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*e crack which appears in the structure can be described by a local flexibility. With the occurrence and propagation of crack, the
local flexibility will change. *e change can effectively reflect the damage degree of the structure. In this paper, the measurement
method of the crack local flexibility of the beam structure is presented. Firstly, a series of sample points are selected at the crack
location and the possible value range of the crack local flexibility, and then these sample points are used as input parameters for the
dynamic analysis of the beam structure. *e vibration equation of beam structure is solved, and the frequency influence surface is
drawn. In addition, the vibration signal of the beam is tested, and the first three order natural frequencies can be obtained.*irdly,
these frequencies measured are adopted to cut the natural frequency influence surfaces, and then the first three order natural
frequency influence curves are drawn. *e intersection points of these frequencies influence curves can indicate the crack local
flexibility and the corresponding crack location. *is method is suitable for measuring the local flexibility of crack with different
shapes and types in the beam structure which have various cross sections.

1. Introduction

Structural damage is usually manifested firstly as the ap-
pearance of structural cracks and then expands under the
long-term external load [1–3]. Crack propagation often leads
to serious accidents. To ensure the safety and reliability of
structures, researchers have developed many structural
damage detection methods [4–7], such as acoustic emission,
ray detection, and magnetic flux leakage detection.*e crack
which appears in the structure can be described by a local
flexibility. With the occurrence and propagation of crack,
the size of the flexibility will change. *e crack local flexi-
bility can effectively reflect the damage degree of the
structure and has important theoretical and engineering
significance in structural damage detection.

At present, the common crack models include the crack
model based on the equivalent drop-section method [8], the
crack model based on the principle of uniform crack beam
[9, 10], and the crack model based on local flexibility
[11–16]. *e crack model based on local flexibility is
established by the fracture mechanics theory and the

introduced local flexibility. And it is used by many re-
searchers. Zheng and Kessissoglou [11] used the Gaussian
integral method to calculate the local flexibility coefficient
caused by transverse cracks in a rectangular beam structure
under pure bending moments. Chasalevris and Papado-
poulos [12] studied the method of calculating the local
flexibility of a circular cross-section axis with crack di-
rection angle. Lee [13] established the finite element model
of the multicrack cantilever beam structure based on the
local flexibility method and discussed the identification
method of the multicrack. Han and Chu [14] obtained the
crack local flexibility when the elliptical crack circular axis
was stretched and bent. Attar et al. [15] used the local
flexibility method to analyze the free vibration character-
istics of the cracked Timoshenko beam on an elastic
foundation. Liu et al. [16] established a cantilever beam
model with horizontally embedded cracks and analyzed the
effect of crack local flexibility on the first three order
natural frequencies and modes of the structure. Most of
these studies have focused on the solution of crack local
flexibility. However, due to the complexity of the structure,
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there is often a certain error between the calculated local
flexibility of the crack and the actual value. *erefore, the
study on the measurement method of the crack local
flexibility is of great significance.

In this paper, the measurement method of the crack local
flexibility is presented, which is suitable for the local flexi-
bility measurement of crack with different types and shapes
in the beam structure. *e outline of this paper is as follows.
Section 2 establishes and analyzes the dynamic model of
cracked beam. In Section 3, by discussing the relationship
between the natural frequency and the local flexibility of the
crack, a method for measuring the crack local flexibility of
the beam structure based on the natural frequency is pro-
posed. In Section 4, an experiment is completed to verify the
effectiveness of the method. *e conclusion is summarized
in Section 5.

2. Dynamic Model of Cracked Beam

As shown in Figure 1, the total length of the beam is L, the
crack is located at l, and the depth is a. *e transverse free
vibration equation of the crack-free beam is

q
2z

4w(z, t)

zz4 +
z2w(z, t)

zt2
� 0, (1)

where q �
�����
EI/ρA


; w(z, t) represents the deflection of the

beam; EI represents the bending stiffness of the beam; ρ
represents the material density; and A represents the cross-
sectional area of the beam structure.

*e transverse free vibration equation of the cracked
beam is

q
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(2)

When z ∈ [0, l], w1(z, t) represents the deflection of the
beam on the left side of the crack. When z ∈ [l, L], w2(z, t)

represents the deflection of the beam on the right side of the
crack.

*e solution of the transverse free vibration equation of
the cracked beam is

w1(z, t) � W1(z)sin(ωt + φ), 0≤ z≤ l,

w2(z, t) � W2(z)sin(ωt + φ), 0≤ z≤ L,
(3)

where W1(z) is the natural mode function of the beam on
the left side of the crack, W2(z) is the natural mode
function of the beam on the right side of the crack, ω is the
natural frequency of the structure, and φ is the initial
phase.

*e boundary condition of the crack is [17]
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where c is the crack local flexibility.
Assuming that the beam structure with transverse cracks

is subjected to bending moment M at both ends and the
crack cross section is shown in Figures 1(b) and 1(c), the
strain energy of the crack structure is [18]

U � B
Ω

Jdydx, (5)

where J refers to the strain energy density function.

