM usually can be per-
formed based on different types of smoothing domains which
are created from the nodes, edges, cells, or faces of the ele-
ments. )erefore, the SFEM can be generally categorized into
the following types, the node-based smoothed finite element
method (NS-FEM) [17], the edge-based smoothed finite el-
ement method (ES-FEM) [18–21], the cell-based smoothed
finite element method (CS-FEM) [22, 23], and the face-based
smoothed finite element method (FS-FEM) [24–26]. Among
these SFEMs, the NS-FEM possesses a special property that
the stiff matrix obtained by NS-FEM is “softer” than the exact
one. In such a condition, upper bound solution can be ob-
tained with respect to the exact solution. However, the NS-
FEMmakes the stiffness matrix “overly soft,” which leads that
the NS-FEM does not show evident advantage on the
computational accuracy. On the contrary, other SFEMs show
opposite properties for 3D acoustic problems. )ey provide
softer stiff matrices than the standard FEM, but the stiffness
matrices are still overestimated than the exact one. )erefore,
lower bound solutions can be obtained with respect to the
exact solution by using these SFEMs.

To further improve the performance of the smoothed
methods, the α-FEM [27–30] was proposed by mixing the
node-based technique and the standard FEM. Due to the fact
that the NS-FEM has opposite properties on the stiffness
with respect to the standard FEM, the α-FEM can obtain
good features from both techniques and therefore give closer
stiffness to the exact one once the smoothing domains are
properly constructed. More recently, the theory of mixed
smoothed methods was further developed and the β-FEM
[31, 32], which mixes the node-based technique and the
edge-based technique, was proposed and used for solving the
mechanical problems. Since the smoothed techniques usu-
ally have better accuracy than the standard FEM, the β-FEM
including the combination of both smoothing techniques
has potential to achieve better accuracy than the α-FEM.

Inspired by the idea of β-FEM, a hybrid smoothed finite
element method (hybrid SFEM) for solving 3D acoustical
problems is proposed in this paper. )e essential idea of the
hybrid SFEM is to construct a stiffness model by mixing the

node-based and face-based techniques. Based on the truth
that the number of faces in a tetrahedron element is always
less than that of the edges, the face-based smoothing domains
are much easier to be constructed than the edge-based
smoothing domains. )erefore, the proposed hybrid SFEM
has high efficiency on constructing the mixed smoothing
domains.)e numerical verifications have demonstrated that
the proposed method is capable of significantly reducing the
numerical dispersion and giving more accurate results.

2. Hybrid SFEM for Acoustic
Simulation in Enclosure

2.1. Acoustic Simulation in Enclosure. Consider a steady-
state acoustic problem in an enclosure. A closed boundary
surrounds a bounded fluid domain V, which is characterized
by its speed of sound c and its ambient fluid density ρ0. )e
fluid domain is excited at a circular frequency ω by using an
acoustic point source with prescribed volume velocity q
located at position rq � [xq, yq, zq]T. Assuming that the
system is linear, the fluid is inviscid, and the process is
adiabatic, the steady-state acoustic pressure p in the problem
domain is governed by using the Helmholtz equation:

∇2p + k
2
p + jρ0ωq � 0, (1)

where ∇2 is the Laplacian operator, k denotes the wave
number and is defined by ω/c, and j is the imaginary unit.

By using the weighted residual method and applying the
boundary condition, the integral equation to calculate the
sound pressure can be obtained as follows:


Ω
∇p · ∇p− k

2
p · p− jρ0ωpqω dΩ + 

Γ
jρ0ω

p

Z
· pdΓ � 0,

(2)

where Ω and Γ represent the problem domain and the
boundary domain, respectively. Z is the specific acoustic
impedance of the boundary.

By dividing the problem domain into discretizing form,
the sound pressure at any position in the problem domain
can be expressed by

p � 
n

i�1
Nipi� NTp, (3)

where n is the number of nodes, N is the vector of the shape
functions, and p is the vector of nodal sound pressures yet to
be determined.

By substituting equation (3) into equation (2), the system
equation to solve the discretizing nodal pressure can be
finally obtained as follows:

K + jωC−ω2M p � F, (4)

where K� Ω(∇N)(∇N)TdΩ is defined as the stiffness
matrix,M � (1/c2)ΩNN

TdΩ is defined as the mass matrix,
C � (ρ0/Z)ΓNN

TdΓ is defined as the damping matrix, and
F � Ωjρ0ωNqωdΩ is the load vector.

2.2. Briefing of NS-FEM and FS-FEM. It has been mentioned
that the standard FEM usually behaves overly stiff in the
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calculation. To soften the stiffness of the FEMmodel by using
the smoothing technique, a set of smoothing domains needs
to be constructed based on the basic elements first. Assuming
the fluid domain inside a 3D cavity has been divided into
tetrahedral elements, the smoothing domains of the NS-FEM
and FS-FEM based on these basic elements are illustrated in
Figure 1.

