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It is traditionally considered that, due to the Hertzian contact force-deformation relationship, the stiffness of rolling bearings has
stiffening characteristics, and gradually researchers find that the supporting characteristics of the system may stiffen, soften, and
even coexist from them. 'e resonant hysteresis affects the stability and safety of the system, and its jumping effect can make an
impact on the system. However, the ball bearing contains many nonlinearities such as the Hertzian contact between the rolling
elements and raceways, bearing clearance, and time-varying compliances (VC), leading great difficulties to clarify the dynamical
mechanism of resonant hysteresis of the system. With the aid of the harmonic balance and alternating frequency/time domain
(HB-AFT) method and Floquet theory, this paper will investigate the hysteretic characteristics of the Hertzian contact resonances
of a ball bearing system under VC excitations. Moreover, the linearized dynamic bearing stiffness of the system will be presented
for assessing the locations of VC resonances, and the nonlinear characteristics of bearing stiffness will also be discussed in depth.
Our analysis indicates that the system possesses many types of VC resonances such as the primary, internal, superharmonic, and
even combination resonances, and the evolutions of these resonances are presented. Finally, the suppression of resonances and
hysteresis of the system will be proposed by adjusting the bearing clearance.

1. Introduction

Rolling-element bearings are characterized by rolling mo-
tion of balls or rollers in bearing raceway, often referred to as
antifriction bearings in comparison to the sliding motion of
regular sleeve bearings [1]. With the advantage of small
friction and low-cost maintenance, rolling bearings are the
main supporting parts of rotating machinery and machine
tools, and also in many cases, the designers use a rolling
bearing only because it is easier to select from a manufac-
turer’s catalog [2]. A major limitation of rolling bearings is
that they are subjected to very high alternating and time-
varying compliance (VC) oscillating Hertzian stresses at the

rolling contacts. Due to the nonlinearities of Hertzian
contact and bearing clearance, rolling bearing can bring
complex dynamic hysteresis and jumping vibrations to its
bearing-rotor systems, which is a basic scientific problem in
the field of bearing-rotor dynamics [3–6].

'ere are two major effects of a health rolling bearing
with respect to machine vibration [1]. 'e first one is the
spring characteristics to support a structure, and the second
effect occurs because it is an inherent VC excitation source
producing time-varying forces. 'e VC excitation is an
inevitable parametrical excitation to generate vibrations to
the rotor system, when the rolling elements carry external
load moving along the bearing raceway [7]. Vibrations
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originating in other parts of the machine can also excite and
influence the rolling bearing [2], and in recent years, in-
depth studies have been carried out gradually on the dy-
namic influences on some special operation conditions such
as starved lubrication [8, 9] and nonlinear instability [5, 6].
As far as VC vibrations are concerned, Sunnersjö [7] studied
a linear bearing model focusing on the severity of VC vi-
brations for a cylindrical roller bearing considering the rotor
mass and bearing cage speed, which showed that large
movements occur at low speed and heavy load. Fukata et al.
[10] presented beating and chaotic VC vibrations at critical
speeds, which considered a two-degree-of-freedom ball
bearing model including the nonlinearities of the Hertzian
contact and bearing clearance. Focused on this classical
model, the period-doubling and quasiperiodic route to chaos
in the VC vibrations has been found by Mevel and Guyader
[11, 12], and the effects of the unbalance factors [13], bearing
clearance [14, 15], and damping and radical loads [16, 17]
have been studied subsequently.

