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)e coupled vehicle/track dynamic model is formulated through integrating a high-speed rail vehicle model with a slab
track model via the wheel/rail contact model. )e sliding window method is improved using the least square criterion to
simulate the vehicle travelling along the infinite long track. )e steady-state responses of a high-speed vehicle induced by
the discrete sleepers and slab segments are investigated through numerical simulation and analysis of the experimental
results. Also the validity of the coupled vehicle/track model is examined through comparing the simulation results with
those acquired from field test measurements. )e experimental and numerical results show that the wheel/rail contact
forces fluctuate considerably as long as the sleeper passing frequency approaches the frequency of P2 resonance (wheelset
and rail bouncing in phase on the slab). Increasing the damping of rail pads and primary suspension can lower the steady-
state response amplitudes at the resonance region. )e oscillations in the wheel/rail normal forces arising from the discrete
slab segment excitation can be reduced by increasing the support stiffness of the CAM (cement asphalt mortar) layer under
the slab.

1. Introduction

)e steady-state response of a rail vehicle, caused by the
excitation arising from the periodically discrete support
under the rail such as sleepers and slabs, can lead to pe-
riodic oscillations in both the wheel/rail normal forces and
the axle box accelerations. )ese periodic oscillations occur
in the 0∼200Hz frequency range when a high-speed train
operates in a speed range of 0∼400 km/h. )e resulting
excitation at the wheel/rail interface can excite some vi-
bration modes of the vehicle and track system and further
contribute considerably to the wheel/rail interaction and in
turn the noise emission [1]. Neglecting the steady-state
response, the vehicle/track dynamic model could under-
estimate the wheel/rail forces. It is thus desirable to model
the wheel/rail interaction more realistically to better un-
derstand the dynamic responses caused by either the
sleepers or the slabs.

A number of vehicle/track excitation models have been
developed to analyze the interaction between the vehicles
and the tracks. Knothe and Grassie [2] gave an overview of
the excitation models between the vehicle and track, such as
the moving irregularity model and the moving mass model.
)e moving irregularity model has been widely employed to
represent the vehicle/track excitation in the past decades. In
the model, the vehicle is fixed on the middle position of the
track analyzed, while the track irregularity moves backward
with respect to the vehicle at the forward speed of the vehicle.
)is model is capable of predicting the dynamic responses
induced by the track irregularities, while the excitation
caused by the discrete support under the rail is neglected.
)e moving mass model represents the vehicle as a mass
moving on the rails with respect to the track and track ir-
regularities, which is commonly considered as a more re-
alistic representation of the wheel/rail interaction and the
excitation arising from the discrete support under the rails.
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Modelling a vehicle travelling on an infinite long track
can be further generalized as a moving load acting on an
infinite long beam supported on discrete supporters. In the
early studies, a vast number of investigations have been
performed to study the wave propagation on an infinite long
beam supported on the continuous Winkler foundation or
the discrete supporters [3–5], which contributed to mod-
elling of a rail vehicle running on an infinite long track on
discrete supporters. Using the Green function, Nordborg [1]
represented the rail as a periodically supported infinite long
beam subjected to a moving wheel and investigated the
sleeper passing impact using the frequency-domain solution.
Wu and )ompson [6] developed an equivalent time-
varying track model coupled with a wheel using the space-
varying receptance to investigate the parametric excitation
arising from the discrete sleepers. )e study concluded that
the proposed equivalent model overestimates the wheel/rail
normal forces in the high frequency range, compared with
those obtained via the moving irregularities model.

)e aforementioned infinite long track models are in-
variably modelled in the frequency domain, and the rep-
resentation of the track system is limited to the linear
characteristics of the track system rather than the nonlinear
characteristics. Modelling in time domain is usually more
complicated and less efficient than frequency domain, but it
could take into account the nonlinear factors, such as wheel/
rail contact relationship and wheel lift-off. With the im-
provement in computer performance, there has been a
greater interest to study the coupled vehicle/track dynamics
in time domain. High-performance computer made it
possible to solve the numerical solution of the system dy-
namic equation by the numerical method of step-by-step
integration efficiently. However, how to avoid the vehicle
running distance exceeding the track length in time domain
simulation became a common problem. And huge efforts
thus have been made so far. Ripke and Knothe [7] repre-
sented the rail as a Timoshenko beam discretely supported
on rigid sleepers through the rail pads, and the rigid sleepers
are supported on the ballast. In order to reduce the reflection
at both ends of the analyzed track, a 500m long track is
considered. )e rail is modelled as a closed ring through
connecting the two ends to form an imaginary circle. Dong
et al. [8] used the “cutting and merging” method to present
the track as an infinite long track, the track is modelled by
the finite element method, and the vehicle is initially located
in the centre position of the track to avoid the end effects. A
short section at the rear end would be cut off every time
when the vehicle passes over the distance equal to the cut
away length, and meanwhile a new section is merged to the
front end. By using this procedure, the vehicle can run on the
track forever, while the size of system matrices does not
increase. Alternatively, among the time domain models,
many researchers [9–15] formulated rail as analytical vi-
bration equations of beamwith finite length and solved them
using a modal superposition method. For these modelling
approaches, several attempts have been made to extend the
finite long rail into infinite. Baeza and Ouyang [13] proposed
a “cyclic system” model to represent the infinite long track
model, in which the rail is modelled as a cyclic Timoshenko

beam using the modal approach. Xiao et al. [11] developed
the “tracking window” method to simulate the train running
on an infinite long track. In the tracking window, the vehicle
is treated as stationary, while both of the irregularity and
track support move in the reverse direction at the vehicle
speed with respect to the stationary vehicle. Ling and Jin [12]
extended the “tracking window” method to the case of
multivehicles and the whole train. Zhang et al. [14] first
proposed the concept of “sliding window” method to model
the infinite long track. In the model, a finite long sliding
window covering the effective area of the vehicle/track
system moves forward with the moving vehicle, and the
dynamic behaviours of the track within the sliding window
are only taken into consideration. How to smooth the
transition of window sliding is a difficult problem. In this
paper, the sliding windowmethod is well implemented using
the least square criterion.

