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)is paper focuses on the derivation of the aerodynamic force for the cantilever plate in subsonic flow. For the first time, a new
analytical expression of the quasi-steady aerodynamic force related to the velocity and the deformation for the high-aspect-ratio
cantilever plate in subsonic flow is derived by utilizing the subsonic thin airfoil theory and Kutta-Joukowski theory. Results show
that aerodynamic force distribution obtained theoretically is consistent with that calculated by ANSYS FLUENT. Based on the
first-order shear deformation and von Karman nonlinear geometric relationship, nonlinear partial differential dynamical
equations of the high-aspect-ratio plate subjected to the aerodynamic force are established by using Hamilton’s principle. Galerkin
approach is applied to discretize the governing equations to ordinary differential equations. Numerical simulation is utilized to
investigate the relation between the critical flutter velocity and some parameters of the system. Results show that when the inflow
velocity reaches the critical value, limit cycle oscillation occurs. )e aspect ratio, the thickness, and the air damping have
significant impact on the critical flutter velocity of the thin plate.

1. Introduction

With the development and popularization of unmanned aerial
vehicles in fields of detection, disaster prevention, and disaster
reduction, researchers paid more attention on aeroelastic
problems of high-aspect ratio airfoils in subsonic airflow.
Flutter is self-excited oscillation of a flight vehicle under the
coupling effect of the aerodynamic pressure, the elastic force,
and the inertia force. Cantilever plates in the axial flowmay lose
stability at sufficiently high flow velocity. Analysis of the linear
theory indicates that there is a critical dynamic pressure. )e
motion of the panel becomes unstable when the dynamic
pressure is higher than the critical value. Once the instability
threshold is exceeded, flutter will take place. Under the con-
dition of flutter in the system, the energy of the surrounding
airflow will be continuously pumped into the plate to sustain
the flutter motion. )e lightweight and high performances of
the modern aircraft make the aeroelastic problems of the
aircraft more prominent.

One of the key issues of aeroelasticity is flutter, which
usually leads to the disaster of the aircraft [1]. )us, the
aeroelasticity problem of the aircraft comes into our sight.
Zhang et al. [2] applied the composite multilayer plate to
supersonic aircraft under the aerodynamic pressure to in-
vestigate excessive nonlinear vibration suppression of the
plate. Flutter is a fluid-structure coupling problem. Cher-
nobryvko et al. [3] discussed nonlinear dynamic stability
conical shells in a supersonic gas stream. Amabili and
Pellicano [4] found that flutter is very sensible to small initial
imperfections of the structure. Vedeneev [5] studied flutter
of an elastic thin plate and obtained the exact solution by
solving the structural kinetic equation coupling with the
hydrodynamic equation. When solving dynamic problems
of the fluid-structure coupling system, researchers prefer
adopting aerodynamic models to simulate the external flow
field. Based on these aerodynamic models, aerodynamic
characteristics related to motion state of the system, such as
the displacement, velocity, and acceleration, are obtained.
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)en, nonlinear dynamic equations of airfoils are derived,
and aerodynamic characteristics of the system are
investigated.

Aerodynamic force is a key factor in the analysis of the
flutter phenomena, which directly determines the bucking
form of the plate structure. So, it is necessary to select a
proper aerodynamic force model in the study of flutter
problem. Up to now, scholars have proposed abundant
theories of the aerodynamic force. According to the de-
pendence of aerodynamic forces on time and spatial,
aerodynamic theories can be roughly divided into three
types, such as the steady, quasi-steady, and unsteady aero-
dynamic theories. )e first type is the steady aerodynamic
model, namely, assuming the force acting on the lifting
surface of the wing do not change with time. )e steady
aerodynamic model is mainly used for static aeroelastic
analysis, such as the thin airfoil theory [6]. )e second kind
is the quasi-steady aerodynamic theory, in which we assume
the aerodynamic force at any time is only related to the
motion state of the wing at that time. By using this theory,
the reduced frequency of motion is smaller, and vibration
characteristics analysis of the airfoil subjected to the aero-
dynamic force can be simpler. Lin et al. [7] proposed a quasi-
steady piston theory to calculate the flutter problem of a
cantilever plate in supersonic flow. Hu et al. [8–10] inves-
tigated aeroelastic vibration of the plate subjected to the
aerodynamic force obtained from the first order piston
theory. Brouwer and McNamara [11] optimized the piston
theory and verified it. Dowell and Ganji [12] extended the
piston theory to higher order terms in several expansions
and analyzed the flutter of single degree of freedom panel.
Owing to the ignoring of the propagation effect of small
perturbations in the subsonic airflow, the piston theory is
not applicable in the subsonic airflow. )us, scholars gave
some new methods to compute aerodynamic. Grossman
quasi-steady theory [13] can also be applied to calculate the
total lift force and the total torque of high-aspect ratio wings,
which can be simplified as an elastic beam without pretwist
and the axial extension. Obviously, this theory is not suitable
for plates with the small aspect ratio. )e third one is the
unsteady aerodynamic theory, which considers the influence
of change of circulation and wake flow on the aerodynamic
force of a moving airfoil. Xu et al. [14] deduced the solution
of the unsteady aerodynamic force for a slender airfoil,
which is modeled as a beam structure. However, this method
can only be used to solve problems of 2D plate structures in
the incompressible airflow. Based on the model constructed,
by applying )eodorsen unsteady aerodynamic theory, re-
searchers investigated stability of wings. However, Cordes
et al. [15] pointed out )eodorsen function cannot capture
the experimental transfer functions in frequency depen-
dence when investigating the unsteady lift force of an airfoil.

Since exact solutions of unsteady potential equations are
few, we can only acquire approximate analytical solutions
through other methods. Peters [16] obtained a semiem-
pirical, nonlinear, and unsteady ONERAmodel according to
data of wind tunnel airfoils. Dunnp and Dugundjij [17]
analyzed linear flutter of the composite wing using the
harmonic balance method by adopting ONERA dynamic

stall model. Sadr et al. [18, 19] developed the ONERAmodel.
However, the)eodorsen model and the ONERAmodel are
not suitable for the aerodynamic analysis of plate structures.
Zhang and Ye [20] established the integral aerodynamic
reduced order model [21] based on the Volterra series
theory. However, introduction of the integral form leads to
the computational complexity. Zhang and Ye [22] developed
the Volterra series theory and expressed the aerodynamic
force as the sum of multiple convolutions. However, the
aerodynamic force obtained is implicit, so it is hard to couple
the implicit expression with kinetic equations of the plate.
Guo et al. [23, 24] put forward the nonlinear harmonic
balance method to analyze the unsteady flow in the tur-
bomachinery and the airfoil. Based on proper orthogonal
decomposition, Luo et al. [25] presented a hybrid modeling
method for reconstructions of flow field and aerodynamic
optimization. Nonlinear regression methods, instead of the
linear regression widely used, are adopted to establish POD
basis modes, which behave with good description perfor-
mance in system space. Wang et al. [26] made a compre-
hensive review on the latest studies about the aeroelastic
modeling. )e CFD method is adopted in Refs. [27–29];
however, this method is not conducive to perform pneu-
matic elastic servo analysis. Munk et al. [30] studied the limit
cycle of a two-dimensional cantilever plate under subsonic
flow based on the vortex lattice method. Castells Marin and
Poetsch [31] used the doublet lattice method to model the
lifting surface, which is more accurate than the NLRI
method. Xie et al. [32] obtained the aeroelasticity defor-
mation of the geometrically nonlinear high-aspect ratio
wing, which is in great agreement with the experimental
result. Pashaei et al. [33] modeled the airflow by using the
vortex lattice method and studied the effect of energy
harvesting properties of the metal composite on the flutter
margin and limit cycle oscillation amplitudes. Ramezani
et al. [34, 35] established the aerodynamic model by
adopting CFD/CSD coupling numerical computational
method. Chen et al. [36–38] constructed reduced-order
models of high speed vehicles based on CFD simulations.
Results show that the ROM approach can significantly
speedup unsteady aerodynamic calculations of a system.

Most of the results obtained from vibration of plates
under subsonic airflow are related to flutter of panels. Flutter
of the panel is similar to that of the wing.)emain difference
lies in that there is only one surface subjected to the
aerodynamic force for the panel. However, for the plate,
both surfaces are exposed to the airflow. Study of panel
flutter began in the early 1970s. Tang et al. [39, 40] theo-
retically and experimentally researched the aeroelastic re-
sponse of a wing and a cantilever plate under subsonic
airflow. Dowell et al. [41, 42] proposed the linear potential
flow theory, which can calculate the pressure distribution of
any point on the surface of the panel. However, it is not
suitable for plate or shell structures with airflow acting on
both sides.

