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The irregular wear of carbon current collector pantograph strips increases the railway maintenance costs and introduces safety
hazards in the railway operation. This paper presents a method for analyzing the irregular wear of carbon strips with numerical
dynamic analyses and modal tests. The carbon strips were studied in laboratory tests, and an equivalent numerical model for the
investigation of their irregular wear and performance improvement was established. The results from the computational simulations
were evaluated based on the laboratory results, and the correlation between the high-frequency vibration and irregular wear of the
carbon strips was studied. The irregular wear contour of the carbon strips coincides with the high-frequency mode shape according to
the experimental and numerical results. Moreover, the dynamic design for carbon strips was optimized with the validated computational model. The results suggest that the optimized schemes eﬀectively mitigate the irregular wear of carbon strips.

1. Introduction
Electric buses in metro railway systems suﬀer from the irregular wear of the pantograph strips. In general, a pantograph carbon strip with irregular wear has the following
two features: (1) The vertical direction of the pantograph
strip has one or more grooves of diﬀerent depths. (2) The
slant wear of the pantograph strip (i.e., its transverse
thickness) is diﬀerent. Wear can mainly be classiﬁed into
mechanical wear and electrical wear [1–3]. Many researchers
have shown that, for example, the contact normal load,
current, and sliding speed have signiﬁcant eﬀects on the
friction and wear between the carbon strip and contact line
(the current has the greatest eﬀect on the carbon strip) [4–6].
Nevertheless, with increasing train speed, dynamic parameters such as the up-and-down inertia force, gas dynamic
component force, and train disturbance force generated by
the pantograph movement have increasing inﬂuences on the
contact state of the pantograph. For metro railway systems,
when the train is moving at a high speed, the interaction
between the rigid catenary and carbon strip, which leads to

the high-frequency vibration of the carbon strip, indirectly
causes or aggravates the irregular wear of the latter [7, 8].
Recent studies have shown the complex relationship between the vibration characteristics and wear of carbon strips.
For example, Yang et al. studied the eﬀect of vibrations on
the friction and wear behavior of carbon wires and copper
contact lines [9]. The results show that the contact loss due to
the low-frequency vibrations of the strips is one of the main
causes leading to arc discharge, which aggravates the wear of
carbon strips and contact lines. Mei detected vibration of the
slider during a metro rigid catenary sliding against a pantograph strip with DC [10]. The results indicate that arc
ablation and vibration of the slider are two important factors
to cause severe wears of the strip and wire. Zhang et al.
combined ﬁnite-element model calculations and laboratory
tests on pantograph carbon strips [11]. The experimental
results show that the vibration frequency of the carbon strip
has diﬀerent eﬀects on its friction coeﬃcient and wear rate at
diﬀerent speeds. Moreover, Bucca et al. analyzed the electromechanical interaction between a carbon strip and
copper contact line [12]. The researchers combined the
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dynamic electromechanical and wear models for carbon
strips to estimate the wear amount caused by the dynamic
interaction between a carbon strip and contact line. Focusing
on the wear problems that occur on the contact wire and the
pantograph strip used in metro system, Wei et al. carried out
the wear mechanism, wear analysis, wear calculation, and
prediction [13]. The results illustrate that, in order to prevent
the huge uneven wear proﬁle on the pantograph strip, the
contact wire with high stagger value should be located away
from the acceleration zone to avoid high wear rate and long
wear distance occurring on the small interval of pantograph
strip in the same time. Zhou and Zhang analyzed the interaction between the carbon slide and catenary with the
ﬁnite-element method [14]. According to the results, frequency components of 40–100 Hz have a great eﬀect on the
dynamic contact force and acceleration of the carbon strip.
Shi et al. conducted fault diagnosis based on carbon strip
vibration signal and veriﬁed the feasibility and eﬀectiveness
of pantograph carbon strip vibration signal fault diagnosis
by combining modern time-frequency analysis algorithm
and the information entropy [15].
The high-frequency vibrations (over 100 Hz) of the bow
net and friction and wear of carbon strips have not been
suﬃciently investigated. Nevertheless, studying and suppressing the high-frequency vibrations of carbon strips to
ensure the reasonable movement and matching between
pantographs and catenaries are crucial for safe operation.
In this study, a rigid catenary, nonlinear single-degreeof-freedom pantograph, and bow-net coupling models were
established. The carbon strips were investigated in vertical
and transverse vibration modal tests, and the pantograph
model was evaluated. In addition, the vibration mode shapes
were compared with the irregular wear patterns of the
carbon strips to determine the high-frequency vibration
range related to the irregular wear. Finally, the multiparameter method was used to optimize the design of the
carbon strip structure to mitigate irregular wear. The highfrequency (over 100 Hz) vibration mode was studied to
analyze the irregular wear proﬁle of the carbon strip.
According to the results, this study provides a feasible solution for the analysis of irregular wear of pantograph
carbon strips.

