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/is paper deals with the reference trajectory tracking problem and simultaneous active disturbance suppression on a class of controlled
aerial mechanical systems by processing measurable output signals. A novel dynamic control method for desired motion reference
trajectory tracking for quadrotor helicopters is introduced. Measurements of position output signals for efficient and robust tracking of
motion profiles specified for the unmanned aerial vehicle are only required. /us, differentiation of signals and real-time estimation of
disturbances affecting themulti-inputmultioutput, underactuated nonlinear dynamic system are unnecessary./e presented active control
approach can be directly extended for a class of vibratingmechanical systems. Analytical, experimental, and numerical results are presented
to prove the satisfactory performance of the proposed trajectory tracking control approach for considerably perturbed operating scenarios.

1. Introduction

Interest in the study of unmanned aerial vehicles (UAVs) has
increased in the last years since these aerial machines are able
to accomplish several sorts of tasks. Diverse configurations of
these vehicles can be found in multiple applications such as
surveillance, monitoring, inspection, mapping, and payload
transportation, among others [1, 2]. Efficient control of a four-
rotor helicopter, commonly named quadrotor, has been
addressed in various technological and scientific research
works [3]./is vehicle is an underactuated nonlinear dynamic
system because it counts with six degrees of freedom and only
four independent control inputs. In contrast with other
UAVs, such as the fixed-wing type that need large and wide
space extensions for take-off and landing, a quadrotor has the

ability of vertical take-off and landing (VTOL) which allows
its safe operation indoors [4].

During flights, as a consequence of variable wind speeds,
fluctuations in the surrounding humidity, and air resistance,
quadrotors are subjected to endogenous and exogenous un-
certainties due to a highly changing medium. A complex
nonlinear dynamic behaviour between relevant variables and
uncertainty is observed. /erefore, in order to efficiently
perform trajectory tracking, slow and fast motion, hovering,
stable flight, andVTOL, robust motion control schemes should
be designed.

Numerous linear and nonlinear controllers have been
proposed in the literature for quadrotor helicopters. In [5], PID
and LQ control strategies have been implemented for stabi-
lization of a quadrotor in presence of small perturbations. PID
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control algorithms have been also introduced in [6], where
results show a good flight performance for trajectory tracking at
slow velocity in controlled environments. To regulate the ro-
tational dynamics of a quadrotor in [7], a backstepping-based
PID nonlinear control has been introduced, where the tracking
error integral is used to minimize the steady-state error. /e
work in [8] deals with the regulation of the quadrotor position
by using a robust PID controller, while robust attitude control
is achieved by means of integral backstepping and terminal
sliding modes.

Indeed, synthesis of several high-efficiency nonlinear
control schemes may require accurate mathematical models or
have a complex structure, which complicate their imple-
mentation in realistic systems due to some variables and pa-
rameters are unavailable or hard to obtain [9]./us, the Active
Disturbance Rejection Control (ADRC) methodology consti-
tutes an excellent alternative to achieve robustness against a
wide class of disturbances [10]. Effective online disturbance
estimation represents a fundamental component in ADRC
[11, 12]. In this regard, in [13], disturbances are estimated by a
Linear Extended State Observer (LESO) and then compensated
by a PD controller. Authors in [14] propose an active dis-
turbance rejection sliding mode controller, compensating es-
timates of uncertainties and external disturbances. Meanwhile,
authors in [15] put all the available process information as an
input in the control scheme for improving the disturbance
estimation. In [16], satisfactory results to stabilize a quadrotor
are achieved with a modified nonlinear version of ADRC.

In this paper, a new robust motion tracking control ap-
proach for a multiinput multioutput, underactuated nonlinear
four-rotor helicopter is introduced. In contrast with other recent
contributions, in the present dynamic tracking control proposal,
additional designs of asymptotic extended state observers for
real-time estimation of both disturbances and unavailable states
signals are unnecessary. External disturbances and model un-
certainties are actively suppressed through polynomial signal
compensators, injected directly by suitable action of con-
strained, and reduced dynamic control inputs. Dynamic
compensators are exploited to add outstanding active distur-
bance suppression capabilities. Integral structural reconstruc-
tion of unavailable time derivatives in the proposed control
scheme is properly extended as well [17]. Effectiveness of in-
tegral reconstruction of velocity signals on efficiently controlled
nonlinear vibrating systems has been proved in [18, 19]. Ro-
bustness of integral error action on electric motor control has
been discussed in [20, 21]. In the present study, important
insights for extension of the dynamic tracking control approach
for a class of mechanical systems are also provided.

