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)e paper is devoted to the steady-state dynamical response analysis of a strongly nonlinear system with impact and Coulomb
friction subjected to Gaussian white noise excitation. )e Zhuravlev nonsmooth transformation of the state variables combined
with the Dirac delta function is utilized to simplify the original system to one without velocity jump. )en, the steady-state
probability density functions of the transformed system are derived in terms of the stochastic averaging method of energy
envelope.)e effectiveness of the presented analytical procedure is verified by those from theMonte Carlo simulation based on the
original system. Effects of different restitution coefficients, amplitudes of friction, and noise intensities on the steady-state
dynamical responses are investigated in detail. Results show different intensities of Gaussian white noise can affect the peaks value
of the probability density functions, whereas the variations of restitution coefficients and amplitudes of friction can induce the
occurrence of stochastic P-bifurcation.

1. Introduction

Nowadays, mechanical systems have becomemore andmore
intricate due to the rapid development of science and
technology [1–4]. Impact and friction, as two types of in-
evitable nonsmooth factors in engineering and structural
applications, may change the dynamical properties of me-
chanical systems significantly and even result in the struc-
tural insecurity [5]. On the one hand, gaps are widely
distributed in the components of mechanical equipment as a
result of manufacturing errors. )ey may bring about col-
lision and friction among different components, which can
cause noises and reduce the working efficiency of the devices
[6]. On the other hand, engineering structures usually work
in complex external environment and are inevitably affected
by random excitations such as ground motion, atmospheric
turbulence, wind, and road unevenness. [7–9]. )e random
excitations owing to impact and friction or environment
may also play important roles in responses of mechanical

systems [10, 11]. Hence, it is of great urgency and cardinal
significance to study the dynamical behaviors of systems
with impact and friction under random excitations.

As systems with impact and friction are notorious for
their inherent nonsmooth features which lead to the diffi-
culties of analytical study [12, 13], a large number of experts
and scholars at home and abroad have to appeal to the
numerical investigation. Accordingly, abundant achieve-
ments are gained about chaotic motions, Hopf bifurcations,
and subharmonic oscillation [14–17]. Furthermore, some
particular dynamical phenomena are observed such as
grazing bifurcation, chatter, and sticking motions [18–20].
In terms of the mean Poincaré mapping, Feng and He [21]
investigated the stochastic stick-slip motion of a random
frictionmodel.With the help of the generalized cell mapping
method, Sun [22] studied random response problems on
systems with Coulomb friction. Virgin and Begley [23]
showed the basin of attraction due to friction and impact of a
vibro-impact system with Coulomb friction damping based
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on the global dynamical analysis. Zhang et al. [24] discussed
the evolution process to the chaos of a single-degree-of-
freedom vibro-impact system while Yue et al. [25] focused
on the coexistence of strange nonchaotic attractors and a
novel mixed attractor in a periodically driven three-degree-
of-freedom vibro-impact system with symmetry.

In recent years, more and more attention has been
paid to the analytical study of the nonsmooth system.
Several different models were established for impact
system and frictional systems separately to make the re-
sponse analysis tractable. For systems with impact, one
relatively easy model was based on the Hertzian contact
law. )e response’s closed-form solutions were presented
by Jing and Sheu [26] for a single-degree-of-freedom
vibro-impact system. Using the stochastic averaging
technique, Huang et al. [27] obtained the stationary re-
sponses of a multi-degree-of-freedom vibro-impact sys-
tem with clearance. To overcome the disadvantage that the
Hertzian contact model is impotent for dissipated contact
problem, Xu et al. [28] developed a modified Hertzian
contact model and analysed random vibration problems
of inelastic vibro-impact systems. Another impact model
commonly used was the classical impact which could
depict the energy loss but was not easy to obtain the
analytical solutions of responses. A nonsmooth coordi-
nate transformation contributed to Zhuravlev [29] was
introduced to transform the vibro-impact system to one
without velocity jump. By this transformation, some
analytical methods applicable to smooth systems were
extended to the vibro-impact ones. By means of the
stochastic averaging method and energy balance method,
Dimentberg et al. [30–32] investigated the response
probability density function, energy loss, and first passage
problem of the “pseudolinear” vibro-impact system. Zhu
[33] obtained one solution of stationary response for the
single-degree-of-freedom vibro-impact system by the
exponential-polynomial closure method. With the help of
Zhuravlev-Ivanov transformation and the iterative
method of weighted residue, Chen et al. [34] discussed the
closed-form stationary probability distribution for sto-
chastically excited vibro-impact oscillators. Based on the
framework of Galerkin technique, Xie et al. [35] studied
the transient response of a vibro-impact system under
random excitation. For frictional systems, more than ten
models were developed for different cases. )e most
commonly used one was the Coulomb friction model.
Ding [36] discussed the calculation for an ideal dry
friction system. Sun et al. [37] investigated the reliability
of a nonlinear damped friction oscillator under combined
additive and multiplicative Gaussian white noise excita-
tions by the stochastic averaging method and obtained
satisfactory results.

