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Accurately predicting the roof collapse span is crucial in ensuring the safe production of thick seam mining with large mining
height, which is easy in forming a “cantilever beam” structure. Considering roof damage caused by roadway excavation and coal
seam mining disturbance, the fracture mechanics model of large mining height roof cantilever beam with nonpenetrating cracks
was established. )e roof was divided into two parts: the crack-affected area and the crack-unaffected area. )e analytical
expression of the boundary between the two areas was established by fracture mechanics methods. Based on the boundary
equation, the influences of crack size, crack inclination, roof lithology, and roof thickness on the roof crack-affected area were
analyzed in detail. Finally, the accuracy of the theoretical model was verified by numerical experiments using the extended finite
element method. )e results demonstrate that the size of the area affected by the vertical crack increases with the increase of the
crack size and the thickness of the roof. )e influence of the crack decreases with the increase of roof lithology. )e probability of
early periodic collapse of a thin roof with the crack is increased.When the crack is completely located in the interior of the roof, the
crack-affected area shrinks greatly with the decrease of the crack inclination.When the crack inclination is small, the crack will not
cause the early collapse of the roof. Overall, the conclusions obtained are of great significance for predicting the collapse span of a
cantilever roof with initial damage in large mining height.

1. Introduction

)e total of thick seam, the main mining seam in China,
reserves and production accounts for about 45% [1, 2].
Comprehensive mechanized mining of thick coal seams
mainly contains slice mining, top coal caving mining, and
large cutting height mining [3]. Large cutting height mining
has been widely used for its high output rate and good
economic benefits. However, there are still many technical
problems in large cutting height mining. For example, with
the increase of mining height and the height of overburden
caving zone, the low-level key strata that can form articu-
lated balance structure can not form stable “voussoir beam”
structure because of large rotation, but form “cantilever”
structure to collapse directly [4]. So, the accurate prediction
of the roof periodic collapse span is salient for ensuring the
safe mining of coal seams. In fact, thanks to complex

geological conditions such as diagenesis, high temperature,
and high humidity, as well as the influence of excavation
roadway and mining, it is inevitable that there will be
nonpenetrating cracks in the roof [5–9], )e roof is made
into a discontinuous structure, which will collapse earlier
than continuous structure, resulting in serious safety acci-
dents and economic losses. )us, it is of profound signifi-
cance to clarify the influence of the nonpenetrating cracks on
the roof periodic collapse span with large mining height,
whether for the support design of working face or for the safe
and efficient production of coal mine.

Nowadays, the construction of roof collapse model
mostly follows the assumption of uniformity and continuity.
On the basis of these assumptions, scholars put forward the
classical hypothesis of mine pressure, such as pressure arch
hypothesis, precrack hypothesis, and articulated rock block
hypothesis [10, 11]. )e most influential underground
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pressure theories in China are the voussoir beam theory [12],
the key stratum theory [13], and the transmission rock beam
theory [14]. In recent years, considerable research efforts
have been devoted to underground pressure theories for
different mining environments and methods. Aiming at the
problem of shallow thin bedrock seammining, Huang and Li
established a cantilever beam model based on Winkler
elastic foundation theory. )e results show that bedrock will
break ahead of the coal wall during the period of periodic
pressure [15]. Some scholars combine Protodyakonov’s
theory with the voussoir beam theory and then put forward
the balanced composite structure of “arch” on “beam.” )e
research indicates that the width of “arch” is equal to the
basic roof periodic weighting span [16, 17]. Relevant studies
demonstrate that the mining of deeply inclined coal seams is
different from that of horizontal coal seams, and its periodic
collapse span is affected by the position of working face, the
way of underhand mining and overhand mining, and the
crack inclination of the coal seam. )e periodic weighting
span at the top and bottom of the working face is slightly
larger than that in the upper middle, middle, and lower
middle of it. )e roof periodic collapse span is shorter in
overhand mining than in underhand mining. )e periodic
weighting span decreases with the increase of the crack
inclination of the coal seam [18–20]. In addition, some
scholars have considered the damage effect of roof stratum
and regarded the roof as a cantilever beam with cracks.
Equations of the roof periodic collapse span and support
working resistance are obtained. )e effects of crack incli-
nation, roof length, and thickness on the roof periodic
collapse span and support working resistance were analyzed
[21, 22]. Yang et al. [23] further established the mechanical
model of a cracked plate by using thin plate theory and
analyzed the roof caving motion state of longwall face large
cutting height mining. Unfortunately, these discussions are
all aimed at the specific location of the cracks, not involving
the different positions of cracks. And there is not any in-
depth study of the boundaries of the crack-affected area and
the crack-unaffected area. In fact, the position of crack
determines its stress state. Under a certain load, the different
positions of cracks have different effects on the roof periodic
collapse span.