/e remainder of this paper is organized as follows. In
Section 2, an experimental case study on central ideas of the
reference trajectory tracking control approach is described.
/e MIMO underactuated nonlinear dynamic model of the
aerial vehicle is presented in Section 3. /en, active dis-
turbance suppression is addressed by means of the proposed
robust motion tracking control scheme in Section 4. In
Section 5, three case studies are presented to demonstrate the
efficiency and robustness of the introduced dynamic control
scheme in presence of considerable disturbances. Lastly,
conclusions and future work are highlighted in Section 6.

2. An Output Feedback Dynamic
Control Approach

To depict the basic ideas of the proposed dynamic tracking
control approach, consider the n Degree-of-Freedom (DOF)
mass-spring-damper mechanical system shown in Figure 1.
Here, xi, i � 1, 2, . . . , n, stands for position of the mass mi,
y � x1 represents the output variable to be controlled, and u

is a single force control input. Mass, damping, and stiffness
parameters associated with the i-th DOF are denoted by mi,
ki, and ci, respectively.

/e mathematical model of this multi-degree-of-free-
dom vibrating mechanical system is described by

Mx
..

+ Cx
.

+ Kx � u, (1)

whereM, C, and K are, respectively, the mass, damping, and
stiffness matrices given by

M �

m1 0 0 . . . 0 0

0 m2 0 . . . 0 0

⋮ ⋱

0 0 0 . . . mn− 1 0

0 0 0 . . . 0 mn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

C �

c1 0 0 . . . 0 0

0 c2 0 . . . 0 0

⋮ ⋱

0 0 0 . . . cn− 1 0

0 0 0 . . . 0 cn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

K �

k1 + k2 − k2 0 . . . 0 0 0

− k2 k2 + k3 − k3 . . . 0 0 0

⋮

0 0 0 . . . − kn− 1 kn− 1 + kn − kn

0 0 0 . . . 0 − kn kn + kn+1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(2)

with position vector x � [x1x2 . . . xn]T and control force vector
u � u 0 . . . 0􏼂 􏼃

T. Notice that equation (1) has been widely
employed to model diverse engineering systems such as dy-
namic vibration absorbers [22, 23] and flexible structures [24].

/en, from equation (1), the following feedforward and
feedback controller for asymptotic tracking of the desired
reference position trajectory y⋆(t) can be synthesized:

u � m1 €y
∗
1 − β1 _y − _y

∗
( 􏼁 − β0 y − y

∗
( 􏼁 − ξ(t)􏼂 􏼃, (3)

where β0 and β1 are control gains and ξ(t) is disturbance
affecting the dynamics of the actively controlled output variable
y. Notice that ξ(t) includes disturbances due to unmodeled
dynamics and, possibly, parametric uncertainty and resonant
excitation forces. Nevertheless, the trajectory tracking controller
(3) requires measurements of position, velocity, and informa-
tion of disturbances ξ(t). /us, the Generalized Proportional-
Integral (GPI) control approach is used for the synthesis of a
robust output feedback control scheme. /is control technique
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is based on the integral reconstruction of the state variables
through iterated integrations of the output and input variables
[17].Moreover, dynamic tracking error compensation is used to
reject disturbances using only measurements of the output
position variable y.

For control design purposes, it is assumed that the
disturbance signal ξ(t) can be approximated into a small
window of time by the r-th order Taylor polynomial ex-
pansion, around a given time instant t0 > 0,

ξ(t) ≈ 􏽘
r

i�0
pi t − t0( 􏼁

i
, (4)

where coefficients pi are completely unknown. In addition,
we have assumed that ξ(t) is uniformly absolutely bounded,
i.e.,

‖ξ‖∞ � sup
t∈[0,∞)

|ξ(t)| � δ <∞, (5)

where δ is a possibly unknown positive constant.
Dynamics of the output position variable of the me-

chanical system is then described into an infinitesimal time
window as

€y �
1

m1
u + 􏽘

r

i�0
pi t − t0( 􏼁

i
. (6)

By integrating equation (6), one can obtain the following
integral reconstructor for the velocity signal:

􏽢_y �
1

m1
􏽚

t

t0

u(τ)dτ. (7)

Note that initial conditions of the uncertain mechanical
system and coefficients pi were intentionally neglected in the
integral reconstruction of the velocity signal. /us, the
structural estimate 􏽢_y differs from the actual velocity signal by
an algebraic polynomial up to r + 1-th degree as follows:

􏽢_y � _y + 􏽘
r+1

i�0
λi t − t0( 􏼁

i
, (8)

where constants λi depend on unknown initial conditions
and coefficients of the disturbance model (4).

