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This paper presents a theoretical investigation on the lateral force of pile in liquefaction site. Regarded liqueﬁed soil as ﬂuid, the
vector method can be used to analyze the liquefaction velocity ﬁeld and solve the analytical solution of the dynamic ﬁeld by making
use of the principle of ﬂuid mechanics. In addition, by solving the velocity ﬁeld with vector symbol operation method, the
analytical expression of the lateral force in the liqueﬁed ﬂow ﬁeld is obtained, and the sensitivity of the parameters in the analytical
expression is analyzed. The results show that the stress ﬁeld of the pile contains both the pressure resistance caused by surface
pressure and the friction resistance caused by shear stress, when the liqueﬁed soil ﬂows laterally. The lateral forces on the pile are
mainly composed of inertial forces and damping forces and are related to density, ﬂuid viscosity, pile radius, and vibration
frequency. With the increase of density, ﬂuid viscosity, and pile radius, the added mass and added damping increase gradually. In a
certain range, added mass and added damping are sensitive to vibration frequency.

1. Introduction
Sand liquefaction caused by almost every earthquake is
accompanied by large deformation, and the lateral displacement caused by seismic liquefaction causes great
damage to the pile foundation [1]. Hamada [2, 3] conducted
in-depth ﬁeld investigations and studied liquefaction sites
and their eﬀects in the light of the 1964 Kobe earthquake in
Japan and the 1983 Chubu earthquake, in which most pile
foundation damage in liquefaction sites was recorded. In
1994, the Northridge earthquake in the United States and the
Hanshin earthquake in Japan in 1995 caused damage to the
pile foundation of numerous bridges, buildings, storage
tanks, wharves, and other structures in the liquefaction area.
In addition, pile foundation damage in liquefaction sites was
found among many earthquakes in Mexico, Costa Rica,
India, Chile, and other countries. Cubrinovski et al. [4]
reported in detail the seismic damage of bridge pile foundations in liquefaction sites in several earthquakes in New
Zealand during 2010-2011. The Magnitude 9.0 earthquake
that struck in the East Japan Sea on March 11, 2011, caused a
large-scale liquefaction. A large number of piles on the banks

