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As a core component of the motorized spindle, the dynamic stiffness of the angular contact ball bearing directly affects the
dynamic characteristics of machinery. A modified quasistatic model of the ball bearing is established considering the influences of
thermal deformation, centrifugal deformation, and elastohydrodynamic lubrication (EHL). +en, the film stiffness model
considering spin motion is constructed. On this basis, the composite stiffness model of the ball bearing is proposed, and the effects
of different factors on dynamic characteristic parameters are investigated. +e results show that different factors have different
effects on the dynamic parameters. With the increase in preload, the contact stiffness and composite stiffness increase. Con-
sidering EHL, the radial contact stiffness and composite stiffness increase while the axial and angular contact stiffness and
composite stiffness decrease. Considering the thermal effect and centrifugal effect, the radial contact stiffness and composite
stiffness increase while the axial and angular contact stiffness and composite stiffness decrease. +e film stiffness and composite
stiffness increase with the consideration of the spinning motion.

1. Introduction

With the development of science and technology, the level of
modern manufacturing technology and CNC processing
technology has been improved sharply. +e motorized
spindle is the kernel component of machine tools. +e
bearing is the support component of the motorized spindle,
and its performance directly affects the processing precision
and efficiency of the motorized spindle and the whole
machine tool. +e stiffness of the bearing has an important
influence on the dynamic performance of the rotor-bearing
system and also directly affects the machining precision [1].
+e dynamic characteristic parameters of the bearing are
important indexes to evaluate the performance of the
bearing and the factors to be considered in bearing design.
+erefore, the dynamic characteristics of the angular contact
ball bearing are studied, which not only improves the
performance analysis level of the bearing but also provides a
new design idea for modern manufacturing industry.

Numerous simulation and modeling methods were re-
ported to analyze the dynamic characteristics of the rolling

bearing. For instance, Jones [2] introduced the inertia effect
into the balance equation of the bearing and established the
quasistatic mechanical model of the bearing force analysis.
Harris [3] developed and improved Jones’ method and
added the influence of EHL to establish the quasidynamic
model of the bearing. After that, Gupta [4] considered the
motion and stress state of the rolling element and the in-
teraction between the parts and put forward the dynamic
model of the rolling bearing. Li and Sun [5] studied the
bearing stiffness but ignored the role of oil film. Noel et al.
[6] established a new stiffness matrix calculation method
based on the dynamic model of the rolling bearing. Liu et al.
[7] obtained the load distribution and stiffness of the angular
contact ball bearing under the condition of combined load
using a new analytical method. Bizarre et al. [8] established
the stiffness model of the angular contact ball bearing and
evaluated the equivalent parameters of stiffness and
damping of each contact point under different loading
conditions. Guo et al. [9] presented the EHLmodel with spin
motion and calculated the dynamic characteristics of the
angular contact ball bearing. Lei et al. [10] constructed a
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novel film stiffness model of the rolling bearing, which could
consider the non-Newton fluid EHL, rough surface mor-
phology, thermal effect, and time-dependent effect, and the
numerical simulation was carried out to analyze the influ-
ence of different parameters on the film stiffness. Zhang et al.
[11] established a novel quasistatic five-degree-of-freedom
model for the angular contact ball bearing of the spindle
under rigid axial preload and employed a local bearing heat-
generation power model to assess power losses in different
contact zones. Liu [12] conducted a new analytical dynamic
model for a rotor-roller bearing-housing systems (RBHSs),
which could consider the time-dependent additional contact
zone excitation caused by the fault on the raceways, de-
formable interface between the outer raceway and housing,
lubricating oil film, and deformable rotor and housing. Liu
and Shao [13] proposed a new 12-DOF dynamic model for
rigid rotor-bearing systems (RBSs), which could formulate
the housing support stiffness, interfacial frictional moments
including load dependent and load independent compo-
nents, time-varying displacement excitation caused by a
LOD, additional deformations at the sharp edges of the
LOD, and lubricating oil film. Based on the Hertz contact
theory, EHL model, and Jones’ bearing theory, Lei et al. [14]
proposed the comprehensive stiffness model of the angular
contact ball bearing in consideration of the effects of elastic
deformation, centrifugal deformation, thermal deformation,
and the ball spinning motion. Wang and Zhang [15] pre-
sented a derivation of the lubrication equation suitable for
the nonlinear rheological model. Full numerical solutions
coupling the lubrication equation with film shape equation
and energy equation were obtained to reveal the combined
influences of thermal and non-Newtonian character of lu-
bricant on elastohydrodynamic lubrication. Kumar et al.
[16, 17] dealt with the numerical simulation of thermo-EHL
condition in the Rayleigh step bearing. +ermo-EHL in-
volved rheology of the lubricant and deformation of the
structure simultaneously under the influences of pressure
and temperature. Xu et al. [18] put forward an analysis
method that could determine the best preload at different
speeds and combined with the mathematical model of the
ball bearing to calculate the appropriate preload. However,
the influence of bearing lubrication on the bearing was not
considered. In order to improve the bearing stiffness, some
researchers [19–22] proposed to use the preload method to
improve the bearing stiffness. In recent years, scholars have
established the models of the bearing-rub-impact rotor
system with time-varying stiffness of rolling bearings and
solved the dynamic equation of the system by the Newmark-
β integration method [23, 24]. At the same time, the angular
relationship between the residual vibration displacement
and the excitation response displacement was studied, the
dynamic bearing stiffness test principle was derived, and the
dynamic stiffness of the bearing was tested [25], which
provided a new method for measuring the dynamic stiffness
of bearings, but the influence of other factors on the stiffness
of bearings was not considered.