/en, a dynamic controller, using integral velocity re-
construction (7), for both active disturbance suppression
and robust reference trajectory tracking is proposed as
follows:

u � m1 €y
∗

− βr+3
􏽢_y − _y
∗

􏼐 􏼑 − βr+2 y − y
∗

( 􏼁 − χr+1􏽨 􏽩, (9)

with

_χ0 � β0 y − y
∗

( 􏼁,

_χ1 � χ0 + β1 y − y
∗

( 􏼁,

⋮

_χr � χr− 1 + βr y − y
∗

( 􏼁,

_χr+1 � χr + βr+1 y − y
∗

( 􏼁.

(10)

Substitution of controller (9) into equation (6) leads to
the closed-loop tracking error dynamics, e � y − y∗:

e
(r+4)

+ 􏽘
r+3

k�0
βke

(k)
� 0. (11)

Hence, by selecting the design parameters βk, the charac-
teristic polynomial associated with the tracking error dynamics
(11) is a Hurwitz polynomial results in a globally exponentially
asymptotically stable equilibrium point. /erefore,

lim
t⟶∞

e � 0⟹ lim
t⟶∞

y � y(t)
∗
. (12)

2.1. Experimental Results. Analytical results were confirmed
by real-time experiments performed on a three degree-of-
freedom mass-spring-damper system characterized by the
set of system parameters described in Table 1. /e experi-
mental setup used to test the proposed control approach is a
rectilinear mechanical plant (Model 210a) provided by
Educational Control Products. /e design parameters for
the output feedback tracking controller were selected to have
the closed-loop characteristic polynomial:

Pc(s) � s
2

+ 2ζωns + ω2
n􏼐 􏼑

4
, (13)

with r � 4, ωn � 70 rad/s, and ζ � 7.
Figure 2 confirms the acceptable performance of the

tracking control scheme. In this case study, the vibration test
system was also perturbed by unmodeled dynamics associated
with flexible beam structures connected to each mass, as shown
in Figure 3. /e satisfactory tracking of the reference position
trajectory y∗ is verified. /is profile was planned to smoothly
transfer the mass m1 from the rest position to the equilibrium
position of 0.01m in a time interval of 3 s. /erefore, in Section
3, the proposed control approach is extended to the desired
motion tracking problem on perturbed quadrotor helicopters.

3. Dynamic Model of a Quadrotor Helicopter

/e quadrotor is a controlled aerial mechanical system with six
degrees of freedom and only four control inputs. Moreover, its
dynamic behaviour is governed by a set of strongly coupled

m1

k1

x1

c1
m2

k2

x2

c2

k3

c3 mn

kn

xn

cn

kn+1

u

Figure 1: Schematic diagram of a n DOF flexible mechanical system.
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nonlinear differential equations. A quadrotor is commonly
designed to have a rigid body mechanical structure in order to
obtain a simplified mathematical model, where two reference
frames are used to describe its dynamic behaviour [3, 25]. /e
former, a global inertial coordinate system with X, Y, and Z

axes, is attached to the Earth, and the second one with X′, Y′,
and Z′ axes fixed the quadrotor centre of mass as portrayed in
Figure 4. Control force and torques, represented as u, τψ , τθ,
and τϕ, are generated by four rotors located symmetrically in a

suitably balanced mechanical structure. /us, force and torque
controllers should be synthesized to perform online and offline
trajectory tracking for translation and rotation motion in the
three-dimensional space.

Controlled system motion is achieved by increasing or
decreasing properly the speed of each rotor./e pair of rotors
1 and 3 spin counterclockwise and the other in clockwise.
/us, pitching moment is produced by rotors 1 and 3, as
shown in Figure 4(a). Similarly, rolling moment shown in
Figure 4(b) is caused by the difference between forces pro-
duced by rotors 2 and 4. Yawing moment is originated when
angular velocities of lateral rotors aremodified, as displayed in
Figure 4(c). On the contrary, the control force u, which allows
lifting the quadrotor body, stands for the sum of all the
vertical forces produced by each rotor.

Relation between produced forces by each rotor and
control inputs is given by [3]

u � 􏽘
4

i�1
Fi,

τψ � 􏽘
4

i�1
τMi

, τθ � F3 − F1( 􏼁l,

τϕ � F2 − F4( 􏼁l,

(14)

where l is the distance from the motors to the centre of mass
and τMi

stands for the torque induced by each electric motor
Mi. Fi and τMi

are related to the geometry of the rotors
blades bymeans of the coefficients of thrust and drag. Hence,
motion in different directions on the plane can be attained
by regulating angular velocities of rotors in order to change
the magnitude of the forces Fi. /erefore, by suitably
combining the rolling, pitching, and yawing moments, a
quadrotor can track different reference trajectories.