Generally, achievements have been made in the study of
2D infinite plate, panels, and beam structures in subsonic
airflow. And aerodynamic models have already been applied
in investigation of flutter. However, research works on
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explicit expressions of aerodynamic forces of cantilever
plates and shells under subsonic airflow are still few. In this
paper, for the first time, an analytical expression of the quasi-
steady aerodynamic force for the high-aspect ratio cantilever
plate in subsonic flow is induced based on the subsonic thin-
airfoil theory and Kutta–Joukowski lift theorem. Overall,
aerodynamic force theoretically calculated by using the
explicit expression we derived has a good agreement with
that obtained by ANSYS FLUENT. In addition, the aero-
dynamic model constructed based on it could be applied to
flutter analysis of cantilever plates and shells with the high-
aspect ratio. Considering lateral vibration and deformation
of the mean camber line of the cross section, nonlinear
dynamic equations of transverse vibration of the high-aspect
ratio cantilever plate are derived by utilizing the quasi-steady
aerodynamic model. Influences of parameters of the system
on the critical flutter velocity are investigated.

2. Aerodynamic Force Derivation for the High-
Aspect-Ratio Cantilever Plate in
Subsonic Flow

2.1. Analysis of the Aerodynamic Force for the High-Aspect-
Ratio Cantilever Plate in Subsonic Flow Field. )e schematic
diagram of the cantilever plate considered is shown in
Figure 1. )e wing is simplified as a high-aspect ratio
cantilever plate.)e span length, chord length, and thickness
of the plate are a, b, and h, respectively. )e velocity of the
subsonic airflow along the chordwise direction is denated as
U∞. Cross section of the cantilever plate is marked as A.
(X, Y, Z) is the inertial coordinate system, and the origin of
it is in point O. e

⇀0
x is the spanwise direction, e

⇀0
y is the

chordwise direction, and e
⇀0

z is the thickness direction, re-
spectively. Based on the strip assumption, Kutta–Joukowski
lift theorem, and linearized small perturbation theory, we
induce an aerodynamic force model of a high-aspect ratio
cantilever plate in subsonic airflow.

)e strip assumption of the plate with high-aspect ratio
can be briefly introduced as follows. Actually, the airflow on
wings is a three-dimensional fluid. However, if then the
geometric dimension of the cantilever plate does not change
along the chordwise direction, the aspect ratio is high and the
inflow velocity is not change along the spanwise. )e velocity
of the fluid can be considered as a component in 2D plane
(YOZ plane) and the component in the spanwise axis (X-axis)
is zero in the most part of the spanwise region. )us, every
chord section can be analyzed as a 2D airfoil with an infinite
spanwise length. Diagrams of each section along the chordwise
direction, such as section A, can be shown in Figure 1.

At the beginning of the 20th century, Joukowski pro-
posed Kutta–Joukowsi lift theorem, which established the
relation of the lift and circular rector of moving objects in the
air, as shown in equation (1) . In the incompressible, low-
velocity, inviscid, and straight uniform flow field, the force
distribution on unit length of the spanwise of the closed 2D
wing is perpendicular to the direction of the airflow. Its value
can be expressed by product of the density of the fluid ρ, flow

velocity U∞, and the vortex strength c(Y) of unit arc length
of the wing:

dL � ρU∞c(Y)dY. (1)

)e vortex strength c(Y) on unit arc length is positive in
a clockwise direction. When using Kutta–Joukowski lift
theorem (inviscid potential flow theory) to solve the lift of
the airfoil, the chief problem among the issues is how to
obtain the local vortex strength c(Y).

)e airfoil, whose ratio of the maximum thickness and
the chord length is less than 12%, is defined as a thin airfoil.
For a thin airfoil, we can use linearized small perturbation
theory of the low speed flow around a thin airfoil in
aerodynamics to calculate the local vortex strength c(Y).
)e problem about flow around a thin airfoil means the
small attack angle and the small bending. In addition, a thin
airfoil problem means the thin thickness. )us, boundary
conditions and pressure coefficient of the airfoil can be
linearized. )erefore, based on principle of superposition,
the attack angle, the bending, and the thickness can be
considered separately and then superposed. )e potential
flow around a thin airfoil can be decomposed into three
simple linear potential flows, which include the flow around
a curved plate without an attack angle, a symmetrical airfoil
without an attack angle, and a flat plate with a small attack
angle. )e flow around a symmetrical airfoil without an
attack angle cannot generate the lift force, so we only need to
consider the lift forces generated by the small attack angel
and the bending of the airfoil. When the straight uniform
airflow flows across the mean camber line of 2D airfoil with a
small attack angle, we can use the surface vortex on the mean
camber line to simulate the distribution of the local vortex
strength c(Y), which has a trigonometric series solution.
Lateral displacement of the mean camber line of the
chordwise cross section is set up as WY. )e chordwise
position of an arbitrary point in the middle arc line can be
written as

Y �
b

2
(1 − cos θ), (0≤ θ≤ π). (2)

When the plate vibrates slightly, a very small displace-
ment dWY

appears. According to the mathematical definition
of limit, the tangent value dWY

/dY is equal to the corre-
sponding angle value. )us, we express the attack angle as
dWY

/dY, that is, the tangent value of the attack angle.

Z
Y

X
a

b

A

O h

U∞

Figure 1: Model of the high-aspect-ratio cantilever plate.
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Substitute equation (2) into dWY
/dY, then the expression of

the attack angle is changed into function Kθ, which is related
to WY and θ. )erefore, expression of WY is derived as after
mentioned. If the attack angle Kθis integrable, as given in
equation (4), the local vortex strength c(Y) can be expressed
as c(θ):

c(θ) � 2U∞ A0 cot
θ
2

+ 
∞

n�1
An sin(nθ)⎛⎝ ⎞⎠, (3)

where

A0 � α −
1
π


π

0
Kθdθ, (4a)

An �
2
π


π

0
Kθ · cos(nθ)dθ, (n � 1, 2, 3, 4, . . .). (4b)

According to equation (3), when the analytic expressions
of the attack angle and the mean camber line are given, there
is a unique trigonometric series solution of the local vortex
strength c(θ). Coefficients of the solution can be confirmed
by equations (4a) and (4b).

Linearized small perturbation theory of the flow around
the thin airfoil is a steady theory, so it can only solve the
steady local vortex strength of the thin airfoil without de-
formation and vibration. However, when a plate vibrates,
additional attack angle caused by vibration velocity and
trailing vortex caused by changing circular rector will impact
local vortex strength, as shown in Figure 2. Lateral vibration
velocity Vw and inflow velocity U∞ will generate a new
additional attack angle θ2, which is approximately Vw/U∞,
as shown in Figure 3.

)e additional attack angle of the thin plate θ2 is defined
as Vw/U∞, so flow theory of the thin airfoil can be used to
calculate the local vortex strength caused by θ2. Substitute
equation (2) into Vw/U∞, expression of the additional attack
angle is marked as Qθ, which is related to Vw and θ. )us,
expression of Vw is focused on. If the additional attack angle
Qθ is integrable, the local vortex strength caused by vibration
velocity can be expressed as a function c′(θ) as follows:

c′(θ) � 2U∞ A0′ cot
θ
2

  + 

∞

n�1
An
′ sin(nθ)⎛⎝ ⎞⎠, (5)

where

A0′ � α −
1
π


π

0
Qθdθ, (6a)

An
′ �

2
π


π

0
Qθ · cos(nθ)dθ, (n � 1, 2, 3, 4, . . .). (6b)

)e total circular rector in the nonviscous flow field
must be conserved.)us, the integrable total circular rector
of every point in that field must be zero. When a plate
vibrates, equivalent wake vortex is generated by change of
the circular rector. )e wake vortex generated has a strong
influence on the local vortex strength of airfoils. )erefore,
the wake vortex will also affect deformation of the plate.
Deformation will also generate new wake vortex. Both the

wake vortex and deformation of the plate have influence on
the local vortex. Comparatively speaking, wake vortex has a
smaller influence on the local vortex strength, so we in-
troduce the quasi-steady hypothesis, in which the influ-
ences of the wake vortex on the local vortex strength are
neglected. To sum up, under the quasi-steady hypothesis,
we only need to consider the influence of the mean camber
line’s deformation and the additional angle of attack on
local vortex strength.