)e steady-state response at the wheel/rail interface due
to the periodical support can pose significant influences on
the dynamic response of vehicle and track system with the
deterioration of the track system. Dong [16] investigated a
loaded wheel travelling on a discrete support track at a
constant speed and concluded that the fluctuation of wheel/
rail normal forces due to the discrete support may exceed 5%
of the static load, and a softer rail pad may reduce the
fluctuation in the wheel/rail contact forces arising from the
sleeper impact. Nordborg [1] pointed out that the wheel-
ballast resonance excited by the sleeper passing impact could
yield higher fluctuation in the wheel/rail contact forces.
Similar results were also observed by Wu et al. [17] through
the numerical simulation using a finite element coupled
vehicle/track dynamic model and the field test measure-
ments acquired from a high-speed rail vehicle travelling on a
slab track.

Using the instrumented wheelset, Gullers et al. [18]
experimentally investigated the sleeper passing impact ac-
quired on the Stockholm–Gothenburg railway line. )ey
concluded that the track with stiff rail pads can yield a higher
fluctuation in the wheel/rail normal forces, up to ±15 kN,
and the resilient rail pad could help reduce the steady-state
response at the wheel/rail interface due to the discrete
support. In addition to the slab segment-inducing the
steady-state response, Li and Wu [19] suggested that the
impact loads due to the discrete slab segments are highly
dependent upon the length of slab and the vehicle speed
through an investigation into a rail vehicle travelling on a
floating slab track. Hussein and Hunt [20] stated that the
fluctuation of wheel/rail contact forces caused by discon-
tinuous slab segments is quite small when the velocity is less
than 100 km/h, while the dynamic effect arising from the slab
segment could be more important for high-speed or heavy-
haul trains.

)e sleeper passing impact has been regarded as one of
the main noise resources, and its associated fluctuation in
the wheel/rail interface could contribute to the formation of
rail corrugation. )rough experimental measurements,
Färm [21] suggested that the sleeper passing impact-induced
structure-borne sound could serve as the main resource of
the noise in the coach. Using a coupled vehicle/track
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dynamic model, Wu [22, 23] investigated the effects of
parametric excitations on the wheel/rail rolling noise and the
formation of rail corrugation. )e results suggested that the
wheel/rail noise caused by the sleeper passing impact at
lower speeds is small and can be considered as negligible,
while it cannot be neglected at high speeds. Moreover, the
fluctuation of the wheel/rail contact forces due to the sleeper
passing impact could also contribute considerably to the
formation of rail corrugation. Szolc [24] suggested that the
sleeper passing impact may excite some vibration modes of
the vehicle and track system, further leading to the gener-
ation of the grumbling noise and the local plastic defor-
mations on the running surfaces of wheel/rail. Jin et al. [25]
pointed out that the wheel/rail lateral creepage induced by
the sleeper passing impact likely serves as the main con-
tributor to the formation of the rail corrugation on the
tangent track.

)e intensified wheel/rail interaction due to the steady-
state responses can further contribute to the formation of
defects on the wheel and rail and the noise emission. It is
thus desirable to study the wheel/rail steady-state responses
due to the discrete supporters and the slab segments in high-
speed operation, which will facilitate the research devel-
opment of track maintenance criterion. )ese also serve as
the motivation of this investigation. In this study, the ex-
perimental results acquired from field tests are primarily
used to characterize the steady-state responses induced by
the discrete supporters and the slab segments. Moreover, a
coupled vehicle/track dynamic model is modelled consisting
of a high-speed rail vehicle travelling on an infinite long slab
track, which is employed to study the influences of design
and operating parameters of the vehicle and track system on
the steady-state responses.

2. Modelling of Vehicle and Track System

)e vehicle and track system is modelled through coupling a
high-speed rail vehicle with a slab track via wheels/rails in
the rolling contact model. In the model, the rail vehicle is
formulated as a rigid multibody dynamic model. For the
naturally infinite slab track system, a sliding windowmethod
is applied, as shown in Figure 1. )is method can effectively
predict the dynamic responses of the vehicle running on an
infinite long track.

In this scheme, the dynamic behaviours of a track system
in the length range l of sliding window are considered
representing the interested dynamic behaviours of the ve-
hicle/track system with reasonable accuracy and efficiency.
)e vehicle is initially located at the left side of the sliding
window and always moves in the range of sliding window.
Here, in such a window, the track is treated as a piece-wise
finite structure for which a mathematical solution based on
the modal approach has been used. After the running dis-
tance approaches Lm (equals to a multiple of a slab length),
the vehicle reaches the right side of the sliding window
regarded as the end position. )en, the window (window 1)
moves forward the distance Lm to a new position (window
2), which is regarded as a completed iterative step. )is
procedure leads to the identical initial relative location

between the vehicle and the sliding window for each iterative
step, while it gives rise to different initial states of the track
system for each iterative step. )e initial state of the track in
the current iterative step has to be identical to the end state of
the track system obtained in the previous iterative step. )e
dynamic responses of the vehicle over a relatively long
running distance can thus be determined by repeating this
procedure.