/e nonlinear dynamic model of the quadrotor is ob-
tained by the Euler–Lagrange formalism [3, 25]. /e vector
of generalized coordinates is given by

q � x y z ϕ θ ψ􏼂 􏼃 ∈ R6
, (15)

where ϕ, θ, and ψ are the Euler angles describing the ori-
entation of the system and x, y, and z are the position
coordinates of the centre of mass measured with respect to
the inertial reference frame. By considering the kinetic and
potential energies, the Lagrangian is then given by

L �
1
2
λ
.

Mλ
. ⊺

+
1
2
η
. ⊺
Iη

.
− λMg, (16)

where M is the diagonal mass matrix, I is the equivalent
inertia tensor, g � 0 0 g􏼂 􏼃

⊺ is the gravity vector, g is the
acceleration constant of gravity, λ� x y z􏼂 􏼃 stands for the
position vector, and η� ϕ θ ψ􏼂 􏼃 is the orientation vector,
both expressed in the global reference frame. /e nonlinear
translational dynamics of the quadrotor is given by

m €x � − u sin θ + ξx,

m€y � u cos θ sinϕ + ξy,

m€z � u cos θ cos ϕ − mg + ξz,

(17)

Table 1: Parameters of a 3 DOF mass-spring-damper system.

m1 � 2.82 kg c1 � 3.64Ns/m k1 � 191.315N/m
m2 � 2.59 kg c2 � 1.75Ns/m k2 � 391.16N/m
m3 � 2.59 kg c3 � 1.75Ns/m k3 � 344.83N/m

t (s)
0 1 2 3 4 5

y (
m

)

0

0.005

0.01

0.015

y∗

(a)

t (s)
0 1 2 3 4 5

u 
(N

)

0

1

2

3

4

5

(b)

Figure 2: Experimental results for trajectory tracking planned for
the controlled mass.

Actuator Controlled mass

Figure 3: Configuration of the experimental setup used to test the
performance of the proposed control approach.
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where ξx, ξy, and ξz denote unknown time-varying force
disturbances affecting the operation of the aerial system.
Simultaneously, rotational dynamics has numerous non-
linear couplings between system variables and parameters.
Disturbed angular dynamics is described in a compact form
as follows:

Iη
..

� τη − C(η
.
, tη )η

.
+ ξη, (18)

where

I �

− Ixsθ 0 Ix

Iy − Iz􏼐 􏼑cθcϕsϕ Iyc
2
ϕ + Izs

2
ϕ 0

Izc
2
θc

2
ϕ + Iyc

2
θs

2
ϕ + Ixs

2
θ Iy − Iz􏼐 􏼑cθcϕsϕ − Ixsθ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

C(η
.
, η) �

c11 c12 c13

c21 c22 c23

c31 c32 c33

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(19)

F1

F4

F2

X′

Z′

Y′

Y

X

Z

θ, τθ

F3

(a)

X′

Y′

Z′

Y

X

Z

F1F4

F3

F2

ϕ, τϕ

(b)

F1

F4

F3

Z′

X′

Y′

F2

Y

X

Z

ψ, τψ

(c)

Figure 4: Motion in each direction of the space by the control inputs. (a) Pitching moment. (b) Rolling moment. (c) Yawing moment.
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with

c11 � Iz − Iy􏼐 􏼑 _ψsϕcϕc
2
θ,

c12 � − Ix
_ψcθ + Iy θ

.

sϕcϕ + _ψcθs
2
ϕ − _ψcθc

2
ϕ􏼒 􏼓 − Iz

_ψcθs
2
ϕ − _ψcθc

2
ϕ + θ

.

sϕcϕ􏼒 􏼓,

c13 � 0,

c21 � − Ix
_ψsθcθ + Iy

_ψsθcθs
2
ϕ + Iz

_ψsθcθc
2
ϕ,

c22 � Iz − Iy􏼐 􏼑 _ϕsϕcϕ,

c23 � Ix
_ψcθ + Iy − θ

.

sϕcϕ + _ψcθc
2
ϕ − _ψcθs

2
ϕ􏼒 􏼓 + Iz

_ψcθs
2
ϕ − _ψcθc

2
ϕ + θ

.

sϕcϕ􏼒 􏼓,

c31 � θ
.