2.2. Interpolation Functions of the Mean Camber Line’s De-
formation and Vibration Velocity. In order to use equations
(3)–(6a) and (6b) to calculate the local vortex strength
caused by the additional attack angle and deformation of the
mean camber line, it is necessary to know analytic expres-
sions of the mean camber line’s deformation of the chord
section WY and the vibration velocity distribution function
Vw. Moreover, Kθ and Qθ should be integrable on θ.
However, when cantilever plate and shell structures vibrate,
deformation and velocity are different at different time,
which may not satisfy the condition mentioned above. )us,
a fitting method of the interpolation function is applied to
express the deformation function WYand the vibration
velocity distribution function Vw. )erefore, the sum of
several interpolation functions can satisfy the condition. If
these interpolation functions are integrable on θ after
substituting Y into the deformation function WY and the
distribution functionVw, WY and Vw of the vibration ve-
locity can be approximately expressed as integrable func-
tions about θ. Nonequidistant Lagrange interpolation
method satisfies the condition abovementioned, so this

Z

Y
θ1

θ2 ≈ Vw/U∞

U∞

U∞

Vw

Vw/U∞ + θ1

Figure 2: Additional attack angle of the plate.

Z

Z

Y

Y

Vw > 0

Vw < 0

Vw/U∞ < 0

Vw/U∞ > 0

U∞

Figure 3: Equivalent diagram of the additional attack angle of the
wing.
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method is applied to fit WY and Vw. Interpolation functions
are several polynomial functions of curves that pass through
points given on the 2D plane.

Since the first mode of the cantilever plate vibration is
the bending deformation, the first interpolation function
WX1 is set up as a constant, which is the average value of
deformation of the mean camber line at Y � 0 and Y � b, as
shown in Figure 4. WX1is expressed as

WX1 �
1
2

(w(x, b, t) + w(x, 0, t)). (7)

After the first fitting of the mean camber line’s defor-
mation, difference between the deformation curve CC0 of
the mean camber line and the first interpolation function
WX1 is CC1, as shown in Figure 5.

Since the second order mode of the cantilever plate
vibration is the torsion deformation, the second interpola-
tion function WX2 is set up as a linear function, which is
shown in Figure 6.

Let values of the interpolation function at Y � 0 and Y �

b be equal to values of residual CC1 at Y � 0 and Y � b,
respectively. )us, slope of the first interpolation function
can be calculated as follows:

1
b

w(x, b, t) − WX1(  − w(x, 0, t) − WX1( ( . (8)

)e second interpolation function WX2 can be written
as follows:

WX2 �
1
b

(w(x, b, t) − w(x, 0, t)) · Y + w(x, 0, t) − WX1.

(9)

Difference between residual CC1 after the first fitting and
the second interpolation function WX2 is marked as CC2,
which can be expressed as CC2 � W − WX1 − WX2.

)e third interpolation function WX3 is set up as a
quadratic function, as shown in Figure 7. Values of CC2 at
Y � 0 and Y � b are 0. In order not to increase the residual
at Y � 0 and Y � b in the third fitting, the third inter-
polation function is taken as K2 · Y(b − Y). )e extreme
point of the interpolation function appears at Y � b/2;
thus, it is necessary to make
K2 × Y (b − Y)|Y�b/2 � CC2|Y�b/2 in order to get a minimal
difference between the third interpolation function and
the residual CC2. According to the equation, unknown
coefficient K2 and the third interpolation function WX3
can be calculated. WX3 is written as follows:

WX3 � w x,
b

2
, t  − Wx1 

4
b2

· Y(b − Y). (10)

Difference between the residual CC2 in the second fitting
and the third interpolation function WX3 is marked as CC3.
)e difference can be expressed as
CC3 � W − WX1 − WX2 − WX3.

)e fourth interpolation function WX4 is chosen as a
cubic function, which is shown in Figure 8. Values of CC3 at

W

Y

CC0

Figure 4: Deformation of the mean camber line.

W

WX1

w (x, 0, t) w (x, b, t)CC1

Y

Figure 5: )e first interpolation function on the plane (Y, Z).

W

Y = b/2
WX2

w (x, 0, t) – WX1
CC1

CC2

Y = b

w (x, b, t) – WX1

Y

Figure 6: )e second interpolation function on the plane (Y, Z).

cc = 0
cc = 0

Y = b/2W

Y

CC3

WX3

CC2

Figure 7: )e third interpolation function on the plane (Y, Z).

cc = 0 cc = 0 cc = 0

Y = (1/2 – √3/6) b Y = b/2W

Y

CC3

CC4

Y = b

WX4

Figure 8: )e fourth interpolation function on the plane (Y, Z).
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Y � 0, Y � b, and Y � b/2 are 0. In order not to increase the
residual at Y � 0, Y � b, and Y � b/2 in the fourth fitting,
the fourth interpolation function is taken as
K3 × Y × (b − Y) × (b/2 − Y). Extreme points of the inter-
polation function occur at Y � b/2 −

�
3

√
b/6 and

Y � b/2 +
�
3

√
b/6, so it is essential to establish the equation

[K3 × Y × (b − Y) × (b/2 − Y)]|Y�(b/2)− (
�
3

√
b/6) � CC3|Y�(b/2)−

(
�
3

√
b/6) in order tomake the fourth interpolation function fit

the residual CC3to the greatest extent. According to the
equation, unknown coefficient K3 and the expression of WX4
can be calculated. WX4 is shown as follows:

WX4 �
w(x, y, t) − WX1 − WX2 − WX3( 

Y�(b/2)− (
�
3

√
b/6)

((b/2) − (
�
3

√
b/6))((b/2) +(

�
3

√
b/6))(

�
3

√
b/6)

× Y(b − Y)
b

2
− Y .

(11)

Similarly, difference between the residual CC3 in the
third fitting and the fourth interpolation function WX4 is
marked as CC4, which can be expressed as
CC4 � W − WX1 − WX2 − WX3 − WX4.

)e fifth interpolation function WX5 is set up as the
form of a quartic function, as shown in Figure 9. Values of
CC4 at Y � 0, Y � b, Y � b/2, and Y � (b/2) − (

�
3

√
b/6) are

zero. In order not to increase the residual at Y � 0, Y � b,
and Y � b/2 in the fourth fitting, the fifth interpolation
function is taken as
K4 × Y × (b − Y) × ((b/2) − Y) × ((b/2) − (

�
3

√
b/6) − Y).

Difference at extreme points of the interpolation function

Y � (b/2) + (
�
3

√
b/6) is still exist, so it is necessary to let

K4 × Y × (b − Y) × ((b/2) − Y)×

((b/2) − (
�
3

√
b/6) − Y)|Y�(b/2)− (

�
3

√
b/6) � CC4|Y�(b/2)− (

�
3

√
b/6)�

CC4|Y�b/2+
�
3

√
b/6 in order to make the fifth interpolation

function fit the residual CC4 to the greatest extent.
According to the equation, unknown coefficient K4 and the
fifth interpolation function WX5 can be calculated. WX5 is
shown as follows:

WX5 �
w(x, y, t) − WX1 − WX2 − WX3 − WX4( 

Y�(b/2)+(
�
3

√
b/6)

((b/2) +(
�
3

√
b/6))((b/2) − (

�
3

√
b/6))(− (

�
3

√
b/6))b

× Y(b − Y)
b

2
− Y 

b

2
−

�
3

√

6
b − Y . (12)

Difference between the residual CC4 in the fourth fitting
and the fifth interpolation function WX5 is marked as CC5.
)e difference can be expressed as
CC5 � W − WX1 − WX2 − WX3 − WX4 − WX5. Values of
CC5 at Y � 0, Y � b, Y � b/2, Y � (b/2) − (

�
3

√
b/6), and Y �

(b/2) + (
�
3

√
b/6) are 0.

After five times of deformation fitting abovementioned,
the total residual CC5 brought by the mean camber line’s
deformation CC0 of five interpolation functions of the thin
plate have the tendency to gradually converge to zero, as
shown in Figure 10. If the mean camber line is more
complicated, it is necessary to conduct more interpolation
functions. For cantilever plates and shells with high-aspect
ratio, chord deformation is relatively simple, so it is enough

to take top four interpolation functions to fit the
deformation.

