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)is paper studied the impact dynamic modeling of the planar constrained metamorphic mechanism (PCMM) during con-
figuration transformation. Based on the dynamic theory of the multi-rigid-body system and the coefficient of restitution equation,
a new method for dynamic modeling of PCMM considering impact motions generated by configuration transformation is
presented, which can be treated as a theoretical foundation for performance design and dynamic control. Firstly, the topology
theory based on the impact motion can be classified as the stable impact motion and the mobile impact motion, which is the
prerequisite for dynamic modeling and simulation. Secondly, the stable and mobile impact dynamic models for PCMM are
established according to the dynamic theory of the multi-rigid-body system.)en, using these models, the corresponding impulse
solving models are deduced combining with the coefficient of restitution equation. Finally, the examples of the stable impact
motion and the mobile impact motion are respectively given, and the configuration-complete dynamic simulations are carried
out. By comparing with the dynamic models without considering the impact motion, the dynamic characteristics of PCMM are
analyzed. )e theory and method proposed in this paper can be also applied in general planar robotic systems to deal with the
problem of internal collision dynamics.

1. Introduction

Metamorphic mechanisms are members of the class of
mechanisms that are able to change their configurations
sequentially to meet different requirements [1]. Since the
proposal of metamorphic mechanism in 1998 [2], it has been
widely applied to various fields of engineering, such as bionic
joint mechanism [3, 4], extendable/foldable flexible spacecraft
mechanism [5], automated laying mechanism [6, 7], robot
mechanism [8], and space metamorphic parallel mechanism
[9].)e applications of the currentmetamorphicmechanisms
are mainly based on task-orientated constrained metamor-
phic mechanisms [10], which have become the focus of
analysis and research in the field of mechanism.

Based on the division method of the metamorphic mode,
the metamorphic mechanisms have many ways to achieve
configuration transformation [11]. Constrained metamor-
phic mechanism is a kind of mechanism, which realizes

configuration transformation by using geometric constraints
and/or force constraints to reduce the number of degrees of
freedom (DOFs) of a multi-DOF metamorphic mechanism
to the number of driving links [12]. In the course of
movement and work, the constraint types and the charac-
teristics of metamorphic joints will change along with the
continuous transformation of configurations. )e internal
impact is generated by configuration transformation, whose
characteristics are very brief duration, high force levels
reached, rapid dissipation of energy, and large accelerations
and decelerations present [13]. In severe cases, it will directly
affect stability, reliability, and safety of the system. It can be
said that the characteristics of impact motion during con-
figuration transformation directly determine whether the
system can work safely and steadily or not in the constrained
metamorphic mechanisms. )erefore, it is necessary to
study the impact characteristics of the constrained meta-
morphic mechanism during configuration transformation.
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Constrained metamorphic mechanism belongs to the
multibody system; furthermore, the impact motion of the
constrained metamorphic mechanism can be regarded as a
typical collision dynamic problem of the multibody system
with variable topological structures. )e research on colli-
sion dynamic modeling methods of the multibody system
can be divided into the following categories: impulse-mo-
mentum method, continuous model, and Lagrange multi-
plier method. In the impulse-momentum method, the
colliding bodies are assumed to be rigid and no deformation
occurs at the impact location. Duan and Zhang [14] in-
troduced the concept of impact potential energy and in-
vestigated the rigid-flexible coupling dynamics of a radially
rotating flexible beam with impact. Jin et al. [15] proposed a
method based on the impulse principle and the Gauss
minimum constraint method to determine the system state
variables after contact collision. Dong and Chen [16] ana-
lyzed the impact dynamics and the effect between the space
manipulator end-effector and the satellite of the capture
process with the momentum impulse method combining the
momentum conservation principle. Deng et al. [17] used the
impulse-momentum equation involving the restitution co-
efficient of the system to establish the impact dynamic model
which can extrapolate the impact momentum on the drive
component. Choi et al. [18] derived an analytical model of
the restitution coefficient for the 3 DOF finger model col-
liding with a wall and showed that COR varied according to
the colliding velocity and its contact area through the ex-
periment. Although the impulse-momentum method has
the advantages of high calculation efficiency and intui-
tionistic, it cannot calculate the collision process. In the
continuous model, the impact-induced force is a function of
the relative penetration of two bodies into each other.
Machado et al. [19] presented a general and comprehensive
study of some of the most relevant compliant contact force
models for multibody system dynamics. Also, two simple
planar multibody systems that included contact-impact
scenarios were considered as examples of application to
demonstrate the similarities of and differences between the
contact force models used throughout this work. Bhalerao
and Anderson [20] presented a complementarity-based
recursive scheme to model intermittent contact for flexible
multibody systems. Ahmadizadeh et al. [21] dynamically
modeled the phenomenon of multiple impact-contacts
based on the continuous contact force model for an open
kinematic chain with rigid links and revolute joints. Kor-
ayem et al. [22, 23] studied the modeling of various contact
theories for application in the manipulation of different
biological micro/nanoparticles. Flores and Ambrósio [24]
used a contact force model in contact-impact analysis in
multibody dynamics and explicitly accounted for the de-
formation of the bodies during the impact process. )e
continuous model can objectively reflect the collision pro-
cess, but the calculation form of collision force and the
selection of relevant parameters are relatively difficult.
Compared with the continuous model, the Lagrange mul-
tiplier method avoids the uncertainty caused by parameter
selection and improves the reliability of the model. But, it is
not easy to obtain a more general method to solve the

velocity increments. To bridge the gap between accuracy and
efficiency in the dynamic simulation of a flexible multibody
system with contacts/impacts, Wang et al. [25] modeled the
impact region using the finite element method. In addition,
Hurmuzlu and Marghitu [26] studied the rigid body colli-
sion of planar, kinematic chains with an external surface
while in contact with other surfaces. A. M. Shafei and H. R.
Shafei [27] presented a systematic procedure for the dy-
namic modeling of a closed-chain robotic system in both the
flight and impact phases. Gattringer et al. [28] established an
efficient dynamic model for rigid multibody systems with
contact and impact by a recursive procedure. )e above
research studies are mainly aimed at the dynamic response
of the multibody system colliding with its working envi-
ronments and other multibody systems.

In this work, the impact dynamics of the constrained
metamorphic mechanism during configuration transfor-
mation is mainly studied along with the impact dynamics
between two internal components of the multibody system.
Wang et al. [29] considered the effects of material param-
eters, control parameters, and internal impact excitation on
dynamic performance of the mechanism system. Bruzzone
and Bozzini [30] designed a novel microassembly system
and tested the grasping stability of the metamorphic fin-
gertips. Song et al. [31] studied the change of the 6R
metamorphic mechanism from an unconstrained condition
to a geometrically constrained condition to accomplish the
transformation between different screw systems. Ye et al.
[32] analyzed the configuration changes of the reconfig-
urable limb associated with the three distinct phases of the
PMM (planar metamorphic mechanism) and identified the
constraints exerted by the reconfigurable limb in various
configurations. Until now, the configuration-complete dy-
namic model of the metamorphic mechanism has been
mainly established by incorporating both the topological
structure change and the subconfiguration dynamic model
[33], ignoring the impact motion generated by configuration
transformation. It should be noticed that in order to keep
favorable dynamic performance, the impact motion gen-
erated by configuration transformation should be taken into
consideration in the dynamic modeling.