Contact nonlinearity is a common nonlinear factor in
scientific technology and engineering applications [18, 19]. It
has been shown that contact resonances can bring soft
resonant hysteresis and jump vibration to the Hertzian
contact system with harmonic excitation [20–22]. Kovacic
[23] found that constant load has a significant effect on the
hysteretic characteristics of the resonance response. San-
karavelu et al. [24] early indicated that dynamic hysteresis
and jumps exist in VC vibrations of ball bearings. Generally
speaking, a high level of VC vibrations is expected whenever
the exciting is close to the Hertzian contact resonant fre-
quencies of a ball bearing system. Elsayed et al. [25] illus-
trated detailed orders of the linear vibration modes for a ball
bearing system through finite element modeling analysis.
Zhang et al. [5] found that the primary contact resonances of
a balanced rigid-rotor ball bearing model can exhibit soft
spring behaviors for period-1 VC responses, and these
nonlinear vibration modes have been confirmed by exper-
iments subsequently [17]. Besides, period-doubling and
chaotic motions can emerge in the VC resonant ranges for a
ball bearing-rotor system [5, 11, 14]. Dynamic hysteresis as a
dangerous bifurcation [26] can bring inside impacts to the
system. It has been found that some types of military aircraft
had been repaired many times due to the bistability jump
faults coming from there aeroengine bearings. Besides, the
fatigue life of a rolling contact bearing is a function of the
oscillating stress magnitude at the contact [2]. 'erefore, the
designers must keep in mind to prevent dynamic resonant
hysteresis and jumps in bearing-rotor system, which will be
addressed in this paper.

As a basic parameter of rolling bearings, bearing
clearance has great significance for bearing life, installation,
and thermal expansion capacity [1], and it can bring re-
markable influence on bearing stiffness [2, 16, 27]. Oswald
et al. [28] found that bearing life declines gradually with
positive clearance and rapidly with increasing negative
clearance, and the life can be maximized for a small negative
operating clearance. Yakout et al. [29] presented a statistical
analysis to study the correlation between the internal radial
clearance and the dynamic characteristics of rolling

bearings. In the field of bearing industry, it is generally
considered that the adverse vibration and noise behaviors
can be reduced by adjusting the ball bearings to zero
clearance [30]. Particularly, clearance-free operation is
usually desirable for precision or high-speed machinery,
such as machine tools and turbines [2].

'e motivation of the present paper is to investigate the
mechanism of VC contact resonances and their hysteresis
characteristics in a ball bearing system, considering control
of the main structural parameters of the system such as
bearing clearances and damping factors. For doing this, as
our previous literature [5], the HB-AFT method will be
applied to trace the VC periodic solution branch and its
stability characteristics will be analyzed by using Floquet
theory.

2. Characteristics of the Ball Bearings

2.1. Governing Equations of VCMotions. A classic 2-degree-
of-freedom balanced ball bearing-rotor model (see Figure 1),
considering the nonlinearities of Hertzian contact and
bearing clearance, is verified to be effective for analysis of
radial VC motions of a ball bearing [5, 10, 11, 17], and the
following assumptions are required [5]:

(1) 'ere is an interference fit between the shaft and
inner race of the radial ball bearings, and the outer
race is fixed to a rigid support

(2) 'e rotor shaft of the studied ball bearing-rotor
system is assumed to be rigid

(3) It is under pure rolling condition between the
raceway and balls, and the whole system is fault-free

(4) 'e inertia of balls introduces little dynamic effect on
the system

'e equation of VC motion can be expressed as
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and

δi � x cos θi + y sin θi − δ0, (3)

θi � 2π(i − 1)/Nb +Ωt, (4)

where m, c, W, and Cb are the equivalent mass, damping
factor estimated from [31], constant force, and stiffness
coefficient of the bearing system, respectively; G[·] is a
Heaviside function representing the contact conditions [5],
obtaining the value 1 (contact case) for positive arguments
and the value 0 (noncontact case) for negative or zero ar-
guments; δi and θi are radial deformation of ith ball (total
number of balls, Nb) and instant angular location; 2δ0 is the
radial internal clearance of the bearing; and Ω denotes the
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cage velocity, which is related to the shaft speed ωs, ball
diameter, and pitch diameter of the ball bearing system as

Ω �
ωs 1 − Db/Dh( 

2
. (5)

Due to the parametric VC excitation, primary para-
metric resonance occurs asΩvc �Nb·Ω approaches one of the
resonant frequencies of equation (8); that is,

Ωvc ∈ ωavg xx, ωavg yy , (6)

where ωavg_xx and ωavg_yy, discussed in the next section, are
the averaged first resonant frequencies in the vertical and
horizontal radical directions of the system.