Velocity is the derivative of displacement, which is
continuous while the plate is vibrating, so vibration velocity
distribution of the plate is also continuous. If we represent
the mean camber line’s vibration velocity of the chord
section as a curve, a method that is totally similar to the
above can be used to fit the curve. Form of the interpolation
function of velocity distribution is exactly the same as that of
the interpolation function of deformation. )erefore, it only
needs to replace items about deformation in equations (7)
and (9)–(12) with a corresponding item about velocity.)en,
five interpolation functions for fitting velocity distribution
are obtained as follows:

cc = 0cc = 0 cc = 0 cc = 0 cc = 0

CC4

CC5

Y = (1/2 – √3/6) b Y = (1/2 + √3/6) b
W

Y

Y = b/2 Y = b

WX5

Figure 9: )e fifth interpolation function on the plane (Y, Z).

Y = (1/2 – √3/6) b Y = (1/2 + √3/6) bW

cc = 0 cc = 0
cc = 0 cc = 0 cc = 0

Y

Y = b/2

CC0

CC5

Y = b

Figure 10: Residual error of the deformation in fitting.
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VX1 �
(zw(x, b, t)/zt) +(zw(x, 0, t)/zt)

2
,

VX2 �
1
b

zw(x, b, t)

zt
−

zw(x, 0, t)

zt
 Y +

zw(x, 0, t)

zt
− VX1,

VX3 �
zw(x, (b/2), t)

zt
− VX1 

4
b2

(b − Y)Y,

VX4 �
(zw(x, b, t)/zt) − VX1 − VX2 − VX3( 

 Y�(b/2)− (
�
3

√
b/6)

((b/2) − (
�
3

√
b/6))((b/2) +(

�
3

√
b/6))(

�
3

√
b/6)

 

× Y(b − Y)
b

2
− Y ,

VX5 �
(zw/zt) − VX1 − VX2 − VX3 − VX4( 

 Y�(b/2)+(
�
3

√
b/6)

((b/2) +(
�
3

√
b/6))((b/2) − (

�
3

√
b/6))(− (

�
3

√
b/6))b

 

× Y(b − Y)
b

2
− Y 

b

2
−

�
3

√

6
b − Y .

(13)

2.3. Lift Force Calculation. Precondition of calculating lift
force of the high-aspect-ratio cantilever plate is to obtain the
local vortex strength, as shown in equation (1). Local vortex
strength of the cantilever thin plate with high-aspect ratio is
mainly caused by two factors, deformation of the mean
camber line and the vibration velocity. Based on linearized
small perturbation theory, the total local vortex strength
caused by these two factors can be obtained by using linear
superposition, as shown in equation (14). In the previous
section, we give the interpolation functions of the two
variables. In order to calculate the local vortex strength
caused by deformation of the mean camber line, local vortex
strength caused by every interpolation function can be
calculated, respectively, and then the linear superposition
can be carried out. Chordwise deformation of the plate
structure is relatively simple, so top four interpolation
functions are enough to fit the deformation of the cantilever
plate accurately. WX1, WX2, WX3, and WX4 are taken to
calculate local vortex. First of all, attack angle caused by four
interpolation functions dWX1

/dY, dWX2
/dY, dWX3

/dY, and
dWX4

/dY are calculated, respectively. Substitute equation (2)
into dWX1

/dY, dWX2
/dY, dWX3

/dY, and dWX4
/dY; then,

functions of the attack angle become related to θ. )ese four

functions are set up as K1, K2, K3, and K4, which are
substituted into equations (4a) and (4b), respectively. A0 and
A calculated by equations (4a) and (4b) are substituted into
equation (3) to solve the corresponding local vortex of top
four interpolation functions: cWX1, cWX2, cWX3, and
cWX4.

In order to calculate the local vortex caused by the vi-
bration velocity, local vortex strength caused by each in-
terpolation function of the velocity is calculated,
respectively. Linear superposition is conducted to obtain
total local vortex strength caused by the vibration velocity.
Because vibration velocity of cantilever plate is relatively
simple, it is accurate enough to take four interpolation
functions to fit velocity distribution of the plate. )us, top
four interpolation functions VX1, VX2, VX3, and VX4 are
selected to calculate the local vortex. Firstly, angle of attack
functions VX1/U∞, VX2/U∞, VX3/U∞, and VX4/U∞of
four interpolation functions are calculated, respectively. And
substitute equation (2) into VX1/U∞, VX2/U∞, VX3/U∞,
and VX4/U∞. )en, angle of attack functions are translated
into functions related to θ. )ese four functions are set up as
Q1, Q2, Q3, and Q4, which are substituted into equations (6a)
and (6b), respectively. A0′ and An

′ calculated by equations
(6a) and (6b) are substituted into equation (5) to solve the
corresponding local vortex: cVX1, cVX2, cVX3, and cVX4
of top four interpolation functions. To sum up, the total local
vortex strength caused by the mean camber line’s defor-
mation and the lateral vibration velocity is cz, which can be
expressed as linear superposition of the local vortex strength
calculated by abovementioned eight interpolation functions.
cz is written as follows:

cz � cWX1 + cWX2 + cWX3 + cWX4 + cVX1 + cVX2

+ cVX3 + cVX4 � pw1 · w(x, b, t) + pw2 · w(x, 0, t)

+ pw3 · w x,
b

2
, t  + pw4 · w x,

b

2
−

�
3

√
b

6
, t 

+ pv1 ·
zw(x, b, t)

zt
+ pv2 ·

zw(x, 0, t)

zt

+ pv3 ·
zw(x, (b/2), t)

zt
+ pv4 ·

zw(x, (b/2) − (
�
3

√
b/6), t)

zt
,

(14)

where

pw1 � (12
�
3

√
− 36)

Y

b
+(10 − 6

�
3

√
) 

U∞
b

×

������

Y

b
−

Y2

b2



+

�
3

√
− 7
2

U∞
b

�����
b

Y
− 1



, (15a)

pw2 � − 26 − 6
�
3

√
+(12

�
3

√
+ 36)

Y

b
 

U∞
b

������

Y

b
−

Y2

b2



+
7 +

�
3

√

2
 

U∞
b

�����
b

Y
− 1



, (15b)

pw3 � 48
�
3

√ Y

b
16 − 24

�
3

√ U∞
b

������

Y

b
−

Y2

b2



+ 2
�
3

√ U∞
b

�����
b

Y
− 1



, (15c)
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pw4 � 36
�
3

√
− 72

�
3

√ Y

b
 

U∞
b

������

Y

b
−

Y2

b2



− 3
�
3

√ U∞
b

�����
b

Y
− 1



, (15d)

pv1 � (12 − 4
�
3

√
)

Y

b
−

Y2

b2
 

3/2

+

�
3

√
− 3
2

−
4Y

b
  ×

������

Y

b
−

Y2

b2



−
1
2

�����
b

Y
− 1



, (15e)

pv2 � (− 4
�
3

√
− 12)

Y

b
−

Y2

b2
 

3/2

−
1
2

�����
b

Y
− 1



+
11 +

�
3

√

2
−
4Y

b
 

������

Y

b
−

Y2

b2



, (15f)

pv3 � − 16
�
3

√ Y

b
−

Y2

b2
 

3/2

+
8Y

b
+ 2

�
3

√
− 4  ×

������

Y

b
−

Y2

b2



−

�����
b

Y
− 1



, (15g)

pv4 � 24
Y

b
−

Y2

b2
 

3/2 �
3

√
− 3

������

Y

b
−

Y2

b2


�
3

√
. (15h)

According to equations (1) and (14), the aerodynamic
force Δp can be expressed as

Δp � ρU∞cz. (16)

Since the aerodynamic force expression is analytic, it is
convenient to use analytic and semianalytic method to study
the flutter problem of the cantilever plate.

2.4. Aerodynamic Correction and Error Analysis. Value of
item

��������
(b/Y) − 1


in equations (15a) and (15h) at Y � 0 is

infinite, which leads to an infinite leading edge lift force. As a
matter of fact, leading edge lift force of the wing cannot be
infinite. Appearance of such a singularity at the leading edge
of the wing which is attributed to the basic solution of the
thin-wall theory gives no consideration to flow around the
leading edge, namely, when air flows past the leading edge of
the thin plate, part of air will pass through the upper panel
from the lower panel. Neglecting thickness of the plate, the
thin-airfoil theory leads to an infinite streaming velocity and
an infinite lift force at the leading edge. As a result, it is
necessary to correct this problem.