)erefore, to describe the influence of impact motion on
the system’s stability when the configuration changes, the
impact dynamics during configuration transformation need to
be studied. In this paper, taking PCMM as an example, the
dynamic models of its stable and mobile impact motions are
established based on the topology theory andmultibody system
dynamics, and then the corresponding impulse solving models
are deduced by combining the coefficient of restitution
equation. Further, two examples of PCMM considering the
impact motions generated by configuration transformation are
given to illustrate the effect of impact motions. Meanwhile, the
validity of the proposed method is verified.

2. Dynamic Analysis

)e working process of PCMM can be roughly divided into the
subconfiguration movement stage and the instantaneous con-
figuration transformation stage. )erefore, the configuration-
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complete dynamic equation of PCMM considering the impact
motion during configuration transformation will be set up.

2.1. Dynamic Analysis in Subconfiguration Movement Stage.
Under any working stage or working condition p, the
corresponding topological structure of PCMM is called the
p-th configuration or configuration p. PCMM in any con-
figuration p can be regarded as a conventional mechanism.
Suppose the DOF of PCMM in configuration p is n and the
independent generalized coordinate of PCMM is
pq � [pq1,

pq2, . . . , pqn]T ∈ Rn×1. Ignoring the influence of
external disturbance such as friction, the dynamic equation
of PCMM with any configuration p can be written by the
Newton–Euler equation as a vector form:

pDp
€q +

pH �
pτa +

pτc, (1)

wherep €q ∈ Rn×1 is the generalized acceleration vector,
pD ∈ Rn×1 is the inertia matrix which is symmetric positive
definite, pH ∈ Rn×1 is the gravity, the Coriolis, and the
centripetal force vector, pτa ∈ Rn×1 is the generalized force
vector, and pτc ∈ Rn×1 is the generalized elastic and other
generalized force vector.

2.2. Dynamic Analysis in Instantaneous Configuration
TransformationStage. For PCMMwith c configurations, it is
assumed that configuration p(1≤p≤ c − 1) is any config-
uration of PCMM. When PCMM is changed from config-
uration p to configuration p+ 1, the impact motion occurs
inside the system.)ere are mainly two situations as follows:

(1) )e moving component is merged with the frame
(2) )e moving component is merged with another

moving component

To establish the instantaneous impact dynamic equation
for configuration transformation of PCMM, the definitions
are as follows.

When PCMM is changed from one configuration to the
next,

(1) According to the way of configuration transformation,
if themoving component is merged with the frame, the
impact motion generated by configuration transfor-
mation is named the stable impact motion and the
generated internal impulse is named the stable impulse
in this paper. Meanwhile, the dynamic equation of the
system is named the stable impact dynamic equation.

(2) Similarly, if the moving component is merged with
another moving component, the impact motion
generated by configuration transformation is named
the mobile impact motion and the generated internal
impulse is named the mobile impulse. At this time,
the dynamic equation of the system is named the
mobile impact dynamic equation.

It should be further pointed out that since the impact
motion is generated instantaneously during the configuration
transformation of PCMM, the impact dynamics is only

studying the system state at a certain moment and not the
system state throughout the time history.

2.2.1. Dynamic Analysis of the Stable Impact Motion. In this
section, a dynamic model is established, which describes the
dynamics of PCMMwith a stable impact motion. In order to
establish a complete theoretical system of impact dynamics
of PCMM, it is very important to choose a reasonable to-
pology structure. In this paper, it is assumed that the two
adjacent components of PCMM are connected by rotating
hinges, and the topology structure of PCMM can be con-
sidered as a tree system, as shown in Figure 1.

Assuming that the impact motion occurs instanta-
neously, the impact points are defined as pX0 and pX1 on the
frame B0 and the moving component B1, respectively. When
themoving component B1 and the frame B0 merge, the stable
impact motion occurs, and there are equal and opposite
action and reaction forces at the impact points pX0 and pX1.
It is sometimes necessary to get more acquainted with the
impact force of metamorphic components and the ideal
constraint force of metamorphic joints for stability analysis
of configuration transformation.

When the configuration of PCMM changes, the impulse
generated by configuration transformation of the mechanism
is zero [34]. However, when the moving component merges
with the frame or the fixed base, the impulse acting on the
moving component is not zero. To solve the impulse acting on
the moving component B1, the rotating joint O1 connecting
the moving component B1 and the frame B0 can be released
based on multibody systems dynamics [35, 36], and the stable
impact motion system can be transformed into the multibody
system f which is only subject to ideal constraints.

For the cutting of joints in the PCMM, that is to remove
partial constraints in the system.)e redundant joints removed
are also called the cutoff joints. If the multibody system f is
equivalent to the original stable impact motion system in
dynamics, the constraint force acting on the adjacent com-
ponents by the cutoff joint must be considered as an additional
external force applied to the multibody system f. )erefore,
based on the Newton–Euler equation, a dynamic equation of
the multibody system f is established, and the stable impact
dynamic equation is established combining the constraint
equation of the cutoff joint O1. And, the stable impact force of
the metamorphic component B1 and the ideal constraint force
of metamorphic jointO1 can be calculated by the stable impact
dynamic equation.)e detailed derivation process is as follows.

Assume that the generalized position vector of arbitrary
configuration p obtained by the cutting off joint O1 is
pqf ∈ Rnf×1 and nf is the number of DOFs in the multibody
system f. )en, position of the impact point pX1 can be
written separately as expressed as a function with a gen-
eralized coordinate pqf as

p
X1 �

pφf
p
qf . (2)

According to the kinematic relationship of the multi-
body system f, it is easy to obtain the following kinematic
relationship between the velocity of the impact point pX1 on
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the moving component B1 and the generalized velocity
vector p _qf:

p _X1 �
p Jv

qf
 

p
_qf, (3)

where

p Jv
qf

  �
z pφf 

z pqf 
T. (4)

When the system satisfies the conditions of configura-
tion transformation pX1 � pX0, the stable impact force pFs

acting on the impact points pX1 and pX0 is immediately
generated. According to the Newton–Euler equation, the
multibody system f with the stable impact motion is subject
to constraint forces at the cutoff joint and stable impact
forces in addition to driven and elastic forces. )erefore, the
dynamic equation of the multibody system f with the stable
impact motion can be established as

pDf
p

€qf +
pHf �

pτaf +
pτcf +

pτcutf +
pτsf, (5)

where p €qf is the generalized acceleration vector of the
multibody system f, pDf is the inertia matrix of the mul-
tibody system f, pHf is the gravity, the Coriolis, and
centripetal force vector of the multibody system f, pτaf is
the generalized force vector of the multibody system f, pτcf

is the generalized elastic and other generalized force vector
of the multibody system f, pτcutf is the generalized con-
straint force vector of the cutoff joint O1, and pτsf is the
generalized stable impact force vector.