2.1. Vehicle Model. )e vehicle model is a typical high-
speed rail vehicle consisting of a carbody supported on two
bogies through the secondary suspensions. Each bogie
includes two wheelsets and a bogie frame, and each
wheelset is coupled to the bogie frame through the vertical
damper and coil spring as well as the axle box along the
longitudinal direction. In the model, the primary and
secondary suspensions are modelled as parallel combina-
tions of equivalent linear springs and viscous dampers in
the three translational directions. )e carbody, the bogie
frames, and wheelsets are modelled as rigid bodies with 6
degrees-of-freedom (DOF), while each axle box is only
permitted to pitch with respect to the wheelset to which it is
attached, as shown in Figure 2.

)e vehicle model is further coupled with the slab track
model through using the wheel/rail contact model. In the
wheel/rail contact model, the tangent force at the wheel/rail
interface is determined by using the FASTSIM algorithm
[26], while the normal force is calculated by using the
Hertzian theory [27], representing the wheel/rail normal
force as a function of the penetration between the wheel and
rail profiles, such that

Fn(t) �

1
GH

δZ(t) 
3/2

, δZ(t)> 0,

0, δZ(t)≤ 0,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(1)

where GH is the Hertz contact constant (m/N3/2) and δZ(t)

is the penetration between the wheel and rail profile.

2.2. Finite Long Slab TrackModel. In a sliding window, the
finite long track model consists of two rails discretely
supported on the track slab segments through the fas-
teners and rail pads, and the slab segments are further
continuously supported on the roadbed through the
cement asphalt mortar (CAM) layer, as shown in
Figure 3.

Calculated track length: l

v

Vehicle

Lm Window 2
Window 1

Figure 1: A simulation scheme of the vehicle travelling on an
infinite long track.
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)e rail is formulated as Timoshenko beam hinged at
both ends. Although we consider the vibration of the rail in
three directions, the vertical deformation of the rail is the
most important when studying the steady-state responses.
)erefore, the vertical deflection of the rail is discussed in
detail here, and the equations of lateral and torsional de-
flection can refer to [9, 14, 28].

According to the Timoshenko beam theory, the rail
vertical deflection z responses subjected to the moving
wheel/rail contact forces Fwrzj owing to the jth wheel and the
support forces Fszi due to the ith rail pad acting between the
rail and slab can thus be given by

ρA
z2z(x, t)

zt2
+ κzGA

zψz(x, t)

zx
−

z2z(x, t)

zx2 

� − 

Ns

i�1
Fsziδ x − xsi(  + 

Nw

j�1
Fwrzjδ x − xwj ,

(2)

EIy

z2ψz(x, t)

zt2
+ κzGA ψz(x, t) −

zz(x, t)

zx
 

− EIy

z2ψz(x, t)

zx2 � 0,

(3)

where ψz is the slope of deflection curve of rail with respect
to vertical axes. E and G denote Young’s modulus and the
shear modulus of rail material. )e rail density and area of
rail’s cross section is presented by ρ and A. Iy is the cross-
sectional bending moment about rail’s lateral axes. κz in-
dicates the vertical shear coefficient. δ(x) is the Dirac delta
function. )e locations of the ith fastener and jth wheel are
determined by xsi and xwj.)e total numbers of fasteners and
wheels under consideration are Ns and Nw. Using the modal
superposition method, the deflection responses described in
the above governing partial differential equations can be
transformed to a set of ordinary equations in terms of
generalized coordinates qzk(t) and wzk(t), such that

z(x, t) � 

NV

k�1
Zk(x)qzk(t), (4)

ψz(x, t) � 

NV

k�1
Ψzk(x)wzk(t), (5)

where NV is the total number of vibration modes under
consideration. Zk(x) and Ψzk(x) are the mode shape
functions of the rail. Substituting equations (4)-(5) into
equations (2)-(3), the partial differential equations can be
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Figure 2: A schematic of vehicle dynamic model.
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Figure 3: Slab track system used in the high-speed railway line.
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transformed to a set of second-order ordinary equations,
such

€qzk(t) +
κzGA

ρA

kπ
l

 

2

qzk(t) − κzGA
kπ
l

�����
1

ρ2AIy



ωzk(t)

� − 

Ns

i�1
FsziZk xsi(  + 

Nw

j�1
FwrzjZk xwj ,

(6a)

€ωzk(t) +
κzGA

ρIy

+
EIy

ρIy

kπ
l

 

2
⎡⎣ ⎤⎦ωzk(t)

− κzGA
kπ
l

�����
1

ρ2AIy



qzk(t) � 0.