When the bearing rotates at high speed, the centrifugal
force and friction heat are generated, and the lubrication
state of the lubricant between rolling elements and rings also

changes. However, some above works only calculated the
contact stiffness or film stiffness; in addition, only one or two
influence factors were considered when calculating stiffness.
In this paper, the front bearing of the motorized spindle is
taken as the research object. Considering the centrifugal
deformation, thermal deformation, and EHL, the modified
quasistatic mechanical model of the angular contact ball
bearing is put forward. Meanwhile, the film stiffness model
considering spin motion is presented. +en, the composite
stiffness model combined the contact stiffness and film
stiffness in series is established. At last, the influence laws of
various factors on the dynamic characteristic parameters of
the bearing are studied in more detail, which is necessary
theoretical basis for the structure optimal design of the
bearing.

2. Calculation of Bearing Deformation

+e basic structure of the angular contact ball bearing is
shown in Figure 1. αo is the outer ring contact angle, αi is the
inner ring contact angle, ri is the raceway groove curvature
radius of the inner ring, ro is the raceway groove curvature
radius of the outer ring, dm is the bearing pitch diameter, and
Db is the rolling element diameter.

2.1. Centrifugal Deformation Calculation. When the bearing
rotates at high speed, the inner ring and the ball are affected
by centrifugal force, which results in radial centrifugal de-
formation. Meanwhile, the outer ring and the bearing seat
become interference fit under the action of temperature rise,
and no centrifugal force is generated. +erefore, the radial
deformation δ1 of the inner ring due to centrifugal effect is
given as follows [26]:

δ1 �
ρiω

2

16Ei

1 − ]i( 􏼁D
2
i + 3 + ]i( 􏼁d

2
i􏽨 􏽩Di, (1)

where ρi is the material density of the inner ring, Ei is the
elastic modulus of the inner ring, Di is the diameter of the
inner ring, di is the inner diameter of the inner ring, and vi is
the Poisson ratio of the inner ring.

2.2.,ermal Deformation Calculation. When the motorized
spindle runs at high speed, the power loss of the motor and
the friction heat of the bearing can cause the temperature of
the shaft and bearing to rise, which leads to the axial and
radial thermal deformation of bearing components. In order
to facilitate the calculation of thermal deformation, the
following assumptions are made:

(1) +e outer ring is fixed, and the inner ring rotates.+e
initial fit between the inner ring and spindle is in-
terference fit, and the initial fit between the outer
ring and bearing seat is clearance fit.

(2) Because the width of the inner and outer ring is
smaller than the diameter, it is regarded as a thin-
walled ring.
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(3) +e bearing pedestal is simplified as a circular hollow
shaft, and the main shaft is calculated as a long
cylinder.

Usually, according to Harris’ calculation method of
thermal deformation of thin-walled ring parts,

u � adTΔT, (2)

where u is the thermal deformation, a is the thermal ex-
pansion coefficient, ΔT is the temperature rise, and dT is the
diameter of part.

According to equation (2), the thermal deformation of
the inner ring can be obtained as follows:

ui � aidiΔTi, (3)

where ui is the thermal deformation of the inner ring, ai is
the thermal expansion coefficient of the inner ring, ΔTi is the
temperature rise of the inner ring, and di is the diameter of
the inner ring.

Similarly, the thermal deformation of the outer ring can
be written as follows:

uo � aodoΔTo, (4)

where uo is the thermal deformation of the outer ring, ao is
the thermal expansion coefficient of the outer ring, ΔTo is the
temperature rise of the outer ring, and do is the diameter of
the outer ring.

+e thermal deformation of the ball can be described as
follows:

ub � abDbΔTb, (5)

where ub is the thermal deformation of the ball, ab is the
thermal expansion coefficient of the ball, ΔTb is the tem-
perature rise of the ball, and Db is the diameter of the ball.

From equations (3)–(5), it can be known that when the
bearing rotates at high speed, the radial deformation amount
δ2 caused by temperature rise is deduced as follows:

δ2 � ui − 2ub − uo. (6)

+e bearing axial deformation is mainly related to its
configuration type, and there are different axial deforma-
tions for different configurations. +erefore, the axial de-
formation ua caused by temperature rise can be expressed as
follows:

ua � ±
ahlhΔTh − aslsΔTs

2
, (7)

where ah and as are the thermal expansion coefficients of
bearing housing and the shaft, respectively, lh and ls are the
effective contact lengths between the housing hole and the
outer ring and between the shaft and the inner ring, re-
spectively, and ΔTh and ΔTs are the temperature rise of the
housing and the shaft, respectively. Take “+” for dual “O”
configuration and “− ” for dual “X” configuration.

According to equations (3)–(7), the temperature rise of
each component of the angular contact ball bearing is
measured and calculated to obtain the thermal deformation
of the inner and outer rings and rolling elements.

2.3. Assembly Deformation Calculation. After the inner ring
of the ball bearing and the shaft are assembled by inter-
ference fit, in order to ensure the assembly reliability, the
stress produced by the assembly interference is zero.
+erefore, the radial deformation of the inner ring after
bearing assembly is expressed as follows [27]:

δ3 �
2r

2
1r2

Ei r
2
2 − r

2
1􏼐 􏼑

P,

P �
δ4
2r1

1
Ei

1 − ]s( 􏼁 +
1
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2
1 + r

2
2

r
2
1 − r

2
2

− ]s􏼠 􏼡􏼢 􏼣,

(8)

where P is the assembly stress, δ4 is the initial interference, vs

is the Poisson ratio of the shaft, and r1 and r2 are the inner
and outer radius of the inner ring, respectively.