Much work of the roof periodic collapse span so far has
been based on the assumption of uniform continuous media.
Although some studies have established the roof model with
cracks, the range of cracks affecting roof collapse motion
remains an unanswered question. )e innovations of this
study are as follows:

(1) Introduce the crack into the analysis of the periodic
collapse of the roof with large cutting height mining
and establish a cantilever beam model with the
nonpenetrating crack.

(2) Release the constraint condition of crack position.
)e studying content is not limited to the crack at
specific location.

(3) Determine the scope of the cracks that cause the roof
to collapse periodically in advance.

)erefore, aiming at the problem of the roof periodic
collapse span with the nonpenetrating crack with large
cutting height mining, this study proposed to establish a
cantilever beam model with the nonpenetrating crack, de-
termined the location of crack, which can cause the early
periodic collapse of a roof, and revealed the influence of
crack size, crack inclination, roof lithology, and roof
thickness on the crack-affected area. Necessary supporting
theories for roof support design were provided.

2. Analysis Model of the Roof with the
Nonpenetrating Crack in Large
Cutting Height

)e schematic diagram of the roof with the nonpenetrating
crack in large cutting height is given, as the principle dis-
played in Figure 1. Under the condition of fully mechanized
mining with large cutting height or extra-large cutting
height, the working face advances from right to left. Due to
the obvious increase in mining height and caving zone
height, the fractured rock produced by the immediate roof
collapse can not fill the goaf. Because of the large amount of
rotary subsidence, the main roof and low-level key strata can
not contact the caved rock in the goaf after breaking to form
a stable masonry beam structure. Low-level key strata may
enter the caving zone and break in the form of a cantilever
beam, which forms periodic weighting [4].)e l in the figure
represents the roof periodic collapse span. Under the action
of long-term geological structure and mining disturbance,
random cracks at different lengths and directions will occur
in rocks. In order to facilitate the analysis, these cracks are
regarded as a main crack. It is assumed that the effect of the
principal crack on roof fracture represents the effect of all
cracks on it. When the crack satisfies the fracture condition
under the external force, the crack begins to crack, which
causes the roof to collapse ahead of time. Under the same
external load, this effect is closely related to the location of
the crack. )e zone where the crack that causes the roof to
collapse ahead of time is located is called the crack-affected
area, and the other zones are called the crack-unaffected
area.

3. Analysis of the Boundary of the Crack-
Affected Area in Large Cutting Height

3.1. Analysis of the Crack-Free Roof Periodic Collapse Span.
Figure 2 is a simplified diagram of the crack-free. Only the
bending deformation of the roof under dead weight is
considered. )e thickness of the roof is h and the length is L.
Under the action of distributed load q, q� hc, and c is the
specific weight of the roof.

)e bending moment equation of the roof is

M(x) �
q

2
(L − x)

2
�

hc

2
(L − x)

2
. (1)

)e expression of normal stress at the point A is
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σA �
My

Iz

�
3cL2

h
. (2)

)e working face is propelled from right to left. When
the maximum bending tensile stress (point A) reached the
tensile strength, that is, σA � [σt], the root of cantilever
beam is cracked. )e roof periodic collapse span is
calculated:

L �

�����
σt h

3c



. (3)

As can be seen from equation (3), L is affected by the
physical properties and thickness of the rock.