According to Ref. [43], although there is a singular point
at the leading edge of the plate, the pressure distribution on
95% chord length range near the trailing edge has a good
consistency with that of actual measurement. )us, it is
necessary to add a correlation coefficient in

��������
(b/Y) − 1


. )e

infinity value of this function at Y � 0 is corrected to be
equal to the value of the original curve at Y � 0.95b. After
trial, the item

��������
(b/Y) − 1


in equation (15a) is corrected

as
����������������
(b − Y)/(Y + 0.05b)


. At the moment, the value of����������������

(b − Y)/(Y + 0.05b)


at Y � 0 is equal to the value of��������
(b/Y) − 1


at Y � 0.95b. )e value of these two functions at

the trailing edge portion of the plate changes little, as shown
in Figure 11. )e corrected aerodynamic expression is
denoted as Δp′.

If the air on the plate flows at a speed greater than 0.3
times the speed of sound, influences of the compressibility of
air on aerodynamic force cannot be neglected. )us, it is
essential to modify the impact of compression. Von

Karman–Chandra Formula is used to estimate the influence
of air compressibility on aerodynamic force, and equation
(17) is the relationship between the two: aerodynamic
pressure Δpp on the plate surface in nonsticky, steady, and
subsonic velocity and 2D compressible flow field and the
corresponding pressure Δp′ in the incompressible flow.
Ma∞ is the ratio of the flow velocity U∞ to the local velocity
of sound.

To sum up, after correction and considering the com-
pressibility of air, the aerodynamic force expressionΔpp is as
follows:

Δpp �
Δp′

��������
1 − Ma2

∞


+(1/2)Δp′ · 1 −
��������
1 − Ma2

∞


( 
. (17)

Aerodynamic force Δpp is the linear superposition of
aerodynamic forces calculated by several interpolation
functions. Moreover, inflow air must satisfy hypotheses of
irrotational and nonviscous. )us, the aerodynamic force
Δpp calculated by equation (17) is an approximate result.
)ere is an error between it and the real aerodynamic force.
Effect of this approach is evaluated by estimating magnitude
of the error between the two.

Mean camber line’s deformation and the lateral vibra-
tion velocity are mainly considered in theoretical calculation
of the aerodynamic force. )e essential reason why the lift
force can be generated is to change the attack angle of the
wing, which indirectly affects the aerodynamic force. )us,
what is need is to make a comparison between the lift force
generated by deformation of the mean camber line of the
plate and that of the corresponding finite element model to
illustrate effectiveness of the aerodynamic force theoretically
calculated.

ANSYS FLUNT finite element software is applied to
calculate the aerodynamic force distribution. A spline curve
of definite shape whose chord length is 1 meter is drew in
Computer Aided Design (CAD). Coordinates of control
points of the spline are shown in Figure 12. A thin shell
model of 0.01 meter thickness is constructed by stretching
the spline curve we drew to 10 meters along the spanwise
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direction. Assuming the elasticity modulus of the shell
structure in subsonic, compressible, and nonsticky turbu-
lence flow field is infinite. )e velocity of the airflow is
U∞ � 200m/s. After numerical simulation, pressure cloud
pictures of the upper and lower surface can be obtained, as
shown in Figures 13 and 14.

)e lift force can be calculated by the pressure difference
between the upper and lower surface of the airfoil, as shown
in Figure 15.

If we take the spline curve in Figure 12 as a mean camber
line of the cross section at a certain moment of the deformed
high-aspect ratio cantilever plate structure, the aerodynamic
force distribution on the section can be calculated according
to equation (17). As shown in Figure 12, in calculation of the
aerodynamic force, these items are introduced:

w(x, 0, t) � 0.376,

w x,
b

2
, t  � 0.083,

w x,
b

2
−

�
3

√
b

6
, t  � 0.581,

w(x, b, t) � − 0.3,

w x,
b

2
+

�
3

√
b

6
, t  � − 0.45.

(18)

In calculation of the lift force generated only by de-
formation of the mean camber line, velocities in the aero-
dynamic force expression Δppare taken as zero, namely,

zw(x, 0, t)

zt
� 0,

zw(x, (b/2), t)

zt
� 0,

zw(x, (b/2) − (
�
3

√
b/6), t)

zt
� 0,

zw(x, b, t)

zt
� 0,

zw(x, (b/2) +(
�
3

√
b/6), t)

zt
� 0.

(19)

Substituting abovementioned data into equation (17),
aerodynamic force distribution calculated is shown in Fig-
ure 15. Trend of value theoretical calculated has a good
agreement with that obtained by ANSYS FLUENT. In
contrast with value obtained by ANSYS FLUENT, the result
theoretical calculated is relatively small. In particular, the
error is nearly about 20% at the trailing edge, as shown in
Figure 15.

)e comparison above indicates that the aerodynamic
force fitted by utilizing interpolation functions can predict
the influence of deformation on aerodynamic distribution
approximately. Value of the aerodynamic force obtained by
ANSYS is relatively large. Source of the error in the the-
oretical value is mainly due to the hypothesis of nonsticky
and the neglecting of influence brought by the trailing
vortex.

3. Establishment and Dispersion of
Aerodynamic Equations for the
Cantilever Plate

)e schematic diagram of the wing is shown in Figure 1,
which is simplified as a cantilever plate in subsonic flow.)e
rectangular plate is characterized by a × b × h, where a is the
span length, b is the chord length, and h is the thickness. A is
the cross section of the wing. (X, Y, Z) is the inertial co-
ordinate system and the origin of it is located at the leading
edge of the fixed end of the cantilever plate, which is marked
by point O.

Considering the first-order shear deformation, Kirchhoff
hypothesis [44], and scale effect, the displacement filed of the
plate is established. Displacement of any point along x, y,
and z direction can be expressed by that of the neutral plane
of the plate as follows:

u(x, y, z, t) � u0(x, y, t) + zφx(x, y, t), (20a)

v(x, y, z, t) � v0(x, y, t) + zφy(x, y, t), (20b)

w(x, y, z, t) � w0(x, y, t), (20c)

6

5

4

3

2

1

0
0 0.05 0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95 1

Y/b

√(b – Y)/(Y + 0.05b) 
√(b/Y) – 1

Figure 11: Correction of the coefficient of the aerodynamic force.

37.6cm 58.10cm 8.3cm –45cm –30cm

W

Y = 0 Y = 1/2 – √3/6 Y = 1/2 + √3/6Y = 1/2 Y = 1

Y

Figure 12: )e coordinate graph of the spline curve.
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where u0, v0, and w0 are displacements along X, Y, and Z

directions of points on the neutral plane of the blade,
and φx and φy are rotation angles around y-axis and x-
axis.

Strains of the von Karman plate, which are computed by
using the nonlinear strain-displacement relation, are ob-
tained as follows:

εxx �
zu0

zx
+
1
2

zw

zx
 

2

+ z
zφx

zx
� ε(0)

xx + zε(1)
xx , (21a)

εyy �
zv0

zy
+
1
2

zw

zy
 

2

+ z
zφy

zy
� ε(0)

yy + zε(1)
yy , (21b)

cxy �
zu0

zy
+

zv0

zx
+

zw

zx
 

zw

zy
  + z

zφx

zy
+

zφy

zx
 

� c
(0)
xy + zc

(1)
xy ,

(21c)

cxz � φx +
zw

zx
cyz � φy +

zw

zy
. (21d)

)e constitutive relation of the isotropic material is
expressed as follows:

σxx �
E

1 − (υ)2
εxx + υεyy , (22a)

σyy �
E

1 − (υ)2
εyy + υεxx , (22b)

τxy �
E

2(1 + υ)
cxy, (22c)

τxz �
E

2(1 + υ)
cxz, (22d)

τyz �
E

2(1 + υ)
cyz, (22e)

where E is the elasticity modulus of the material and υ is
Poisson’s ratio.
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Figure 13: Pressure of the lower surface of the airfoil.