2. Numerical Model
2.1. Rigid Catenary Model. In general, a rigid catenary
comprises several successive sections. One section mainly
consists of aluminum proﬁles that are connected by ﬂanges.
The lower part of the aluminum proﬁle is a ﬁxed contact
wire, and the upper part is ﬁxed to the supports. In this
study, a two-dimensional model [16] with train movement
in the x-axis direction was considered; the pantograph and
rigid catenary interact in the y-axis direction (Figure 1).
Table 1 lists the catenary parameters for the numerical
model.
Thus, the diﬀerential equation of motion of the rigid
catenary can be expressed as follows:
M€
v + Cv_ + Kv � f,

(1)

Y

Flange

Support
X

Measurement points
Aluminum profile
and contact wire

Figure 1: Finite-element model of rigid catenary.

where M, C, and K are the mass, damping, and stiﬀness
matrices of the catenary, respectively; f is the load vector of
the catenary node; and v€, v,_ and v are the catenary node
acceleration, velocity, and node displacement vectors,
respectively.
2.2. Pantograph Model. The pantograph is installed on top of
the train to receive current from the catenary. Pantographs
can mainly be classiﬁed into two types: single- and two-arm
pantographs. Owing to the structural design limit and excessive aerodynamic noise during operation, the two-arm
structure has been gradually replaced with the single-arm
structure. The system generally includes the following
components: bottom frame, lower arm, upper arm, connecting rod, balance rod, bow head bracket, carbon strip,
bow angle, and other mechanical parts. To simplify the
computation, the pantograph is considered to move vertically (Figure 2). Table 2 lists the parameters of the pantograph numerical model.
As depicted in Figure 2, A, B, C, and E are the hinge
points of the lower arm and brace. The dashed line represents the auxiliary line of the calculation process, and a, b, c,
and d represent each arm. Moreover, d1 and d2 are the two
coordinates of the hinge point E; L is the bow head position;
G is the vertex of the upper arm; H is the center of the upper
arm; and d3 is the distance to the hinge point B. In addition,
FC is the contact force between the bow head and catenary,
and FL is the interaction force between the bow head and
pantograph system. The angle between the brace and negative x-axis direction in generalized coordinates is θ; the
angle between the lower arm and negative x-axis direction is
ϕ1 ; the angle between the upper arm and positive x-axis
direction is ϕ2 ; the angle between BC and the brace is ϕ3 .
According to (2), ϕ1 , ϕ2 , yG , and (xH , yH ) can be expressed
as functions of θ:
ϕ3 � arccos

a2 + f 2 − b 2
,
2af

(2)

f sin f3 + θ − d1
,
f cos f3 + θ + d2

(3)

d2 + c2 − e2
 − ϕ1 ,
2 dc

(4)

yG � f sin f1 + θ + c sin f1 ,

(5)

f1 � arctg

ϕ2 � arccos
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Table 1: Simulation model parameters for rigid catenary.

Component

Parameter
Number of spans
Span length
Section area
Inertia ﬂexural property
Density
Young modulus
Support stiﬀness
Weight
Moment of inertia

General

Aluminum proﬁle and contact wire
Support
Flange

Value
20
10
25
4.1 × 10−6
2900
6.9 × 1010
400
3
2.4 × 10−3

Y

Unit
m
cm2
m4
kg/m3
N/m2
kN/m
kg
kg·m2

FC
FL

L
G

H

c

B

G

b
d

A

FL

e

f
E

a
D
C

d2

d1
X

Figure 2: Simpliﬁed vertical-structure simulation model of pantograph.