2.2. Ball Bearing Nonlinear Stiffness. Bearing stiffness as
supporting spring is directly related to load and vibration
characteristics of the bearing moving or rotating parts. Due
to Hertzian point contact between each rolling element and
its raceways of a rolling bearing, the total bearing load Ws
versus deformation δWs along the load direction in the static
condition exhibits approximately hard (i.e., stiffening)
spring characteristics as [3, 4, 31]

Ws � 1 + 2
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δWs

C
 

n

, (7)

where t takes certain t0 in equation (4); C is constant co-
efficient in connection with bearing structure; n takes 3/2 or
10/9 for ball or roller bearing, representing the Hertzian
point contact and line contact, respectively, between the
rolling elements and raceways [31]; and then the static
bearing stiffness kWs in the load direction can be expressed as
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(8)

and the static lateral stiffness (the bearing stiffness in or-
thogonal direction to the direction of Ws) also can be given
(see [31]).

Compared with the static bearing stiffness derived in
equation (8), it should be noted that the bearing stiffness
is time varying and nonlinear coupling with operation
conditions such as rotor speed, VC excitation, and
system responses, which can make the operating bearing
stiffness exhibit complex hard and soft spring charac-
teristics [3], so it is necessary to consider the dynamic
bearing stiffness of the system when specializing in
hysteretic resonances.

In order to descript the time-varying bearing support
characteristics fully, from equation (2), the linearized dy-
namic bearing stiffness in x and y directions of system (1) can
be approximated as follows [11]:
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which is obtained by numerical integration of equation (1).
According to equation (9), dynamic resonant frequen-

cies can be expressed as
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and then, the equivalent values of dynamic resonant fre-
quencies of the system are averaged as [5]
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where Kint is the number of numerical integration steps
when solving equation (1).

3. Methodology

'e steady-state periodic response of a linear system is
always stable, but it may get unstable in a nonlinear
dynamic system. 'e analysis of periodic motion types
and their bifurcation mechanism of a nonlinear system is
beneficial to abnormal vibration (e.g., super/sub-
harmonic, combination, chaotic, bistable, and hystertic
responses) control and even machine design.'e HB-AFT
method combined with Floquet stability analysis is an
effective way to trace a VC periodic solution branch and
its stability characteristics of ball bearing system [5, 6].

Introducing nondimensional time τ �Ωt and nondi-
mensional displacements X� x/δ0 and Y� y/δ0 to equation
(1), then the following nondimensional motion equation is
obtained:

d
2

dτ2
X(τ) � F

d
2

dτ2
X(τ)X(τ), λ , (12)

θi
X

Y
Dh

Db

θiOuter ring

Bearing cage

δi

Inner ring

2π
/N b

Figure 1: Schematic diagram of the ball bearing and the rela-
tionship of the displacement about the ith ball.
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where λ is a control parameter. Take the VC excitation
period T� 2π of equation (12) as period of the response, X
(τ)�X (τ +Τ). 'en, X (τ) and F (·) can be represented by
Fourier series as

X

F
  �

a0
c0

  + 
K

k�1
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 cos(kτ) −

bk

dk

 sin(kτ) .

(13)

First, inserting equation (13) into equation (12), the
harmonic balance yields an algebraic relationship

g(P,Q, λ) � 0, (14)

where
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Q
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, (15)

are the harmonic terms of X (τ) and F (·), respectively.
Second, in order to solve P from equation (14), one needs

to formulate Q by P, and this can be achieved by the discrete
Fourier transforms as

X(n) � Real 
K
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(16)

Herein, Pk � ak+ ibk; N is the numbers of samplings in
the time domain, and n � 0, 1, . . . , N − 1; Qk � ck+ idk, and
ϕ is 1 if n� 0; otherwise, ϕ is 2; F (n)� F (X′ (n), X (n), λ) is
the value of the restoring force F (X′ (τ), X (τ), λ) at the nth
discrete time.

'ird, P can be obtained from equation (14) by fixed-
point iteration method. Besides, the Arc-length method is
adopted to bridge over the failure iteration at the turning
point due to the singular iterative matrix emerging (see [5]).

Finally, Hsu’s method is applied for Floquet stability
analysis of obtained periodic solutions aided as shown in our
previous work [32].