According to the above calculations of the centrifugal
deformation, thermal deformation, and assembly defor-
mation, the radial bearing deformation ur and axial defor-
mation ua of the bearing can be obtained. +e axial
deformation ua is shown by equation (7), and the radial
deformation is shown by the following equation:

ur � δ1 + δ2 + δ3. (9)

αi

ro αo

ri

d m

D
b

Figure 1: Basic mechanism of angular contact bearing.
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3. Modified Quasistatic Model of Angular
Contact Ball Bearing

3.1. Basic Equations of EHL. When the angular contact ball
bearing is running at high speed, there is spin motion on
both inner and outer raceways. Suppose the lubrication
contact between the ball and the raceway is equivalent to the
contact between the infinite plane and the ellipsoid, and the
plane is rotated at the spin angular velocity ωs, and the
ellipsoid rolls at the average speed ub of the rolling element
and the raceway, as shown in Figure 2 [28].

+e entrainment velocity uR and υR in x-direction and y-
direction can be obtained from Figure 2:

uR(x, y) �
ωsy

2
+ ub,

vR(x, y) �
ωsx

2
.

(10)

According to the point contact spin motion model of
angular contact ball bearings, Reynolds equation of iso-
thermal point contact EHL is selected [29]:
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(11)

where p is the pressure, ρ is the density of lubricant, h is the
lubricant film thickness, and η is the lubricant viscosity. In
addition, the parameters are expressed as follows:
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(12)

where h0 is the central film thickness between two solid
bodies, Rx and Ry are the equivalent curvature radius of the
ball along x-direction and y-direction, E is the equivalent
elastic modulus, η0 denotes the initial dynamic viscosity, αp
is the viscosity-pressure coefficient, ρ0 is the ambient density,
E1 and E2 are the elasticity modulus of the ring and ball,
and v1 and v2 are Poisson’s ratio of the ring and ball,
respectively.

According to Reference [30], the dimensionless mini-
mum film thickness considering spin motion is described as
follows:

Hmins � 8.9 × 10− 3
U

0.72
G
0.8001

k
1.616 1 + 1.043e

− 664.016W
􏼐 􏼑

1 + 21.459e
− 0.3k

􏼐 􏼑 × 1 − 1.3101 × 1010Ω1.024
s􏼐 􏼑,

(13)

hmins � Hmins × Rx,

(14)

Ωs �
ωsη0

E
, (15)

U �
ubη0
ERx

, (16)

y

x
ωs

o ub

υR

uR

V

Figure 2: Ball speed vector in spinning motion.
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W �
w

ER
2
x

, (17)

G � αpE, (18)

where U is the velocity parameter, G is the material pa-
rameter, k is the ellipticity, Ωs is the spinning angular ve-
locity parameter, and Hmins is the minimum film thickness
when considering spin motion. +e values of these pa-
rameters are shown in Table 1.

3.2. Basic Equations of Quasistatics. +e dynamic model of
the angular contact ball bearing is established with the
following assumptions:

(1) +e center of mass of the ball and the inner and outer
ring of the bearing coincide with the geometric
center, respectively

(2) +e rolling element can spin and rotate
(3) +e parameters of lubrication are known

Figure 3 shows the film thickness and pressure distri-
bution of EHL and Hertz contact in the contact zone. In
Figure 3, Δδ represents the displacement change of the
center point of the rolling element under the action of EHL.
δ is the elastic deformation under the Hertz contact state. h0
and hmin are the center film thickness and the minimum film
thickness, respectively. +e center film thickness is shown in
equation (19), and the relationship among the displacement
change of the ball center point Δδ, the elastic deformation δ,
and the central film thickness h0 is shown in equation (20).

h0 � 1.397W
0.678 1 − 1.418 × 105U0.677

􏼐 􏼑

· exp − 4.443 × 10− 5
G􏼐 􏼑 × 0.155 + 1􏽨 􏽩k

− 0.364

· [1 − exp(− 2.628k)] × 1 + 1.249 × 1019Ω2.274
s􏼐 􏼑 × R,

(19)

Δδ � δ − h0. (20)

In this paper, on the basis of Jones’ internal displacement
deformation relationship of the angular contact ball bearing,
the modified quasistatic model is built by considering the
central film thickness under the EHL situation, which makes
the quasistatic model more perfect. Figure 4 shows the
displacement deformation relationship of the bearing con-
sidering the EHL.

Lij � fi − 0.5( 􏼁Db + δij − hij,

Loj � fo − 0.5( 􏼁Db + δoj − hoj,
(21)

where Lij and Loj are the distance between the curvature
centers of the inner and outer rings and the final position of
the ball center when EHL is considered. δij and δoj are the
contact deformation at the inner and outer ring, respectively.
hij and hoj are the center film thickness of the inner and outer
rings, respectively.

Considering the influences of centrifugal deformation,
EHL, and thermal deformation, the distances between the
loci of the inner and outer ring groove curvature center are
expressed as follows:

A1j � BDb sin α0 + δa + θRi cosψj + ua,

A2j � BDb cos α0 + δr cosψj + ur,
(22)

where A1j and A2j are the axial and radial distances between
the inner and outer ring groove curvature center, respec-
tively, α0 is the initial contact angle, δa and δr are the relative
axial and radial displacements of the inner and outer rings,
respectively, θ is the relative angular displacement, and Ψj is
the azimuth of j-th rolling element.