of the Tone River are destroyed by site liquefaction [5]. In
China, the Tangshan earthquake in 1976 caused the collapse
of the pile foundation bridges such as the Yuehe Bridge,
Shengli Bridge, and Luanhe Highway Bridge due to sand
liquefaction and lateral displacement of the soil. In the 2008
Wenchuan earthquake, more than 10 bridges were subjected
to diﬀerent degrees of liquefaction damage [6].
The researchers mainly used the solid mechanics concept
of pile-soil interaction to explain the failure of pile foundation
in liqueﬁable site. It is believed that the inertial force of the
upper structure is the main reason for the strength failure of
the pile foundation. Ting [7] through the horizontal load test
of the full-size single pile in the liquefaction site found that the
soil pressure between the pile and soil under dynamic load is
lower than the corresponding value under static load. Tokimatsu and Suzuki [8] used a large-scale shaking table model
test to study the pore pressure response of the soil around the
pile and its inﬂuence on the p-y curve. Yao et al. [9] used the
shaking table model test to study the dynamic interaction
behavior of pile-soil-superstructure system during liquefaction and used the centralized mass model to analyze the
dynamic response. Choobbasti et al. [10] used the ﬁnite
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diﬀerence method to establish a model and studied the response of the pile-soil interaction system after soil liquefaction. Samui et al. [11] analyzed the lateral buckling of pile
groups caused by the axial loads on pile foundation under the
condition of soil liquefaction around the pile. Li and
Motamed [12] established a two-dimensional nonlinear dynamic ﬁnite element model, studied the interaction of pilesoil system under the consideration of two-dimensional effective stress, and compared the analysis results of ﬁnite element model and test results. Wang et al. [13, 14] conducted a
series of shaking table test and found that sand liquefaction
will cause the foundation acceleration response to change and
the maximum bending moment of the pile appears in the pile
head position during the vibration process. Hussien et al. [15]
carried out a series of centrifuge experiments, mainly studied
the dynamic response characteristics of pile group in sand,
and compared the bending moment distribution of pile
foundations.
In recent years, lateral displacement caused by seismic
liquefaction has caused great losses to pile. Due to the
signiﬁcant diﬀerence between the mechanical properties of
the liquefaction soil and the solid soil, such as the low shear
resistance, high ﬂuidity, and other ﬂuid properties, it is a
novel research idea to study the liquefaction of saturated
sand soil on the basis of ﬂuid mechanics. The basic idea of
adopting ﬂuid mechanics to study the liquefaction eﬀect is to
view the liqueﬁed sand as a kind of ﬂuid and then to study
the liquefaction eﬀects such as ﬂow deformation or soilstructure interaction by using the computational methods of
mechanics.
Relevant scholars have done some researches and
analysis and have obtained some useful research conclusions. Towhata et al. [16] took the liqueﬁed soil as ﬂuid for
the ﬁrst time in the analysis of large lateral deformation of
liqueﬁed soil. Based on the results of the shaking table test,
the lateral deformation curve of liqueﬁed soil was assumed to
be the sinusoidal function curve with the maximum at the
top and minimum at the bottom of the layer. After that,
Hamada and Wakamatsu [17] carried out extensive surveys
on the earthquakes that occurred in Japan in the 1980s and
1990s and conducted a series of shaking table tests to study
the ﬂow characteristics of liqueﬁed soil and obtained two
important conclusions: (1) Liqueﬁed soil is highly close to a
kind of pseudoplastic ﬂuid. With the dissipation of pore
water pressure after the earthquake, the stiﬀness of liqueﬁed
soil is recovered and gradually converted to solid. (2) The
ﬂow of liqueﬁed soil meets the Reynolds similarity rate, and
its ﬂow velocity is proportional to the square root of the
thickness of the liquefaction layer. These conclusions have
played an important role in promoting the ﬂow deformation
analysis of liqueﬁed soil, and their correctness has been
proved by subsequent studies. Thereafter, Tamate and
Towhata [18] regarded the liqueﬁed soil as viscous ﬂuid and
analyzed the ﬂow characteristic of liqueﬁed sand by using the
principle of minimum potential energy. Hadush et al. [19]
treated liqueﬁed sand as Bingham ﬂuid with yield strength,
proposed and proved a numerical method based on ﬂuid
dynamics theory to predict deformation caused by liqueﬁed
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soil, and used this method to reproduce liquefaction ﬂow by
the shaking table test. Sawicki and Mierczyński [20]
regarded liqueﬁed sand as a ﬂuid and studied the settlement
of buildings in liqueﬁed sand and the ﬂow slip of the inclined
slope by using the Navier–stokes formula, a classical equilibrium equation in ﬂuid mechanics. Huang et al. [21]
regarded liqueﬁed sand as viscous ﬂuid and analyzed the
ﬂow deformation of liqueﬁed sand by using the VOF model.
Monstassar and de Buhan [22] regarded liqueﬁed sand as
Bingham ﬂuid with yield strength and developed a simpliﬁed
one-dimensional numerical model to analyze the horizontal
displacement of liqueﬁed sand. Chen et al. [23] studied the
hydromechanical properties of liqueﬁed sand, and the results showed that the behavior of postliquefaction ﬁne sand
under monotonic axial compression loading can be described as the combination ﬂuid model of a power-law timeindependent ﬂuid and a power-law time-dependent ﬂuid.
In this paper, the liqueﬁed soil is regarded as ﬂuid, and
the dynamic ﬁeld analysis of liquefaction site is carried out
based on the principle of ﬂuid mechanics and the vector
symbol operation method, and the analytical solution of the
kinetic force ﬁeld is solved. After obtaining the analytical
expression of lateral force of pile considering liquefaction
eﬀect, it is known that the lateral force of the liquefaction site
on pile is mainly composed of inertia force and damping
force and is related to ﬂuid density, ﬂuid viscosity, pile
radius, and vibration frequency. Finally, the sensitivity
analysis of the parameters in the analytical solution is carried
out to obtain the sensitivity degree of diﬀerent parameters.