(6b)

)e wheel/rail contact force can also be transmitted to
the slab through the rail and rail pads, therefore leading to
the bending deformation in the slab. )e lateral deflection of
the slab, however, is considered negligible compared to the
bending deflection of the slab. )e vertical deflection in the
slab segments is thus only considered using the modal
approach subjected to the discrete rail pads’ forces Fr

i and the
support forces Fg

i arising from the CAM layer:
€Xni + 2ζnωn

_Xni + ω2
nXni � ΠT

nF
r
i + ΠT

nF
g

i ,

n � 1 ∼ Nmode, i � 1 ∼ Nslab,
(7)

where Xni is the generalized coordinate for the nth mode in
the ith slab. ωn and ζn are the circular frequency and damping
ratio of the nthmode.Πn is the nthmodal shape vector. In this
study, the modal matrix of slab is determined by the modal
analysis in the ANSYS platform. )e finite element model of
slab is formulated using the hexahedron solid 45 element with
the total number of 26,000 nodes. A total number of 30 vi-
bration modes (including 6 rigid modes) are considered with
the maximum frequency occurring at 450Hz.

2.3. Simulation Scheme of a Vehicle Travelling on an Infinite
LongTrack. )e dynamic responses of a rail vehicle running
over a relatively long distance are always of great interest,
and a number of methods thus have been proposed to model
the infinite long track in the past decades [7, 8, 11, 13, 14].
)e concept of the sliding window method is first proposed
by Zhang and Song [14, 29]; however, the way to eliminate
the artificial disturbances at the instant of sliding window
may lead to an unstable solution. In this study, we give a
better adaptable method to eliminate the artificial distur-
bances when sliding the window, which make the transition
between the two sliding windows smoother.

For better understanding, the transient states of the
vehicle/track system are illustrated using different plots, as
shown in Figure 4. Because the method is unrelated with the
vehicle, the vehicle is thus simplified as a moving wheel with
an equivalent load. )e dynamics of the track system in the
range l of the sliding window are considered, representing

the interested dynamic behaviours of the vehicle/track
system. )e vehicle is initially located at the centre region of
the track in sliding window 1 (SW1) to avoid the end effects
(the dashed-line wheel). After the vehicle travels the distance
of Lm along the track (the solid-line wheel), the SW1 moves
forward for distance Lm, which turns out the sliding window
2 (SW2). It is expected that this procedure would introduce
some artificial disturbances on the track. )us, the initial
dynamic states in the interested track section in SW2, in-
cluding displacements, velocities, accelerations, and forces
responses, should be as close as possible to the states of the
track at the end of SW1 to eliminate the effects of artificial
disturbances.)e overlap region of SW1 and SW2 is taken as
specified track range, which indicates that the initial states of
track range 0 ∼ 1 − Lm in SW2 must be identical to the end
states of track range Lm∼ l in SW1. )e initial states in the
outside of the specified track range Lm∼ l for SW2 are
temporarily taken as zero.

As the vehicle is located in SW2, the responses of the
rails, slab segments, and force elements in SW2 in the initial
position can thus be determined by using these responses
obtained from the end position states in SW1; for example,

Frp_win2 0< x< l − Lm(  � Frp_win1 Lm < x< l( ,

Fca_win2 0< x< l − Lm(  � Fca_win1 Lm <x< l( ,

Zslab_win2 0< x< l − Lm(  � Zslab_win1 Lm < x< l( ,

Zrail_win2 0< x< l − Lm(  � Zrail_win1 Lm < x< l( ,

(8)

where l is the length of the sliding window, Lm is the forward
distance of the vehicle in each iteration, and both of them
should be multiples of a slab length. Frp_win2 and Frp_win1
represent the force responses of the rail pads in SW2 in the
initial position and SW1 in the end position, respectively.
Fca_win2 and Fca_win1 represent the force responses of the
CAM layer at the corresponding two positions, Zslab_win2 and
Zslab_win1 denote the dynamic responses of the slab, and
Zrail_initial and Zrail_end are the dynamic responses of the rail.

In this sliding window, the rail is modelled as a con-
tinuous Timoshenko beam using the modal approach. )e
dynamic responses of rail in SW2 in the initial position can
also be given by



NV

k�1
Zk(x)qk win2(t) � 

NV

k�1
Zk x + Lm( qk win1(t), 0≤x≤ l − Lm,



NV

k�1
Zk(x)qk win2(t) � 0, l − Lm <x≤ l,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(9)

where qk win2(t) and qk win1(t) are the generalized coordi-
nates of the rail in SW2 and SW1, respectively. )e modal
shape function Zk(x) of the rail is time-independent vari-
able, while the generalized coordinates qk win2(t) and
qk win1(t) are the time-dependent variables. In order to
determine the generalized coordinates qk win2(t) in SW2 in
the initial position, the sliding window is discretized into M
segments along the track direction, indicated by the lon-
gitudinal coordinates x1, x2, x3, . . . xm. )e generalized
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coordinates for the initial positionQ thus can be determined
through solving a set of linear algebraic equations, which
read

ΦvQ � D, (10)

where Φv is the M × NV normalized modal matrix, Q is the
generalized coordinates of the initial position state in SW2
with the dimension of NV×1, and D is the deformation
vector ofM discrete points along the track obtained in SW1
at the end position.