J �
1 − v2

E
K

2
I , (6)

where v is Poisson’s ratio; E is Young’s modulus of elasticity;
and KI is the I-mode crack stress intensity factor [19].

For the rectangular beam crack cross section,

KI � σ
���
πy

√
F2

y

h
 , (7)

where σ � (Mh/2Ix); Ix is the moment of inertia of the
rectangular beam section about the x axis, that is,
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(8)

For the circular beam crack cross section,

KI � σ
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(10)

2 Shock and Vibration



According to Karl’s second theorem, the derivative of U
for a certain load is equal to the corresponding displacement
of the load, so

δ �
zU

zM
, (11)

where δ is the displacement corresponding to M.
*e derivative of δ to M is the crack local flexibility c.
For the rectangular beam crack cross section, c is given as

follows:

c �
z2U
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For the circular beam crack cross section, c is given as
follows:
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3. Relationship between the Natural Frequency
and the Crack Local Flexibility

As shown in Figure 2, in order to describe the change of the
local flexibility of the structure caused by the crack, the crack
is equivalent to a massless torsion wire spring, and the
flexibility of the torsion wire spring can represent the crack
local flexibility. According to the connection conditions at
the crack, the deflections on both sides of the spring are
equal, and the rotation angles can be connected through the
stiffness matrix Ke of the crack element. When the finite
element method is used to establish the model, the crack
element mass matrix is zero, and the crack element stiffness
matrix Ke can be obtained from the crack local flexibility
[17]:

Ke �

1
c
, −

1
c
,

−
1
c
,

1
c
.
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (14)

*e element stiffness matrix, mass matrix, and crack
element stiffness matrix of the crack-free part of the cracked
beam are assembled to obtain the total stiffness matrixK and
total mass matrix M of the system. *e vibration charac-
teristic equation of the beam is as follows:

K(c, β) − ω2
i M


 � 0, (15)

where ωi is the natural frequency of the structure, c is the
local flexibility of the crack, and β is the relative position of
the crack.

Equation (15) can also be expressed in the following
form:

ωi � F(c, β), i � 1, 2, 3. (16)

*e above formula can be regarded as solving the natural
frequency ωi of the structure through the crack parameters c

and β when the functional relationship F is known.
After obtaining the natural frequency of the structure

corresponding to the local flexibility and location of different
cracks, a relationship between the local flexibility and lo-
cation of cracks can be solved according to the natural
frequency of the beam. *is relationship can be expressed as
follows:

(c, β) � F
− 1 ωi( , i � 1, 2, 3. (17)

*erefore, under the condition that the functional re-
lationship F− 1(ωi) is known, the crack position and crack
local flexibility corresponding to any one natural frequency
value can be solved. Since a natural frequency value cor-
responds to multiple crack locations and crack local flexi-
bilities, in order to accurately determine the crack location
and the crack local flexibility, multiple natural frequencies of
vibration are often used. Because the first few natural
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Figure 1: *e model of the cracked beam. (a) Schematic diagram of cracked beam. (b) Rectangular beam crack cross section. (c) Circular
beam crack cross section.

Figure 2: *e model of the crack torsion line spring.
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frequencies of the structure are easy to measure and have
high accuracy in actual engineering, the first three order
natural frequencies of the structure are usually selected.

According to equations ((15)–(17)), a method for
measuring the crack local flexibility of the beam structure
based on natural frequencies can be established. *e flow-
chart of the method is shown in Figure 3. *e steps are as
follows:

(1) Select a series of sample points in the possible value
range of the crack location and local flexibility.

(2) *e sample points obtained in step (1) are used as
input parameters of equation (15) to solve the natural
frequency database corresponding to different crack
positions and local flexibilities.

(3) According to the natural frequency database, the
surface-fitting technique is employed to draw the
natural frequencies influence surfaces.

(4) Perform vibration testing on the beam structure to
obtain the first three order natural frequencies.

(5) Use the obtained first three order natural frequencies
of the structure to cut the natural frequency influ-
ence surface and draw the first three order frequency
influence curves corresponding to the crack local
flexibility and the crack position. *e intersection of
the three influence curves (or the centroid of the
triangle formed by the three intersections) can in-
dicate the crack local flexibility and the corre-
sponding crack location.

From the measurement process, it can be seen that the
input parameters which are used to solve the natural fre-
quency database are a series of sample points of the crack
location and local flexibility.*ese input parameters have no

relation with the type of crack, the shape of crack, and the
calculation formula of the crack local flexibility.*is method
has the following characteristics:

(1) When solving the natural frequencies of the struc-
ture, it is not necessary to calculate the crack local
flexibility. *e crack local flexibility can be obtained
by selecting a series of sample points within the
possible value range of the local flexibility.*erefore,
this method does not need to know the calculation
formula of the crack local flexibility, and the formula
is often difficult to be obtained.