According to the Pythagorean theorem, the geometric
compatibility equations of the groove contact deformation
are obtained as follows [3]:

A1j − X1j􏼐 􏼑
2

+ A2j − X2j􏼐 􏼑
2

� L
2
ij,

X
2
1j + X

2
2j � L

2
oj,

(23)

where X1j and X2j are the axial and radial distances between
the rolling element center and the outer ring groove cur-
vature center, respectively.

From Figure 5, according to the outer raceway control
theory and the quasistatic mechanics, the equilibrium of

Table 1: Values of the parameters.

Parameter Value
K 1–9.5
ub (m/s) 1–40
w (N) 200∼104

ws (rad/s) 0–500
G 2500–5000
W 3.23×10− 4∼1.94×10− 3

U 1.68×10− 11–6.74×10− 10

Ωs 0–4.41× 10− 11

Hertz
EHL

O
O′

h 0

h m
in

δ

Δδ

Peak pressure

Hertz
contact area

Necking
zone

Figure 3: Lubricant film thickness and pressure distribution under
EHL and Hertz contact state.
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forces of the j-th ball in the horizontal and vertical directions
is given as follows:

Qij sin αij − Qoj sin αoj −
Mgj

Db

λij cos αij − λoj cos αoj􏼐 􏼑 � 0, (24)

Qoj cos αij − Qoj cos αoj −
Mgj

Db

λij sin αij − λoj sin αoj􏼐 􏼑 � − Fcj, (25)

Qij � Kijδ
1.5
ij , (26)

Qoj � Kojδ
1.5
oj , (27)

Fcj �
1
2
mbdmω

2 ωm

ω
􏼒 􏼓

2

j
, (28)

Mgj � J
ωr

ω
􏼒 􏼓

j

ωm

ω
􏼒 􏼓

j
ω2 sin β, (29)

A1j

ua + δa + θRicosΨij

Ball center initial 
position

Center of curvature of 
inner ring initial position

Ball center
end position

Final position of inner 
ring curvature center

X1j

X 2j

A 2j

αoj

L oj

α

Center of curvature
of outer ring (fixed)

Oo

Oi

L ij

α
ij

BDb

Oi′
δrcosΨij + ur

Figure 4: Internal displacement change of ball bearings considering EHL.

Qoj

Qij

αij

Mgj

αoj

λoj (Mgj/Db)

λij (Mgj/Db)

Fcj

Figure 5: Loads on the j-th ball rolling body.
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whereQij andQoj are the contact loads of the inner and outer
rings, respectively, and Kij and Koj are the contact defor-
mation coefficients of the inner and outer rings, respectively.

According to the above analysis of the relationship
between the force and deformation of the ball, the force
balance equations of the whole bearing are obtained as
follows:

Fa � 􏽘

j�Z

j�1
Qij sin αij −

λijMgj

Db

cos αij􏼠 􏼡, (30)

Fr � 􏽘

j�Z

j�1
Qij sin αij −

λijMgj

Db

cos αij􏼠 􏼡cosψij, (31)

M � 􏽘

j�Z

j�1
Qij sin αij −

λijMgj

Db

cos αij􏼠 􏼡Ri +
λijMgj

Db

ri􏼢 􏼣cosψij, (32)

where Z is the number of balls, Fa is the axial load of the
bearing, Fr is the radial load of the bearing, Mgj is the
gyroscopic moment of the bearing, and M is the moment of
the bearing.

In order to analyze the dynamic characteristics of the
angular contact ball bearing under the condition of position
preloading, the displacement δa

′ of the rolling element

relative to the raceway should be calculated according to
equations (33) and (34). +en, according to the bearing
internal load-deformation and nonlinear equations
(30)–(32), the Newton–Raphson method is adopted to solve
the bearing characteristic parameters. Figure 6 is the cal-
culation flow chart. Equation (35) is the iterative formula of
the contact angle.

δa
′ �

BDb sin α − α′( 􏼁

cos α
, (33)

Fa

ZKnD
2
b

� sin α
cos α′
cos α

− 1􏼠 􏼡

1.5

, (34)

α(k+1)
� α(k)

+
Fa/ ZKn BDb( 􏼁

1.5
􏼐 􏼑􏼐 􏼑 − sin α cos α′/cos α( 􏼁 − 1( 􏼁

1.5

cos α cos α′/cos α( 􏼁 − 1( 􏼁
1.5

+ 1.5 tan2 α cos α′/cos α( 􏼁 − 1( 􏼁
0.5 cos α′

, (35)

where α is the contact angle after preloading, α′ is the contact
angle before preloading, Kn is the equivalent load-defor-
mation coefficient, α(k+1) is the new contact angle after it-
eration, and α(k) is the contact angle before iteration.

According to the calculation process in Figure 6, the
contact angle, contact load, and deformation of the inner
and outer raceways of angular contact ball bearings can be
obtained. When the Newton–Raphson iterative method is
used to calculate the dynamic parameters of bearings, the
initial values of the dynamic parameters should be given
first. +e initial value of each parameter is shown in Table 2.