Although the problems of the vibro-impact system and
friction system have been studied by many experts and
scholars with different methods, most of them are limited to
separate research.)e analytical studies for the vibro-impact
system with friction under random excitations are far from
enough and there are numerous problems need to be solved.
Recently, Su et al. [38] combined the nonsmooth coordinate

transformation and the stochastic method of the amplitude
to study the stationary responses of a weakly nonlinear
system with impact and Coulomb friction under Gaussian
white noise. )e proposed method was quite effective.
However, in the case of strongly nonlinear restoring force,
the stochastic method of the amplitude may be invalid to
obtain accurate results. To deal with this problem, the re-
search is performed in this paper, and the layout is as follows.
)e problems for a strongly nonlinear system with impact
and Coulomb friction subjected to Gaussian white noise
excitation are formulated in Section 2. )e approximately
equivalent system is obtained by the nonsmooth coordinate
transformation. In Section 3, the steady-state responses’
probability density functions are derived analytically by
means of the stochastic averaging method of energy enve-
lope. )e effectiveness of the proposed method is verified in
Section 4. Additionally, in this section, the influences of
impact, friction, and random excitation on the system’s
responses are discussed in detail. At last, the paper is ended
with conclusions.

2. Problem Formulation

Consider a randomly excited single-degree-of-freedom Van
der Pol-Duffing vibro-impact system with Coulomb friction
whose schematic model is displayed in Figure 1. )e motion
of the system is governed by
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where ε is a small positive number used to limit the scale of
other parameters, c2 and c1 are the nonlinear and linear
damping coefficients, respectively, fk indicates the ampli-
tude of friction and sgn(x

.
) represents the signum function

with respect to the velocity x, ξ(t) denotes a Gaussian white
noise process with zero mean and correlation function
R(t2 − t1) � 2Dδ(t2 − t1), in which δ(•) is the Dirac delta
function, meaning that the noise intensity is 2D, x

.

− and x
.

+

refer to values of velocity at the instants right before and after
the impact, respectively, r is the impact restitution coeffi-
cient satisfying 0< r≤ 1, which depicts the energy loss due to
impact, and x � 0 describes the impact condition, that is,
when the oscillator arrives at the position x � 0, the impact
happens.

From equations (1) and (2), the motion of the oscillator
is performed in two steps. )e oscillator moves freely be-
tween two consecutive impacts. )en, its velocity changes
suddenly at the static equilibrium position of the system.
Besides, the dry friction force also has a discontinuous
variety in terms of the direction of velocity. )us, the vibro-
impact system with dry friction is strongly nonlinear as well
as nonsmooth.

To overcome the difficulty due to the nonsmooth
characteristics of the vibro-impact system, the nonsmooth
variable transformation proposed by Zhuravlev [29] is in-
troduced as follows:
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x � x1 � |y|,
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in which
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1, y> 0,

− 1, y< 0.
 (4)

Obviously, the original phase plane (x, x
.
) is mapped to

the whole phase plane (y, y
.
) by the nonsmooth variable

transformation, in which the restrictive condition x> 0 is
removed.

