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In order to avoid the dependence of mesh method on grids, a 3D global weak-form mesh-free method (MFM) is applied to study
the three-dimensional acoustic characteristics of silencers. For the expansion chamber silencers, the 3D acoustic modes are
extracted and the transmission loss results are computed by using the 3D global weak-form (MFM), which is based on the radial
basis function point interpolation method (RPIM) for calculating the shape functions and Galerkin method for discretizing the
system equation. The ﬁrst 15 order 3D acoustic modes and TL results of a special expansion chamber silencer are presented to
validate the computational accuracy of the proposed technique, and the relative errors are controlled within 0.5% by comparing
with the 3D ﬁnite element method (FEF) calculations. Additionally, the eﬀects of axial modes on the acoustic characteristics are
investigated, and the pass through frequencies can be eliminated to enhance the acoustic attenuation performance by locating the
side branch outlet on the nodal lines of axial modes.

1. Introduction
Silencers are widely used in engineering applications in cars,
aircrafts, ships, and submarines. The acoustic modes have
signiﬁcant eﬀects on acoustic characteristics of silencers. The
conﬁguration of silencers can be improved to optimize the
acoustic attenuation performance according to the acoustic
modal characteristics. In recent years, many methods including analytical and numerical methods have been developed to predict the acoustic modes and transmission loss
of silencers. The two-dimensional transversal modes of
regular cross sections of silencers are calculated by using the
analytical method in [1–4], and the transmission loss results
are calculated by using the mode-matching method. The
analytical methods have the advantage of high computational accuracy and eﬃciency but are conﬁned to relatively
simple and regular conﬁgurations. In [5–12], the two-dimensional transversal modes of the expansion chamber
silencers and the perforated tube silencers with arbitrary

cross section are calculated by using the 2D ﬁnite element
method, and the eﬀects of the structure parameters of
chambers and perforated tubes on the transversal modes are
investigated [9, 10]. The ﬁnite element method can be used
for the acoustic modes of any complex silencers, but the
numerical accuracy is largely determined by the quantity
and quality of the mesh elements and are highly timeconsuming when the size of the silencer is large or the
computational frequency range is wide. For this reason, the
mesh-free methods are proposed to calculate the 2D acoustic
problems [13–20].
Mesh-free methods (MFMs) have several advantages
over the FEM, and over the past decades, many MFMs have
been developed to study acoustic eigen problems. The
method of fundamental solution (MFS) [13] is investigated
to calculate the eigenvalues of the Helmholtz equation in a
plane with homogeneous Dirichlet boundary conditions,
and it can be concluded that the MFS exhibited much faster
convergence than did the boundary integral equation method.

2
The radial point interpolation method (RPIM) for the
Helmholtz equation in the 2D case is studied by Wentreodt
[14]. Three diﬀerent radial basis function point interpolation
methods (RPIMs) were studied in that work, and all of them
showed a signiﬁcant reduction of the dispersion error
compared with that of the FEM. The dual reciprocity hybrid
boundary node method (DRHBNM), combining the hybrid
boundary node method (HBNM) with the dual reciprocity
method (DRM), is applied for solving acoustic eigenvalue
problems by Li et al. [15]. The numerical examples of several
acoustic cavities with diﬀerent boundary conditions were
provided, and suitable accuracy was demonstrated in that
paper. The meshless Galerkin least-squares (MGLS) method
[16] is proposed to a 2D acoustic problems, and the numerical
examples of an L-shaped cavity demonstrated the MGLS
method had higher computational eﬃciency than the EFGM.
The cell-based smoothed radial point interpolation method
(CS-RPIM) for 2D acoustic problems was addresses in [17],
and the numerical results proved that the CS-RPIM achieved
more accurate results and higher convergence rates than did
the FEM. A method based on a radial basis function (RBF)
and collocation method for the wave propagation problem
was introduced by Wang et al. [18], and an eigenvalue analysis
was implemented to evaluate the eﬀectiveness and accuracy of
the proposed method. Fang et al. [19, 20] proposed a combined MFM and mode-matching approach to predict the
transmission loss of silencers. In [19], the Hermite radial point
interpolation collocation (Hermite-RPI-collocation) method
was applied to solve the transversal eigenequations of expansion chamber silencers. The authors noted that the HRPIC
method was more eﬃcient than the FEM; however, the
calculation precision was sensitive to the shape parameters of
RBF, especially for problems with Neumann boundary
conditions. Then, in [20], the weak-form MFM based on an
integration scheme was proposed to derive the transversal
modes of perforated tube silencers. The radial point interpolation method (RPIM) was used to create the shape
functions, and the Galerkin method was employed to obtain
the weak formulation of the transversal governing equations.
It can be concluded that the MFMs for solving the transversal
eigenmodes are independent of the element topology and
require fewer nodes and consume less time than does the
FEM.
All the above calculations are two-dimensional, only the
transversal modes are calculated, and the 3D modal eﬀects
are not analyzed. In this paper, the three-dimensional global
weak-form mesh-free method is used to calculate the threedimensional acoustic modes and transmission loss of simple
expansion chamber silencers. In Section 3, the radial basis
function point interpolation method is used to solve the
three-dimensional mesh-free function, the Galerkin
weighted residual method is used to discrete the system
equation, and the three-dimensional global weak mesh-free
method is used to solve the 3D acoustic modes and TL. Then,
the acoustic modes and TL predictions for expansion
chamber silencer are compared to verify the calculation
precision of the proposed technique in Section 4. Finally, the
inﬂuence of axial mode on the acoustic attenuation performance is investigated in Section 5.
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2. Three-Dimensional Sound Propagation in an
Expansion Chamber
Considering an expansion chamber silencer with an arbitrarily shaped cross section as shown in Figure 1, the
propagation of sound pressure inside the ducts is governed
by the acoustic wave equation, which is derived from the
ideal gas law and the laws of conservation of mass and
momentum. For a time harmonic wave, the three-dimensional acoustic wave equations for the expansion chamber
silencer can be expressed as the following Helmholtz
equations [21]:
∇2 p + k2 p � 0,