Table 2: Simulation model parameters for pantograph.
Component
Bow head bracket
Bow head strip
Upper frame
Balance bar
Putter

Material
Aluminum alloy
Carbon
Steel
Steel
Steel

Elastic modulus (GPa)
72
12.4
210
210
210

xH � f cos f1 + θ − d3 cos f1 ;
yH � f sin f1 + θ + d3 sin f1 .
Equations (3)–(6) can be obtained as follows:
δϕ
δϕ
δy
δx
δy
k1 � 1 ; k 2 � 2 ; k 3 � G ; k 4 � H ; k 5 � H .
δθ
δθ
δθ
δθ
δθ

(6)

(7)

The parameters wa , wc , and wd are the angular velocities
of the brace, upper arm, and lower arm, respectively; vyG is
the vertical velocity; and vxH and vyH represent the lateral
and vertical velocities of point G, respectively:
dθ
wa � ; wc � k2 wa ; wd � k1 wa ,
dt
(8)
vyG � k3 wa ; vxH � k4 wa ; vyH � k5 wa .
Equation (9) can be obtained from the second-order
Lagrangian equation:

Poisson’s ratio
0.33
0.35
0.3
0.3
0.3

Density (kg·m−3)
2800
2000
7850
7850
7850

Cross-sectional area (mm2)
300
300
600
7800
1250

d zT
zT zV′
+
� Qj′,
 −
_
dt zqj
zqj zqj

(9)

where qj represents the generalized coordinates, T the kinetic energy, V′ the potential energy, and Q j the gener′
alized force of the system. According to the
d’Alembert–Lagrange principle for generalized coordinates,
the frame kinetic energy and potential energy in the pantograph system can be expressed as follows:
1
1
1
1
T � Ja w2a + Jd w2d + Jc w2c + mc vxH 2 + vyH 2  (10)
2
2
2
2
V � ma ga sin θ + md gd sin

′

ϕ + mc gc sin ϕ2 ,

(11)

respectively, where J is the rotational modulus around the
center of mass and m is the quality of the arm. Consequently,
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the elemental work done by the main force can be expressed
as follows:
Qj′δθ � −FL k3 − C

ds δs
· + Mx δθ,
dt δθ

(12)

where C is the damping number of the damping device and
C(ds/dt) is the damping force.
Based on the presented theory, the motion diﬀerential
equation of the pantograph head is written as follows:
ML y€L + CL y_ L − y_ G  + KL yL − yG − yk  + ML g � FC ,
(13)
where ML is the pantograph head mass matrix, CL is the
pantograph head damping matrix, KL is the pantograph
head stiﬀness matrix, y€L is the pantograph head node acceleration vector, y_ L and y_ G are the pantograph head node
velocity vectors, yL and yG are the displacement vectors of
the pantograph head node, yk is the original length vector of
the equivalent spring of the pantograph head, and FC is the
node load vector of the pantograph head.
2.3. Bow-Net Coupling Model. Based on [17], a contact element was placed between the contact wire and pantograph
strip. When the pantograph strip slid along the contact wire,
it was checked whether the contact wire node and pantograph strip node penetrated each other in the contact area; if
not, the gap between the contact wire and pantograph strip
was greater than zero; thus, the dynamic contact force was
zero; if they penetrated each other, a greater interface contact
force was introduced between the contact wire and pantograph carbon strip; the force was directly proportional to the
penetration depth and interface stiﬀness. Therefore, the
motion diﬀerential equation of the bow-net coupling system
can be expressed as follows:
MP u€ + Cp u_ + Kp u � Fp ,

(14)

where Mp , Cp , and Kp are the mass, damping, and stiﬀness
€ u,
_ and u are
matrices of the bow-net system, respectively; u,
the acceleration, velocity, and displacement vectors of the
bow-net system nodes, respectively. In addition, Fp is the
node load vector of the bow-net system.

3. Analysis of Vibration Characteristics
3.1. Numerical Modal Analysis. By considering the vibration
characteristics of the pantograph strip, the modal analysis
was conducted based on the numerical model presented in
Section 2. The geometry of the model was built in SolidWorks and analyzed with the commercial software ABAQUS. The calculation parameters of the pantograph strip are
listed in Table 2, and the identiﬁed modal frequencies and
mode shapes are presented in Figure 3.
3.2. Experimental Modal Analysis. The vibrations in the
vertical and transverse directions are most relevant to
pantograph strips [18, 19]; they aﬀect the dynamic contact
pressure of the carbon strip and contact wire. An abnormal