)e smoothing domains for NS-FEM are generated
based on the nodes of the elements such thatΩNS � ∪Nn

m�1Ω
NS
m

and ΩNSi ∩Ω
NS
j � ∅ for i≠ j. Here Nn is the total number of

nodes in the problem domain,ΩNSm is the smoothing domain
associated with the node m. Moreover, when there are two or
more elements sharing the node m, ΩNSm can be formed by
using ΩNSm � ∪Nm,e

t�1 Ω
NS
m,t, where Nm,e is the number of ele-

ments that share node m. As illustrated in Figure 1(a), in the
condition of tetrahedron element, ΩNSm,t is formed by con-
necting the node m, three central points of the edges, and the
centroid of the element. According to this method to
construct the smoothing domain, all the subsmoothing
domains are nonoverlapping each other and also without
gaps to fill the whole problem domain.

In NS-FEM formulation, the gradient smoothing op-
eration is applied over each smoothing domain on the
gradient of acoustic pressure ∇p, and the smoothed gradient
of acoustic pressure for ΩNSm can be written as

∇p ΩNSm  �
1

Vm


ΩNSm

∇pdΩ, (5)

where Vm is the volume of the smoothing domain ΩNSm .
By applying the divergence theorem, the smoothed

gradient of acoustic pressure can be expressed in terms of
acoustic pressure:

∇p ΩNSm  �
1

Vm


Γm

p · ndΓ, (6)

where Γm denotes the boundary of the smoothing domain
ΩNSm and n is the vector of the components of the outward
normal vector to the boundary Γm and is expressed by
n � [nx, ny, nz]T.

By using the FEM shape function for field variable in-
terpolation in the form of equation (3), the acoustic pressure
at a position x on the boundary of the smoothing domain is
calculated by

p(x) � 
I∈Dm

NI(x)pI, (7)

where Dm is a set of the so-called supporting nodes of node
m, which is a group of nodes belonging to the elements that
shares the node m. NI(x) is the shape function of node I,
and pI is the nodal acoustic pressure.

By substituting equation (7) into equation (6), the
smoothed gradient of pressure can be written as follows:

∇p ΩNSm  �
1

Vm


Γm


I∈Dm

NI(x)pI
⎛⎝ ⎞⎠ · n(x)dΓ

� 
I∈Dm

BNS
mIpI � BNS

m

⌢
p,

(8)

where BNS
m

⌢
� [BNS

m1,B
NS
m2, . . . ,BNS

mJ] is vector of the so-called
smoothed derivative of the shape function and J denotes the

number of nodes in the set Dm. )e Ith element of BNS
m

⌢
can

be calculated by the following form:

BNS
mI �

1
Vm


Γm

NI(x) · n(x)dΓ. (9)

By replacing ∇p in equation (2) with ∇p, the local
smoothed stiffness matrix for the smoothing domain ΩNSm

can be obtained:

KNS
m � 

Ωm

BNS
m

⌢
 

T

BNS
m

⌢
dΩ � BNS

m

⌢
 

T

BNS
m

⌢
Vm. (10)

)en, the global smoothed stiffness matrix can be as-
sembled by the local smoothed stiffness matrix over each
smoothing domains as

KNS
� 

Nn

m�1
KNS

m . (11)

Similar to the NS-FEM, the FS-FEM also requires that
the problem domain is divided into smoothing domains,
while these smoothing domains are constructed based on the
faces of the basic elements such that ΩFS � ∪Nf

m�1Ω
FS
m and

ΩFSi ∩Ω
FS
j � ∅ for i≠ j. When there are two elements

sharing the face m,ΩFSm can be formed byΩFSm � ∪2t�1Ω
FS
m,t. As

illustrated in Figure 1(b), in the condition of tetrahedron
element,ΩFSm,t is formed by connecting the three nodes of the
face m and the centroid of the element. Based on the same
derivation, the global smoothed stiffness matrix for FS-FEM
can be derived as

KFS
� 

Nf

m�1
KFS

m , (12)

where Nf is the total number of the faces of the basic ele-
ments. KFS

m is the local smoothed stiffness matrix for the
smoothing domain ΩFSm .

2.3.Hybrid SFEM. Considering the overestimation property
of FS-FEM and the unique underestimation property of NS-
FEM, the smoothing domains for the hybrid method are
constructed as illustrated in Figure 2.