2. Study on Dynamic Distribution Field of
Liquefaction Site
2.1. Analytical Solution of Velocity Field in Liquefaction Site
2.1.1. Velocity Field Analysis Based on Vector Method. In the
process of soil liquefaction, the soil changes from solid state
to liquid state due to the increase of pore water pressure and
the decrease of eﬀective stress [24]. Therefore, by introducing the viewpoint of ﬂuid mechanics, the velocity ﬁeld of
the liquefaction site considering the pile eﬀect can be obtained, as shown in Figure 1.
Assume the radius of cross section of the pile is R. The
density and viscosity of soil, when the liquefaction ﬂow state
occurs, are ρ and η, respectively.
The velocity of the pile in the liqueﬁed ﬂow ﬁeld is
v � v0 · e− iωt , where ω is the vibration frequency of the pile.
v0 represents the velocity of the pile at the initial moment of
soil liquefaction, which is a constant vector. Assume the
liquefaction ﬂow of soil is inﬁnite. Thus, when its velocity is
v0 , the lateral velocity ﬁeld around the pile is V′0. The ﬂow
velocity ﬁeld of the liquefaction site caused by the pile
movement is V0 , and then V′0 � V0 + v0 .
The liqueﬁed soil can be viewed as incompressible ﬂuid
and can be obtained according to the following continuous
equation:
∇ · V′0 � ∇ · V0 + v0  � ∇ · V0 � 0.

(1)
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Substitute equation (4) into equation (7) and use the
vector symbol operation to obtain

ρ, η

∇v0 Δ2 f + iωΔf � 0.

(8)

v0 Δ2 f + iωΔf � Constant.

(9)

Then

R

It is known from the boundary conditions at inﬁnity that
Constant � 0; therefore,
Figure 1: Schematic diagram of velocity ﬁeld of the liquefaction site.

According to the vector theory, the polar vector V0
corresponds to the axial vector A, to guarantee that ∇ · (∇ ×
A) � 0 comes true, where ∇ is the gradient, so we can obtain
V0 � ∇ × A,

(10)

� df/
and the ﬁrst derivative can be solved: f′ ����
�
dr � (1/r2 )[aeikr (r − (1/ik) + b)], where k � (i + 1) ω/2v0 .
Velocity ﬁeld can be obtained by using the vector symbol
operation method in the cylindrical coordinate system:

(2)

where A is the axial vector, which can be expressed as the
vector product of two polar vectors. Since A is only related to
the radius c and velocity vs of the polar vector, A must be
composed of c × v0 , and c can be expressed by the gradient
f′ (r)n. For the slender structure of pile, it can be considered
that A is independent of the axial position coordinate z; that
is, A has the vector product form of f′ (r)n × v0 . In addition,
since f′ (r)n � ∇f and v0 is a constant vector, then
V0 � ∇ × ∇f × v0 .

V � f ″ −

1
f′  v0 · nn − f″ v0 .
r

iωt

.