contact pressure causes irregular wear on the carbon strip,
which aﬀects the contact pressure [20]. In addition, transverse vibrations aﬀect the relative dynamic sliding process of
the carbon strip and contact wire. With increasing sliding
speed, the cracks and depth in the carbon strip increase and
lead to eccentric wear [21, 22]. In this study, an experimental
modal analysis was conducted to study the vertical and
transverse vibrations of the carbon strip.
A real carbon strip was selected for the experimental
modal analysis, and the modal parameters of the carbon strip
were identiﬁed in a frequency domain analysis. The experiment was conducted through multi-input multi-output
channels [23]. To obtain as much modal information as
possible, 13 excitation/measuring points were chosen and
numbered (Figure 4). These 13 measuring points are equally
spaced on the surface of the carbon strip; both strip ends
have much lower stiﬀness values than the carbon strip loworder modal stiﬀness of rubber rope hanging ﬁxed as free
boundary conditions and select vibration picking point at 4
and 9 positions. Each set of tests is excised and sampled
several times to eliminate errors in the frequency response
function and background noise in the measured data. Figure 5 presents the ﬂowchart of the experimental procedure.
3.3. Results and Validation. According to the correlation
curve of the excitations and responses, the coherence coeﬃcients of the vertical and transverse modal frequencies are
close to 1.0 in the 0–1000 Hz frequency band. Thus, the
measured data of the experiment are eﬀective, the external
noise is low, and the vibration characteristics of the carbon
strip can reliably be reﬂected. Figure 6 summarizes the
results of the frequency response functions of the ﬁrst six
vertical and transverse modes. The subﬁgures show the
attenuation and ampliﬁcation of the vibration frequency
when the pulse is excited; the peak values of the curve
represent the modal frequencies [24]. The frequency responses from the diﬀerent measuring points and modal
frequencies are consistent. By comparing Figures 6(a) and
6(b), it can be seen that the response peaks of the third,
fourth, and ﬁfth transverse modes are evidently higher,
whereas the response peaks of the ﬁrst and sixth modes are
lower than those of the vertical modes. According to Figure 7, the modal frequencies of the ﬁrst six vertical modes
increase linearly. By contrast, the modal frequencies of the
ﬁrst six transverse modes increase nonlinearly. Hence, the
vertical modes can be more easily controlled in the design
optimization of carbon strips to avoid the resonance frequency of the carbon strip and catenary.
Figure 8 presents the vertical and transverse mode
shapes of the carbon strip. According to Figure 8(a), the
mode shapes of the ﬁrst, third, and ﬁfth modes have great
inﬂuences on the vertical vibration of the central area of the
carbon strip. Figure 8(b) shows the corresponding characteristics of the ﬁrst, fourth, and sixth mode shapes. In Table 3, the transverse modal frequencies of all modes are
greater than the vertical modal frequencies, and the damping
ratio of the transverse modes is smaller than that of the
vertical modes. Thus, the resonance frequency of the carbon
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(a)

(b)

(c)

(d)

(e)

(f )

Figure 3: Mode shapes and modal frequencies of the ﬁrst six vertical modes. (a) Mode 1,65.86 Hz. (b) Mode 2,139.81 Hz. (c) Mode
3,241.57 Hz. (d) Mode 4,389.10 Hz. (e) Mode 5,588.94 Hz. (f ) Mode 6,810.66 Hz.
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Figure 4: Arrangement of measuring points and acceleration sensors on the carbon strip.

Test equipment
preparation

Installation of
carbon strip and
acceleration sensor

Pulse hammer
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Input

View modal shapes
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parameters
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measuring
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200 N

Calculate frequency
response function
matrix through DASP
analysis platform

Figure 5: Modal test ﬂow of carbon strip.

strip is diﬀerent in diﬀerent directions. Based on the deﬁnition of the damping ratio, it can be concluded that the
vertical stiﬀness of the carbon strip is less than the transverse

stiﬀness, which also indicates that the bending degree of the
vertical mode shapes is more evident. Although the aerodynamics, electric locomotive excitation signal, and ﬂow
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Figure 6: Frequency response functions of modal tests on carbon strip: (a) vertical and (b) transverse modal frequencies.
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Figure 7: Modal frequency: (a) vertical and (b) transverse.

conditions were not considered in the modal analysis, the
identiﬁed modal parameters accurately reﬂect the vibration
characteristics of the carbon strip.
Table 4 compares the ﬁrst six vertical modal frequencies
of the laboratory test results with the simulation results. The
maximal diﬀerence is 5.0 Hz, which corresponds to 3.4%. By
comparing Figures 3 and 8(a), it can be seen that the bending
distributions of the vertical mode shapes of all modes are
consistent. These two results conﬁrm each other.

4. Analysis of Irregular Wear
4.1. Carbon Strip Vibration Characteristics. The formation
mechanism of irregular wear was mainly predicted based on
the kinetic characteristics of the carbon strip and then
simulated with the numerical method. Figure 9 presents the
vertical proﬁles of the carbon strip before and after wear.
Figure 9(b) shows the ideal wear proﬁle: an approximately
arc-shaped groove with symmetry at the center has been
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Mode 6
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Mode 1
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Mode 3

Mode 4
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Mode 6

(b)

Figure 8: Test modal shapes of carbon strip: (a) vertical and (b) transverse.