Ixsθcθ + Iy − θ
.

sθcθs
2
ϕ + _ϕsϕcϕc

2
θ􏼒 􏼓 − Iz θ

.

sθcθc
2
ϕ + _ϕsϕcϕc

2
θ􏼒 􏼓,

c32 � Ix
_ψsθcθ − Iy θ

.

sθsϕcϕ+ _ϕcθs
2
ϕ − _ϕcθc

2
ϕ + _ψsθcθs

2
ϕ􏼒 􏼓 + Iz

_ϕcθs
2
ϕ − _ϕcθc

2
ϕ − _ψsθcθc

2
ϕ + θ

.

sθsϕcϕ􏼒 􏼓,

c33 � − Ixθ
.

cθ + Iy − Iz􏼐 􏼑 _ψc
2
θsϕcϕ􏼐 􏼑.

(20)

Here, for purposes of simplicity of the model repre-
sentation, si and ci stand for the sine and cosine functions for
i � θ, ϕ. /e control torque vector is denoted by
τη � τϕ τθ τψ􏽨 􏽩

⊺
. Similarly, ξη � ξϕ ξθ ξψ􏽨 􏽩

⊺
represents a

torque disturbance vector due to wind corrupting the
rotational dynamics. Parametric uncertainty and unmodeled
dynamics could be also lumped in disturbances ξc, for
c � x, y, z, ϕ, θ,ψ.

4. Robust Motion Tracking Control for
Quadrotor Helicopters

ADRC focuses on the input and output evolution instead of
the use of some detailed nonlinear mathematical model of
the disturbed dynamic system [11, 12]. An extended state
observer is designed to estimate disturbances. After, real-
time estimated disturbances are included in the control
syntheses to guarantee active disturbance rejection. In the
present contribution, from a different control design per-
spective, disturbance observers and time derivatives of
output signals are unnecessary. Time-varying disturbances
are actively and directly suppressed by dynamic error
compensation properly embedded into control signals.

/e proposed main control scheme is schematically
depicted in Figure 5. Two virtual controllers are synthesized
for adjusting the nonactuated dynamics and ensure the
efficient and robust tracking of position reference trajec-
tories in X and Y directions. Meanwhile, fully actuated
dynamics are regulated directly by suitable action of four
robust controllers. /e control scheme is based on tracking
errors given by the difference between real measured vari-
ables and desired reference trajectories, with
c � x, y, z, ϕ, θ,ψ,

ec � c − c
∗
, (21)

where the superscript ∗ is used to denote reference trajectory
for some system variable. Here, a virtual control block
computes the reference trajectories θ∗ and ϕ∗, according to
the desired motion for X and Y directions as follows:

θ∗ � sin− 1
−
1
u

mvx􏼒 􏼓,

ϕ∗ � sin− 1 1
ucosθ

mvy􏼒 􏼓.

(22)

For robust control design purposes, from equations (17)
and (18), disturbed tracking error dynamics is simplified as

€ec � vc + ξc(t). (23)

Similarly, ξc(t) are considered as bounded time-varying
disturbance signals and locally approximated into a small
interval of time by the r-th order Taylor polynomial
expansions:

ξc(t) ≈ 􏽘
r

i�0
pi,c t − t0( 􏼁

i
, (24)

where coefficients pi,c are assumed to be completely
unknown.

From equation (23), integral reconstructors for velocity
signals of tracking errors can be then computed by

􏽢_ec � 􏽚
t

t0

vcdt. (25)

/e polynomial relationship between structural esti-
mates 􏽢_ec and actual velocity tracking error signals is given by

􏽢_ec � _ec + 􏽘
r+1

i�0
λi,c t − t0( 􏼁

i
, (26)

where parameters λi,c are also assumed to be unknown.
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Auxiliary controllers for desired motion trajectory
tracking tasks on the aerial vehicle are then proposed as

vc � − βr+3,c
􏽢_ec − βr+2,cec − χr+1,c, (27)

with

_χ0,c � β0,cec,

_χ1,c � χ0,c + β1,cec,

⋮

_χr,c � χr− 1,c + βr,cec,

_χr+1,c � χr,c + βr+1,cec.

(28)

/en, from equations (23) and (27), closed-loop tracking
error dynamics is governed by

e
(r+4)
c + 􏽘

r+3

k�0
βk,ce

(k)
c � 0. (29)

/erefore, control gains βk,c should be selected so that
characteristic polynomials associated with the closed-loop
error dynamics (29),

PCL,c(s) � s
r+4

+ 􏽘
r+3

k�0
βk,cs

k
, (30)

are Hurwitz polynomials and faster than disturbance signals.
In this way, reference trajectory tracking can be achieved:

lim
t⟶∞

ec � 0⟹ lim
t⟶∞

c � c
∗
, (31)

with c � x, y, z, ϕ, θ,ψ.
Notice from (18) that

η
..