4. Results and Discussion

4.1. Specifications. 'e JIS6306 ball bearing is adopted in this
paper, which has been studied commonly during recent
years [5, 6, 10–12], and the main parameters of the system
studied are given in Table 1. Herein, the damping factor c is
estimated by [31]

c � (0.25 to 2.5) · 10− 5
· k, (17)

where k is the linearized stiffness of the ball bearing.
According to Figure 2 in our paper, we take k� 6×107, so the
damping factor is in range of 150–1500Ns/m. If doing
experimental research, the bearing damping can be mea-
sured by experimental modal analysis referring to literature
[33].

In the following, periodic solutions are traced by HB-
AFT method with the cage speed Ω as the controlled pa-
rameter, where a periodic VC motion is called period-n
motion if the period of the response is n times the VC
parametrically excited period Tvc � 2π/Ωvc. Herein, the
numerical verifications to the HB-AFT tracing results are
simulated by the classical explicit Runge-Kutta numerical
integration process of literature [34].

4.2. Complex Resonance and Stiffness Characteristics. For
δ0 � 6.0 μm c� 200Ns/m, Figure 3 shows period-1 fre-
quency-response curves of the system, where vertical and
horizontal primary resonant amplitudes are traced, re-
spectively. It is clear that soft hysteretic resonance occurs in
the vertical direction since the frequency-response curve
bends to the left, and the system exhibits coexistence of soft
and hard spring characteristics in the horizontal direction,
which agrees with previous theoretical and experimental
studies [16, 17]. In terms of the bifurcation and stability of
the period-1 solution branch considered, subcritical period-
doubling bifurcations emerge at A1 and A2, cyclic fold bi-
furcations occur at turning points A3 and A4, and secondary
Hopf bifurcations include quasiperiodic motions at A5 and

Table 1: Specifications and parameters of JIS6306 ball bearing.

Item Value
Contact stiffness Cb (N/m3/2) 1.334×1010

Ball diameter Db (mm) 11.9062
Pitch diameter Dh (mm) 52.0
Number of balls Nb 8
Equivalent mass m (kg) 20
Damping factor c (Ns/m) 150–1500
Radical load W (N) 196
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Figure 2: System dynamic stiffness of period-1 (black line) and
period-2 (blue line) motions for X (τ) for δ0 � 6.0 μm and
c� 200Ns/m when Ω� 230 rad/s.
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A6, respectively. 'ese bifurcation characteristics agree well
with the numerical simulations as shown in Figure 4, where
the blue and magenta dots illustrate the local-maxima nu-
merical bifurcation diagram (as in [35]), and the local-
maxima frequency-response curves of stable period-1 and
period-2 branches traced by HB-AFT method overlapped
the maximum value of the numerical bifurcation dots (e.g.,
see the enlargement around bifurcation point A1 in
Figure 4).

'e cyclic fold bifurcation and the subcritical bifur-
cation all can lead to instabilities and dynamic jump to the
ball bearing systems. Herein, the period-doubling bifur-
cations come from one-to-two internal resonances [5, 6],
and it is clear that strong couplings between the two de-
grees of freedom of the system arise in the period-2 re-
sponse range (see range B-B in Figure 4). At this time, the
VC motions exhibit complex hysteresis characteristics of
bistability and jumped phenomenon. 'e most basic
motion behavior is the coexistence of period-1 and period-
2 motions in B-B range, for example, the bistability
characteristics when Ω� 230 rad/s (see Figures 5 and 6).

Meanwhile, as shown in Figure 2, the system possesses
two types of time-varying stiffness characteristics, since the
dynamic stiffness of the system is related to the response of
the system [1, 3]. 'erefore, compared to the dynamic
stiffness of equation (10), the static stiffness of equation (8)
lacks comprehensive perspectives to analyze the stiffness
nonlinearity of the system. Moreover, it is worth noting that
the coexistence of various stiffness characteristics makes it
more difficult to predict and adjust the hysteretic resonances.
For example, as shown in Figure 7(a), although the primary
resonant hysteresis of period-1 VC motion has been sup-
pressed as the damping coefficient c increasing to 1400 Nm/
s, the system still holds hysteretic jumping behaviors due to
the nonlinear dynamic stiffness related to the period-2
motions (see Figure 7(b)).