It is noted that the dynamic responses at the rear end
(form l − Lm to l) of SW2 are manually set to zero at the
window-sliding instant. In other words, there is an inevitable
sudden change from nonzero to zero in the l − Lm position
of SW2. Under these circumstances, when we take M equal
to NV, there is naturally a unique solution for the equation
set (10). However, the coefficient matrix Q is near singular
due to this sudden change, which will lead to an unstable
solution. Figure 5(a) gives an example to demonstrate such
instability, in which we choose a sliding window covering
65.416m track containing 13 slabs, and each slab has 8
fasteners with 0.629m spacing, the forward distance
Lm= 5.032m, which equals to a slab length. For simplifi-
cation, only vertical vibration is considered, and the rail’s
modal number NV is set to 200. When M is 200 and the
matrix’s triangular decomposition is adopted to find the
numerical solution of equation (10), the states of the rail at
the sliding instant are plotted in Figure 5(a).It is seen that the
initial states of the rail in SW2 diverge at the rear end of the
window. In order to overcome this divergence problem, it is
recommended taking the number of discrete points M
greater than the number of considered vibration modes NV.
)en, the linear equation set (10) turns to an overdetermined
system. )e least square criterion is thus introduced to
calculate the generalized coordinates of the rail for the initial
position states and reads as follows [30]:

min
Q∈RNV

ΦvQ − D
����

����. (11)

Figure 5(b) presents the rail acceleration in the case ofM
equals to 250, equation (10) is solved with the least square
criterion.)e initial state of the rail in SW2 is much closer to

the end state in window 1, which makes the window sliding
smoother.With a 2.9GHz processor, the total computing time
for the vehicle passing through the Lm length is 1.072 s. And
among the total time, the computing time for the window-
sliding procedure is 0.0225 s, whose proportion is only 2.1%. In
other words, the sliding window method with least square
criterion is efficient enough and could meet calculation time
requirements of vehicle/track coupling dynamics.

)erefore, through implementation of this iterative
scheme together with the vehicle and track model, a vehicle
running on an infinite long track can be simulated irre-
spective of the operating distances.

2.4. Model Validation and Comparison. )e sliding window
method is validated through comparing the wheel/rail forces
with those obtained using the moving mass model and the
moving irregularity model [2], considering two scenarios.
Figure 6 illustrates the wheel/rail normal forces owing to the
vehicle passing over a rail joint at 300 km/h, calculated by the
moving mass model and the sliding window method, re-
spectively. )e rail joint is represented by using a combi-
nation of the two cosine irregularities with different
wavelengths (λ1 = 1.0m and λ1 = 0.1m), as shown in
Figure 6(a). )e amplitudes for the long- and short-wave
irregularities are that δ1 = 0.3mm and δ1 = 0.3mm, respec-
tively. And the rail joint is intentionally applied at the instant
when sliding the window. As shown in Figure 6(b), the
wheel/rail contact forces calculated using the two models are
very close in the amplitude and the fluctuation trend in the
impact region. )ere are typical P1 force and P2 force [31]
when the wheel passes the rail joint. )e peak value cal-
culated by the moving mass model is 191.55 kN and
191.52 kN by the “sliding window” method, and the dif-
ference is only 0.01% between them. However, after running
17m, the wheel/rail forces diverge from the steady state in
the moving mass model because the vehicle reaches the end
of the track. However, the sliding window method could
simulate the vehicle running on an infinite long track.

)e proposed infinite long track model is further vali-
dated through simulation of the vehicle passing by a tangent
track with the stochastic irregularity at 300 km/h. )e

...

...

v

Overlap region

l

Lm

Lm

Lm

1 2 3 4

1 2 3 Nslab
–1 Nslab

Window 2

Window 1
l

... ...

... ...Nslab

Figure 4: Transient states of the vehicle/track systems.
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obtained wheel/rail contact forces are compared with those
obtained via the moving irregularities model. Some small
differences can be identified in the time history (Figure
7(a)) of wheel/rail normal forces and from the spectra
(Figure 7(b)). )ese differences are believed owing to the
sleeper passing effect. )erefore, the proposed method is
more realistic, comparing to the moving irregularity
model.

In summary, Table 1 lists the advantages and drawbacks
of these three models. )e moving mass model is the most
realistic one, which could reflect the periodic impact owing
to the track discrete support. But it could not implement the
long-distance simulation. On the contrast, in the moving
irregularity model, the vehicle stays on the track and will
never reach the end of track. However, the moving irreg-
ularity model ignores the parametric excitations. Combining
the advantages of both, the sliding window method is ca-
pable of simulating a vehicle running on an infinite long
track subjected to the periodic impact. Furthermore, the

proposed method is proved both efficient and accurate
according to the above numerical simulation.

3. Results and Discussion

)e experimental results obtained from two different field
tests are used to characterize the steady-state responses.
)e steady-state responses induced by the discrete sleeper
support are illustrated with the experimental data ob-
tained from a high-speed train running on the Ha’erbin-
Dalian (HD) high-speed railway line. )e steady-state
responses to the slab segment excitation are measured
from the Zhengzhou-Xuzhou (ZX) high-speed railway
line. )e experimental data acquired in different seasons
are compared in the frequency domain to illustrate the
influences of the temperature change on the steady-state
responses of the rail vehicle. Using the proposed coupled
vehicle and track dynamic model, the main factors
influencing the steady-state response are investigated
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considering different parameters. Table 2 illustrates im-
portant parameters used in the vehicle/track dynamic
model.