� I
− 1 τη − C(η

.
, η)η

.
􏽨 􏽩 + I

− 1ξη. (32)

/e control torque vector can be then proposed as
follows:

τη � Ivη + C(η
.
, η)η

.
+ Iη

..∗
, (33)

with vη � [vϕvθvψ]⊺. /us, substitution of (33) into (18)
yields

η
..

� η
..∗

+ vη + I
− 1ξη,

€eη � vη + I
− 1ξη,

(34)

and by expressing the angular acceleration disturbance
vector as I− 1ξη � dη, it results

€eη � vη + dη, (35)

which presents the structure in (23). /erefore, the control
inputs for desired motion trajectory tracking and active
disturbance suppression are proposed as

u �
1

cosϕ cos θ
mvz + mg( 􏼁,

τϕ � kϕvϕ,

τθ � kθvθ,

τψ � kψvψ ,

(36)

z∗, ψ∗

x∗, y∗ ex, ey
–

+

x, y θ, u

a

b

a

b

c d

c

–
+

d

f

f

u, τϕ, τθ, τψ

z, ϕ, θ, ψ

Disturbance

Quadrotor

ξγ

u

Virtual
control vx, vy

Angular
references

ADRC

ϕ∗, θ∗

ez, eψ

eθ, eϕ

Fully
actuated
control

u, τϕ, τθ, τψ

ADRC

Figure 5: Main robust motion control scheme for a disturbed aerial quadrotor vehicle.
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with

kϕ � Ix,

kθ � Iycos
2 ϕ + Izsin

2 ϕ,

kψ � Izcos
2 θ cos2 ϕ + Iycos

2 θ sin2 ϕ + Ixsin
2 θ.

(37)

5. Case Studies on Dynamic
Performance Assessment

In this section, numerical experiments to confirm the ef-
fectiveness of the proposed dynamic tracking control
scheme are described. Experiments were implemented on a
lightly damped quadrotor with parameters described in
Table 2. Translational reference trajectories in meters are
given by

x
∗
(t) � 2sin

t

2
􏼒 􏼓cos

t

4
􏼒 􏼓,

y
∗
(t) � 2sin

t

2
􏼒 􏼓sin

t

4
􏼒 􏼓,

z
∗
(t) �

t

4
.

(38)

Control design parameters were selected for matching
closed-loop Hurwitz (stable) polynomials:

PCL,c(s) � s
2

+ 2ζcωn,cs + ω2
n,c􏼐 􏼑

2
s + pc,c􏼐 􏼑, (39)

with ωn,c, ζc, pc,c > 0 and c � x, y, z, ϕ, θ,ψ. Controller ad-
justment parameters to perform a satisfactory robust tracking of
planned trajectories were then selected as ωn,x � ωn,y � 3 rad/s,
ζx � ζy � 1, and pc,x � pc,y � 3 rad/s; ωn,z � 3 rad/s, ζz � 2,
and pc,z � 2 rad/s; ωn,ϕ � ωn,θ � 10 rad/s, ζϕ � ζθ � 3, and
pc,θ � 10 rad/s; and ωn,ψ � 10 rad/s, ζψ � 1, and pc,ψ � 10 rad/
s. Additionally, for purposes of robustness assessment, control
input gains were selected as kϕ � Ix, kθ � Iy, and kψ � Iz.

During simulation experiments, the quadrotor was ex-
posed to follow planned trajectories in presence of com-
pletely unknown considerable external disturbances. For
purposes of control robustness assessment, the wind dis-
turbance models affecting the aerial vehicle dynamics de-
scribed in [8, 26] were selected. Interested readers in more
details about these disturbance models applied on controlled
aerial vehicles can refer to the contributions [8, 26] and
references therein. /ree case studies for robustness and
effectiveness assessment were thus developed.

In the first case study, the quadrotor is exposed to
disturbances induced by wind gusts, similar as authors in
[8]. Here, the effects of wind gusts on the quadrotor
translational accelerations are considered:

fdi
(t) �

0, 0≤ t≤ 15,

0.8sin
π(t − 30)

31
􏼢 􏼣 + 0.4sin

π(t − 30)

7
􏼢 􏼣

+ 0.08sin
π(t − 30)

2
􏼢 􏼣 + 0.056sin

π(t − 30)

11
􏼢 􏼣,

15< t≤ 45,

0, 45< t≤ 65,

0.8sin
π(t − 30)

31
􏼢 􏼣 + 0.4sin

π(t − 30)

7
􏼢 􏼣

+0.08sin
π(t − 30)

2
􏼢 􏼣 + 0.056sin

π(t − 30)

11
􏼢 􏼣,

65< t≤ 85,

0, t> 85.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(40)

/erefore, the external disturbance forces introduced in
(17) are defined such that ξi � mfdi

(t), (41)

Table 2: Parameters of the quadrotor system.