Unstable period 1 solution branch A5-A6 in Figure 4 is
induced by secondary Hopf bifurcating instability and
strongly coupled vibrations produced between the two de-
grees of freedom of the system in C-C range. Moreover, the

complex characteristics of bistabilities and jumps also
emerge in this range. For instance, as shown in Figures 8 and
9, quasiperiodic and chaotic motions coexist at
Ω� 174.3 rad/s. In terms of the frequency spectrum of the
quasiperiodic response considered (see Figure 9(a)), the
values of incommensurable dimensionless VC frequencies p
and q are about 0.663 and 1.337, respectively, and (p+ q)/
2�1, where the value 1 is the dimensionless VC excitation
frequency Ωvc �Nb·Ω. 'e values p·Ω� 115.561 rad/s and
q·Ω� 233.039 rad/s locate near the resonant excitation fre-
quency ranges B-B and D-D, respectively, so it is reasonable
to suppose that the case of combination resonance
ωp+ωq � 2·Ωvc occurs in the segment of C-C. It has been
found in some pieces of literature [5, 6, 10–16] that the
quasiperiodic motion is a typical characteristic of VC vi-
brations in rolling bearing system, but so far, its physical
trigger mechanism is not given. In general, the typical
combination resonance of multiple-degree-of-freedom
system often can arise in quasiperiodic motions [36–38].
'erefore, it can be considered that the combination res-
onance may be one of the physical mechanisms of gener-
ation of VC quasiperiodic motions. In addition, the
existence of combination resonance makes the response
characteristics of the system more complicated.

4.3. Control of Resonances and Hysteresis. In certain appli-
cations, particularly in high-speed machines or high pre-
cision machines, such as machine tools, it is possible to
eliminate clearance and introduce small interference (neg-
ative clearance) in the bearings, because it increases the
bearing stiffness and reduces the run-out and noise due to
elastic deformation or clearance [2, 30]. However, the in-
terference should be ensured not to be excessive, because the
interference can result in extrarolling contact pressure to
reduce the fatigue life of the bearing. Figure 10 shows the
change of the resonant amplitude of the two degrees of
freedom of the system as bearing clearance δ0 reduces from
6 μm to 0 μm. Herein, the resonant amplitude in y direction
moves to high frequency as δ0 reduces to 0 μm, because a

A
m
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 (µ

m
)
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A2

A5 A6

A4A3

Horizontal amplitude y
Vertical amplitude x

0

5

10

15

140 160 180 200 220 240 260120
 Ω (rad/s)

Figure 3: Stable (solid) and unstable (dashed) period-1 frequency-response peak-to-peak curves in (a) the x-direction and (b) the y direction
for δ0 � 6.0 μm and (c)� 200Ns/m.
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small bearing clearance can stiffen the support of the shaft
[2], and it is worth noting that the resonant response is
suppressed effectively and hard resonant hysteresis emerges
when δ0 � 2 μm. Moreover, the combination and one-to-two

internal resonances are eliminated in the condition of
clearance-free operation (i.e., δ0 � 0 μm). However, the
resonant hysteresis and jumps still exist in the two degrees of
freedom of the system.

YX Y
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Figure 5: Time series and phase orbits of coexisting period-1 (black line) and period-2 (blue line) motions for δ0 � 6.0 μm and c� 200Ns/m
when Ω� 230 rad/s.
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Figure 4: Numerical bifurcation diagram of (a) X (τ) and (b) Y (τ) when Ω is sweeping up (blue dots) and down (magenta dots) for
δ0 � 6.0 μm and (c)� 200Ns/m.
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One can see in Figure 11(a) that the soft hysteresis in
vertical resonant range gradually eliminates as the bearing
clearance δ0 reduces from 0.2 μm to −0.6 μm, and then the

vertical resonant amplitude gets larger as δ0 continues to
reduce from −0.6 μm to −1.2 μm (see Figure 11)(b). 'is
difference is due to the variation of the stiffness

c = 200Ns/m
c = 1000Ns/m
c = 1400Ns/m

A
m

pl
itu

de
 x

 (µ
m

)

203 204 205 206

0.99

1.02

1.05

0

3

6

9

12

210 220 230 240 250200
Ω (rad/s)

(a)

X

1.9

2

2.1

2.2

210 220 230 240 250200
Ω (rad/s)

(b)