4. Stiffness Model of Angular Contact
Ball Bearing

4.1. Film Stiffness Model. According to the definition of
stiffness, the basic formula is as follows [28]:

Kfilm � lim
δ⟶0

Δw
δ

� −
dw

dhmin
. (36)

From equations (13)–(18), the minimum film thickness
of the angular contact ball bearing can be obtained under the
spinning condition, and then the calculation formula of the
film stiffness can be derived as follows:

Kfilm s � −
dwfilm s

dhmin s

�
0.16219ER

3
x

107.7Rxhmin s − 0.9588G
0.8001

× U
0.72

k
1.616 1 + 21.459e

− 0.3k
􏼐 􏼑 × 1 − 1.3101 × 1010Ω1.024

s􏼐 􏼑􏽨 􏽩
. (37)
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4.2. Contact Stiffness Model. Under normal working con-
ditions, the load on the bearing is nonlinear with its cor-
responding deformation. According to the basic definition
of bearing stiffness, it can be expressed as the differential of
load to its displacement in corresponding direction.
According to the calculation results in Section 3.2, the
contact load and deformation can be obtained, and then the
contact stiffness of the inner and outer rings can be cal-
culated, which are expressed by equations (38) and (39). +e
contact stiffness of the whole bearing is formed by the
contact stiffness of the inner and outer rings in series, which
is obtained by equation (40).

Kcij � 1.5Γ− 1ij

9
􏽐 ρijΣij

1
πκijE

􏼠 􏼡

2
⎡⎣ ⎤⎦

− (1/3)

Q
1/3
ij , (38)

Kcoj � 1.5Γ− 1oj

9
􏽐 ρojΣoj

1
πκojE

􏼠 􏼡

2
⎡⎣ ⎤⎦

− (1/3)

Q
1/3
oj , (39)

Kc �
KcijKcoj

Kcij + Kcoj

. (40)

4.3. Composite Stiffness Model. +e stability of the high-
speed angular contact ball bearing is directly affected by the
speed of the bearing and the EHL. In order to establish the
bearing stiffness model which is closer to the actual working
condition, the film stiffness and contact stiffness are con-
nected in series to build the bearing composite stiffness
model. Because of the preload and high speed, the stiffness
between the rolling element and the inner ring is different
from that between the rolling element and the outer ring.
+erefore, when calculating the composite stiffness, it is
necessary to calculate the contact stiffness and film stiffness
of the inner and outer rings, respectively.

+e stiffness Kij composed of the film stiffness and
contact stiffness between the ball and the inner ring is
expressed as follows:

Kij �
Kc( 􏼁ij Kfilm s( 􏼁ij

Kc( 􏼁ij + Kfilm s( 􏼁ij

, (41)

where (Kc)ij and (Kfilms)ij are the contact stiffness and film
stiffness with spinning motion between the j-th roller and
the inner ring, respectively.

Similarly, the stiffness Koj composed of the film stiffness
and contact stiffness between the ball and the outer ring is
described as follows:

Koj �
Kc( 􏼁oj Kfilm s( 􏼁oj

Kc( 􏼁oj + Kfilm s( 􏼁oj

, (42)

where (Kc)oj and (Kfilms)oj are the contact stiffness and film
stiffness with spinning motion between the j-th roller and
the outer ring, respectively.

According to the stiffness of the inner ring and outer ring
obtained from (41) and (42), the radial and axial stiffness of
the inner and outer rings can be obtained as follows:

Krij � Kijcos
2αij,

Kaij � Kijsin
2αij,

⎧⎪⎨

⎪⎩
(43)

Kroj � Kojcos
2αoj,

Kaoj � Kojsin
2αoj.

⎧⎨

⎩ (44)

+e combined radial, axial, and angular stiffness of ball
bearings can be derived from equations (43) and (44).

Start

Bearing material, geometric 
parameters, preload, speed

According to Equations (33) (34) and (6) (7), calculate the axial 
deformation δa ’and thermal deformation of the bearing during 

positioning preload

Set α

Solve α(k)

Initial value δr, δa, θ

Solve (24)–(31)

(Qij,Xij)j+1 – (Qij,Xij)j ≦ 10–6

Solve (30)(31)(32)

Bearing dynamic characteristic 
parameters

End

α(k + 1) – α(k) ≦ 10–6

k = k + 1

Y

N

Y

Y

k = k + 1

N

N
(δrδaθ)j+1 – (δrδaθ)j ≦ 10–6

Figure 6: Calculation flowchart.

Table 2: Initial values of the parameters.

Parameter αij (°) αoj (°) δa (m) δr (m) θ (m)
Value 15 15 10–6 10–6 10–6
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Kr � 􏽘

j�Z

j�1

KrijKroj

Krij + Kroj

cos2
2π
Z

(j − 1)􏼔 􏼕,

Ka � 􏽘

j�Z

j�1

KaijKaoj

Kaij + Kaoj

,

Kθ �
d
2
m

4
􏽘

j�Z

j�1

KaijKaoj

Kaij + Kaoj

cos2
2π
Z

(j − 1)􏼔 􏼕,

(45)

where Kr, Ka, and Kθ are the radial, axial, and angular
composite stiffness of the ball bearing, respectively.

5. Results and Discussion

5.1. Validation of the Present Model. In order to verify the
accuracy of the proposed bearing model, the 7012/CD type
bearing in Reference [31] is adopted. According to the
calculation process shown in Figure 6 and the stiffness model
of angular contact ball bearings, the contact stiffness of the
7012/CD bearing is calculated under the preload of 100N,
and the results are compared with the results in Reference
[31], which is shown in Figure 7. From Figure 7, it can be
seen that the calculation results are consistent with that of
the reference, the maximum error is about 1.67%, and the
correctness of the model and calculation process in this
paper are verified.

According to the above dynamic characteristic param-
eter equations and stiffness model, influences of preload,
EHL, and deformations on the dynamic characteristics and
stiffness of the angular contact ball bearing under the
condition of positioning preload are investigated. +e an-
gular contact ball bearing H7013C is the research object, and
the bearing structure and material parameters are shown in
Table 3.