Table 3: Modal parameters of vertical and transverse modes.
Mode
First
Second
Third
Fourth
Fifth
Sixth

Frequency (Hz)/vertical
63.7
137.5
236.5
386.7
582.9
807.3

Damping ratio (%)/vertical
1.426
0.532
0.782
1.652
1.571
0.580

Table 4: Comparison of experimental and simulated vertical modal
frequencies.
Mode Simulation (Hz) Laboratory test (Hz) Discrepancy (%)
First
65.9
63.7
3.4
Second
139.8
137.5
1.7
Third
241.6
236.5
2.1
Fourth
389.1
386.7
0.6
Fifth
588.9
582.9
1.0
Sixth
810.7
807.3
0.4

formed in the vertical direction of the carbon strip. The
actual carbon strip is presented in Figure 9(c); the red circle
indicates the area of irregular wear. There are two approximately U-shaped grooves with shallow depth near the
strip center and greater depths near the two strip ends. The
proﬁle is characterized by typical irregular wear, which
comprises two grooves in the carbon strip. Owing to the
diﬀerent irregular wear proﬁle depths, the typical two and
three grooves were the main study objects.

Frequency (Hz)/transverse
120.2
152.6
399.9
706.8
783.5
1145.5

Damping ratio (%)/transverse
1.127
0.332
0.519
1.074
1.253
0.462

4.2. Vertical Vibrations. The interaction and contact between the carbon strip in service and catenary generate an
unsteady dynamic force F in the vertical direction, as
depicted in Figure 10(a). Owing to the aerodynamic force
and dynamic force F, the dynamic lifting amount of the
catenary changes signiﬁcantly; consequently, a dynamic
contact pressure Fc is generated between the carbon strip
and catenary:
Fc � K yL − y1 ,

(15)

where yL and y1 represent the simultaneous displacements
of the contact wire and carbon strip, respectively. When the
carbon strip resonates with or encounters a “hard spot” in
the catenary, the contact pressure decreases rapidly. In
addition, the oﬄine phenomenon occurs when the contact
state is poor, and the carbon strip aﬀected by the external
force collides with the catenary. This unsteady process
comprises contact–oﬄine–collision–contact stages. The
resulting ﬂuctuating contact pressure and the external environment (e.g., the dynamic force of the air during train
operation) cause the carbon strip to vibrate. In particular,
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(a)

(b)

Excessive wear area

(c)

Figure 9: Comparison of carbon strip wear traces. (a) New carbon strip. (b) Carbon strip after abrasion (ideal case). (c) Carbon strip after
abrasion (reality).

Rigid catenary
K1
F

K

Velocity

F

Rigid catenary

Moving carbon strip
(a)

Sliding surface

K2
Moving carbon strip
(b)

Figure 10: Interaction between carbon strip and catenary. (a) Vertical model. (b) Transverse model.

the high amplitude of the modal vibration aﬀects the contact
pressure. When the contact pressure increases, the friction
between the carbon strip and catenary increases, which
increases the mechanical wear. Simultaneously, the unsteady
contact
pressure,
particularly
in
the
contact–oﬄine–collision–contact state, will cause diﬀerent degrees of wear along the carbon strip. As a result, the dynamic
lifting amount of the catenary introduces mechanical friction wear and arc wear.
4.3. Transverse Vibration. In addition to the vertical vibrations, which change the friction force and contact state
caused by friction wear, the transverse and vertical sliding of
the carbon strip and catenary is inevitable owing to the
sliding and swinging movements during operation. At
constant vehicle speed, the transverse vibration and vertical
component of the carbon strip cause contact pressure
ﬂuctuations and transverse alternating sliding [25].
Figure 10(b) illustrates the transverse interaction between
the carbon strip and catenary. It aggravates the wear caused
by the vertical vibrations and expands the wear range in the
transverse direction. Simultaneously, with increasing vehicle
speed, the relative sliding speed between the carbon strip and
catenary increases, which increases the frictional heat
generated during mechanical wear. In addition, owing to the
transverse vibration, the edges and corners of the carbon
strip collide with the catenary; subsequently, the side of the
carbon strip scratches oﬀ [26].
4.4. Analysis and Evaluation. By comparing the vertical
mode shapes in Figure 8(a) with the typical two-groove
proﬁle in Figure 9(c), it can be seen that the third mode