According to the principle of virtual work, the gener-
alized constraint force vector and the generalized stable
impact force vector can be respectively expressed as

pτcutf �
p Jcutqf
 

T
p
Fcutf, (6)

pτsf �
p Jv

qf
 

T
p
Fs, (7)

where p[Jcutqf
] is the first-order kinematic influence coefficient

of the velocity vector of the cutoff joint O1 in the inertial
coordinate system with respect to the generalized velocity in
the multibody system f and pFcutf is the constraint force at
the cutoff joint O1.

According to the Newton–Euler equation, the constraint
force at the cutoff joint O1 can be expressed as the form of
generalized acceleration vector p €q in the stable impact
motion system:

p
Fcutf �

pDcut
p

€q +
pHcutf, (8)

where pDcut is the coefficient matrix of pFcutf with respect to
p €q and pHcutf is a column matrix.

According to the kinematic constraint equation at the
cutoff joint O1, that is, p €q ⊂ p €qf. )e constraint force at the
cutoff joint O1 can be expressed as

p
Fcutf �

pDcutf
p

€qf +
pHcutf, (9)

where pDcutf is the coefficient matrix of pFcutf with respect
to p €qf.

Combining equations (5)–(7) and (9), the stable impact
dynamic equation of PCMM can be derived as

pDf
p

€qf +
pHf �

pτcf +
pτcf +

p Jcutqf
 

T
pDcutf

p
€qf

p Jcutqf
 

T
pHcutf +

p Jv
qf

 
T

p
Fs.

(10)

2.2.2. Dynamic Analysis of the Mobile Impact Motion. As
shown in Figure 2, when the mobile impact motion occurs,
the moving component B2 merges with another moving
component B3, and there are equal and opposite action and
reaction forces at the impact points pX2 and pX3. In order to
obtain the mobile impact force of metamorphic components
and the ideal constraint force of metamorphic joints, the
rotating joint O3 between the moving components B2 and B3
is cut off based on multibody system dynamics [35, 36].
)en, the mobile impact motion system is divided into two
multibody systems with external impacts, which are re-
spectively labeled as f1 and f2, and the dynamic equations
of the multibody systems f1 and f2 can be established.

In order to make the divided multibody systems f1 and f2
dynamically equivalent to the mobile impact motion system,
the constraint force acting on the adjacent components by the
cutting off joint O3 must be regarded as an additional external
force applied to the two multibody systems f1 and f2.

It is assumed that the generalized position vectors of the
multibody systems f1 and f2 are pqf1

∈ Rnf1×1 and
pqf2
∈ Rnf2×1, respectively, and n1 and n2 are the number of

DOFs of the multibody systems f1 and f2, respectively.
)en, positions of the impact points pX2 and pX3 can be
written separately as expressed as functions with generalized
coordinates pqf1

and pqf2
as

p
X2 �

pφf1

pqf1
 ,

p
X3 �

pφf2

pqf2
 .

(11)

According to the kinematic relationship of the multi-
body systems f1 and f2, it is easy to obtain the following
kinematic relationship between the velocity of the impact
point pX2 on the moving component B2 in the inertial
coordinate system and the generalized velocity vector pqf1
and the velocity of the impact point pX3 on the moving
component B3 in the inertial coordinate system and the
generalized velocity vector pqf2

:

B3

B2
B4

B1

B0

O3

O4

O1

O2

O1 failure

pX1
pX0

Cutoff O1

f

Figure 1: )e stable impact motion system.
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p _X2 �
p Jv

qf1
 

p
_qf1

,

p _X3 �
p Jv

qf2
 

p
_qf2

,

(12)

where

p Jv
qfi

  �
z pφfi
 

z pqfi
 

T, (i � 1, 2). (13)

When the system satisfies the conditions of configura-
tion transformation, the mobile impact force pFmi

(i � 1, 2)

of the multibody system fi is immediately generated. Based
on the Newton–Euler equation, the multibody systems f1
and f2 with mobile impact motion are subject to the
constraint forces at the cutoff joint O3 and the mobile impact
forces in addition to driven and elastic forces. )erefore, the
dynamic equations of the multibody systems f1 and f2 with
mobile impact motion can be established as

pDfi

p
€qfi

+
pHfi

�
pτafi

+
pτcfi

+
pτcutfi

+
pτmfi

, (i � 1, 2),

(14)

where p €qfi
is the generalized acceleration vector of the

multibody system fi, pDfi
is the inertia matrix of the

multibody system fi, pHfi
is the gravity, the Coriolis, and

the centripetal force vector of the multibody system fi, pτafi

is the generalized force vector of the multibody system fi,
pτcfi

is the generalized elastic and other generalized force
vector of the multibody system fi, pτcutfi

is the generalized
constraint force vector at the cutoff joint O3 of the multibody
system fi, and pτmfi

is the generalized mobile impact force
vector of the multibody system fi.

According to the principle of virtual work, the gener-
alized constraint force vector and the generalized mobile
impact force vector of the multibody systems f1 and f2 at
the cutoff joint O3 can be respectively obtained:

pτcutfi
�

p Jcutqfi

 
T

p
Fcutfi

, (i � 1, 2), (15)

pτmfi
�

p
J

v
qfi

 
T

p
Fmi

, (i � 1, 2), (16)

where pJcutqfi

is the first-order kinematic influence coefficient
of the velocity vector of the cutoff joint O3 in the inertial
coordinate system with respect to the generalized velocity in
the multibody system fi, pFcutfi

is the constraint force at the
cutoff joint O3 of themultibody system fi, pFcutfi

� − pFcutf2
,

and pFm1
� − pFm2

.
According to the Newton–Euler equation, the constraint

force at the cutoff joint O3 can be deduced in the form of
generalized acceleration vector p €q as

p
Fcutf2

�
pDcut

p
€q +

pHcut, (17)

where p €q is the generalized acceleration vector of the mobile
impact motion system, pDcut is the coefficient matrix of
pFcutf2

with respect to p €q, and pHcut is a column matrix.
Combining the kinematic constraint equation at the

cutoff joint O3, it can be obtained as

p
€q �

pAp
€qf2

+
pB, (18)

where pA is the coefficient matrix of p €q with respect to p €qf2
and pB is a column matrix.

Substituting equation (18) into equation (17), the con-
straint force pFcutf2

at the cutoff joint O3 can be derived as

p
Fcutf2

�
pDcutf2

p
€qf2

+
pHcutf2

, (19)

where pDcutf2
� pDcut

pA and pHcutf2
� pDcut

pB + pHcut.
Combining equations (14)–(16) and (19), the mobile

impact dynamic equation of PCMM can be derived as

pDf1
p €qf1

+ pHf1
� pτaf1

+ pτcf1
− p Jcutqf1

 
T

pDcutf2
p €qf2

p− Jcutqf1
 

T
pHcutf2

+ p Jv
qf1

 
T

pFm1
,

pDf2
p €qf2

+ pHf2
� pτaf2

+ pτcf2
+ p Jcutqf2

 
T

pDcutf2
p €qf2

+ p Jcutqf2
 

T
pHcutf2

− p Jv
qf2

 
T

pFm1
.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(20)

It is emphasized that with respect to PCMM with
closed-loop constraints, it can be transformed into mul-
tibody systems in the tree system by cutting off the
metamorphic joints in the loop when PCMM is changed
from one configuration to the next, so that its impact
dynamic analysis can be carried out by the tree system
theory mentioned above.