3.1. Steady-State Responses owing to Discrete Sleeper Supports

3.1.1. Sleeper Passing Impacts in the Experimental
Measurements. Figure 8(a) illustrates the vertical accelera-
tion responses of the axle box, bogie frame, and car body
obtained from a high-speed train running onHD high-speed
railway line. )e vehicle speed is 200 km/h. )e vertical
accelerations of the axle box and the bogie frame show the
obvious sinusoid fluctuations at 88Hz. )is frequency
corresponds to the passing frequency of sleepers as a vehicle
passes over the sleepers with 0.629m bay between the ad-
jacent two sleepers at 200 km/h, as shown in Figure 8(b).)e
vertical acceleration responses of the car body in the fre-
quency domain also show the sleeper passing frequency
although the sleeper passing impact is not evident in the time
domain. Owing to the sleeper passing impact at the wheel/
rail interface, the vertical acceleration of the axle box reaches
about 4 g, which can excite some vibration modes of the
vehicle/track system up to the frequency 130Hz in the speed
range of 0 ∼300 km/h.

)e sleeper impact loads are highly dependent on the
support stiffness of track system [17], especially the stiffness
characteristic of rail pads. Since the rail pad is made of
rubber, its stiffness property varies with the ambient tem-
perature, which can further lead to considerable variation
between the summer and the winter. )e measurements

shown in Figures 9(a) and 9(b) illustrate the frequency
spectra of the axle box accelerations obtained in the winter
and the summer. In the initial stage of operation of HD
railway line, the vehicle speed is limited to 200 km/h in the
winter, while the vehicle operates at 300 km/h in the
summer. It can be seen that the amplitudes at the sleeper
passing frequency (88Hz) in the winter are much larger
than those obtained in the summer at the sleeper passing
frequency (132 Hz), which could be attributed to the
considerable change in the support stiffness of the track
system between the summer and the winter. Wei et al. [32]
proved that the stiffness of rail pad in a low temperature
can increase to 130MN/m from a nominal stiffness
40MN/m.

3.1.2. Parametric Study. By using the proposed vehicle/
track dynamic model, the influences of the parameters of
the vehicle/track on the sleeper passing impact are dis-
cussed. Figure 10 illustrates the maximum accelerations of
the axle box caused by the sleeper passing impact con-
sidering different vehicle speeds and rail pad stiffness. )e
critical speed, at which the resulting axle box acceleration
increases substantially, is identified in the vehicle speed
range of 80∼400 km/h. )e axle box acceleration shows
that the increase rate decreases with further increase in
vehicle speed. In addition, this critical speed and asso-
ciated axle box acceleration increase with the rail pad
stiffness. It is thus believed that, at this critical speed, the
sleeper passing frequency approaches the P2 resonance
frequency of the system, and the coupled resonance

Table 1: Comparison of three models.

Moving mass model Moving irregularity model Sliding window method
Long-distance simulation ✕ ✓ ✓
Reflect periodic impact owing to the track discrete support ✓ ✕ ✓
Computational cost Low Low Low
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Figure 7: Comparison of wheel/rail normal forces between the proposed model and the moving irregularity model: (a) time domain;
(b) frequency domain.
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occurs. Here, the P2 resonance [33–39] generally refers to
the coupled system mode where wheelset, rails, and
sleepers vibrate in phase on the subground for the ballast
track. As for the slab track, the modal shape of P2

resonance is the wheelset and rail bouncing in phase on
the slab, as shown in Figure 10.

)e frequency of the P2 resonance could be simply
written as [8]
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Figure 8: Sleeper passing impacts in test measurements: (a) time history of vertical accelerations of the vehicle components; (b) vertical
accelerations in frequency domain.

Table 2: Value of parameters.

Notation Parameters Value
Track subsystem
E (N/m2) Young’s modulus of rail 2.059×1011

G (N/m2) Shear modulus of rail 7.9×1010

ρ (kg/m3) Density of rail 7860
A (m2) Cross-sectional area 7.745×10−3

I y (m4) Bending moment about y-axis 3.217×10−5

κ z Vertical shear coefficient 0.5329
ρ s (kg/m3) Density of slab 2800
E s (N/m2) Young’s modulus of slab 3.6×1010

L s ×Ds ×Hs (m) Dimension of slab 4.962× 2.5× 0.17 (HD line), 5.6× 2.5× 0.2 (ZX line)
K pv (MN/m) Rail pad vertical stiffness 40
C pv (kN·s/m) Rail pad vertical damping 52
K sv (MN/m) Slab support vertical stiffness 5000
C sv (kN·s/m) Slab support vertical damping 300
l 0 (m) Sleeper bay 0.629 (HD line), 0.63 (ZX line)
Vehicle subsystem
M c (kg) Carbody mass 44039
M t (kg) Bogie mass 2439
M ws (kg) Wheelset mass 1881
I ty (kg·m2) Bogie pitch moment of inertia 1846
K sz (MN/m) Vertical stiffness of secondary suspension 0.24
C sz (kN·s/m) Vertical damping of secondary suspension 25
K pz (MN/m) Vertical stiffness of primary suspension 9
C pz (kN·s/m) Vertical damping of primary suspension 10.5
Rw (m) Wheel radius 0.46
L c (m) Half distance between two bogie frames 8.9
L t (m) Half of the bogie wheelbase 1.25
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fp2 �

�������������
KTr/MTr + Mw



2π
, (12)

in whichMTr and Mw are half of the equivalent mass of track
and wheelset and MTr denotes half of the equivalent track
stiffness. )ey can be further expressed as