Members of the research group have measured the
temperature rise of each part of the bearing at 15000 r/min
and obtained the thermal deformation of each part of the
bearing by ANSYS [32]. On this basis, the temperature rise
of each part of the bearing at 24000 r/min was calculated by
the model, and then the radial and axial thermal defor-
mation of the bearing was obtained.

+e temperature rise of each part is shown in Figure 8.
From Figure 8, the temperature rise of each part is gradually
increasing with the increase in speed. But, at the same speed,
the temperature rise of the inner ring is higher than that of
the roller and outer ring. +is is because the inner ring is
directly installed with the shaft using the interference fit, and
the temperature of the shaft is directly transmitted to the
inner ring. +e rolling element moves along the inner and
outer raceways, whichmakes its temperature rise higher.+e
temperature rise of the outer ring mainly comes from the
heat transmission of the rolling element, and part of the heat
is taken away by the cooling system. As a result, the tem-
perature of the outer ring is lower than that of the inner ring
and rolling element.

Figure 9 shows the axial and radial thermal deformation
of the ball bearing. It can be seen that the axial and radial
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Figure 7: Comparison of two different models.

Table 3: Basic parameters of angular contact ball bearings H7013C.

Parameter Value
Inner ring diameter (mm) 65
Outer ring diameter (mm) 100
Ball diameter (mm) 8.73
Number of balls 25
Bearing width (mm) 18
Initial contact angle (°) 15
Ball density (g·cm− 3) 3.2
Inner ring curvature coefficient 0.56
Outer ring curvature coefficient 0.5

Te
m

pe
ra

tu
re

 ri
se

 (°
C)

Outer ring
Rolling element
Inner ring

0

4

8

12

16

20

24

28

32

4000 8000 12000 16000 20000 240000
Speed (r/min)

Figure 8: Influence of speed on temperature rise of bearing
components.

Shock and Vibration 9



thermal deformation increase with the increase in speed. As
the speed increases, the heat production of outer ring, rolling
element, and inner ring increases, the temperature increases
gradually and then the axial and radial thermal deformation
also increase, in which the axial deformation is negative,
indicating the separation degree of the rolling body and the
raceway.

5.2. Influences of Multiple Factors on the Dynamic
Characteristic Parameters of Bearing

5.2.1. Influence of Preload on Dynamic Characteristic Pa-
rameters of Bearing. When the preload is 400N, 500N, and
600N, respectively, the changes of contact angle and contact
load of the inner and outer rings are shown in Figures 10 and
11, respectively. In Figure 10, with the increase in speed, the
inner contact angle increases and the outer contact angle
decreases. +is is because as the rotating speed increases, the
centrifugal force on the rolling element increases, which
makes the rolling element “press” towards the outer ring and
“away from” the inner ring. Moreover, the change range of
the inner contact angle decreases, while that of the outer
contact angle increases. In Figure 11, the contact load of the
outer ring increases gradually with the increase in speed,
while that of the inner ring decreases. +e reason for this
phenomenon is that the outer contact angle of the bearing
decreases with the increase in speed, whichmakes the load of
the axial preload acting on the outer ring increase, and the
load of the inner ring decreases. At the same time, it can be
seen that with the increase in axial preload, the contact loads
of the inner and outer rings increase.

5.2.2. Influence of EHL on Dynamic Characteristic Param-
eters of Bearing. When the axial preload is 600N, the in-
fluences of EHL on the contact angle and contact load of the
ball bearing with the increase in speed are shown in Fig-
ures 12 and 13, respectively. In Figure 12, when EHL is

considered, the contact angles of the inner and outer rings
are smaller than those without lubrication. When the speed
is 24000 r/min, the inner contact angle without lubrication is
18.1264°; while EHL is taken into account, the inner contact
angle is 17.2518°, reducing by 4.836%. Similarly, the outer
contact angle decreases by 2.798%. +is is because consid-
ering the effect of EHL, there is lubricating oil in the ball
bearing, so that the contact deformation between the inner
and outer ring and rolling element is reduced. From Fig-
ure 13, considering the effect of EHL, the contact loads of the
inner and outer rings are bigger than that without lubri-
cation. +is phenomenon is due to the oil film produced by
the lubrication between the inner and outer ring and the
rolling element, which increases the contact load.
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Figure 9: Influence of speed on thermal deformation.
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5.2.3. Influence of Deformation on Dynamic Characteristic
Parameters of Bearing. According to the above calculation
model, the assembly deformation of the ball bearing is too
small to be ignored in this section. Figures 14 and 15 show
the influences of thermal deformation, centrifugal defor-
mation, and total deformation on the contact angle and
contact load when the axial force is 600N. From Figure 14,
with the increase in speed, the contact angle of the inner ring
increases and that of the outer ring decreases. Compared
with that without deformation, the contact angles of the
inner and outer rings considering the deformations reduce.
Moreover, when the speed is less than 8000 r/min, the
contact angle curves of different working conditions are
successively reduced, that is, no deformation, centrifugal
deformation, thermal deformation, and total deformation;

however, the speed is greater than 8000 r/min, and the
contact angle curves are successively reduced, that is, no
deformation, thermal deformation, centrifugal deformation,
and total deformation. +e reason for the phenomenon is
that the centrifugal deformation is greater than the thermal
deformation within 8000 r/min, but when the bearing speed
exceeds 8000 r/min, the thermal deformation is greater than
the centrifugal deformation.