3. The Impulse Solving Model of Constrained
Metamorphic Mechanism

Based on the dynamic equation in the sub-configuration
movement stage, the system state variables before config-
uration transformation can be obtained. Aiming at the
specific impact motion of mechanism, how to determine the

B3

B2
B4

B1

B0

O3 failure Cutoff O3

O3

O4

O1

O2

pX3

pX2

f1

f2

Figure 2: )e mobile impact motion system.

Shock and Vibration 5



internal impulse generated by configuration transformation
instantaneously and the state variables of the system after
configuration transformation is the basic research scope of
the impact motion, and it is also an urgently solved core
problem. In this paper, on the basis of the impact dynamic
equations (10) and (20), the stable impulse solving model
and the mobile impulse solving model can be, respectively,
derived by combining the coefficient of restitution equation.
)e resulting system state variables after configuration
transformation can be deduced according to variables before
configuration transformation.

3.1. .e Contact Impact Model. According to the classical
collision theory, the contact-impact model has been de-
veloped with the following assumptions: (1) the impact time
is infinitely small; (2) the position and orientation of all
components remain unchanged during the process of
configuration transformation; (3) the impact is a point
contact; (4) the shape and the inertia of the component are
unchanged during the process of configuration
transformation.

In general, the impact is partially elastic, and
e(0< e< 1) is the coefficient of restitution. )e normal
vector of the impact point velocity increment is n along
the contact surface, and the stable and mobile impact
motion systems should satisfy the coefficient of restitution
equation at the instant of configuration transformation as
follows:

Δv1 − Δv2( 
T
n � − (1 + e) v1 − v2( 

T
n, (21)

where v1 and v2 are the velocities of impact points relative to
the inertial coordinate system before configuration trans-
formation and Δv1 and Δv2 are the velocity increments
immediately after configuration transformation.

3.2..eStable Impulse SolvingModel. According to the basic
assumption, the generalized positions of the system remain
unchanged over a short duration t0 < t< t0 + Δt where the
time interval Δt is small enough, so its generalized velocities
are limited.)e derived stable impact dynamic equation (10)
is integrated over the time interval Δt, and the result is
obtained as


t0+Δt

t0

pDf
p

€qf −
p Jcutqf
 

T
pDcutf

p
€qf dt + 

t0+Δt

t0

pHfdt

� 
t0+Δt

t0

pτaf +
pτcf +

p Jcutqf
 

T
pHcutf dt

+ 
t0+Δt

t0

p Jv
qf

 
T

p
Fsdt.

(22)

Taking the limit of equation (22) as Δt tends to zero, it
can be written as

pDf −
p Jcutqf
 

T
pDcutf 

p
_qf t0 + Δt(  −

p
_qf t0(  

�
p Jv

qf
 

T
pPs,

(23)

where pPs � 
t0+Δt
t0

pFs dt is defined as the stable impulse at
the impact point.

)en, the velocity increments of the generalized posi-
tions can be expressed as

Δp
_qf �

pMf 
− 1p Jv

qf
 

T
p
Ps, (24)

where
pMf �

pDf −
p Jcutqf
 

T
pDcutf. (25)

Based on the kinematics, the velocity increment of the
impact point can be written as

Δv1 �
p pJqf
 

pMf 
− 1p Jv

qf
 

T
p
Ps. (26)

According to the stable impact motion between the
moving component and the frame, the absolute velocity and
the velocity increment of the frame are always zero
(v2 � Δv2 � 0). Assuming that there is no friction between
two impacting surfaces and substituting equation (26) into
equation (21), it can be obtained as

p Jv
qf

 
pMf 

− 1p Jv
qf

 
T

p
Ps 

T

n � − (1 + e)v
T
1n. (27)

In addition,
p
Ps �

p
Psn. (28)

)en, the stable impulse of PCMM can be expressed as

p
Ps �

− (1 + e)vT1n

nT p Jv
qf

  pMf 
− 1

p Jv
qf

 
T

 

T

n

.
(29)

Combining the initial condition of the system before
configuration transformation, the generalized velocity of the
system after configuration transformation can be obtained as

p
_q+

f � Δp
_qf +

p
_q−

f, (30)

where p _q+
f is the generalized velocity vector after configu-

ration transformation and p _q−
f is the generalized velocity

vector before configuration transformation.

3.3. .e Mobile Impulse Solving Model. According to the
basic assumption, the derived mobile impact dynamic
equation (20) is integrated over the time interval Δt, and the
result is obtained as
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t0+Δt

t0

pDf1

p
€qf1

dt + 
t0+Δt

t0

p Jcutqf1
 

T
pDcutf2

p
€qf2

dt + 
t0+Δt

t0

pHf1
dt

� 
t0+Δt

t0

pτaf1
+

pτcf1
−

p Jcutqf1
 

T
pHcutf2

  dt

+ 
t0+Δt

t0

p Jv
qf1

 
T

pFm1
dt,

(31)


t0+Δt

t0

pDf2

p
€qf2

−
p Jcutqf2
 

T
pDcutf2

p
€qf2

 dt + 
t0+Δt

t0

pHf2
dt

� 
t0+Δt

t0

pτaf2
+

pτcf2
+

p Jcutqf2
 

T
pHcutf2

 dt

− 
t0+Δt

t0

p Jv
qf2

 
T

pFm1
dt.

(32)
Since the mobile impact motion is of short duration

and generates a large mutual impact force, the general-
ized positions of PCMM are not significantly changed
during configuration transformation and only the gen-
eralized velocities are changed. Based on the above
analysis, equations (31) and (32) can be approximately
written as

p Jcutqf1
 

T
pDcutf2

p
_qf2

t0 + Δt(  −
p

_qf2
t0(  

+
pDf1

p
_qf1

t0 + Δt(  −
p

_qf1
t0(   �

p Jv
qf1

 
T

p
Pm1

,

(33)

pDf2
−

p Jcutqf2
 

T
pDcutf2

 
p

_qf2
t0 + Δt(  −

p
_qf2

t0(  

� −
p Jv

qf2
 

T
p
Pm1

,

(34)

where pPm1
� 

t0+Δt
t0

pFm1
dt is defined as the mobile impulse

at the impact point.
)e derivation of (33) and (34) is based on the con-

servation of system momentum. Based on equation (34), the
velocity increments of the generalized positions can be
expressed in the multibody system f2 as

Δp
_qf2

� −
pMf2

 
− 1p Jv

qf2
 

T
p
Pm1

, (35)

where

pMf2
�

pDf2
−

p Jcutqf2
 

T
pDcutf2

. (36)

Based on the kinematics, the velocity increment of
the impact point in the multibody system f2 can be
written as

Δv2 � −
pJv

qf2

pMf2
 

− 1p Jv
qf2

 
T

p
Pm1

. (37)

Substituting equation (35) into equation (33), the ve-
locity increment of the generalized coordinate in the mul-
tibody system f1 can be expressed as

Δp
_qf1

�
pMf1

p
Pm1

, (38)

where

pMf1
�

pD− 1
f1

p Jcutqf1
 

T
pDp

cutf2

pMf2
 

− 1p Jv
qf2

 
T

+
pD− 1

f1

p Jcutqf1
 

T
.