KTr � 2 × 4 × EIz × kf
3

 
0.25

, (13)

kf �
kpv

l0
, (14)

MTr � 3 × mtr ×
EIz

KTr
 

1/3

� 3 × ρA ×
EIz

KTr
 

1/3

, (15)

where EIz is the bending stiffness of rail, kf is the equivalent
support stiffness under the rail per unit length, and mtr � ρA
is the track mass per unit length. Substituting equations
(13)–(15) into equation (12), the P2 resonance frequency is
given by

fp2 �

�����������������������������������������������������������������������������

2 × 4 × EIz × kpv%/l0 
3

 
0.25

%/3 × ρA × EIz%/ 4 × EIz × kpv%/l0 
3

 
0.25

%/2 

1/3

+ Mws%/q( 

2π





.
(16)

When the rail pad stiffness Kpv increases from 40MN/m
to 140MN/m, other parameters take the nominal values in
Table 2. )e P2 resonance frequency fp2 calculated by the
analytical formula increases from 51.4Hz to 83.1Hz.
After calculation, the resonance speeds should be
116.4 km/h (3.6 × f × l0 = 3.6 × 51.4 × 0.629) and 188.2 km/
h (3.6 × 83.1 × 0.629), respectively, which shows good
agreement with the results in Figure 11. Furthermore, the
resulting axle box acceleration (Figure 11) can reach about
2 g when the stiffness is 140MN/m, which is much larger
than that considering the nominal rail pad stiffness.

Figure 12 illustrates the comparison of the axle box
accelerations between the numerical results (pad stiffness
140MN/m) and the experimental results obtained in the
winter. )e comparison shows a good agreement between
them. Both the results show the identical dominant fre-
quency of 88Hz (200/3.6/0.629) and the amplitudes in both
time and frequency domains at 200 km/h. In the winter, the
lowest ambient temperature of HD railway line is about
−40°C, which could substantially increase the support
stiffness of the track system. )e one thus can deduce that
the increased stiffness of rail pads in the winter could serve as
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Figure 10: Diagram of the modal shape of P2 resonance.
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the main cause of the considerable sleeper passing impacts
on HD high-speed railway line.

Figure 13(a) illustrates the influences of the vehicle
speeds on the maximum and minimum wheel/rail normal
forces with the rail pad stiffness of 200MN/m and damping
of 10 kN·s/m. Owing to the sleeper passing impact exciting
the P2 resonance, the wheel/rail interaction is subjected to
considerable loading and unloading phenomenon at
180 km/h.)ese considerable fluctuations further lead to the
impact force peak of 160 kN, and the wheel/rail separation
occurs. )e time histories of the wheel/rail normal forces vs.
the vehicle travel distance are plotted in Figure 13(b) at
180 km/h, considering different rail pad damping
(Cpv = 10 kN·s/m and 52 kN·s/m). For the rail pad damping
Cpv = 10 kN·s/m, the wheel/rail separation occurs at the
travelling distance of 0.629m, which is a sleeper bay.
Nevertheless, the wheel regains the contact with the rail and
the wheel/rail normal forces show the sinusoidal waveform
with the increased rail pad damping Cpv = 52 kN·s/m, which

suggests that a rational rail pad damping can effectively
attenuate the fluctuation in the wheel/rail normal force when
the P2 resonance occurs. )is is also evident in the axle box
acceleration responses, considering different rail pad
damping, as shown in Figure 13(c). At the resonance region,
the rail pad damping can lower the amplitude of the ac-
celeration, while the effect of the rail pad damping is con-
sidered negligible in the other frequency region. It should be
pointed out that the rail pad damping changing from
10 kN·s/m to 90 kN·s/m is not the real value in field, and this
range is taken from the perspective of simulation purposes.
)e same is true for the following parametric studies.

)e unsprung mass is also considered as one of the
important parameters affecting the dynamic behaviour
considering the sleeper passing impact. Figure 14 illustrates
the effects of the unsprung mass considering the sleeper
passing impact via increasing the unsprung mass from 0.5 t
to 2.5 t. )e dynamic factor is defined as the ratio of dynamic
deviations of the wheel/rail normal forces with respect to the
static wheel load. It can be seen that the unsprungmass poses
significant influences on the wheel/rail dynamic factor and
the axle box acceleration. )e increasing unsprung mass
increases the wheel/rail force and however decreases the P2
resonance frequency and the amplitude in the axle box
acceleration owing to the larger inertia.

Figure 15 further shows the effects of sleeper bay, axle
load, and vertical damping of primary suspension on the axle
box acceleration. It can be seen from Figure 15(a) that the
longer sleeper bay causes the higher amplitude of the axle
box acceleration. Moreover, one interesting finding is that
the resonance speed grows with the sleeper bays, while the
corresponding frequency (speed/bay) decreases slightly. As
can be seen from Table 3, the resonance frequency is ap-
proximately 85.9Hz when sleeper bay is 0.55m, and it
decreases to 77.8Hz when the sleeper bay is 0.75m. )is is
because the longer sleeper bay lowers the equivalent support
stiffness of the track and then reduces P2 resonance
frequency.

)e axle load and the vertical damping of the primary
suspension mainly affect the amplitude of the axle box
acceleration. Although the axle load does not change the P2
resonance frequency, the larger axle load gives rise to the
higher amplitude of the axle box acceleration in the whole
speed range. )e effects of the vertical damping of the
primary suspension are just limited to the amplitude in the
resonance region, which is similar to the rail pad damping.