Parameter Value Units
m 1.016 kg
l 0.225 m
Ix 0.012450 kg·m2

Iy 0.013303 Kg·m2

Iz 0.024752 kg·m2
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for i � x, y, z. Meantime, disturbance torques in (18) are the
following:

ξη � I[sin(t) + 0.2sin(100πt)]. (42)

On the contrary, in the second study, the quadrotor is
subjected to the effects of crosswind disturbances. /e
crosswind representation is similar to that in [26], where
authors introduce a wind speed model which directly per-
turbs the helicopter translational motion, and is given by

ξx � − w1sin θ,

ξy � w1cos θsin ϕ,

ξz � w1cos θcos ϕ,

(43)

where w1 is the representation of the wind disturbance.
Here, induced normal forces for each rotor are included.
Additionally, the forces are related with the wind speed
model as w1 � Vw(t), and Vw(t) � Vwg(t) + Vwt(t), with

Vwg(t) �

0, t<Tsg,

Ag − Agcos 2π
t − Tsg

Teg − Tsg

􏼠 􏼡, Tsg ≤ t≤Teg,

0, Teg < t,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(44)

where Vw(t) is the wind speed expression composed by a
gust component Vwg and a turbulence term Vwt, Ag is the
amplitude of the wind gust, Tsg is its starting time, and Teg is
its stopping time. In this paper, values for Ag � 1m/s,
Tsg � 30 s, and Teg � 65 s are adopted. Also, for representing
the turbulence component Vwt, a band-limited white noise
has been implemented. Enforced crosswind affecting rota-
tional displacements is given by ξη � w2 w3 w4􏼂 􏼃

⊺, with
w2 � 0.75w1, w3 � 0.25w1, and w4 � 0.15w1 (cf. [26]).

In Figure 6, the above main disturbance features are
depicted. Notice the differences in the representation for
each case.

Exhaustive numerical experiments were performed for
both case studies. Figure 7 depicts the vertical trajectory
tracking in presence of wind gust and crosswinds, respec-
tively. An adequate position tracking is achieved due to the
robustness of the proposed controllers for facing unknown
external disturbances. Also, it is appreciated that there is
only a slight deviation in the tracking of the planned tra-
jectories represented by discontinuous lines.

Notice from Figure 8 the proper tracking of the planned
reference trajectories for X and Y directions, as a conse-
quence of a suitable tuning of the virtual controllers.
Moreover, as confirmed in Figure 9, the planned X-Y path is
followed adequately by the quadrotor even in presence of the
disturbances. Additionally, due to the features of the con-
troller design, the error dynamic presents an asymptotically
stable behaviour.

/e path reference and the path following in X-Y-Z
directions are portrayed in Figures 10(a) and 10(b), re-
spectively. For purposes of simplicity in the representation,
the results are presented only for case 1. Nevertheless, the
proposed control scheme allows to achieve satisfactory re-
sults in both cases studies even though disturbances present
diverse behaviour, crosswind, and wind gust, respectively.

Figures 11 and 12 show the control inputs responses
calculated online to regulate efficiently the quadrotor flight
according to planned trajectories and paths, as well as to
reject uncertain variable disturbances in spite of not having
information about their dynamic behaviour. Additionally,
the proposed control scheme allows ensuring a proper
tracking even though the information about the derivatives
of the interest variables is not available.

Notice that actuators are not saturated by the computed
control inputs, since these are acceptably small and smooth,
which could represent considerable energy savings during
the execution of flight tasks as well. Disturbance effects are
also observed in each designed control input signal.

Figure 13 shows the time histories of the quadrotor pitch
and roll tracking. /e references θ∗ and ϕ∗ were computed
online accordingly to equation (22) in order to regulate the
displacements in X and Y directions adequately. In both
cases the tracking of the computed references is achieved due
to the robust structure of the proposed control scheme,
where the virtual control stage depends on the regulation
and tracking of this variables for ensuring the planned path
following.