(39)

Based on the kinematics, the velocity increment of the
impact point in the multibody system f1 can be written as

Δv1 �
p Jv

qf1
 

pMf1
p
Pm1

. (40)

In addition,
p
Pm1

�
p
Pm1

n. (41)

Substituting equations (37), (40), and (41) into (21), the
mobile impulse of PCMM can be derived as

p
Pm1

�
− (1 + e) v1 − v2( 

Tn

nT p Jv
qf1

 pMf1
+ K 

T
n

, (42)

where K � p[Jv
qf2

](pMf2
)− 1p[Jv

qf2
]T.

Combining the initial condition of the system before
configuration transformation, the generalized velocity of the
system after configuration transformation can be obtained as

p
_q+

fi
� Δp

_qfi
+

p
_q−

fi
, i � 1, 2, (43)

where p _q+
fi

is the generalized velocity vector of the multi-
body system fi after configuration transformation and p _q−

fi

is the generalized velocity vector of the multibody system fi

before configuration transformation.
According to the above derivation results, if the impulse

of the impact point in the system and the velocity of each
component before configuration transformation are known,
we can calculate the velocity of each component after
configuration transformation.

4. Dynamic Numerical Examples

For the sake of completeness, this section lists two typical
examples to model and simulate the impact dynamics. One
is an open-loop constrained metamorphic mechanism and
the other is a closed-loop constrained metamorphic
mechanism. To analyze the motion characteristics of the
system before and after configuration transformation, the
dynamic simulations of PCMM can be carried out by
MATLAB. Since the impact dynamic equation of the system
is nonlinear, it can be solved by using Runge–Kutta method
to realize the configuration-complete dynamic simulation of
PCMM.)e flow graph of numerical simulation is shown in
Figure 3.

4.1. SimulationExample 1. In this case, the impact dynamics
of the open-loop three-bar constrained metamorphic
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mechanism is analyzed in Figure 4. Symbols described in
Figure 4 are explained as follows:

(1) i (i � 1, 2, 3): component i of the open-loop three-
bar constrained metamorphic mechanism

(2) Oi(i � 1, 2, 3): joint Oi of the open-loop three-bar
constrained metamorphic mechanism

(3) θi(i � 1, 2, 3): the angle between component i and
the x-axis

(4) τi(i � 1, 2, 3): the equivalent moments acting on
joint Oi

As shown in Figure 4, the open-loop three-bar con-
strained metamorphic mechanism is composed of compo-
nent 1, component 2, component 3, and the frame. Assume
that the motor is installed at the joint O1 and the torsion
spring is installed at the joint O2. If θ3 − θ2 < π(rad), the
mechanism is in configuration 1 as shown in Figure 4(a); if
θ3 − θ2 � π(rad), the component 2 merges with the com-
ponent 3, and the mechanism is in configuration 2 as shown
in Figure 4(b).

For the abovementioned metamorphic mechanism,
which realizes the whole process of metamorphosis by
constraints, it is required that the corresponding meta-
morphic joint of the corresponding configuration should be
able to provide corresponding constraints in order to realize
the configuration transformation in the working process.
According to the existing working configuration, the joint
O3 is chosen as the metamorphic joint and its main reali-
zation form is shown in Figure 5. Symbols described in
Figure 5 are explained as follows:

a: a limited pin distributed on a circle

Figure 5 shows a limited rotation metamorphic joint
[37]. )e structure of the metamorphic joint is obtained by
synthesizing the pin-restrained rotation metamorphic joint
and the spring-restrained rotation metamorphic joint. )e
component 2 and the component 3 are connected by torsion
spring, and the component 2 contains a limited pin a dis-
tributed on a circle.

)en, the equivalent moments acting on each joint can
be expressed as follows, and the geometric and physical
parameters of the open-loop three-bar constrained meta-
morphic mechanism are shown in Table 1.

τ1 � 1.9550 − 0.0196 _θ1 (N·m),

τ2 � 0.1625 − 0.0161 θ2 − θ1( (N·m),

τ3 � 0.2300 − 0.026 θ3 − θ2( (N·m).

(44)

Assuming that the open-loop three-bar constrained
metamorphic mechanism is transformed from configuration
1 to configuration 2 (θ3 − θ2 � π, t � tp � 0.1674 s), the
centroid point of component 3 is impacted with the centroid
point of component 2.)e normal vector of the impact point
velocity increment is n � sin θ2 − cos θ2 0 

T and the
coefficient of restitution e is 0.8. Based on the dynamics, the
absolute angular velocity of each component before con-
figuration transformation can be calculated as follows:

ω−
10 � _θ

−

10 � 2.8917(rad/s),
ω−
20 � _θ

−

20 � − 1.1867(rad/s),
ω−
30 � _θ

−

30 � 22.1639(rad/s).

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(45)

According to the mobile impulse solving model, the
mobile impulse Pm1

in the instantaneous configuration
transformation can be obtained as

Start

Input geometric and physical parameters

For mechanism with c configurations, it is
assumed that i is the initial configuration, j

is the number of collisions in a
configuration transformation, and j = 0 

i ≤ c

i = i – c

Dynamic simulation in
ith subconfiguration movement stage

Configuration
transformation

Criterion of impact motion

Yes

Stable impulse Mobile impulse

Stable Mobile

Generalized velocity after
configuration transformation 

Dynamic simulation based on the initial
values after configuration transformation 

Generalized position after
configuration transformation

j = j + 1

End

j = 0No

Yes

No

Yes

No

i = i + 1

Figure 3: )e flow graph of numerical simulation.
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Pm1
� − 1.0070 − 0.1224 0 

T
(N·s). (46)

Based on equation (43), the absolute angular velocity of
each component after configuration transformation can be
calculated as follows:

ω+
10 � _θ

+

10 � 4.5188(rad/s),

ω+
20 � _θ

+

20 � 0.0489(rad/s),

ω+
30 � _θ

+

30 � − 102.6927(rad/s).

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(47)

In addition, constrained metamorphic operations of the
mechanism are implemented by using the geometric con-
straint and the force constraint of the metamorphic joint O3
to make it locked. Owing to the existence of the geometric

constraint, the metamorphic joint O3 is locked in instan-
taneous configuration transformation. )erefore, compo-
nent 2 is merged with component 3 after configuration
transformation, that is, _θ

+

30 � _θ
+

20, when considering con-
straint conditions of configuration transformation.

)e numerical simulation results of each component are
shown in Figures 6–9. In the conditions of considering and
ignoring the impact motion during configuration trans-
formation, the comparisons of the absolute angle of each
component in the open-loop three-bar constrained meta-
morphic mechanism are shown in Figures 6(a)–6(c), re-
spectively. Similarly, Figure 6(d) shows the angle of
component 3 relative to component 2.