2.94e + 04
2.37e + 04
1.81e + 04
1.25e + 04
6.81e + 03
1.17e + 03

–4.48e + 03
–1.01e + 04
–1.58e + 04
–2.14e + 04
–2.71e + 04
–3.27e + 04
–3.83e + 04

–4.96e + 04
–5.53e + 04
–6.09e + 04
–6.66e + 04

–4.40e + 04

–7.22e + 04
–7.79e + 04
–8.35e + 04

Figure 14: Pressure of the upper surface of the airfoil.
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Figure 15: Comparison between the theoretical result and the
ANSYS result.
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In order to simplify the calculation, relation between the
internal forces and stresses is expressed as follows:

Qx

Qy

⎧⎨

⎩

⎫⎬

⎭ � 
h/2

− h/2

τxz

τyz

⎧⎨

⎩

⎫⎬

⎭dz, (23a)

Nx

Ny

Nxy

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
� 

h/2

− h/2

σxx

σyy

τxy

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
dz, (23b)

Mx

My

Mxy

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
� 

h/2

− h/2

σxx

σyy

τxy

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
zdz. (23c)

Substituting nonlinear strains of equations (21a)–(21d)
obtained by von Karman nonlinear geometric relationship
into equations (22a)–(22e) and combining the result with
equations (23a)–(23c), the potential energy of the plate are
obtained as follows:

Ud �
1
2


Ω

Nxxε
(0)
xx + Nyyε

(0)
yy + Nxyc

(0)
xy + Mxε

(1)
xx + Myε

(1)
yy + Mxyε

(1)
xy + Qxzcxz + Qyzcyz dxdy. (24)

)e kinetic energy and the virtual work done by external
forces are as follows:

T �
1
2


Ω


h/2

− h/2
ρc _u

2
+ _v

2
+ _w

2
 dxdydz, (25)

WP � 
Ω
ΔP · w − c ·

dW

dt
 dxdy, (26)

where ρc is material density and C is the air damping.
Nonlinear dynamic equations of motion for the rotating

blade are established by using Hamilton’s principle:


t2

t1

δT − δUd + δWp dt � 0. (27)

)e lateral displacement of the thin plate is more obvious
compared with others. )us, displacements u0 and v0 on the
middle surface and rotation angle φx and φyare neglected.
Substituting equations (24)–(26) into equation (27), non-
linear dynamic equation of the plate in the lateral direction is
obtained as follows:

1
12

π2E (z/zx)ϕx(x, y, t) + z2/zx2 w(x, y, t) h

2 + 2υ
+

1
12

π2E (z/zy)ϕy(x, y, t) + z2/zy2 w(x, y, t) h

2 + 2υ

+
Eυh(z/zx)w(x, y, t)((z/zy)w(x, y, t)) z2/zy zx w(x, y, t) 

− υ2 + 1
+

Eh(z/zx)w(x, y, t)((z/zx)w(x, y, t)) z2/zx2 w(x, y, t)

− υ2 + 1

+
(1/2υ)((z/zy)w(x, y, t))2hE z2/zx2 w(x, y, t) 

− υ2 + 1
+

(1/2)((z/zx)w(x, y, t))2hE z2/zx2 w(x, y, t)

− υ2 + 1

+
π2E((z/zx)w(x, y, t))2 z2/zy2 w(x, y, t) h

12 ×(2 + 2υ)
+

υ((z/zx)w(x, y, t)) z2/zy zx w(x, y, t)Eh(z/zy)w(x, y, t) 

− υ2 + 1

+
((z/zy)w(x, y, t)) z2/zy2 w(x, y, t)Eh(z/zy)w(x, y, t)

− υ2 + 1
+

(1/2υ)((z/zx)w(x, y, t))2Eh z2/zy2 w(x, y, t) 

− υ2 + 1

+(1/2)((z/zy)w(x, y, t))
2
Eh z

2/zy
2

 w(x, y, t) − c(z/zt)w(x, y, t) + Δp � ρch z
2/zt

2
 w(x, y, t).

(28)

Ii is calculated by
I0

I1

I2

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
� 

h/2

− h/2
ρc

1

z

z2

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
dz. (29)

)e boundary conditions of the fix end of the plate are

x � 0w � 0,φx � 0,φy � 0, (30a)

y � 0w � 0,φx � 0,φy � 0. (30b)

)e boundary conditions of the free end of the plate are

x � a w � 0, Mx � 0, Mxy � 0, Qx � 0, (31a)

y � b w � 0, My � 0, Mxy � 0, Qy � 0. (31b)
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Avramov and Mikhlin [45] have performed a lot of
review of theoretical developments of nonlinear normal
modes for continuum mechanical systems. Mode function
that we choose must satisfy the first two order modes of
lateral nonlinear vibration and the boundary conditions
given in equations (30a), (30b), (31a), and (31b). According
to mode approximation functions for the cantilever plate
given in Ref. [46], the following mode functions are chosen

XM1 � cosh k1 · x(  − cos k1 · x( 

− β1 sinh k1 · x(  − sin k1 · x( ( ,

(32a)

XM2 � cosh k2 · x(  − cos k2 · x( 

− β2 sinh k2 · x(  − sin k2 · x( ( ,
(32b)

YM1 � 1 , (32c)

YM2 �
�
3

√
1 − 2

Y

b
 , (32d)

where k1, k2, β1, and β2 are calculated by

k1 �
1.875

a
,

k2 �
4.694

a
,

β1 �
1.875

a
,

β2 �
sinh k1 · a(  − sin k1 · a( 

cosh k1 · a(  + cos k1 · a( 
.

(33)

)e lateral displacement of the plate can be expressed as
follows:

w � x1 · XM1 · YM1 + x3 · XM1YM2. (34)

Substituting equations (33) and (34) and parameters in
Table 1 into equation (28), ordinary differential equations of
transverse vibration for the first two modes of the cantilever
plate are obtained by using theGalerkinmethod [47] as follows:

€x1 � − 1470740.224x
3
1 + 575174.9082x

2
3 − 113819521.7x

2
3x1 + 0.01384683053x

3
3 − 74.29541441x1 + 0.3027136145U

2
∞x3

+ 0.001143287344x
2
1x3 + 5383.891352x

2
1 + 0.04079 · U∞ · _x3 − 0.02857 · 2 · c · _x1,

(35a)

€x3 � 0.0005710592x
3
1 + 0.0004853467x

2
3 − 0.08089898x

2
3x1 − 110064645x

3
3 − 11668.03765x3 + 0.2032087116U

2
∞x3

− 113739904.7x
2
1x3 + 1149545.143x3x1 − 0.02855 · 2 · c · _x3 + 0.04076 · U∞ · _x1.

(35b)

In equations (35a) and (35b), x1 and x3 are generalized
coordinates of the first-order and the second-order modals.
)e coefficient of U∞ · _x1 is moved to the left end of the
equation and is neglected, which shows that the aerodynamic
force acts as a negative damping. )us, amplitude of the vi-
brating structure increases continuously by absorbing energy
from the airflow, which may lead to the occurrence of flutter.

4. Limit Cycle

Based on equations (35a) and (35b), Runge–Kutta algorithm
is utilized to construct numerical simulation of flutter

phenomenon for the cantilever plate subjected to the
aerodynamic force in subsonic air flow. Initial values of the
ordinary differential equations (35a) and (35b) are given as
x1 � 0.001, x3 � 0.001, _x1 � 0, and _x3 � 0.

When the inflow velocity U∞ is chosen as 72m/s, the
system is in the stable state, as shown in Figure 16, in which
vibration amplitude of the plate at X � 5 and Y � 0.8 de-
creases as time increases. Transverse displacement of the
system is convergent when the inflow velocity fails to reach
the critical flutter velocity. Figure 16(a) gives the waveform
on the plane (t, w), where w is the transverse vibration
displacement. Figure 16(b) represents the phase portrait on

Table 1: Value of parameters.

Physical quantity Numerical value
a 5m
b 1m
h 0.02m
ρ 1.28 kg/m3

E 102GPa
ρc 1750 kg/m3

c 10N·s/m
υ 0.3
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the plane (w, v), where v is the transverse vibration velocity.
)e adjacent trajectory gradually becomes a closed loop, as
shown in Figure 16(b).

When the inflow speed U∞ is set as 80.43m/s, the
system keeps in a critical state between stability and in-
stability, as shown in Figure 17(a). )e amplitude of the
plate at X � 5 and Y � 0.8converges to a constant. )e
phase portrait of the transverse displacement w and the
transverse velocity v of the vibrating plate at X � 5 and Y �

0.8 is shown in Figure 17(b). )e phase portrait is an
isolated closed loop, which do not have closed rails nearby.
)is is called a limit cycle. At the moment, the critical
flutter velocity is reached.