From Figure 15, with the increase in speed, the contact
load of the inner ring decreases and that of the outer ring
increases. Compared with that without deformation, the
contact loads of the inner and outer rings considering the
deformation are higher. In addition, when the rotating speed
is less than 8000 r/min, the contact loads of the inner and
outer rings increase successively, that is, no deformation,
centrifugal deformation, thermal deformation, and total
deformation, but when the speed is greater than 8000 r/min,
the contact loads of the inner and outer rings successively
increase, that is, no deformation, thermal deformation,
centrifugal deformation, and total deformation. +e reason
is the same as the above explained, and it does not repeat.

5.3. Effect of Spinning Motion on Film Stiffness of Bearing.
+e spin motion has a great influence on the EHL state of the
ball bearing and the film stiffness. Figure 16 shows the effect
of spin motion on the film stiffness of the inner and outer
rings. +e spin angular velocity ωs � 50 r/s, and the axial
force is 600N. From Figure 16, the film stiffness of the inner
and outer rings decreases with the increase in speed, but the
film stiffness of the inner and outer rings increases with the
consideration of the spin motion. +e reason for this
phenomenon is that the film thickness of the inner and outer
rings decreases due to the spin motion, which leads to the
increase in film stiffness. In addition, the contact equivalent
curvature radius between the roller and the outer ring is
larger, which results in the larger film stiffness of the outer
ring than that of the inner ring. +is conclusion is consistent
with the result of Reference [20], which verifies the cor-
rectness of the film stiffness model.

5.4. Influences of Multiple Factors on Contact Stiffness

5.4.1. Influence of Preload on Contact Stiffness. Figure 17
illustrates the influence of different axial preloads on the
contact stiffness; it can be seen that with the increase in
preload, the contact stiffness increases. Due to the increase in
the axial preload, the load between the rolling element and
the inner and outer raceways increases, and according to the
definition of stiffness, the contact stiffness of the bearing
increases. Meanwhile, with the increase in preload, the radial
deformation is smaller than the axial and angular defor-
mation, which makes the radial stiffness increase and the
axial and angular stiffness decrease.

5.4.2. Influence of EHL on Contact Stiffness. EHL plays an
important role in reducing friction of ball bearings. Figure 18
shows the influence of EHL on the contact stiffness when the
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axial force is 600N. In Figure 18(a), the radial stiffness
increases with the increase in speed; moreover, the radial
stiffness considering lubrication is larger than that without
consideration of lubrication. +is is mainly due to the re-
duction of the radial deformation of the inner and outer
rings under the condition of positioning preload and EHL.

Figures 18(b) and 18(c) show that compared without con-
sideration of lubrication, the axial and angular stiffness
decrease. At the same time, it can be seen that the axial and
angular stiffness decrease with the increase in speed. +is is
because the axial displacement between the center point of
the rolling element and the center point of the outer ring
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Figure 20: Influences of the speed and spin on the composite stiffness. (a) Radial stiffness. (b) Axial stiffness. (c) Angular stiffness.
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occurs which changes under the action of the positioning
preload, and the axial deformation increases with the in-
crease in speed, resulting in the decrease of the axial stiffness.

5.4.3. Influence of Deformation on Contact Stiffness.
Figure 19 shows the influence of deformation on the contact
stiffness of the ball bearing, including no deformation,
thermal deformation, centrifugal deformation, and combined
deformation. It can be seen that the radial stiffness increases
with the increase in speed; on the contrary, the axial and
angular stiffness decrease gradually. In Figure 19(a), it can be
known that when the speed is less than 8000 r/min, the
thermal deformation has great impact on the radial stiffness,
and the stiffness considering the thermal deformation is
higher than that considering the centrifugal deformation.
When the speed is larger than 8000 r/min, the radial stiffness
is more sensitive to the centrifugal effect, and the stiffness
considering the centrifugal deformation is higher. In
Figures 19(b) and 19(c), it can be seen that the stiffness curve
considering the centrifugal deformation is higher than that
considering the thermal deformation when the speed is less
than 8000 r/min, while it is the opposite when the speed is
higher than 8000 r/min. +is is mainly due to the fact that
when the speed is lower than 8000 r/min, the axial centrifugal
deformation is smaller than the thermal deformation, and
while the rotating speed is higher than 8000 r/min, the
thermal deformation is smaller, which results in the inter-
section of two curves as shown in Figures 19(b) and 19(c).

5.5. Influence of Multiple Factors on the Composite Stiffness of
Bearing

5.5.1. Influence of Spinning Motion on Composite Stiffness.
Figure 20 shows the influence of spin motion on the
composite stiffness of the angular contact ball bearing. In

Figure 20, with the increase in speed, the composite stiffness
(radial stiffness, axial stiffness, and angular stiffness) de-
creases. However, the composite stiffness increases under
the influence of the spin motion. +e reason for this is that
both the film stiffness and the contact stiffness of the inner
and outer rings increase with the spin motion, which results
in the composite stiffness increasing.

5.5.2. Influence of Preload on the Composite Stiffness. In
order to further study the influence of preload on the bearing
stability, when the axial preload is 400N, 500N, and 600N,
respectively, the composite stiffness under the condition of
spin motion is calculated, and the influence rule of axial
preload on the composite stiffness is analyzed. Figure 21
shows the influence of preload on the composite stiffness. It
can be seen that the composite stiffness increases gradually
with the axial preload increasing. +e reason is that both the
film stiffness and the contact stiffness increase with the
increase in axial preload, and the composite stiffness is
composed of the contact stiffness and film stiffness in series.
In addition, it can be seen that the influence of axial preload
on the composite stiffness decreases with the increase in
speed.