From Figures 6(a)–6(c), it can be seen that the motion
trends of components considering the impact motion are

O2

O3

x

y

1

2

3

O1

È2

È3

Ó1

Ó2

Ó3

È1

(a)

O2

O3

xO1

y

1

2

3

È2

Ó1 Ó2
È1

(b)

Figure 4: )e open-loop three-bar constrained metamorphic mechanism. (a) Configuration 1. (b) Configuration 2.

3

2 a

Figure 5: )e limited rotation metamorphic joint.

Table 1: Geometric and physical parameters of the open-loop three-bar constrained metamorphic mechanism.

Link 1 Link 2 Link 3
Length (m) 0.25 0.125 0.125
Cross-sectional area (m2) 2 × 10− 4 2 × 10− 4 2 × 10− 4

Density (kg/m3) 7800 7800 7800
Initial angle (rad) 0 0 0
Initial angular velocity (rad/s) 0 0 0
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exactly different from the motion trends ignoring the impact
motion. Moreover, the motion amplitudes of each com-
ponent considering the impact motion are larger than that of
each component ignoring the impact motion, which indi-
cates that the impact motion has a positive influence on each
component. )e motion law of component 3 relative to
component 2 does not encounter changes, as shown in
Figure 6(d), which is determined by the conditions of
configuration transformation.

)e comparisons of the absolute angular velocities are
shown in Figures 7(a)–7(c), respectively. )e absolute
angular velocity of each component after configuration
transformation has an obvious abrupt change, as shown

in Figure 7, and it illustrates that the impact will occur in
each joint with considering the impact motion during
configuration transformation. In addition, both compo-
nent 2 and component 3 are subjected to the mobile impact,
and the abrupt change of absolute angular velocity of
component 3 is obviously higher than component 2 with
the same structural parameters, which is determined by
the state variables of the system before configuration
transformation.

Figure 8 compares and analyses the moments acting on
the joints in the conditions of considering and ignoring the
impact motion during configuration transformation. )e
moment at joint O1 is related to the angular velocity of the
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Figure 6: Angular displacement simulations. (a) Variation in the angle of component 1. (b) Variation in the angle of component 2. (c)
Variation in the angle of component 3. (d) Angle variation of component 3 relative to 2.
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component 1, so the moment changes abruptly after
configuration transformation. )e moments at joints O2 and
O3 are only related to their absolute angular displacements,
and there is no abrupt change in the whole movement
process.

Figure 9 shows the variation of dynamic behavior for the
system in the whole simulation process from the perspective
of energy. As shown in Figure 9, kinematic energy of the
system changes abruptly at the instant of configuration
transformation. )is is due to the impact of configuration
transformation. Since potential energy is related to the
absolute angular displacement, there is no abrupt change at
the instant of configuration transformation.

4.2. Simulation Example 2. Taking the planar double-folded
metamorphic mechanism as an example [38], the types and
constraints of metamorphic joints based on the kinematic
characteristics of metamorphic joints are given. According
to the working task, the planar double-folded metamorphic
mechanism (as shown in Figure 10) must complete the
following two working requirements: horizontal folding and
vertical folding:

(1) Horizontal folding, as shown in Figure 10(a): hori-
zontally pushing the left side of the single-layer
cardboard and rotating the second side of the left
side along the second crease to the vertical position
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Figure 7: Angular velocity simulations. (a) Angular velocity variation of component 1. (b) Angular velocity variation of component 2.
(c) Angular velocity variation of component 3.
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(2) Vertical folding, as shown in Figure 10(b): com-
pleting the rotation of the first surface around the
first crease and coinciding with the second surface

Figure 11 shows the schematic diagram of the planar
double-folded metamorphic mechanism. According to the
above requirements, force metamorphism is adopted at joint
D, that is, when the mechanism is in configuration 1, the
spring force is set at joint D, so that the relative moving
resistance between the components 3 and 4 is larger than the
motion resistance of the slider, and it keeps the components
3 and 4 relatively static. When the mechanism is in con-
figuration 2, a geometric constraint is added at joint E, so
that the slider moves to the specified position and stops
moving when the mechanism meets the geometric limit. Its
geometric and physical parameters are shown in Table 2.

Assume that the motion law of component 1 can be
written as follows:

θ1 � π +
π
5

t (rad). (48)

In view of the abovementioned conditions, the nu-
merical simulation is carried out, as shown in Figures 12–15.
Figure 12 shows the change of impulse when the planar
double-folded metamorphic mechanism is transformed
from configuration 1 to configuration 2.

From Figure 12, it can be seen that there is a macro-
impact behavior in the whole simulation process. Since the
impact is partially elastic and the impact point on the slider
oscillates back and forth with the slider, the change of
impulse moment in a macroimpact process is more intense,
and there are multiple secondary impacts in a macroimpact
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Figure 8: Moment simulations of the joints. (a) Moment variation of joint O1. (b) Moment variation of joint O2. (c) Moment variation of
joint O3.
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Figure 10: )e planar double-folded metamorphic mechanism. (a) Configuration 1. (b) Configuration 2.
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Figure 11: )e schematic diagram of the planar double-folded metamorphic mechanism.

Table 2: Geometric and inertia parameters of the planar double-folded metamorphic mechanism.

Parameter Value Parameter Value
L AB (m) 0.08 L BC (m) 0.2
L CD (m) 0.09 L AEy (m) 0.1425
m 1 (kg) 0.075 m 2 (kg) 0.165
m 3 (kg) 0.162 m 4 (kg) 0.455
J 1 (kg·m2) 6.3818 × 10− 5 J BC (kg·m2) 2.32 × 10− 3

J DC (kg·m2) 8.83 × 10− 4 k (N·m/rad) 3.24/π
c (N·m/(rad/s)) 0.18/π θ0(rad) 1.095
Note. LAB is the corresponding link length between joints A and B, LBC is the corresponding link length between joints B and C, LCD is the corresponding link
length between joints C andD, LAEy is the corresponding distance along the y-axis between jointsA and E, mi (i � 1, 2, 3, 4) is the mass of component i, J1 is
the moment of inertia of component 1 around the center of mass, JBC is the moment of inertia of component 2 around the joint C, JDC is the moment of inertia
of component 3 around the joint C, k is the spring constant, c is the damping constant, and θ0 is the initial angle of the spring.
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process. In addition, the time interval of secondary impacts
is becoming smaller and smaller. After several consecutive
secondary impacts, the impulse moment of the slider be-
comes zero until the slider and the frame are completely
merged, and the configuration transformation ends.

Figure 13 shows the variation of the slider position and
slider velocity, respectively. From Figure 13, it can be seen
that the impact motion considering the configuration
transformation makes the slider velocity change compli-
catedly, and the change gradually decreases with time. After
the slider and the frame are merged, velocity of the slider
decreases to 0 and the mechanism enters the second
configuration.

)e variation of the driven moment is illustrated
through Figure 14. It can be seen from the results in Fig-
ure 14 that the driven moment of the mechanism changes
accordingly after the impact motion occurs. Comparing the
displacement and velocity curves of the slider, the simulation
results further illustrate the effectiveness of the model
established.

Figure 15 shows the variation of dynamic behavior for
the system in the whole simulation process from the per-
spective of energy. As shown in Figure 15, kinematic energy
and potential energy of the system changes greatly at the
instant of configuration transformation. )is is caused by
the impact of configuration transformation.