3.2. Analysis of the Location of the Internal Crack0at Caused
the Roof Periodic Collapse in Advance. Cracks on the com-
pression side of beams do not expand and have little effect on
the bending deformation of beams. )e tensile strength of
rock is far lower than the compressive strength [24].
)erefore, we focus on the boundary of the crack-affected
area when the crack is located on the tension side of the
beam.

Without loss of generality, a roof model with random
cracks is established as shown in Figure 3.)e crack length is
2a, and the coordinate of the crack center is (x0, y0). As
shown in Figure 4, unit body with the internal crack is taken.

It can be seen that the kind of this crack is a combination
of open mode (mode I) and slide mode (mode II), i.e., I-II
composite mode crack. In Figure 4, β is included angle of the
inclined direction of crack and horizontal direction, θ is an
initiation angle, and σ is the tensile stress at the midpoint of
the crack, which is approximately used to represent the

tensile stress on the unit body. )e stress σ is decomposed
into normal stress and shear stress along the crack surface.
)e corresponding stress intensity factors are, respectively
[25, 26]:

KΙ � σ
���
πa

√
sin2 β,

KΙΙ � σ
���
πa

√
sin β cos β.

(4)

Stress field near the crack tip is

σr �
cos(θ/2)

2
���
2πr

√ KΙ(3 − cos θ) +
sin(θ/2)

2
���
2πr

√ KΙΙ(3 cos θ − 1),

σθ �
cos(θ/2)

2
���
2πr

√ KΙ(1 + cos θ) − 3KΙΙ sin θ ,

τ
θ

�
cos(θ/2)

2
���
2πr

√ KΙ sin θ − KΙΙ(3 cos θ − 1) .

(5)

According to the maximum circumferential stress the-
ory, when the circumferential stress along the direction of
initiation angle θ reaches the critical value σθC, the crack will
expand in an unstable way:

σθ KΙ, KΙΙ, θ(  � σθC. (6)

)e critical instability condition of the crack is obtained
by equations (8) and (9):

cos
θ
2

KΙcos
2θ
2

−
3
2
KΙΙ sin θ  � KΙC. (7)

Initiation angle θ is

l
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Figure 1: Roof periodic collapse in large mining height workface.
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Figure 2: Stress analysis diagram of crack-free roof.
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Figure 3: Stress analysis diagram of roof with internal crack.
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Figure 4: Stress analysis diagram of internal crack.
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cos θ �
cos2 β +

�������������

sin2 β + 8 cos2 β


1 + 8 cos2 β
. (8)

Combining equations (7) and (8), the critical stress σBc

can be obtained:

σBc

���
πa

√
cos

θ
2
sin β sin β cos2

θ
2

−
3
2
cos β sin θ  � KΙC.

(9)

)e normal stress at the point B is obtained by equation (1):

σB �
My

Iz

�
6cy0 L − x0( 

2

h2 . (10)

)e boundary equation of the crack-affected area by
equations (9) and (10) is as follows:

y0

�����
σt h

3c



− x0
⎛⎝ ⎞⎠

2

�
KΙC

6c/h2( 
���
πa

√
cos(θ/2)sin β sin β cos2(θ/2) − (3/2)cos β sin θ( 

. (11)

3.3. Analysis of the Location of the Edge or Neutral Layer
Crack 0at Caused the Roof Periodic Collapse in Advance.
When a crack appears at the upper boundary or the
neutral layer, it becomes an edge crack problem, which is
different from an internal crack problem. Since there is no
exact analytical expression for the stress intensity factor
of the crack not perpendicular to the boundary, only the
problem of the crack perpendicular to the boundary is
studied here.

Figures 5(a) and 5(b) are roof models with cracks at the
edge and at the neutral layer, respectively. Taking the edge
crack as an example, unit body with the edge crack is taken,
as shown in Figure 6:

)is crack belongs to a pure mode I crack, and its stress
intensity factor is [27]

KΙ � 1.12σ
����
π2a

√
≈ 1.58σ

���
πa

√
. (12)

)e normal stress at the point B is obtained from
equation (1):

σB �
My

Iz

�
6cy0 L − x0( 

2

h2 , (13)

where y0 takes a or (h/(2 − a)) and σ is equal to the normal
stress at the midpoint of the crack.