shape is consistent with the two-groove depth proﬁle. The
red dashed curve in Figure 11 represents the mode shape
curves. As shown in Figure 11(a), the shape curve of the third
mode and depth proﬁle of the two grooves ﬁt well.
Figure 11(b) presents the vertical ﬁfth mode shape curve and
depth proﬁle of the typical three grooves. Evidently, the
curve trend is consistent with the proﬁle. According to
Table 3, the vertical third and ﬁfth modal frequencies of the
carbon strip are 236.5 and 582.9 Hz, respectively. Therefore,
it is assumed that the high-frequency vibration of the carbon
strip is correlated with the irregular wear, and 236.5 and
582.9 Hz are the high-frequency vibration frequencies that
further aggravate its wear.
Limited by space, the mechanism of two grooves and
high-frequency vibration is mainly validated. Based on the
numerical model in Section 2, the catenary was set such that
it balanced its own gravity and initial tension while considering the actual running speed of subways. The pantograph strip moved along the catenary at 60 km/h and the
sampling and ﬁltering frequencies were 600 and 300 Hz,
respectively. The resulting dynamic contact force and
spectrum of the contact force between the carbon strip and
catenary are presented in Figure 12; the vertical vibration
acceleration and spectrum of the carbon strip are shown in
Figure 13.
As shown in Figure 12, the carbon strip is oﬄine in three
sampling points when the pantograph runs at 60 km/h. The
contact force ﬂuctuates around 110 N at the other stages,
thereby indicating that the contact force changes instantaneously owing to the impact force of the great amplitude at
the oﬄine stage. Moreover, Figure 12(b) presents the
spectrum of the contact pressure of the carbon strip. The
contribution at approximately 20 Hz is the greatest, followed
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(a)

(b)

Figure 11: Comparison of irregular abrasion proﬁles and vertical modal shapes.
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Figure 12: Time-domain diagram and spectrum of contact force between carbon strip and catenary.
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Figure 13: Time-domain diagram and spectrum of vertical acceleration of carbon strip.

by that at approximately 230 Hz. Based on the results of the
modal analysis in Section 3, it can be concluded that the
carbon strip and catenary are in resonance during operation,
and the resonance frequency is the third modal frequency of
the carbon strip. This phenomenon has an instantaneous
impact on the contact force: it results in the oﬄine phenomenon between the carbon strip and catenary, which
aggravates the arc and mechanical degrees of wear of the
carbon strip [27]. According to Figure 13, the vertical

acceleration of the carbon strip changes periodically along
the rigid catenary span and reaches maxima in the range of
0–100 Hz and at approximately 230 Hz, which is consistent
with the results in Figure 12. Hence, the wear of the carbon
strip is intensiﬁed owing to the resonance in the actual
operation. Because the depth of the irregular wear proﬁle
and high-frequency vibration are correlated, optimizing the
vibration characteristics of the carbon strip is crucial for
mitigating irregular wear.
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5. Optimization Design
5.1. Optimization Design Theory. Based on the results in
Section 4, avoiding the resonance frequency of the carbon
strip and catenary and reducing its response amplitude are
eﬀective measures for mitigating irregular wear. Therefore,
the modal frequency of each mode and the response peak of
the vertical vibration are two important indexes for evaluating the optimization eﬀect of carbon strip structures. By
considering the vertical and transversal vibration characteristics of carbon strips, the optimization schemes in
[28–30] included adding unequal damping (vertical optimization) to the carbon strip structure and changing the
cross section of the carbon strip (transversal optimization),
respectively. The corresponding mathematical model can be
expressed as follows:
min : q1 ηc , sc ,
⎪
⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
q2 ηc , sc  < ωc ,
⎪
⎪
⎪
⎪
⎪
⎪
⎨
Δm
⎪
⎪
η , s  < A,
⎪
⎪
m0 c c
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪ abs Δωi  η , s  < B,
⎪
⎩
c c
ωi

(16)

where q1 and q2 are the object functions of the peak vertical
vibration acceleration and each modal frequency after the
optimization, respectively; ηc and sc represent the damping
parameters and carbon strip cross section as design variables, respectively; ωc is the mode frequency of each mode
before the optimization; and (Δm /m0 ) and abs((Δωi )/ωi ) are
the upper limit of the relative increase in the mass of the
carbon strip structure and the relative change in the modal
frequency of each order, respectively. The object functions q1
and q2 can be written as follows:
N

i�1c Rmax ,i /Rmax ,i′
,
q1 �
Νc

(17)