3.2. Steady-State Responses owing to the Slab Segment

3.2.1. Slab Segment-Induced Impact Found by Experiments.
)e slabs are widely employed to construct high-speed
railway lines so as to maintain the track irregularities are in a
relatively small level. In the track systems, the discrete
distributed slab segments are continuously supported on the
CAM layer and coupled to the rail through the fastener
system. Similar to the discrete sleeper support, the discrete
distributed slab segments can also alter the support stiffness
along the track and lead to the additional wheel/rail
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impacting loads at the transition areas between two slab
segments. Figure 16(a) and Figure 16(b)show the vertical
displacement of the primary suspension measured from a
high-speed train running between Zhengzhou and Xuzhou
at 350 km/h. In the spectrum, the colour is used to quantify
the amplitude of the vertical displacement of the primary
suspension in the frequency domain. A speed-
dependent dominant frequency is identified in the frequency
domain, and this dominant frequency is 17Hz when the
train operates at 350 km/h.)e vibration of this frequency is
caused by 5.6m slab segment excitation.

)e slab track irregularities are, in general, relatively
small in the initial stage. It is expected that the slab segment-
induced impact can increase owing to the deterioration in

the CAM layer. )e slab segment-induced impact is in-
vestigated via the numerical simulation using the proposed
vehicle/track dynamic model considering different CAM
layer support stiffnesses.

3.2.2. Effects of Support Stiffness of Slab Segment on the
Impact Loads. Figure 17 illustrates the steady-state re-
sponses in the wheel/rail normal forces and the axle box
accelerations owing to the discrete sleeper support and the
slab segment with different CAM lay support stiffnesses,
300MN/m and 3000MN/m. Apart from the fluctuations
with a wavelength of 0.63m, that is a sleeper bay, the
wheel/rail normal force also oscillates with the wavelength
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Figure 15: Axle box acceleration considering different parameters: (a) sleeper bay; (b) axle load; (c) vertical damping of primary suspension.

Table 3: Resonance speeds and frequencies under different sleeper bays.
Sleeper bay (m) 0.55 0.575 0.6 0.625 0.65 0.675 0.7 0.725 0.75
Resonance speed (km/h) 170 175 180 185 190 195 200 205 210
Resonance frequency (Hz) 85.9 84.5 83.3 82.2 81.2 80.2 79.4 78.5 77.8
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of 5.6m, which is a slab length. As a wheel moves to the
connection of slab segments, the normal force shows a
decrease and then a rapidly increase as long as the wheel
leaves the connection. )is procedure generates a high-
peak magnitude in the vertical acceleration on the axle
box. Furthermore, the lower support stiffness in the CAM
yields a large decrease in the wheel/rail normal force and
the axle box acceleration. )e effects of vehicle speed on
the axle box acceleration considering different support
stiffnesses of the CAM layer are given in Figure 18. )e
results show that the maximum axle box acceleration
increases with increased vehicle speeds, and the lower
support stiffness of CAM layer gives rise to higher axle box
accelerations.

4. Conclusions

In this study, a coupled vehicle track dynamic model is
formulated through coupling a high-speed rail vehicle with
slab track via wheels/rails in rolling contact, in which a
sliding window method together with the least square cri-
terion is proposed to simulate the train travelling on an
infinite long track. )e sliding window method is proved to
have reasonable accuracy and efficiency through comparing
wheel/rail normal forces with those obtained via the existing
moving mass model and the moving irregularity model.
)en, the experimental results acquired from field tests are
used to characterize the steady-state responses induced by
the discrete sleeper support and the slab segments. In order
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to identify the main contributors to the steady-state re-
sponse, the vehicle/track model is employed to investigate
the effect of the sleeper supports and the slab segments on
wheel/rail normal forces and axle box accelerations con-
sidering different parameters in the vehicle and the track
system. According to the obtained experimental and nu-
merical results, the conclusions are drawn as follows.

)e stiffer rail pad and the higher vehicle speed lead to
the larger sleeper passing impact. Especially when the
passing frequency approaches the P2 resonance frequency,
the sleeper passing-induced responses increase substantially.
In winter, the support stiffness of the track system signifi-
cantly increases due to the extremely low ambient tem-
perature.And the vehicle operating speed falls right in the
region where P2 resonance is excited, which increases the
considerable sleeper passing impacts found in the
experiments.

)e increasing unsprungmass causes the bigger dynamic
factor in the wheel/rail force, however, lowers the P2 res-
onance frequency and the amplitude in the axle box ac-
celeration owing to the larger inertia. )e longer sleeper bay
yields the higher amplitude in the axle box acceleration and
the larger resonance speed, but the corresponding resonance
frequency decreases slightly. Although the axle load increase
does not change the resonance frequency, the larger axle
loads lead to the higher amplitude of the axle box accel-
erations in the whole speed range. )e large vertical
damping of the rail pad and primary suspension can reduce
the resonance peak.

)e slab segment-induced impact can also have signif-
icant influences on the wheel/rail normal forces and axle box
accelerations. )e lower support stiffness of the CAM layer
under the slab segments yields higher fluctuations in the
wheel/rail normal forces and axle box accelerations.
)erefore, it is necessary to maintain the support stiffness of
the CAM layer in a controllable condition.
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