5.5.3. Effect of EHL on Composite Stiffness. Figure 22 shows
the effect of EHL on the overall stiffness of ball bearings.
From Figure 22, it can be seen that the radial composite
stiffness considering the effect of EHL is larger than that
without lubrication, while the axial and angular stiffness are
smaller, and the trends change obviously at high speed. +e
main reason is that the radial contact stiffness under EHL
effect is larger than that under no EHL, while the axial and
angular stiffness are smaller; moreover, the magnitude of the
contact stiffness is close to that of the film stiffness under this
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Figure 21: Influences of the speed and preload on the composite stiffness. (a) Radial stiffness. (b) Axial stiffness. (c) Angular stiffness.
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situation; therefore, when they are combined in series, the
radial stiffness is larger, while the radial stiffness and angular
stiffness are smaller.

5.5.4. Influence of Deformation on Composite Stiffness. In
this section, the composite stiffness of the ball bearing is
calculated under the conditions of no deformation,
centrifugal deformation, thermal deformation, and inte-
grated deformation, respectively, which is shown in
Figure 23. In Figure 23(a), it can be seen that the influence
of the deformation on the radial composite stiffness is
more obvious with the increase in speed. Considering the
thermal deformation and centrifugal deformation, re-
spectively, the radial composite stiffness increases. At the

same time, the effect of only considering the centrifugal
deformation on the radial composite stiffness is greater
than that only considering the thermal deformation. In
Figures 23(b) and 23(c), the axial and angular composite
stiffness decrease and the variation amplitude is the
largest considering all deformation. According to the
influence laws of each deformation on contact stiffness in
Section 5.4.3 and the film stiffness model established in
Section 4.1, it can be known that the effect of thermal
deformation and centrifugal deformation on film stiffness
is small. When the film stiffness is connected in series with
contact stiffness, the influence of each deformation on
composite stiffness is the same as that on contact stiffness,
and the integrated deformation has the greatest influence
on radial composite stiffness. In addition, the influence of
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each deformation on the axial and angular composite
stiffness is small.

6. Conclusion

Based on Jones’ quasistatic model and EHL theory, consid-
ering the centrifugal deformation, thermal deformation, and
EHL, the modified quasistatic model of the angular contact
ball bearing is proposed. On the basis, a composite stiffness
model of the ball bearing is presented by combining the
contact stiffness with film stiffness considering the spinning
motion in series. Moreover, the influences of various factors
on the dynamic characteristic parameters and stiffness are
studied in detail. +e conclusions are as follows:

(1) +e film stiffness of the bearing decreases with the
increase in speed. +e film stiffness considering the

spin motion is greater than that without the spin.
When the spin motion is considered, the composite
stiffness increases.

(2) Considering the preload, the contact angles and
loads of the inner and outer rings increase, and the
contact stiffness and composite stiffness of the
bearing also increase.

(3) Under the impact of EHL, the contact angles of the
inner and outer rings decrease and the contact loads
increase; the radial contact stiffness and composite
stiffness increase, while the axial and angular contact
stiffness and composite stiffness decrease.

(4) When the various deformation are considered, the
bearing contact angles decrease and the contact
loads increase, and the radial contact stiffness and
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Figure 23: Influences of the speed and deformation on the composite stiffness. (a) Radial stiffness. (b) Axial stiffness. (c) Angular stiffness.
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composite stiffness increase, while the axial and
angular contact stiffness and composite stiffness
decrease.

Nomenclature

a: +ermal expansion coefficient
A1: Axial distances between the inner and outer ring

groove curvature center
A2: Radial distances between the inner and outer ring

groove curvature center
α: Contact angle after preloading
αi: Inner ring contact angle
αo: Outer ring contact angle
αp: Lubricating oil viscosity-pressure coefficient
α0: Original contact angle
α′: Contact angle before preloading
α(k+1): New contact angle after iteration
α(k): Contact angle before iteration
Db: Rolling element diameter
Di: Diameter of inner ring
d: Inner diameter
dm: Bearing pitch diameter
dT: Diameter of part
δ: Elastic deformation
δa
′: Displacement of the rolling element relative to the

raceway
δ1: Radial deformation of inner ring due to centrifugal

effect
δ2: Radial deformation caused by temperature rise
δ3: Radial deformation of inner ring after bearing

assembly
δ4: Initial interference
Δδ: Displacement change of the center point of the ball

under the action of EHL
ΔT: Temperature rise
E: Equivalent elastic modulus
Ei: Elastic modulus of inner ring
Fa: Axial load
Fr: Radial load
G: Material parameter
η0: Initial dynamic viscosity
h0: Central film thickness
ρ0: Ambient density
Hmins: Dimensionless minimum film thickness
hmin: Minimum film thickness
K: Contact deformation coefficient
Ka: Axial composite stiffness
Kθ: Angular composite stiffness
Kc: Contact stiffness
Kfilms: Film stiffness
Kn: Equivalent load-deformation coefficient
Kr: Radial composite stiffness
k: Ellipticity
l: Effective contact lengths
Mg: Gyroscopic moment
P: Assembly stress
ρ: Material density
Q: Contact load

r: Raceway groove curvature radius
r1: Inner radius of inner ring
r2: Outer radius of inner ring
U: Dimensionless velocity parameter
u: +ermal deformation
ua: Axial deformation
ur: Radial deformation
v: Poisson ratio
Ωs: Spinning angular velocity parameter
Z: +e number of balls
b: Ball
i: Inner raceway
s: Shaft
h: Bearing housing
j: Rolling element at angular location
o: Outer raceway.
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