In addition, according to geometric and inertia pa-
rameters of the planar double-folded metamorphic mech-
anism in Table 2, a three-dimensional model is established in
SolidWorks, as shown in Figure 16. )e motion plug-in of
the SolidWorks software is used to carry out dynamic virtual
simulation on it. )e results are shown in Figure 17 and are
compared with the numerical calculation results shown in
Figure 13.

From Figure 17, it can be found that the law of motion
curve obtained by numerical calculation and virtual simu-
lation is basically the same, but there is a slight deviation.
)is is due to the different calculation accuracy of MATLAB
and SolidWorks at the time of configuration transformation.

5. Conclusion

)e paper presents a new method of establishing impact
dynamic models of the planar constrained metamorphic
mechanism. Based on the dynamic modeling in the sub-
configuration movement stage, the stable and the mobile
impact dynamic equations of the planar constrained
metamorphic mechanism are, respectively, established by
considering the metamorphic forms and the constraint
forms of the cutoff joint.

)e stable and the mobile impulse solving models of the
planar constrained metamorphic mechanism during
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Figure 16: )ree-dimensional graph.
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configuration transformation are derived by the corre-
sponding impact dynamic equation and the coefficient of
restitution equation. )e impulse and the generalized ve-
locity increments are completely decoupled, which is ben-
eficial to solve the abrupt change of the generalized velocity.
)en, the system state variables after configuration trans-
formation are calculated according to the initial conditions
in configuration transformation, which provides an im-
portant basis and a precondition for the impact dynamic
modeling of the planar constrained metamorphic mecha-
nism and further improves its configuration-complete dy-
namic models.

Using the proposed method, the open-loop three-bar
constrained metamorphic mechanism and the planar dou-
ble-folded metamorphic mechanism are taken as examples
to simulate the mobile impact motion and the stable impact
motion, respectively. )e results show, under the conditions
of considering and ignoring the impact motion during
configuration transformation, that the motion states of the
open-loop system after configuration transformation are
obviously different and the motion states of the closed-loop
system during configuration transformation which are vi-
olent vibrations. In addition, the proposed impact dynamic
modeling method of the planar constrained metamorphic
mechanism not only provides a theoretical basis for our
follow-up research work, but also can be applied to solve the
internal collision dynamic problem of general planar robotic
systems.

Nomenclature

DOF(s): Degree(s) of freedom
Superscript
p:

Configuration p

pq: Independent generalized coordinate
pD: Inertial matrix
pH: Gravity, Coriolis, and centripetal force vector
pτa: Generalized force vector
pτc: Generalized elastic and other generalized force

vector
pXi: Position of the impact point i
pφf(i)

: Position function of the impact point i in the
multibody system f(i)

p[Jv
qf(i)

]: First-order kinematic influence coefficient
between the impact point i and generalized
velocity in the multibody system f(i)

pqf(i)
: Independent generalized coordinate of the

multibody system f(i)
pDf(i)

: Inertial matrix of the multibody system f(i)
pHf(i)

: Gravity, Coriolis, and centripetal force vector
of the multibody system f(i)

pτaf(i)
: Generalized force vector of the multibody

system f(i)
pτcf(i)

: Generalized elastic and other generalized force
vector of the multibody system f(i)

pτcutf(i)
: Generalized constrained force vector of the

cutoff joint
pτsf: Generalized stable impact force vector of the

multibody system f

p[Jcutqf(i)

]: First-order kinematic influence coefficient
between the cutoff joint and generalized
velocity in the multibody system f(i)

pFcutf(i)
: Constraint force at the cutoff joint in the

multibody system f(i)
pFs: Stable impact force
pDcut: )e coefficient matrix of pFcutf(i)

with respect
to p €q

pHcutfi
: A column matrix

pDcutf: )e coefficient matrix of pFcutf(i)
with respect

to p €qf(i)
pτmf(i)

: Generalized mobile impact force vector of the
multibody system f(i)

pFm(i)
: Mobile impact force of the multibody system

f(i)

vi: Velocity of impact point relative to the inertial
coordinate system before configuration
transformation

Δvi: Velocity increments immediately after
configuration transformation

n: Normal vector of impact point velocity
increment

e: Coefficient of restitution
pPs: Stable impulse at the impact point
pPm(i)

: Mobile impulse at the impact point.

Data Availability

All data generated or analyzed during this study are included
in this published article, and other pieces of information are
available from the corresponding author upon reasonable
request.

Conflicts of Interest

)e authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

)is study was partly supported by the National Natural
Science Foundation of China (nos. 51275352 and
51475330), Natural Science Foundation of Tianjin (nos.
17JCQNJC03900 and 18JCQNJC05300), Tianjin Municipal
Education Commission Research Program (2018KJ205), and
Program for Innovative Research Team in University of
Tianjin (TD13-5037).

References

[1] W. Zhang, X. Ding, and J. Liu, “A representation of the
configurations and evolution of metamorphic mechanisms,”
Mechanical Sciences, vol. 7, no. 1, pp. 39–47, 2016.

[2] J. S. Dai and J. Rees Jones, “Mobility in metamorphic
mechanisms of foldable/erectable kinds,” Journal of Me-
chanical Design, vol. 121, no. 3, pp. 375–382, 1999.

[3] C. Valsamos, V. Moulianitis, and N. Aspragathos, “Index
based optimal anatomy of a metamorphic manipulator for a
given task,” Robotics and Computer-Integrated Manufactur-
ing, vol. 28, no. 4, pp. 517–529, 2012.

16 Shock and Vibration



[4] C. Valsamos, V. C. Moulianitis, A. I. Synodinos, and
N. A. Aspragathos, “Introduction of the high performance
area measure for the evaluation of metamorphic manipulator
anatomies,” Mechanism and Machine .eory, vol. 86,
pp. 88–107, 2015.

[5] K. Xu, L. Li, S. Bai, Q. Yang, and X. Ding, “Design and analysis
of a metamorphic mechanism cell for multistage orderly
deployable/retractable mechanism,”Mechanism and Machine
.eory, vol. 111, pp. 85–98, 2017.

[6] W. Zhang, F. Liu, Y. Lv, and X. Ding, “Design and analysis of a
metamorphic mechanism for automated fibre placement,”
Mechanism and Machine .eory, vol. 130, pp. 463–476, 2018.

[7] F. Liu, W. Zhang, K. Xu, H. Deng, and X. Ding, “A planar
mechanism with variable topology for automated fiber
placement,” in Proceedings of the 2018 International Con-
ference on Reconfigurable Mechanisms and Robots (ReMAR),
June 2018.

[8] V. Charalampos, V. C. Moulianitis, and N. A. Aspragathos,
“Kinematic synthesis of structures for metamorphic serial
manipulators,” Journal of Mechanisms and Robotics, vol. 6,
no. 4, Article ID 041005, 2014.

[9] D. Gan, J. Dias, and L. Seneviratne, “Unified kinematics and
optimal design of a 3rRPS metamorphic parallel mechanism
with a reconfigurable revolute joint,” Mechanism and Ma-
chine .eory, vol. 96, pp. 239–254, 2016.