(4)

2.1.2. Solution of the Velocity Field with Vector Symbol
Operation Method. Since the liqueﬁed soil is an incompressible ﬂuid, the momentum equation can be obtained as
follows:
zV
1
η
+(V · ∇)V � − ∇P + ΔV,
(5)
zt
ρ
ρ
where η is the ﬂuid viscosity of liqueﬁed soil, ρ is the density
of liqueﬁed soil, and P is the stress ﬁeld around the pile, Δ is
Laplacian.
Since the ﬂuid motion caused by soil liquefaction belongs to a uniform ﬂow with low Reynolds number, the
inertia term (V · ∇)V in the formula can be ignored, and the
linearized N–S equation can be obtained:
zV
1
η
� − ∇P + ΔV.
(6)
zt
ρ
ρ
Take the curl from left to right of the above equation, and
because ∇ × (∇P) � 0, we can obtain
z(∇ × V)
(7)
� v0 Δ(∇ × V).
zt

(11)

According to the boundary condition r � R, V0 � v0 ;
thus, a � − (3R/ik)e− ikR and b � − R3 (1 − (3/ikR) − (3/
k2 R2 )).
According to equation (11), the components of V0
in the normal, tangential, and axial directions are,
respectively,

(3)

Therefore, the velocity ﬁeld caused by the vibration of the
pile at the velocity v � v0 · e− iωt in the ﬂuid ﬁeld is
V � ∇ × ∇f × v0  · e−

v0 Δ2 f + iωΔf � 0,

V0r � −

1
fv cos θ,
r 0

(12)

V0θ � f″ v0 sin θ,

(13)

V0z � 0.

(14)

2.2. Analytical Solution of Stress Field in Liquefaction Site.
Since ﬂowing liqueﬁed soil is an incompressible ﬂuid,
according to the Navier–Stokes equation and stress tensor
formula, equations (3), (4), and (12)–(14) can be substituted
into it to obtain

zV
∇P0 � ηΔV0 − ρ 
zt t�0
(15)
� ∇ηΔ ∇f · v0  + iωρ∇f · v0 .
Therefore, the pressure distribution around the pile is
P0 � ηΔ ∇f · v0  + iωρ∇f · v0 + P∞
1
1
� ηv0 f‴ + f″ − 2 f′ cos θ + iωρv0 f′ cos θ + P∞ .
r
r
(16)
Thus, the stress ﬁeld around the pile can be obtained as
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σ ′0rr � 2η

zV0r
zr

(17)

1
1
� − 2ηv0  f″ − 2 f′ cos θ,
r
r
1 zV0θ V0r
+

r
r zθ
1
1
� 2ηv0  f″ − 2 f′ cos θ,
r
r

(18)

1 zV0r zV0θ V0θ
+
−

zr
r
r zθ
1
1
� ηv0 f‴ − f″ + 2 f′ sin θ.
r
r

(19)

zV0θ 1 zV0z
+
 � 0,
zz
r zθ

(20)

′ � η
σ 0zr

zV0z zV0r
+
 � 0,
zr
zz

(21)

′ � 2η
σ 0zz

zV0z
� 0.
zz

(22)

′ � 2η
σ 0θθ

′ � η
σ 0rθ

′ � η
σ 0θz

′ , and σ 0rθ
′
According to the calculation results, σ ′0rr, σ 0θθ
are nonzero values. It can be found that the stress ﬁeld
around the pile includes both the pressure resistance caused
by the surface pressure and the friction resistance caused by
the shear stress.

3. Research Studies on Lateral Force of
Pile under Liquefaction Site Flow Condition
3.1. Analytical Solution of Lateral Force of Pile. The lateral
force applied to the pile is parallel to the velocity of soil
liquefaction ﬂow. Therefore, all surface forces acting on the
surface of the pile are projected to the direction of ﬂuid
velocity, and integrate along the whole cylinder of the pile.
The lateral force acting on the unit length pile is
1
′ sin θ
F � B P0 cos θ − σ ′0rr cos θ + σ 0θθ
L A
(23)
′ sin θ · e−
+ σ 0rθ

iωt

dA.