)e boundary equation of the crack-affected area by
equations (12) and (13) is as follows:

y0

�����
σt h

3c



− x0
⎛⎝ ⎞⎠

2

�
KΙC

9.48c/h2( 
���
πa

√ . (14)

3.4. Analysis of the Location of the Vertical Crack0at Caused
the Roof Periodic Collapse in Advance. According to the
analysis of Sections 3.2 and 3.3, when included angle of the
inclined direction of crack and horizontal direction is 90°,
the boundary equation of the crack-affected area is

y0

�����
σt h

3c



− x0
⎛⎝ ⎞⎠

2

�

KΙC
6c/h2( 

���
πa

√ , a<y0 <
h

2
− a,

KΙC
9.48c/h2( 

���
πa

√ , y0 � a, y0 �
h

2
− a.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(15)

In this chapter, the relationship between stress and strain
is not involved in the process of analysis and derivation.
)erefore, the derivation results are applicable to plane stress
and plane strain problems.

4. Analysis and Discussion

4.1. Parameter. It can be seen from equation (9) that the
boundary equation is affected by crack size, crack inclina-
tion, roof thickness, and roof lithology. A pertinent study of
these factors is to reveal the laws of their impact. )e pa-
rameters of the roof are shown in Table 1.

4.2. Influence of Vertical Crack Size and Roof Lithology on
the Crack-Affected Area. )e crack length is 0.2m, 0.3m,
0.4m, 0.5m, and 0.6m, respectively. )e roof thickness is
6m.)e roofs are taken from the four types of strata listed in
Table 1. Figure 7 shows the variation rules of different roof
lithologies and crack sizes on the roof crack-affected area.
Figures 7(a)–7(d) correspond to the roofs from the hard roof
to the soft roof. On the premise of only considering the dead
weight of the roof, the crack-free roof periodic collapse span
decreases with the softening of the roof, from 26.35m to
20.52m. )e upper-left zone of tension side of the roof is
defined as the crack-affected area, while the lower right zone
is defined as the crack-unaffected area. For the same lith-
ologic roof, the boundary lines of the crack-affected area are
roughly of the same shape under different crack sizes: the
upper and lower parts of the line are straight, while the
middle part is the curve convex outward to the lower right.
With the increase in crack size, the crack-affected area in-
creases continuously, but the growth rate slows down. As
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shown in Figure 7(d), for the softer roof with the large crack,
the crack-affected area will expand to the neutral layer, and
its proportion of the total crack-affected area will gradually
increase.

Figure 8 shows the change rules of the boundary of the
crack-affected area with the same roof thickness and crack
size in various lithologies. )e crack length is 0.2m and the
roof thickness is 6m. For the same crack size and roof
thickness, the crack-affected area gradually expands with the
softening of the roof.)e upper and lower parts of the crack-
affected areas of gabbro roof, granite roof, and marble roof
are roughly of the same shape. )e area of their middle part
increases slightly in turn, while the size of the crack-affected
area by the oil shale roof increases significantly. )e soft
crack-free roof has a short periodic collapse span, and the
crack-affected area of the soft roof with a crack is large.
)erefore, the soft roof is more likely to early periodic
collapse due to the crack, which entails a more considerable
risk.

4.3. Influence of Roof 0ickness on the Roof Crack-Affected
Area with Vertical Crack. Take the marble roof as an ex-
ample. )e crack length is 0.2m and the roof thickness is
2–6m. Figure 9 shows the influence law of roof thickness on

the boundary of the crack-affected area of the marble roof
with a vertical crack. As the roof thickness increases, the
periodic collapse span of the roof without a crack increases.
Change trends of the boundaries of the crack-affected area
remain the same.

Figure 10 shows charts of the crack-affected area and its
proportion to total roof area. As the roof thickness increases,
the size of the crack-affected area gradually increases, but its
proportion to the total area gradually decreases, which is
between 3% and 5.5%. It demonstrated that, for the same
roof with the same crack, the smaller the thickness of the
roof is, the higher the probability that the roof collapses in
advance due to the crack.