Substituting equation (3) into equations (1) and (2)
results in the following expressions:
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where t � t∗ indicates the time when impact occurs, corre-
sponding to x � 0. Comparing equation (6) with equation (2),
it is easy to see that the velocity jump of the original variable at
the rigid barrier is Δx. � x

.
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velocity jump for new variable is Δy. � y
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)e closer r is to one, the smaller the velocity jump of the new
variable is. In terms of the properties of the Dirac delta
function, the following equation could be derived:
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which can be combined into equation (5) as an additional
impulsive term. Arranging them yields
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It is obvious that the new equation does not include the
velocity jump, which may permit us to study it by taking
advantage of some analytical methods applicable to the
smooth system.

3. Stochastic Averaging Method of
Energy Envelope

Considering the case that the energy change is caused by the
linear damping, the nonlinear damping, the impact, and
friction as well as random excitation is far less than the
original energy of the system. Herein, the system could be
quasiconservative. )us, the stochastic averaging method of
energy envelope may be feasible to deal with the approxi-
mately equivalent system described by equation (8).

)e corresponding undamped system of equation (8) is

y
..

+ y
3
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.
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1, the energy envelope

of the system is written as
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where G(y1) is the potential energy.
Equation (8) is equivalent to the following set of Itô

stochastic differential equations:

dy1 � y2dt,

dy2 � − f y1, y2(  − g y1(  dt + σ y1, y2( dW(t),
(11)

in which f(y1, y2) � ε(c2y
2
1 − c1)y2 + εfksgn

(y2) − (r − 1)y2|y2|δ(y1) represents the effective damping,
g(y1) is the effective conservative force, − f(y1, y2) − g(y1)

is the drift coefficient and σ(y1, y2) is called the diffusion
coefficient, and W(t) denotes the Wiener process.

)e Itô stochastic differential equations for the dis-
placement y1 and velocity y2 can be transformed into the
following Itô equations for displacement y1 and the energy
envelope H(t) by the transformation equation (10) and the
Itô’s differential rule.
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(12)

Noting that the displacement process y1 is rapidly
varying and the energy envelope process H is a slowly
varying one, according to the Khasminskii theorem [39], the
H process converges weakly to a one-dimensional Markov
process as ε⟶0, in a time interval 0< t<T, where
T ∼ o(1/ε). Here, we also use the symbol H to represent this
one-dimensional Markov process.
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Figure 1: Schematic model of the system with impact and friction.
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Averaging to equation (12), the resulting Itô equation is
given by

dH � U(H)dt + V(H)dW(t), (13)

in which
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where T is a pseudoperiod, A denotes the amplitude, and
U(H)V2(H) represent the averaged drift coefficient and
diffusion coefficient, respectively.

During the calculation process, some points may be
noted. Firstly, the averaging to the impact damping term
should be done in half pseudoperiod since there are two
impacts during this time. Secondly, the following formula is
used to simplify the integral calculation:
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where B(· , ·) is the beta function.
)e Fokker-Planck-Kolmogorov (FPK) equation cor-

responding to Itô equation (13) is easy to obtain as
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)e instantaneous response of equation (17) is usually
difficult to obtain due to the existence of strongly nonlinear
factors, although some special cases could be solved by the
Galerkin procedure. We herein study the stationary dy-
namical response analytically.

Taking the left side of equation (17) to be zero and
integrating at both sides, the stationary probability density
function of energy envelope H is deduced as
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As is shown by Stratonovitch [40], the corresponding
first approximation for the joint probability density function
of the displacement y1 and velocity y2 can be obtained as
follows in terms of equations (7) and (14):

p y1, y2( ≃
p(H)

T(H)


H�(1/2)y2

2+(1/4)y2
1
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Note that g(y1) � y3
1 has only one zero, then the

transformation from p(H) to p(y1, y2) is one-to-one for
each level of H [41].

Since the displacement y1 and velocity y2 are the var-
iables of the transformed system, the original system’s joint
probability density function for the displacement x1 and
velocity x2 can be derived by means of the inverse trans-
formation of equation (2).

p x1, x2(  � ps y1, y2( 
z y1, y2( 

z x1, x2( 




� pY1 ,Y2

x1, x2( 

+ pY1,Y2
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According to the formula between the joint probability
density function and the marginal probability density
function, the resulting stationary probability density func-
tion for displacement x1 and velocity x2 are given by

pX1
x1(  � 

R
p x1, s( ds,

pX2
x2(  � 

R+

p s, x2( ds.