Setting the sample point of the crack location
and local flexibility

Solving the natural frequency database

Drawing the natural frequency
influence surface

Extracting the first three order natural
frequency of the beam structure 

�e first three order frequency
influence curve

Measuring the crack local
flexibility

(Using the extracted frequencies to
cut the surface)

Vibration testing on the beam structure

Figure 3: *e flowchart of the method for measuring the crack local flexibility of the beam structure.
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Figure 4: Measuring principle chart.

Table 1: *e crack condition.

Condition β α c (10− 5(rad/Nm− 1))

I 0.2 0.25 0.84
II 0.2 0.35 1.74
III 0.3 0.25 0.84
IV 0.3 0.35 1.74
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(2) It can be used to measure the crack local flexibility in
beam structures with various cross sections, such as
rectangular beam, circular beam, and hollow beam.

(3) It is suitable for measuring the local flexibility of
crack with different shapes and types in the beam
structure.

4. Experimental Study

In order to verify the effectiveness of the algorithm, the crack
in the rectangular beam is taken as an example, and a test bed
for measuring the local flexibility of crack is constructed.
And the measurement principle is shown in Figure 4. *e
beam is simply supported at both ends, with length
L� 0.4m, width b� 0.012m, and height h� 0.02m. *e
crack is cut at location l, and the depth is a. *e relative
position is β � l/L, the relative depth is α � a/h, Young’s
elasticity modulus E� 1.7381× 1011N/m2, Poisson’s ratio
v � 0.3, and material density ρ � 7348.9 kg/m3. *e crack is
processed by the wire-cutting machine. *e cutting width is
0.02mm.*e crack type and shape are shown in Figure 1(b).

*e crack conditions are shown in Table 1. c is the
calculated local flexibility of the crack according to
equation (12).

According to steps (1)∼ (3) of crack local flexibility mea-
surement method in Section 3, the first three order natural
frequency influence surfaces are drawn, as shown in Figure 5.
When using equation (15) to solve the natural frequency da-
tabase corresponding to different crack locations and local
flexibilities, the numerical model needs to be revised because of
inconsistency between the numerical model and the actual
structure, such as damping and support conditions. Consid-
ering the influence of the error between the numerical model
and the actual structure on different models of the structure, a
model correction coefficient ki, i � 1, 2, 3, is used tomodify the
first three models of the numerical model. Equations (16) and
(17) establish the relationship between the natural frequency of
the structure and the local flexibility and location of the crack,
and the corrected result is as follows:

ωi
′ � kiF(c, β), i � 1, 2, 3,

(c, β) � kiF( 
− 1 ωi
′( , i � 1, 2, 3,

(18)

where ωi
′ is the ith natural frequency calculated by the

correction model and ki is the ith modal correction coef-
ficient, which can be determined by comparing the mea-
sured value of the natural frequency with the calculated
value using the numerical model.
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Figure 5: *e first three order natural frequency influence surface. (a) *e first order natural frequency affects the surface. (b) *e second
order natural frequency affects the surface. (c) *e third order natural frequency affects the surface.
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Vibration testing of beam structure is performed, and
the first three order natural frequencies are obtained. *e
measured first three order natural frequencies are
adopted to cut the natural frequency influence surfaces,
and the first three order natural frequency influence
curves are obtained. *e crack local flexibility and the
corresponding crack location can be indicated by the
intersection points of these frequencies influence curves.
*e measurement results are shown in Figure 6 and
Table 2. εβ and εc are the measurement errors of crack
position and local flexibility.

εβ � β′ − β


 × 100%,

εc �
c′ − c




c
× 100%,

(19)

where β′ is the measured value of crack relative position and
c′ is the measured value of crack local flexibility.

It can be seen from Figure 6 and Table 2 that the relative
position error of the crack does not exceed 7.0%, and the error
of the local flexibility of the crack does not exceed 8.2%. So,
this method can effectively measure the local flexibility of the
crack and its corresponding crack position. *e experimental
results verify the feasibility and correctness of the method. In
the experiment, the calculated value of the crack local flex-
ibility is used to estimate the measurement accuracy. *e
stress intensity factor of the crack in the rectangular section is
used to solve the calculated value of the crack local flexibility.
When the measurement accuracy is estimated in the mea-
surement of the local flexibility of other types of cracks, the
stress intensity factor of the corresponding type of crack needs
to be obtained to calculate the crack local flexibility.
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Figure 6: Measurement results of the local flexibility of crack. (a) Condition I (b) Condition II. (c) Condition III. (d) Condition IV. 1: the
first order natural frequency influence curve. 2: the second order natural frequency influence curve. 3: the third order natural frequency
influence curve.
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5. Conclusion

*e crack local flexibility is an important parameter to
describe the damage degree of the beam structure.*is paper
discusses a method of measuring local flexibility of crack
based on natural frequency by combining structural dy-
namics analysis and vibration testing. *is method is easy to
operate and can be used to measure the local flexibility of
crack with different shapes and types in the beam structure
which have various cross sections. It has an important
reference value for the dynamic analysis and damage
identification of cracked beam structure.
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