N 
i�1c ωc,i − ωc,i′
q2 �
,
Νc

(18)

where R′max,i and Rmax,i are the response peaks of the ﬁrstorder vibration acceleration before and after the optimization, respectively. The lower q1 under the constraint
conditions is, the better the optimization eﬀect is. Moreover,
ωc,i′ and ωc,i are the modal frequencies before and after the
optimization, respectively; the higher q2 under the constraint conditions is, the better the optimization eﬀect is.
Based on the optimization model and laboratory conditions, the optimization design is divided into diﬀerent
sections of carbon strip and diﬀerent damping parameters
for experimental comparative analysis [31]. According to the
wear proﬁle in Figure 11, the deepest part of the wear is the
response peak value, so the best eﬀect can be seen by singleinput and single-output. The signal excitation and response

points are illustrated in Figure 14. The red and black arrows
represent the excitation and response points, respectively.
5.2. Optimization Results of Diﬀerent Damping Parameters.
The same experimental principle and environment as in
Section 3 were adopted for the modal test. The three
schemes were designed according to diﬀerent damping
parameters to compare the corresponding modal parameters [32]. The ﬁrst scheme represents the original carbon
strip structure; in the second scheme, the weight of the
original carbon strip aluminum base was changed, and the
damping was increased; the weight was 1.2 times that of the
ﬁrst scheme; in the third scheme, the weight of the original
carbon strip aluminum base was further changed, and the
damping was increased to 1.4 times that of the ﬁrst scheme.
The damping properties of the modes of all three schemes
were determined in subsequent modal tests. To compare
the experimental results, the same excitation and response
points were used, and equal carbon strips with trapezoidal
cross sections were used. The modal frequencies and
damping ratios of the three schemes are listed in Table 5,
and Figure 15 compares the frequency response curves of
the three schemes.
As shown in Figure 15(a), the decreases in the response peak in the third, ﬁfth, and sixth modes are
particularly pronounced. In the third mode (dashed
rectangle), the response peak of scheme 2 is 5 dB higher
than that of scheme 1, and the response peak of scheme 3
is 7 dB lower than that of scheme 1. The ﬁfth and sixth
modes have the same trend. Thus, scheme 3 is more
eﬀective in reducing the response peak than scheme 2.
According to Table 5, the modal frequencies of scheme 2
are higher than those of scheme 3 and lower than those of
scheme 1. The trend of the damping ratio of the three
schemes is opposite to that of the modal frequency.
Hence, both schemes can eﬀectively avoid the resonance
frequency, while the eﬀect of scheme 3 is better.
Moreover, the range of modal frequencies and response
peaks in the ﬁrst mode is short. Owing to the damping
vibration isolation mechanism, the bottom modal frequency determines the vibration transfer characteristics
and isolation range. As shown in Table 5, scheme 3 has
the lowest ﬁrst modal frequency and highest damping
ratio. Thus, the scheme has a wider vibration isolation
range and a more eﬀective vibration isolation eﬀect.
Furthermore, Figure 15(c) shows that the frequency
response peak in the third mode is low, whereas the
optimization eﬀect is evident. This conﬁrms the eﬀectiveness of the optimization schemes with diﬀerent excitation responses.
5.3. Optimization Results of Diﬀerent Cross Sections. In addition to the damping parameters, the cross-sectional shape of
the carbon strip may aﬀect its modal response. Therefore,
carbon strips with two diﬀerent cross-sectional shapes were
investigated; the optimal damping scheme in Section 5.2 was
adopted to analyze the inﬂuence of the cross-sectional shape on
the modes of each order. Figure 16 presents the trapezoidal (TC)
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Figure 14: Location distribution of excitation and response points.
Table 5: Modal frequencies and damping ratios of trapezoidal carbon strips with diﬀerent damping parameters.
Mode
First
Second
Third
Fourth
Fifth
Sixth

Scheme 1
Frequency (Hz)
Damping ratio
63.4
1.466
141.9
0.523
242.6
0.862
396.3
1.652
595.3
1.471
827.4
0.580