4.4. Influence of the Internal Crack Inclination on the Roof
Crack-Affected Area. Figure 11 shows the effect of various
internal crack inclinations on the crack-affected areas. )e
crack length is 0.2m, the roof thickness is 6m, and β� 75°,
80°, 85°, 90°, respectively. It can be viewed from the figure
that the size of crack-affected area shrinks significantly with
the decrease of the crack inclination. When the crack in-
clination is lower than a certain value, the size of the crack-
affected area is 0. )is indicates that when the crack appears
at any position inside the roof with this inclination, the roof
will not collapse in advance due to the crack. As shown in
Figure 12, the initiation angle decreases with the increase of
the crack inclination.

5. Numerical Simulation

In order to further verify the conclusions of theoretical
analysis, the fracture mechanics model of the roof with a
crack is established by XFEM method.

5.1. Basic Principles of Extended Finite Element Method.
For the numerical solution of cracks, the traditional finite
element method has strict requirements: (1) geometric
segmentation of the model is required at the crack location;
(2) high density mesh is required near the crack tip; (3) it is
necessary to have a rough prediction of the crack propa-
gation path, and to simulate crack propagation by
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Figure 5: Stress analysis diagrams of roof with crack. (a) Roof with crack at edge. (b) Roof with crack at neutral layer.
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Figure 6: Stress analysis diagram of edge crack.

Table 1: Parameters of roofs.

c (N/m3) σc (×106Pa) KΙC (×106N·m− 3/2) h (m)

Gabbro 28224 9.8 3.62

2, 3, 4, 5, 6Granite 25872 7 2.33
Marble 26460 6.5 1.99
Oil shale 15680 3.3 0.37
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continuous mesh reconstruction. )e extended finite ele-
ment method is a very effective method in solving dis-
continuous problems like cracks. Cracks can occur inside the
mesh. )e cracks are independent of the mesh, and the
initiation and development of the cracks are entirely from
the results of the model calculations. )e essence of the
extended finite element method is to describe the discon-
tinuous displacement field by introducing discontinuous
displacement mode, using finite element shape function as
partitions of unity [28–30].

)e extended finite element method is similar to the
conventional finite element method. )e displacement
function is substituted for the virtual work equation to

derive the basic governing equation of the finite element
method. )e biggest difference and the most critical point is
the construction of displacement function. )e approximate
displacement interpolation function of the extended finite
element method is [31–33]

U � 
i∈N1

Ni(x)ui + 
j∈N2

Nj(x)H(x)aj

+ 
k∈N3

Nk(x) 

4

α�1
Fα(x)b

α
k.

(16)
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Figure 7: Effect of different crack sizes on the boundary of crack-affected area. (a) Gabbro. (b) Granite. (c) Marble. (d) Oil shale.
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As shown in Figure 13, the function divides all the nodes
near the crack into three categories.)e function classifies all
nodes near the crack into three categories. )e first item
describes the node displacement of the standard elements
without the crack (set: N1); the second item describes the
node displacement of the elements penetrated by the crack
(set: N2); the third term describes the node displacement of
the elements including the crack tip (set: N3). aj and bαk are
extra degrees of freedom at nodes. And H(x) is the en-
richment function of the elements penetrated by the crack,

and it is the jump function. Fα(x) is the enrichment function
of the crack tip elements:

Fα(r, θ), α � 1 ∼ 4 

�
�
r

√
sin

θ
2
,

�
r

√
cos

θ
2
,

�
r

√
sin

θ
2
sin θ,

�
r

√
cos

θ
2
sin θ ,

(17)

where (r, θ) is the polar coordinate system of the crack tip.

5.2.Numerical Simulation of theRoofwith theNonpenetrating
Crack. )e results of theoretical analysis were numerically
verified by ABAQUS. Taking themarble roof as an example, the
two-dimensional plane stress model was used for analysis
without considering the width of the roof.)e roof was set to an
elastoplastic constitutive model. Elastic modulus is 55.8GPa,
Poisson’s ratio is 0.25, tensile strength is 6.5MPa, density is
2700kg/m3, length is 22.17m, and thickness is 6m. )e crack
length is 0.2m. )e left side of the roof is completely fixed, the
upper part is affected by the distributed load, and the load
collection degree (q) is 15.8760kN/m. )e element type is
CPS4R, and the number of elements is 380.