[10] S. Li, H. Wang, X. Li, H. Yang, and J. S. Dai, “Task-orientated
design method of practical constraint metamorphic mecha-
nisms,” Journal of Mechanical Engineering, vol. 54, no. 3,
pp. 26–35, 2018.

[11] P. Mart́ın A, A. Butti, V. Tamellini, A. Cardona, and L. Ghezzi,
“Topological synthesis of planar metamorphic mechanisms
for low-voltage circuit breakers,” Mechanics Based Design of
Structures and Machines, vol. 40, no. 4, pp. 453–468, 2012.

[12] S. Li, H. Wang, Q. Meng, and J. S. Dai, “Task-based structure
synthesis of source metamorphic mechanisms and con-
strained forms of metamorphic joints,” Mechanism and
Machine .eory, vol. 96, pp. 334–345, 2016.

[13] G. Gilardi and I. Sharf, “Literature survey of contact dynamics
modelling,” Mechanism and Machine .eory, vol. 37, no. 10,
pp. 1213–1239, 2002.

[14] Y. C. Duan and D. G. Zhang, “Rigid-flexible coupling dy-
namics of a flexible robot with impact,” Advanced Materials
Research, vol. 199-200, pp. 243–250, 2011.

[15] G. Jin, G. Wu, B. Chang, and L. Chen, “Dynamic analysis of
manipulator with contact impact,” Transactions of the Chinese
Society for Agricultural Machinery, vol. 47, pp. 369–375, 2016.

[16] Q.-H. Dong and L. Chen, “Impact dynamics analysis of free-
floating space manipulator capturing satellite on orbit and
robust adaptive compound control algorithm design for
suppressing motion,” Applied Mathematics and Mechanics,
vol. 35, no. 4, pp. 413–422, 2014.

[17] Z. Deng, Q. Wang, Q. Quan, S. Jiang, and D. Tang, “Impact
dynamics of a differential gears based underactuated robotic
arm for moving target capturing,” Mechatronics, vol. 40,
pp. 208–219, 2016.

[18] J. Choi, H. Ryu, and B. Yi, “Variable impact dynamics of a
finger mechanism,” in Proceedings of the 2011 8th Inter-
national Conference on Ubiquitous Robots and Ambient
Intelligence, pp. 23–26, Incheon, South Korea, November
2011.

[19] M. Machado, P. Moreira, P. Flores, and H. M. Lankarani,
“Compliant contact force models in multibody dynamics:
evolution of the Hertz contact theory,” Mechanism and
Machine .eory, vol. 53, pp. 99–121, 2012.

[20] D. Bhalerao and S. Anderson, “Modeling intermittent contact
for flexible multibody systems,” Nonlinear Dynamics, vol. 60,
no. 1-2, pp. 63–79, 2010.

[21] M. Ahmadizadeh, A. M. Shafei, and M. Fooladi, “A recursive
algorithm for dynamics of multiple frictionless impact-con-
tacts in open-loop robotic mechanisms,” Mechanism and
Machine .eory, vol. 146, pp. 1–20, 2020.

[22] M. H. Korayem and M. Taheri, “Modeling of various contact
theories for the manipulation of different biological micro/
nanoparticles based on AFM,” Journal of Nanoparticle Re-
search, vol. 16, no. 1, pp. 1–13, 2014.

[23] M. H. Korayem, H. Khaksar, M. Taheri et al., “Modeling of
contact theories for the manipulation of biological micro/
nanoparticles in the form of circular crowned rollers based on
the atomic force microscope,” Journal of Applied Physics,
vol. 114, no. 18, Article ID 183715, 2013.

[24] P. Flores and J. Ambrósio, “On the contact detection for
contact-impact analysis in multibody systems,” Multibody
System Dynamics, vol. 24, no. 1, pp. 103–122, 2010.

[25] J. Y. Wang, Z. Y. Liu, and J. Z. Hong, “Partition method and
experimental validation for impact dynamics of flexible
multibody system,” Acta Mechanica Sinica, vol. 34, no. 3,
pp. 482–492, 2018.

[26] Y. Hurmuzlu and D. B. Marghitu, “Rigid body collisions of
planar kinematic chains with multiple contact points,” .e
International Journal of Robotics Research, vol. 13, no. 1,
pp. 82–92, 1994.

[27] A. M. Shafei and H. R. Shafei, “Dynamic modeling of planar
closed-chain robotic manipulators in flight and impact
phases,” Mechanism and Machine .eory, vol. 126, pp. 141–
154, 2018.

[28] H. Gattringer, H. Bremer, and M. Kastner, “Efficient dynamic
modeling for rigid multi-body systems with contact and
impact,” Acta Mechanica, vol. 219, no. 1-2, pp. 111–128, 2011.

[29] R. Wang, H. Chen, and J. Dai, “Dynamic stability study of a
novel controllable metamorphic palletizing robot mecha-
nism,” Journal of Mechanical Engineering, vol. 13, no. 19,
pp. 39–47, 2017.

[30] L. Bruzzone and G. Bozzini, “A flexible joints microassembly
robot with metamorphic gripper,” Assembly Automation,
vol. 30, no. 3, pp. 240–247, 2010.

[31] Y. Song, X. Ma, and J. S. Dai, “A novel 6R metamorphic
mechanism with eight motion branches and multiple furca-
tion points,” Mechanism and Machine .eory, vol. 142,
pp. 1–19, 2019.

[32] W. Ye, Y. Fang, K. Zhang, and S. Guo, “Mobility variation of a
family of metamorphic parallel mechanisms with reconfig-
urable hybrid limbs,” Robotics and Computer-Integrated
Manufacturing, vol. 41, pp. 145–162, 2016.

[33] G. Jin, X. Ding, and Q. Zhang, “Research on configuration-
complete dynamics modeling and numerical simulation of
metamorphic mechanism,” Acta Aeronautica et Astronautica
Sinica, vol. 25, pp. 401–405, 2004.

[34] S. Yang, G. Jin, J. Yun, and Z. Feng, “Research on impact
motion in metamorphic mechanism,” China Mechanical
Engineering, vol. 20, pp. 1608–1612, 2009.

[35] K. S. Anderson and J. H. Critchley, “Improved “order-N”
performance algorithm for the simulation of constrained
multi-rigid-body dynamic systems,” Multibody System Dy-
namics, vol. 9, no. 2, pp. 185–212, 2003.

[36] J. Hong, Computational Dynamics of Multibody Systems, High
Education Press, Beijing, China, 1999.

[37] Q. Yang, H. Wang, S. Li, and J. S. Dai, “Type synthesis of
constrained metamorphic mechanisms with structural forms

Shock and Vibration 17



of metamorphic joints,” Journal of Mechanical Engineering,
vol. 50, no. 13, pp. 1–8, 2014.

[38] B. Chang, G. Jin, and J. S. Dai, “Type synthesis of meta-
morphic mechanism based on variable constraint screw
theory,” Journal of Mechanical Engineering, vol. 50, no. 5,
pp. 17–25, 2014.

18 Shock and Vibration