(23)

4. Response Analysis

In order to validate the analytical results of the system’s
stationary responses obtained via the nonsmooth transfor-
mation and stochastic averaging method of energy envelope,
numerical simulations by fourth-order stochastic Run-
ge–Kutta algorithm and Monte Carlo methods are per-
formed, and herein the procedure is based on the original
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vibro-impact system with dry friction under white noise
excitation. To judge the instants of impacts more accurately,
two different time step sizes are used in the Runge–Kutta
algorithm: before the oscillator moves to the barrier, the
larger time step is chosen to reduce simulation time; once the
oscillator arrives at the position x � 0, the smaller time step
is selected to improve the precision. Seeing the stochastic
response, we are interested in is the stationary one, the
frontal data should not be considered.

4.1. Effectiveness of the Procedure. In this subsection, the
agreement between the analytical results and numerical
results is under consideration. Fixing the scale parameter
ε � 0.01, since the analytical results are derived in the case
that the energy loss due to the linear damping, the nonlinear
damping, the impact, and friction as well as random exci-
tation is far less than the system’s original energy. Other
parameters are as follows: c1 � 3.0, c2 � 1.0, fk � 1.0,
r � 0.99, and D � 1.0. Figure 2 presents the analytical results
and Monte Carlo simulation results of stationary PDFs for
total energy H, where the line denotes the analytical results
and the bullet means the numerical results. By comparing
them with each other, excellent agreement can be found
easily. )e stationary joint PDFs for displacement x1 and
velocity x2 are shown in Figure 3. It is obvious that the
analytical result in Figure 3(a) agrees well with the Monte
Carlo result in Figure 3(b). To reveal the effectiveness of the
analytical procedure more clearly, the contour plots of joint
PDFs corresponding to Figures 3(a) and 3(b) are depicted in
Figures 4(a) and 4(b), respectively. )e error is inconspic-
uous between the analytical result and Monte Carlo simu-
lation result.

4.2. 2e Influence of Nonsmooth Factors. In virtue of the
nonsmooth characteristics caused by impact and dry fric-
tion, the dynamical behaviour of the system becomes quite
complex. Hence, the influences of nonsmooth factors on the
system’s responses would be investigated in detail.

First of all, we consider the changes of system response
when the restitution coefficient r varies as well as other
system parameters keep unchanged. As mentioned above,
the value of restitution coefficient r depicts the energy loss
due to impact. )e closer r is to 1, the less energy loss is.
Here, r> 0.9 is considered to make the system quasi-
conservative, and thus, the analytical results are effective.
)e curves of stationary PDFs for total energy are shown in
Figure 5 as the restitution coefficient r equals to 0.95, and
herein other parameters remain unchanged. )e line rep-
resents the analytical results and the bullet denotes the
numerical results. It is obvious that they agree well with each
other.)e peak of the PDFs for total energy is at the position
H � 0 in Figure 5, that is, the oscillator would stay at the
system’s static equilibriumwith a high probability. However,
it is not the case shown in Figure 2, where r equals to 0.99. It
is intuitively believable that the smaller r is, the larger energy
loss is; consequently, the probability that the oscillator stays
at the system’s static equilibrium is higher. On the other
hand, the results indicate the occurrence of stochastic

P-bifurcation. In order to present this phenomenon more
clearly, Figures 6(a) and 6(b) show the analytical results and
numerical results of stationary joint PDFs for displacement
x1 and velocity x2, respectively, as r � 0.95. Also,
Figures 7(a) and 7(b) are the corresponding contour plots. It
is easy to find that the stochastic P-bifurcation happens by
comparing Figures 6 and 7 with Figures 3 and 4, respectively,
since the image in Figure 3 presents the shape of the crater
while there is a singular peak in Figure 6. Furthermore, the
section graphs of joint PDFs on the surface x1 � 0 for
different restitution coefficients r are presented in Figure 8,
who clearly demonstrate the evolution process of PDFs’
images with r varying. When r � 0.95, the PDF only has one
peak. )en, it peaks to three peaks as r increases and finally
becomes two peaks. )is phenomenon is indicative of
stochastic P-bifurcation, that is, the change of the restitution
coefficient r can induce the occurrence of stochastic
P-bifurcation.