On the pile cylinder r � R, according to formula
(16)–(19),
1
P0 � 3η − ik − iωρRv0 cos θ + P∞ ,
R
σ ′0rr � 0,
′ � 0,
σ 0θθ
′ � 0,
σ 0rθ

1
′ � 3ηv0  − iksin θ.
σ 0rθ
R

(24)

According to formula (23) and according
√���� to the deﬁnition of ﬂuid mechanics principle δ � 2v/ω and v � η/ρ,
by integration,
���
ηρ
R dv
R
(25)
F � 6πR
1 +  + 6πη1 + v,
2ω
3δ dt
δ
where η is the ﬂuid viscosity of liqueﬁed soil, ρ is the density
of liqueﬁed soil, R is the radius of pile, and ω is the vibration
frequency of pile.
Formula (25) shows that the lateral force of the liquefaction site on pile is mainly composed of inertia force and
damping force, and its dynamic characteristics are related to
density, ﬂuid viscosity, pile radius, and vibration frequency
of pile. Suppose
���
ηρ
R
ma � 6πR
1 + ,
2ω
3δ
(26)
R
ca � 6πη1 + ,
δ
where ma is the dynamically added mass of pile and ca is the
dynamic added damping of pile. Both of these factors reﬂect
the dynamic characteristics of pile under transverse vibration in the liquefaction ﬂow ﬁeld.
Finally, the lateral force of liquefaction site on the pile
can be expressed as
F � ma v_ + ca v.

(27)

3.2. Parametric Sensitivity Analysis of Analytical Solutions of
Lateral Force
3.2.1. Method of Sensitivity Analysis. Sensitivity is deﬁned as
the derivative of a function with respect to a parameter; at
the parameter x, sensitivity of dynamic added mass function
M(X) or dynamic added damping function C(X) with
respect to xi is
zM(X)
,
Sxi (X) �
zxi
(28)
zC(X)
or Sxi (X) �
,
zxi
where Sxi reﬂects the monotonicity of function M(X) or
C(X) on parameter xi . The value of Sxi indicates the sensitivity of each function to the parameter xi . The larger the
value, the more sensitive the function is to xi .
The sensitivity of density, ﬂuid viscosity, pile radius, and
vibration frequency is analyzed below, and take the reference
value of each parameter as density of liqueﬁed soil
ρ � 1600 kg/m3 , ﬂuid viscosity η � 103 Pa·s, radius of pile
R � 0.5 m, and vibration frequency of pile ω � 2 Hz. During
the sensitivity analysis of each parameter, the other parameters remain unchanged based on the change of a single
parameter.
3.2.2. Density of Liqueﬁed Soil. The curves of the added mass
and added damping with the density of liqueﬁed soil are
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Figure 2: Inﬂuence of density on the added mass (a) and added damping (b).

shown in Figure 2. The added mass and added damping
increase with ﬂuid density, and it indicates that with the
increase of ﬂuid density, the lateral force of liqueﬁed soil on
pile increases gradually. The sensitivity decreases with the
increase of density, indicating that ﬂuid will become more
sensitive to lateral force when the density of ﬂuid becomes
smaller. The variation range of sensitivity corresponding to
added damping is obviously larger than that corresponding
to added mass, which proves that the inﬂuence of ﬂuid
density on added damping is greater.
3.2.3. Fluid Viscosity of Liqueﬁed Soil. The curves of added
mass and added damping with the viscosity of liqueﬁed soil
are shown in Figure 3. The added mass and added damping
increase with the increase of ﬂuid viscosity, and the sensitivity decreases with the increase of ﬂuid viscosity. It
implies that the smaller the ﬂuid viscosity, the more sensitive it is to lateral forces. And when the viscosity is between 1000 Pa·s and 2000 Pa·s, and the corresponding
sensitivity drops sharply. This indicates that the change of
ﬂuid viscosity has a great inﬂuence on the lateral force. The
variation range of sensitivity of added damping is larger,
which indicates that the inﬂuence of ﬂuid viscosity on
added damping is greater.
3.2.4. Pile Radius. The curves of added mass and added
damping with pile radius are shown in Figure 4. It can be
found that as the pile radius increases, the added mass and
added damping increase gradually. The sensitivity corresponding to added mass increases accordingly, while the
sensitivity corresponding to added damping remains unchanged, indicating that the pile radius is sensitive to added
mass, but not to added damping.
3.2.5. Vibration Frequency of Pile. The curves of the added
mass and added damping with the vibration frequency of the
pile are shown in Figure 5. With the increase of vibration
frequency, the added mass decreases sharply and tends to be
stable gradually. The added damping increases gradually,
and the sensitivity corresponding to the added mass and