When the inflow velocity U∞ is increased from
80.43m/s to 89m/s gradually, the system appears to di-
verge and becomes instable, as shown in Figure 18(a). )e
phase portrait of transverse displacement w and trans-
verse velocity v of the vibrating plate at X � 5 and Y � 0.8
is shown in Figure 18(b). )e phase portrait is far from a
closed loop.

In this paper, the high-aspect-ratio subsonic cantilever
plate system is nonconservative, which means the system
will perform steady periodic vibration under specific con-
ditions. As shown in equations (35a) and (35b), the aero-
dynamic force play the role of negative damping in vibration
of the plate. )us, when the inflow velocity reaches a certain
value, there will be periodic vibration of equal amplitudes, as
shown in Figure 17. )is indicates that energy supplied by
the aerodynamic force and that dissipated by damping are in
balance. In fact, since there is no periodic external force in
the system, the system can only absorb energy from sur-
roundings by the negative damping caused by the aerody-
namic force.

Periodic motions in nonconservative system belong to
self-excited vibrations, which corresponds to stable limit
cycles of the autonomous system, that is, when the initial

conditions are disturbed, the original vibration state can
still be restored. If the system subjects to some small
disturbance, the original periodic motion will not be
changed. For example, when the inflow velocity is chosen as
80.43m/s, the system vibrates periodically with equal
amplitudes. When the inflow velocity increases to a value
smaller than 89m/s, the system still keeps periodic motion
with greater amplitude. Limit cycles of the linear system is
often unstable and linear theory is not suitable for the
system with large inflow velocity; thus, in this paper,
nonlinear theory is more appropriate for limit cycles
analysis of the cantilever plate.

Stability of the linear system can be judged by calculating
eigenvalues, and the critical flutter velocity can be calculated.
It is not easy to solve eigenvalues for nonlinear systems, so
the critical flutter velocity cannot be solved by this method.
We can assume the inflow velocity to be a certain value and
substitute it into the ordinary differential equations of
motion for the high-aspect-ratio cantilever plate. Based on
the equations, phase portrait of the system are numerically
obtained. When limit cycle appears in the phase space, the
inflow velocity is exactly the critical flutter velocity.

In order to study the influence of system parameters on
critical flutter velocity, different inflow velocity U∞ is
substituted into equations (35a) and (35b). When the phase
portrait turns to be a limit cycle, the inflow velocity U∞
reaches the critical flutter velocity. Parameters in Table 1
except thickness are brought into the equation. Corre-
sponding critical flutter velocities of plates with different
thickness are calculated, as shown in Figure 19(a). )e critical
flutter velocity increases as the thickness of the plate increases.

Change the length of the plate only to detect the in-
fluence of the aspect ratio on the critical flutter velocity.
Other parameters are shown in Table 1. )e critical flutter
velocity is decreased with the increase of the aspect ratio, as
shown in Figure 19(b).
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Figure 16: Stable state of the system when the inflow velocity U∞ is chosen as 72m/s: (a) time history diagram of vibration amplitude on
plane (t , x1) and (b) phase portrait on plane (w , v).
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Keep other parameters the same as that in Table 1, and
only change the damping coefficient to calculate the cor-
responding critical flutter velocity. As shown in Figure 19(c),
when the damping coefficient increases, the critical flutter
velocity increases.

5. Conclusions

In order to use analytical or semianalytical method to an-
alyze flutter of the high-aspect ratio cantilever plate, it is
necessary to obtain an aerodynamic analytical expression of
the plate under subsonic airflow. Giving the assumption of
irrotationality, nonsticky, incompressibility, and strip theory

of high-aspect ratio and quasi-steady state, considering the
skeleton line’s deformation of airfoils’ chord section and
influences of lateral vibration velocity on quasi-steady
aerodynamic force based on the thin-airfoil theory under
subsonic flow and Kutta–Joukowski lift theorem, the authors
induced a new quasi-steady aerodynamic analytical ex-
pression high-aspect ratio cantilever plate under subsonic
airflow. It is confirmed that the analytical expression is
consistent with the lift distribution tendency of finite ele-
ment calculation. According to Reddy’s first-order shearing
plate theory and geometric equations of von Karman’s large
deformation, Hamilton principle was applied to establish
nonlinear partial differential kinetic equation of cantilever
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Figure 18: A divergent and unstable state of the system is kept in a critical state of stable and unstable when the inflow velocity U∞ is chosen
as 89m/s: (a) time history diagram of vibration amplitude on plane (t , x1) and (b) phase portrait on plane (w , v).
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Figure 17: )e system is kept in a critical state of stable and unstable when the inflow velocity U∞ is chosen as 80.43m/s: (a) time history
diagram of vibration amplitude on plane (t , x1) and (b) phase portrait on plane (w , v).
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plate, which suffers from aerodynamic force. )e Galerkin
method was used to obtain second-order ordinary differ-
ential governing equations of motion. Numerical simulation
is carried out on the discrete nonlinear dynamic equations of
ordinary differential equations to study the relation between
critical flutter velocity and system parameters. )e results
showed that when inflow velocity reached the critical value,
the limit cycle occurred. )e increment of the aspect ratio or
the thickness can both result in the decrement of the critical
velocity of flutter. On the contrary, increment of air damping
make the critical flutter velocity increase obviously.

Data Availability

)e data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

)e authors declare that there are no conflicts of interest
regarding the publication of this paper.

Authors’ Contributions

Li Ma and Minghui Yao contributed equally to this work.

Acknowledgments

)is work was supported by the National Natural Science
Foundation of China (NNSFC) under Grant nos. 11972253,
11372015, 11832002, 11290152, 11427801, and 11972051.

References

[1] S. Koksal, E. N. Yildiz, Y. Yazicioglu, and G. O. Ozgen,
“Minimization of ground vibration test configurations for
F-16 aircraft by subtractive modification,” Shock and Vi-
bration, vol. 2019, Article ID 9283125, 19 pages, 2019.

[2] Y.-W. Zhang, H. Zhang, S. Hou, K.-F. Xu, and L.-Q. Chen,
“Vibration suppression of composite laminated plate with
nonlinear energy sink,” Acta Astronautica, vol. 123,
pp. 109–115, 2016.

[3] M. V. Chernobryvko, K. V. Avramov, V. N. Romanenko,
T. J. Batutina, and U. S. Suleimenov, “Dynamic instability of
ring-stiffened conical thin-walled rocket fairing in supersonic
gas stream,” Proceedings of the Institution of Mechanical
Engineers, Part C: Journal of Mechanical Engineering Science,
vol. 230, no. 1, pp. 55–68, 2015.

[4] M. Amabili and F. Pellicano, “Multimode approach to
nonlinear supersonic flutter of imperfect circular cylindrical
shells,” Journal of Applied Mechanics, vol. 69, no. 2,
pp. 117–129, 2002.

[5] V. Vedeneev, “Interaction of panel flutter with inviscid
boundary layer instability in supersonic flow,” Journal of Fluid
Mechanics, vol. 736, pp. 216–249, 2013.

[6] W. B. Zhu, M. McCrink, J. P. Bons, and J. W. Gregory,
“Aerodynamic performance and trailing edge flow physics on
an airfoil in an oscillating freestream,” in Proceedings of the
AIAA Scitech Forum and Exposition 2020, Orlando, FL, USA,
January 2020.

[7] H. Lin, D. Cao, and Y. Xu, “Vibration characteristics and
flutter analysis of a composite laminated plate with a store,”
Applied Mathematics and Mechanics, vol. 39, no. 2, pp. 241–
260, 2018.

[8] Z. Hu and S. Mahadevan, “Reliability analysis of a hypersonic
vehicle panel with spatio-temporal variability,” AIAA Journal,
vol. 57, no. 12, pp. 5403–5415, 2019.

80
70
60
50
40
30
20
10

0
1.41 1.5 1.6 1.7 1.8 2.2

�ickness of plate (cm)

Cr
iti

ca
l f

lu
tte

r v
el

oc
iti

es
 (m

/s
)

31.8

44.1 47.2 50.3 53.38 56.47

68.9

(a)

80
90

70
60
50
40
30
20
10

0Cr
iti

ca
l f

lu
tte

r v
el

oc
iti

es
 (m

/s
) 80.43

68.9
60.7 54.5 49.62 45.65 42.36

1/5 1/6 1/7 1/8 1/9 1/101/4
Aspect ratio

(b)
100

80

60

40

20

0

61.71 68.9 72.8 76.28
80.08 84.7

90.35

7 10 12 14 17 20 25
Damping (N ∗ s/m)

Cr
iti

ca
l fl

ut
te

r v
el

oc
tie

s (
m

/s
)

(c)

Figure 19: Influences of different factors on critical flutter velocities: (a) plate thickness; (b) aspect ratio; (c) damping.