)e dry friction is another significant nonsmooth factor
which may have a great influence on the dynamical prop-
erties of the system. )erefore, we explore the changes of
stationary joint PDFs for displacement x1 and velocity x2
when the amplitude of Coulomb friction fk varies. For this
purpose, we fix other parameters as c1 � 3.0, c2 � 1.0,
r � 0.99, and D � 1.0 and only modify the value of fk.
Analytical results of stationary joint PDFs for displacement
x1 and velocity x2 for different amplitudes of friction are
shown in Figure 9. It can be seen from Figure 9(a), the image
of the system’s response presents the shape of the crater
when fk � 0, that is, there is no friction. )e result with
fk � 2 in Figure 9(b) is different from the case of fk � 0 in
Figure 9(a), since at this time, a new peak arises. As for the
case fk � 2.5 in Figure 9(c), the new peak becomes higher,
and two other peaks become quite lower, and when fk � 3,
there is only one singular peak in Figure 9(d). It is obvious
that stochastic P-bifurcation happens as the amplitude of
Coulomb friction varies. By the way of understanding the
evolution process of stochastic P-bifurcation, the section
graphs of joint PDFs on the surface x1 � 0 for different
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Figure 2: Stationary PDFs for total energy H. (− ), analytical results;
(·), Monte Carlo results.
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results.
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Figure 8: Section graphs of joint PDFs on the surface x1 � 0 for different restitution coefficients r.
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amplitudes of friction fk are shown in Figure 10, which
clearly present the changes of response PDFs in pace with
the variation of fk.

4.3.2e Influence of Random Excitation. As is known to all,
the random excitations are ubiquitous in practical me-
chanical systems. )eir effects are usually not negligible
and even play a crucial role. For the sake of understanding
the random excitation’s effect, the changes of the system’s
response are studied for different Gaussian white noise
intensities. In Figures 11(a) and 11(b), the marginal PDFs
for displacement x1 and velocity x2 are shown, respec-
tively, when D varies; in the meantime, other system
parameters are fixed as c1 � 3.0, c2 � 1.0, fk � 1.0, and
r � 0.99. )e line denotes the analytical results and the
bullet, circle, and asterisk mean the numerical results. It is
easy to see that the peak values of marginal PDFs for
displacement x1 and velocity x2 increase with the decrease
of noise intensity. However, the shape of the PDFs has no
substantial change. )at is, there is no stochastic P-bi-
furcation occurring when the noise intensity changes. )e
results are similar as other parameters are given. For
example, when c1 � 3.0, c2 � 1.0, fk � 1.0, and r � 0.97, the
marginal PDFs for displacement x1 and velocity x2 are

shown in Figures 12(a) and 12(b). As can be observed from
the figures, the peak values change with the variation of
noise intensity, but the shape is little different, which
indicates that the stochastic P-bifurcation does not
appear.
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Figure 9: Analytical results of stationary joint PDFs for displacement x1 and velocity x2 for different amplitudes of friction: (a)fk � 0,
(b)fk � 2, (c)fk � 2.5, and (d)fk � 3.
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5. Conclusions

In this work, the combination of the nonsmooth transfor-
mation and the stochastic averaging method of energy
envelope is extensively used to obtain the steady-state dy-
namical responses of a Van der Pol-Duffing vibro-impact
system with Coulomb friction subjected to white noise
excitation. )e results obtained by the analytical procedure
agree well with those from Monte Carlo simulation. What’s
more, effects of different restitution coefficients, amplitudes
of friction, and Gaussian white noise intensities on the
steady-state dynamical responses are discussed. Results
show that the peak values change with the variation of
Gaussian white noise intensity and different restitution
coefficients and amplitudes of friction can lead to the sto-
chastic P-bifurcation. Generally, the procedure in this paper

could be applied to study more complicated nonlinear
systems with impact and dry friction.
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