added damping decreases rapidly at the low frequency stage
and tends to a smaller value, indicating that when the frequency is less than 1 Hz, the vibration frequency is particularly sensitive to the lateral force.
3.3. Comparative Analysis of Analytical and Numerical Solution of the Distribution Field around the Pile. Using the
CFD ﬂuid module of ABAQUS ﬁnite element platform,
Abaqus/CFD provides advanced computational ﬂuid dynamics capabilities with extensive support for preprocessing
and postprocessing provided in Abaqus/CAE. These scalable
parallel CFD simulation capabilities address a broad range of
nonlinear coupled ﬂuid-structural problems. Abaqus/CFD
can solve the following types of incompressible ﬂow
problems: the internal or external ﬂows that are steady-state
or transient, span a broad Reynolds number range, and
involve complex geometry that may be simulated with
Abaqus/CFD. This includes ﬂow problems induced by
spatially varying distributed body forces.
A ﬂuid ﬁnite element model is established to carry out
numerical calculation of liqueﬁed dynamic ﬁeld, based on
the principle of minimum potential energy and basic control
equation of ﬂow. A site is adopted to simulate the ﬂow eﬀect
of the liquefaction site. The schematic diagram of the site is
shown in Figure 6.
For the boundary conditions, in order to better simulate
the inﬁnite dynamic ﬂow ﬁeld, in the whole liqueﬁed soil
ﬂow area, all the boundaries except the ﬂuid outlet are set as
the velocity inlet. Some parameters used in numerical calculation are as follows: the CFD model is adopted for liqueﬁed soil mass, and thus, ρ � 1600 kg/m3 (the soil density)
and η � 1000 Pa·s (dynamic viscosity). The elastic model is
adopted for pile, and thus, ρ � 2500 kg/m3 (concrete pile
density), E � 3 × 104 MPa·s (elasticity modulus), and λ �
0.35 (Poisson’s ratio). In the calculation, the initial stress
setting and balance of the soil are ﬁrstly carried out to obtain
the stress distribution in the preliquefaction state, and then
the liqueﬁed soil is set as the ﬂuid material for the dynamic
ﬁeld calculation.
The comparison of the analytical and numerical solutions of the stress distribution ﬁeld around the pile is
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Figure 3: Inﬂuence of ﬂuid viscosity on the added mass (a) and added damping (b).
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shown in Figure 7. It can be seen that the distribution
trend of the analytical solution of the stress ﬁeld is basically the same as that of the ﬁnite element solution
around the pile and the stress on the pile structure is

mainly distributed in the head-on position of liqueﬁed soil
ﬂow. This result is consistent with the stresses around the
pile in the process of seabed consolidation movement in
Literature [25].
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Figure 6: Schematic diagram of the liqueﬁed site. (a) Sectional view. (b) Vertical view.
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which are related to density, ﬂuid viscosity, pile
radius, and vibration frequency.
(3) With the increase of density, ﬂuid viscosity, and pile
radius, the added mass and added damping are
gradually increasing. The inﬂuence of density and
ﬂuid viscosity on the added damping is greater, and
the pile radius is only sensitive to the additional
mass. Vibration frequency is particularly sensitive to
added mass and added damping within a certain
range.
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4. Conclusion
Regarding the liqueﬁed soil as ﬂuid, the dynamic ﬁeld
analysis of liquefaction site is carried out based on the
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