In this paper, the strategy for constructing the smoothing
domain is developed based on the tetrahedron element
which is a type of element that can be used to simply discrete
the complicated-shaped spaces. As illustrated in Figure 2, a
single element is divided into two types of smoothing do-
mains, namely, the node-based and the face-based
smoothing domains. Each edge of the element is trun-
cated by two points which locate on the 1/4 positions of the
edge, which can be expressed by the relation that l1 � 2l2.
After the smoothing domains are formed in each element,
the local smoothing domains can be subsequently con-
structed by combining the ones in neighboring elements as
mentioned in the last subsection.
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Based on the hybrid node-based and face-based
smoothing domains, the global hybrid smoothed sti�ness
matrix can be obtained by

K � KNS + KFS � ∑
Nn

m�1
KNS
m + ∑

Nf

m�1
KFS
m . (13)

�is equation demonstrates that the smoothed sti�ness
matrix is constructed using the shape functions but not the
derivatives of the shape functions. �is implies that the
requirement on the nodal shape function is further weak-
ened compared to the standard FEM [33, 34]. By replacing
the sti�ness matrix in equation (4) with the smoothed
sti�ness matrix, the hybrid SFEM is formulated and can be
used to calculate the sound �eld in an enclosure.

3. Numerical Verification

�is section discusses the results of a numerical veri�cation
performed on a convex 3D cubic cavity as shown in
Figure 3(a). �e interior of the cavity with dimensions 1 ×
1.2 × 1.4m is �lled with air characterized by speed of sound
c� 344m/s and density ρ0 � 1.21 kg/m

3. �ere is a sound
source and a receiver located inside the cavity, and their
locations are (0.1, 0.1, 0.1)m and (0.74, 0.71, 0.93)m,
respectively.

For the standard FEM, the cavity is divided into 384
tetrahedron elements as shown in Figure 3(b). �ese ele-
ments are also used as the basic elements for NS-FEM, FS-
FEM, and the proposed hybrid SFEM.�e impedance of the
inner surfaces is set to be 400ρ0c.

To evaluate the performance of the proposed method on
reducing the numerical dispersion, the modal frequencies
are �rstly calculated using the proposed method and
compared with those obtained using the standard FEM, NS-
FEM, and FS-FEM. �e modal frequencies are also calcu-
lated using the normal-mode theory and used as the stan-
dard reference result. �e comparisons and relative errors
are illustrated in Figure 4.

Figure 4(a) illustrates that all methods are capable of
giving the same results with the reference results at low
mode orders. With the increase of the mode order, the
results of the wave-based methods begin to deviate from
those of the normal-mode theory. It is evident that larger
mode order will cause larger deviation of the results, which
means the accuracy degradation of the wave-based
methods become larger with increasing the wave num-
ber. It can also be found that the results of NS-FEM are
always smaller than the reference results, while other
methods give larger results. It demonstrates that NS-FEM
has a special property that it is “overly soft” to simulate the
acoustic �eld. By considering the normal-mode theory as
the reference method, the relative errors in Figure 4(b)
show that the proposed hybrid SFEM has better accuracy
than other methods. It gives the same results with the
reference method at low mode orders. Moreover, its

l1

l2

l2

Node of the element
Centroid point of the tetrahedron element
1/4 point of the edge

Figure 2: Mixed smoothing domain constructed based on the
tetrahedron elements.

NS
m,tΩ

Node m

Node of the element
Centroid point of the
tetrahedron element
Centroid point of the edge

(a)

FS
m,tΩ

Face m
Node of the element
Centroid point of the
tetrahedron element
Centroid point of the edge

(b)

Figure 1: Node-based and (a) face-based (b) smoothing domains constructed based on the tetrahedron element.
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relative errors are basically smaller than 2%, while other
methods have evident larger errors.

�e calculations on the modal frequencies have pre-
liminarily proved that the proposed hybrid SFEM has better
accuracy than other wave-based methods. To give a further
veri�cation, the distributions of sound pressure level at the
top surface of the cavity are also compared as illustrated in
Figure 5. �e acoustic velocity vectors are also illustrated in
Figure 6.

According to the aforementioned element setup of this
problem, the average nodal spacing is about 0.33m, which
gives a frequency limit of about 171Hz by “the rule of
thumb.” To investigate the performance of the proposed

method, the results at 270Hz are compared here. Note that
since Figure 4(b) has demonstrated that the standard FEM
has the largest errors and it is no longer included in the
comparisons in the following veri�cations.