Shock and Vibration 15



[9] K. Khorshidi and M. Karimi, “Flutter analysis of sandwich
plates with functionally graded face sheets in thermal envi-
ronment,” Aerospace Science and Technology, vol. 95, Article
ID 105461, 2019.

[10] X. C. Wang, Z. C. Yang, Z. L. Chen et al., “Study on coupled
modes panel flutter stability using an energy method,” Journal
of Sound and Vibration, vol. 468, Article ID 115051, 2020.

[11] K. R. Brouwer and J. J. Mcnamara, “Enriched piston theory for
expedient aeroelastic loads prediction in the presence of shock
impingements,” AIAA Journal, vol. 57, no. 3, pp. 1288–1302,
2019.

[12] H. F. Ganji and E. H. Dowell, “Panel flutter prediction in two
dimensional flow with enhanced piston theory,” Journal of
Fluids and Structures, vol. 63, pp. 97–102, 2016.

[13] G. B. Chen, Aeroelastic Design, Beijing University of Aero-
nautics and Astroutics Press, Beijing, China, 2004.

[14] Y. Q. Xu, D. Q. Cao, C. H. Shao, and H. G. Lin, “Nonlinear
responses of a slender wing with a store,” Journal of Vibration
and Acoustics, vol. 141, no. 3, Article ID 031006, 2019.

[15] U. Cordes, G. Kampes, T. Meissner, C. Tropea, J. Peinke, and
M. Holling, “Note on the limitations of the theodorsen and
sears functions,” Journal of Fluid Mechanics, vol. 811, 2017.

[16] D. A. Peters, “Toward a unified lift model for use in rotor
blade stability analyses,” Journal of the American Helicopter
Society, vol. 30, no. 3, pp. 32–42, 1985.

[17] P. Dunn and J. Dugundji, “Nonlinear stall flutter and di-
vergence analysis of cantilevered graphite/epoxy wings,”
AIAA Journal, vol. 30, no. 1, pp. 153–162, 2012.

[18] W. Wang, X. Zhu, Z. Zhou, and J. Duan, “A method for
nonlinear aeroelasticity trim and stability analysis of very
flexible aircraft based on co-rotational theory,” Journal of
Fluids and Structures, vol. 62, pp. 209–229, 2016.

[19] M. H. Sadr, D. Badiei, and S. Shams, “Developments of a
semiempirical dynamic stall model for unsteady airfoils,”
Journal of the Brazilian Society of Mechanical Sciences and
Engineering, vol. 41, no. 10, Article ID 454, 2019.

[20] W. W. Zhang and Z. Y. Ye, “On unsteady aerodynamic
modeling based on CFD technique and its applications on
aeroelastic analysis,” Advances in Mechanics, vol. 38, no. 1,
pp. 77–86, 2008.

[21] X. Liu and Q. Sun, “Gust load alleviation with robust control
for a flexible wing,” Shock and Vibration, vol. 2016, p. 10, 2016.

[22] W. W. Zhang and Z. Y. Ye, “Numerical simulation of
aeroelasticity basing on Identification,” Chinese Journal of
Aeronautics, vol. 27, no. 4, pp. 579–584, 2006.

[23] H.-L. Guo, Y.-S. Chen, and T.-Z. Yang, “Limit cycle oscillation
suppression of 2-DOF airfoil using nonlinear energy sink,”
Applied Mathematics and Mechanics, vol. 34, no. 10,
pp. 1277–1290, 2013.

[24] T. Wu and A. Kareem, “A low-dimensional model for
nonlinear bluff-body aerodynamics: a peeling-an-onion
analogy,” Journal of Wind Engineering and Industrial Aero-
dynamics, vol. 146, pp. 128–138, 2015.

[25] J. Luo, Y. Zhu, X. Tang, and F. Liu, “Flow reconstructions and
aerodynamic shape optimization of turbomachinery blades by
POD-based hybrid models,” Science China Technological
Sciences, vol. 60, no. 11, pp. 1658–1673, 2017.

[26] L. Wang, X. Liu, and A. Kolios, “State of the art in the
aeroelasticity of wind turbine blades: aeroelastic modelling,”
Renewable and Sustainable Energy Reviews, vol. 64, pp. 195–
210, 2016.

[27] C. C. Xie, Y. Liu, C. Yang, and J. E. Cooper, “Geometrically
nonlinear aeroelastic stability analysis and wind tunnel test

validation of a very flexible wing,” Shock and Vibration,
vol. 2016, p. 17, 2016.

[28] R. J. Higgins, A. Jimenez-garcia, G. N. Barakos, and N. Bown,
“High-fidelity computational fluid dynamics methods for the
simulation of propeller stall flutter,” AIAA Journal, vol. 57,
no. 12, pp. 5281–5292, 2019.

[29] M. R. Chiarelli and S. Bonomo, “Numerical investigation into
flutter and flutter-buffet phenomena for a swept wing and a
curved planform wing,” International Journal of Aerospace
Engineering, vol. 2019, pp. 1–19, 2019.

[30] D. J. Munk, D. Dooner, G. A. Vio, N. F. Giannelis,
A. J. Murray, and G. Dimitriadis, “Limit cycle oscillations of
cantilever rectangular designed using topology optimisation,”
AIAA Journal, 2020.

[31] P. Castells marin and C. Poetsch, “Simulation of flexible
aircraft response to gust and turbulence for flight dynamics
investigations,” in Proceedings of the AIAA Scitech Forum and
Exposition 2020, Orlando, FL, USA, January 2020.

[32] C. Xie, L. Wang, C. Yang, and Y. Liu, “Static aeroelastic
analysis of very flexible wings based on non-planar vortex
lattice method,” Chinese Journal of Aeronautics, vol. 26, no. 3,
pp. 514–521, 2013.

[33] M. H. Pashaei, R. A. Alashti, S. Jamshidi, and M. Dardel,
“Energy harvesting from limit cycle oscillation of a cantilever
plate in low subsonic flow by ionic polymer metal composite,”
Proceedings of the Institution of Mechanical Engineers Part G
Journal of Aerospace Engineering, vol. 229, no. 5, pp. 814–836,
2015.

[34] H. Zhou, G. Wang, and Z. K. Liu, “Numerical analysis on
flutter of Busemann-type supersonic biplane airfoil,” Journal
of Fluids and Structures, vol. 92, Article ID 102788, 2020.

[35] C. D. Huang, J. Huang, X. Song, G. N. Zheng, and X. Y. Nie,
“Aeroelastic simulation using CFD/CSD coupling based on
precise integration method,” International Journal of Aero-
nautical and Space Sciences, 2020.

[36] Z. Chen, Y. Zhao, and R. Huang, “Parametric reduced-order
modeling of unsteady aerodynamics for hypersonic vehicles,”
Aerospace Science and Technology, vol. 87, pp. 1–14, 2019.

[37] D. F. Li, A. D. Ronch, G. Chen, and Y. M. Li, “Aeroelastic
global structural optimization using an efficient CFD-based
reduced order model,” Aerospace Science and Technology,
vol. 94, Article ID 105354, 2019.

[38] H. J. Song, Y. Wang, and K. Pant, “Parametric fluid-structural
interaction reduced order models in continuous time domain
for aeroelastic analysis of high-speed vehicles,” in Proceedings
of the AIAA Scitech Forum and Exposition 2020, Orlando, FL,
USA, January 2020.

[39] D. Tang and E. H. Dowell, “Experimental and theoretical
study on aeroelastic response of high-aspect-ratio wings,”
AIAA Journal, vol. 39, no. 8, pp. 1430–1441, 2001.

[40] M. Ghalandari, S. Shamshirband, A. Mosavi, and K.-w. Chau,
“Flutter speed estimation using presented differential quad-
rature method formulation,” Engineering Applications of
Computational Fluid Mechanics, vol. 13, no. 1, pp. 804–810,
2019.

[41] E. H. Dowell, “Nonlinear aeroelasticity,” Solid Mechhanics
and Its Applications, vol. 40, no. 5, pp. 857–874, 2012.

[42] M. Amabili, F. Pellicano, and M. P. Päıdoussis, “Non-linear
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