Figure 14 shows the simulation results of cracks at
different locations. Figures 14(a)–14(d) correspond to crack-
free, the crack located at the edge of crack-affected area, the
crack located inside crack-affected area, and the crack lo-
cated at the edge of the crack-unaffected area, respectively.
)e dotted line is the boundary line between the crack-af-
fected area and the crack-free area, and the circle indicates a
picture magnified 100 times in the vicinity of the crack. )e
roof in Figure 14(a) has no cracks, and the maximum tensile
stress exists in the upper-left corner of the roof.)e cracks in
Figures 14(b) and 14(c) both expand, which can cause the
roof to collapse in advance. )e edge crack in Figure 14(b)
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–6.569e + 06
–4.681e + 06
–2.793e + 06
–9.045e + 05
+9.835e + 05
+2.871e + 06
+4.759e + 06
+6.647e + 06

(b)

S, S11 (Avg: 75%)

–5.298e + 06
–3.660e + 06
–2.021e + 06
–3.827e + 05
+1.256e + 06
+2.895e + 06
+4.533e + 06
+6.172e + 06

(c)

S, S11 (Avg: 75%)

–6.296e + 06
–4.485e + 06
–2.673e + 06
–8.623e + 05
+9.489e + 05
+2.760e + 06
+4.571e + 06
+6.383e + 06

(d)

Figure 14: Normal stress of roof under different crack positions. (a) Crack-free. (b) At the edge of crack-affected area. (c) In the interior of
crack-affected area. (d) In the crack-unaffected area.
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extends to the inside. )ere are large tensile stresses near the
lower crack tip and the upper-left corner of the roof. )e
internal crack in Figure 14(c) expands inward and outward.
Restricted by XFEM itself, when the crack reaches the edge
of the roof, the propagation stops. Large tensile stresses exist
at the tips on both sides of the crack. In Figure 14(d), the
crack is in the crack-unaffected area, the crack does not
expand, there is no stress concentration at the crack tip, and
there is a maximum tensile stress at the upper-left corner of
the roof. )eoretical analysis suggests that cracks in the
crack-affected area will expand, causing the roof to collapse
in advance. )e cracks located in the crack-unaffected area
will not expand, and the stress distribution of the roof is
basically similar to the roof with no crack. In summary, the
numerical simulation results are consistent with the theo-
retical analysis results.

6. Conclusion

In view of the periodic collapse of the roof with the non-
penetrating crack with large cutting height, a fracture me-
chanics model of the cantilever beam with the
nonpenetrating crack was established. )e quantitative
functional relationship between crack size, crack inclination,
roof thickness, roof lithology, and the boundary of the crack-
affected area was deduced. )e influence of the crack lo-
cation on roof failure was revealed, and further numerical
simulations were carried out to verify the analysis results.
Relevant conclusions are as follows:

(1) For vertical cracks, the influence range of cracks on
the roof periodic collapse expands with the increase
of the crack size, but its growth rate slows down.)is
effect decreases with the increase of the roof li-
thology. In the soft roof with a large size crack, the
possibility of the crack-affected area near the neutral
layer is greater.

(2) For vertical cracks, the crack-affected area increases
with the increase of the roof thickness, but the
proportion of the crack-affected area to the total roof
area decreases. For thin roof, the probability of early
roof periodic collapse caused by the crack is higher.

(3) For the internal crack, the crack-affected area de-
creases greatly with the decrease of the crack incli-
nation. )e initiation angle decreases with the
increase of the crack inclination. )e initiation angle
of the vertical crack is 0, and the crack is cracked in
the vertical direction. When the crack inclination is
less than a certain angle, the roof is all the crack-
affected area. And the roof always cracks at its end,
which is consistent with the crack-free roof.

(4) )e numerical simulation shows that the crack in the
crack-affected area can expand, and there is a large
tensile stress at the crack tip, which will lead to the
roof collapse in advance. )e crack in the crack-
unaffected area can not expand. )e stress distri-
bution of the roof is similar to that of the crack-free
roof, and the roof will not collapse in advance.
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