Figure 5(c) illustrates that the NS-FEM solution shows
obvious dispersion error, as most of the contours of the
sound pressure level are departing from the reference so-
lution. Both the FS-FEM and hybrid SFEM can provide
similar contours to the reference, while the Hybrid SFEM
has better accordance with the reference than the FS-FEM at
the corner positions. �e acoustic velocity vectors shown in
Figure 6 also illustrate the e�ectiveness of the proposed
method. Figure 6(b) show that the vectors have very similar
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m
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Figure 3: Schematics of the 3D cubic cavity and its discrete form. (a) �e cubic cavity and its dimensions. (b) �e tetrahedron elements of
the �uid domain.
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Figure 4: (a)�e �rst 11 modal frequencies obtained by the reference method, standard FEM, hybrid SFEM, NS-FEM, and FS-FEM. (b)�e
relative errors of the standard FEM, hybrid SFEM, NS-FEM and FS-FEM.
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directions and lengths with the reference results, while other
methods have larger di�erences.

At last, the frequency responses at the receiver are
calculated using di�erent methods and illustrated in Fig-
ure 7. It shows that all the wave-based methods have sat-
isfactory accuracies when the frequency is less than 175Hz.
However, the accuracies of all the methods tend to de-
teriorate by increasing the calculating frequency. It can be
seen that the NS-FEM starts to have dispersion error at about
185Hz, which demonstrates that the NS-FEM has worse
performance on weakening the numerical dispersion than
other methods based on the same basic elements. Moreover,
the modal frequencies obtained by the NS-FEM are less than
the exact ones. It proves that the NS-FEM holds the char-
acteristic of behaving “softly” compared with the exact
sti�ness.�en, it can be seen that the proposed hybrid SFEM
and the FS-FEM start to have dispersion error at about
250Hz. By analyzing the di�erences of the modal fre-
quencies, it can be found that the hybrid SFEM has less
dispersion error than the FS-FEM. �e comparisons in this
�gure demonstrates that the hybrid SFEM can give more
precise results than the other two methods based on the
same basic elements.

�e calculating e�ciency is another basic index to
evaluate the performance of a wave-based method.
According to the basic theory of the proposed method, it can
be known that the di�erences of the methods on the

computational time are mainly caused by di�erent con-
structing methods of the sti�ness matrices. To clearly il-
lustrate the relations between the computational time and
accuracy of di�erent methods, the modal frequency which is
only related to the sti�ness matrix and the mass matrix is
chosen as the analysis parameter and a convergence analysis
is performed and shown in Figure 8. In this numerical
experiment, the former 20 orders of themodal frequencies of
the aforementioned cubic cavity are calculated by the
standard FEM, NS-FEM, FS-FEM, and the hybrid SFEM.
Based on these results, the average relative errors de�ned by
the following equation are calculated:

ε � 1
20
∑
20

m�1

fm − f̃m
f̃m

∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
× 100%, (14)

where fm and f̃m denote the mth order of the modal fre-
quency calculated by the wave-based method and reference
method, respectively.

�e average relative errors of di�erent methods are all
obtained under 4 di�erent meshing densities, for which the
number of the basic tetrahedron elements is 162, 384, 750,
and 1296, respectively. All the calculations are performed
under the con�guration of Inter® Core™ i3-4150CPU
@3.50GHz, 16GB RAM.

It is well known that the computational e�ciency of the
wave-based method is closely related with the number of
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Figure 5: Distributions of sound pressure level at the top surface of the cavity at 270Hz. (a) Reference method. (b) Hybrid SFEM. (c) NS-
FEM. (d) FS-FEM.
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elements in the calculation. In this case, if the calculations
are performed based on the same basic elements, it is evident
that the standard FEM will cost least time to complete the
calculations, while the smoothed methods will cost more
time, and the hybrid SFEM will cost the most time. )is is
because that, in the smoothed finite elements methods, the
construction of the stiffness matrix is performed based on
the smoothing domains of which the number is usually
larger than the basic element. However, the conclusion will
be much more different if the efficiency is analyzed from a
convergence aspect of view. Figure 8 shows that the hybrid
SFEM can achieve the highest accuracy in terms of the same
computational time among different methods. Meanwhile,
the hybrid SFEM costs least time to obtain the results that
have the same average relative errors with other methods.

4. Conclusion

In this work, a hybrid SFEM is proposed and applied for 3D
acoustic simulation in a small enclosure. In this method, the
traditional node-based and face-based smoothed finite element
methods are mixed to form a new smoothed model through
constructing the mixed smoothing domains. According to the
smoothed theory, the exact solution is bounded by the results
of the NS-FEM and FS-FEM. )erefore, the hybrid SFEM is
promising to achieve better accuracy by obtaining the con-
tributions from both smoothed methods. )rough the for-
mulation and numerical verifications, the results show that the
hybrid SFEM has better accuracy than the standard FEM, NS-
FEM, and FS-FEM based on the same basic elements. )e
verifications demonstrate that the hybrid SFEM is effective to
reduce the numerical dispersion and improve the upper limit
of the calculating frequency.
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