Lastly, the desired yaw angle reference ψ∗ is given as
follows:

ψ∗ �

ψi, 0≤ t<T1,

ψi + ψf − ψi􏼐 􏼑Bz t, T1, T2( 􏼁, T1 ≤ t≤T2,

ψf, t>T2,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(45)

where ψi � 0 rad, ψf � 0.5 rad, T1 � 0 s, T2 � 5 s, and
Bz(t, T1, T2) is a Bézier interpolation polynomial given by

Bz t, T1, T2( 􏼁 �
t − T1

T2 − T1
r1 − r2

t − T1

T2 − T1
􏼠 􏼡 + r3

t − T1

T2 − T1
􏼠 􏼡

2

− · · · + r6
t − T1

T2 − T1
􏼠 􏼡

5
⎡⎣ ⎤⎦, (46)

with constants r1 � 252, r2 � 1050, r3 � 1800, r4 � 1575,
r5 � 700, and r6 � 126.

/erefore, results show the proposed control approach
simultaneously can properly reject disturbances and
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perform an efficient tracking. Besides, notice from (33) that
it is unnecessary to include the model information about the
matrix Coriolis C(η. , η) as well as the angular nominal
control trajectories η..∗ in the controller design (36), which is
desirable to keep the structure of the proposed controllers
simple as possible.

Finally, a third case study is introduced to show the ef-
fectiveness and robustness of the proposed motion tracking
control scheme against additional high-frequency time-varying
disturbances depicted in Figure 14.Wide spectrumdisturbances
affecting the controlled aerial vehicle dynamics are described as

ξi � m􏽥fdi
(t), (47)

with
􏽥fdi

(t) � fdi
(t) + U(0, 1) + H(n, t,A). (48)

Here, white noise generated by an uniform distribution
U(0, 1) in the interval [0, 1] was added. High-frequency
harmonic components were also considered as

H(n, t,A) � A􏽘
n

j�1
sin(100jt)⎡⎢⎢⎣ ⎤⎥⎥⎦ + sign(N(μ, σ)) − 0.5,

(49)

with A � 0.5 and n � 3. Furthermore, high-frequency un-
predictable oscillations generated by a normal distribution
N(μ, σ), with mean value μ � 0 and standard deviation
σ � 1, were included.

Figure 15 portrays the robust control performance for
following the 3D planned path. A satisfactory reference
trajectory tracking can be observed in Figure 16, even
though the quadrotor is subjected to high-frequency dis-
turbance motions.
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Computed robust control inputs are shown in Figure 17.
/e high-frequency motion disturbance compensation is
evident. Effectiveness and robustness of the dynamic con-
trollers are hence confirmed. In this experiment, the ref-
erence for yaw motion was set as: ψ∗ � 0 rad. From yielded
results, it can be verified that the proposed dynamic motion
tracking control is able to safely drive the quadrotor in the
three-dimensional space in presence of undesirable high-
frequency motions. It can be also corroborated that the
quadrotor control achieves an acceptable trajectory tracking
under reasonable time-varying operational uncertainties.

6. Conclusions

A novel and effective method based on active suppression
of external and internal uncertainties for controlling the
stable flight of a quadrotor helicopter in highly disturbed
operating environments was introduced. A solution al-
ternative for robust and efficient motion trajectory
tracking tasks for an underactuated nonlinear aerial
quadrotor vehicle under relevant uncertainties, from an
active disturbance rejection perspective, has been pro-
posed. Trajectory tracking is satisfactorily achieved by the
controlled quadrotor. Main differences of the proposed

desired motion tracking control approach with other
important contributions have been highlighted. Robust
asymptotic state observers for real-time estimation of
disturbances and time derivatives are unnecessary. De-
pendence on detailed mathematical models of the complex
nonlinear unmanned aerial system dynamics is consid-
erably reduced. Two virtual controllers were designed to
face the underactuated motion problem, and consequently,
perform a suitable tracking of the planned references.
Proposed dynamic compensators are able to actively reject
disturbances in real time. Output signal measurements are
only required for a proper tracking of the planned tra-
jectories. /ree strict case studies confirmed the robustness
and efficiency of the proposed motion control scheme
under hostile operating conditions. It was also proved that
the presented active control approach can be directly
extended for a class of vibrating mechanical systems.
/erefore, analytical, experimental, and numerical results
proved that the introduced motion trajectory tracking
control method stands for a very good alternative to ac-
tively suppress disturbances. Future research works deal
with the extension of the presented control design per-
spective to other nonlinear configurations of dynamically
underactuated helicopters with multiple rotors operating
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Figure 17: Robust control input signals computed in presence of high-frequency motion disturbances. (a) u. (b) τψ . (c) τθ. (d) τφ.
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under uncertainty. In this context, effects of significant
uncertainties and analysis of the transient behaviour of
several controlled multirotor aerial vehicles will be con-
sidered in future works as well.
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