Scheme 2
Frequency (Hz)
Damping ratio
56.4
1.810
122.6
1.233
212.8
1.680
349.7
1.785
514.0
1.602
714.5
1.225

and rectangular (RC) cross sections of two carbon strips. In
addition, Figure 17 compares the frequency response curves of
the rectangular and trapezoidal cross sections before the optimization (scheme 1) and the peak decrease of the modal
response of each mode after the optimization.
The original frequency response functions of the trapezoidal
and rectangular cross sections are illustrated in Figure 17(a).
Based on the conclusion in Section 5.2, only one signal input/
output scheme was analyzed; the excitation originated at position 2; and the signal was recorded at position 7. The frequency
responses of the rectangular and trapezoidal cross sections are
not signiﬁcantly diﬀerent in the ﬁrst three modes. In addition,
the response functions ﬂuctuate over 400 Hz. According to the
experimental results, with the optimization of the damping
parameter for each mode frequency, the peak response attenuation of the carbon strip with rectangular cross section is
generally greater than that of the carbon strip with the trapezoidal cross section. The excitation/sampling scheme 2 shows
the greatest diﬀerences in the performance. Accordingly, carbon
strips with rectangular cross sections are better in reducing the
peak response of each order frequency and thereby mitigating
irregular wear of carbon strips than those with trapezoidal cross
sections.
5.4. Results and Evaluation. According to the results in
Sections 5.2 and 5.3, diﬀerent damping parameters and cross
sections have diﬀerent optimization eﬀects. Scheme 3 is

Scheme 3
Frequency (Hz)
Damping ratio
51.4
2.155
112.9
1.654
194.2
1.379
320.9
2.511
482.9
1.661
661.8
1.559

more eﬀective than scheme 2 in reducing the modal frequency and response peak of each mode. The declivity of the
carbon strip with rectangular cross section is steeper than
that with a trapezoidal cross section after the optimization.
Table 6 presents the calculation results of the model parameters of the two optimization schemes for diﬀerent cross
sections; the q1 index of scheme 3 is smaller and the q2 index
is greater than that of scheme 2, and the rectangular cross
section has a smaller q1 and greater q2 index than the
trapezoidal cross section. These results are consistent with
the previously presented optimization results and thereby
conﬁrm the accuracy of the optimization model.

6. Conclusions
In this paper, a numerical model for analyzing the irregular
wear of carbon strips based on the vibration mode is proposed; the model is based on a rigid catenary and pantograph
with a single degree of freedom. First, the vibration characteristics of the carbon strip were analyzed with the numerical model and then validated in experiments. The modal
analysis results show that the mode shapes are signiﬁcantly
correlated with the irregular wear proﬁle of the carbon strip;
in addition, the wear proﬁle of the two-groove carbon strip is
consistent with the third mode shape, which was conﬁrmed
with the numerical model. On this basis, the carbon strip
structure and cross section were optimized, and the
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Figure 15: Frequency response functions at diﬀerent damping parameters in trapezoidal cross section: excitation response at points
(a) (2, 7), (b) (3, 7), and (c) (5, 10).

Figure 16: Trapezoidal and rectangular cross sections of carbon strips.

mechanism of irregular wear on the carbon strip was discussed based on the modal analysis. The main conclusions
are as follows:
(1) The vertical vibration of the carbon strip is the main
factor of irregular wear with two and three grooves,

and transverse vibration causes partial wear and edge
drops on the carbon strip.
(2) The abnormal-wear proﬁles of the two and three
grooves in the carbon strip are consistent with the third
and ﬁfth mode shapes in the modal test. When the
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Figure 17: Comparison of frequency response curves and amplitude reductions of rectangular and trapezoidal cross sections before and
after optimization.

Table 6: Parameter calculation of the optimization model for schemes 2 and 3 for diﬀerent cross sections.
Model parameters (incentive response point)
q1
q2
q1
q2
q1
q2

(2,
(2,
(3,
(3,
(5,
(5,

7)
7)
7)
7)
10)
10)

Trapezoidal cross section
Scheme 2
Scheme 3
0.901
0.887
49.483
73.800
0.926
0.899
48.384
72.951
0.925
0.899
49.862
74.870

pantograph runs at 60 km/h, the carbon strip resonates
with the catenary at approximately 230 Hz. Thus, the
modal frequency of approximately 230 Hz is the main
vibration frequency that causes the two grooves.

Rectangular cross section
Scheme 2
Scheme 3
0.889
0.868
56.352
81.625
0.885
0.736
56.241
82.176
0.886
0.855
57.368
81.979

(3) The optimization schemes can avoid the harmful
vibration frequency and reduce the response
peaks. Scheme 3 has the most signiﬁcant reduction
eﬀect on the modal frequency and response peak,
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and the decreased response peak of the rectangular
cross-section results in a better performance than
that of the trapezoidal cross section of the carbon
strip.
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