Figure 7: Influence of damping on (a) period-1 frequency-response peak-to-peak curves in the x-direction and (b) numerical bifurcation
diagram of X (τ) whenΩ is sweeping up (blue dots) and down (magenta dots) for δ0 � 6.0 μm and c� 1400Ns/m. Herein, the arrows express
the jumping locations and directions of the responses, and solid and dashed lines refer to stable and unstable responses, respectively.
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characteristics. As the bearing clearance decreases to
−0.8 μm, −1.0 μm, and −1.2 μm, the stiffness in the hori-
zontal direction is close to the stiffness in the vertical di-
rection, which induces strong coupling resonance between
the two degrees of freedom of the system. For example, when
δ0 takes −1.2 μm, the two degrees of freedom are remarkably
coupled in horizontal and vertical resonant ranges (see
Figure 12(a)), respectively, and combination resonance
again arises between these two resonant ranges (see E1-E2
branch in Figure 12(b)). In other words, the vibration
amplitudes, bearing dynamic loads, and even the bearing life
can be optimized for a proper small negative operating
clearance, which agrees well with the results of literature
[28].

In terms of hysteresis characteristics considered, due to
the effect of clearance nonlinearity elimination as δ0 is
negative, at this moment, the Hertzian contact nonlinearity
of the system plays a dominant role. 'erefore, as illustrated
in Figure 12(a), the resonant amplitudes nearly all bend to

left as the Hertzian contact deformation exhibits a stiffening
nonlinearity relationship. In addition, compared with res-
onant responses for positive bearing clearance cases shown
in Figure 10, for δ0 � −1.2 μm, the resonant excitation fre-
quency is higher in the horizontal direction than in the
vertical direction (see Figure 12(a)), which agrees with the
equivalent dynamic resonant frequencies predicted by
equation (11) (see Figure 13(a)), and Figure 13(b) illustrates
that selection of proper bearing clearance can suppress the
hysteresis in the vertical direction effectively resonance and
make the system operate in a quasilinear stiffness interval.

Figure 14 gives the power spectra of the dynamic
displacement parameter (DDP) [7]: DDP � xpeak-to-peak +
ypeak-to-peak, where xpeak-to-peak � x (t)max-x (t)min, and
ypeak-to-peak � y (t)max-y (t)min. In order to reflect the
hysteresis characteristics in this figure, we get the DDP
value when the controlled parameter Ω runs up and down
by the way in literature [6]. In general, as shown in
Figure 14, the system contains many types of VC resonant
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characteristics, such as primary resonances R1 and R2 in
vertical and horizontal directions, respectively, and also
superharmonic resonances R3 and R4 are aroused in these
two directions. Moreover, the forms of ωp +ωq � 2·Ωvc and
4·ωp +ωq � 8·Ωvc combination resonances labeled as R5

and R6, respectively, exist for this system. Figure 15 shows
that equation (11) can provide a good prediction of typical
resonance locations, where ωp �ωavg_yy and ωq �ωavg_xx,
so it is a valuable way for analysis of VC resonances for the
ball bearing systems.
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5. Conclusions

'is paper focuses on the characteristics of Hertzian contact
resonances and dynamic hysteresis of a ball bearing system.
'e HB-AFTmethod and Floquet theory are applied to trace
the periodic response behaviors of the system. It is found
that the system contains many types of resonances such as
primary, combination, and superharmonic resonances,
which makes the response characteristics of the systemmore
complicated, and the linearized dynamic bearing stiffness
can be used to assess the locations of these resonances. It
should be emphasized that combination resonance can bring
quasiperiodic motions to the system. Moreover, the coex-
istence of two types of time-varying stiffness characteristics
is demonstrated. It is presented that bearing clearance has
significant effects on the dynamic characteristics of ball
bearing system, including the bearing stiffness, resonant
amplitudes, and their hysteretic behaviors. Our analysis
indicates that the hysteretic resonances can be suppressed
effectively by adjusting the bearing clearances around the
clearance-free operations, and this method may be beneficial
for the engineering study and inspection of resonant vi-
bration control and even bearing life optimization of rolling
bearing systems. In the future, the intrinsic correlations
between typical resonances, Hertzian contact nonlinearity,
bearing clearance, and even asymmetric stiffness charac-
teristics of the system should be further clarified.
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