(1)

where ∇2 � z2 /zx2 + z2 /zy2 + z2 /zz2 is the Laplacian operator in the three-dimensional Cartesian coordinate system, and p is the sound pressure. k � (ω/c0 ) is the
wavenumber in air, and ω is the angular frequency, and c0 is
the speed of sound in air.
Three boundary conditions are used to model the expansion charmer silences represented in Figure 1.
(1) Rigid wall boundary (Sr ): the normal acoustic velocity vanishes at the side wall of the silencer:

zp
 � 0.
zn Sr

(2)

(2) Imposed normal particle velocity boundary (Sv ): to
represent the plane wave excitation incident to the
inlet duct of the expansion chamber, this boundary
condition is employed at the upstream of the silencer; the equation for this boundary is

zp
 � − jρ0 ωun ,
zn Sv

(3)

where un is the prescribed particle velocity normal to
and away from the surface.
(3) Imposed normal acoustic impedance boundary (Sz ):
on this boundary, the nonﬂection boundary is
simulated by deﬁning the acoustic impedance at the
downstream of the silencers as the acoustic impedance of the air; this is achieved by the following:

zp
p
 � − jρ0 ω ,

zn Sz
z0

(4)

where z0 � ρ0 c0 is the acoustic impedance of the air.

3. Three-Dimensional Weak-Form MFM for
Expansion Chamber Silencer
The 3D mesh-free method model of the expansion chamber
silencer is obtained by discretizing the Helmholtz equations
(1) over the numerical domain using the mesh-free shape
function. After introducing the boundary conditions
((2)–(4)) into the weak form of the governing equation (1),
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Figure 1: Description of the boundary conditions used for modelling the expansion chamber silencer: Sr is the rigid wall boundary, Sv is the
imposed normal particle velocity boundary, and Sz is the imposed normal acoustic impedance boundary.

the system of equations representing the MFM model can be
derived.
3.1. Construction of the 3D Mesh-Free Shape Function.
The RBF is applied to form the shape function based on the
RPIM. The distribution of ﬁeld points inside the support
domain can be random for convenience [22]. For each
computational point xT � [x, y, z], an approximation ph (x)
of the acoustic pressure can be written as a linear combination of RBFs:
n

m

ph (x) �  Ri (x)ai +  qk (x)ck � BT a0 .
i�1

(5)

k�1

Here, Ri (x) is the RBF, and qk (x) is an unknown
polynomial. n and m pertain to the RBF and polynomials,
and ai and ck are the corresponding coeﬃcients. The matrices in (5) can be expressed as follows:
����������
2
(6)
Ri (x) � Ri (x, y, z) � r2i + ac dc  ,
BT �  R1 · · · Rn 1 x y · · · qm (x) ,
T

a0 �  a1 · · · an c1 · · · cm  .

Then, the following matrix equations can be derived:
R0 Qm a
p
⎥⎥⎤⎦⎡⎢⎣⎢ ⎤⎥⎥⎦ � Ga ,
 �   � ⎡⎢⎢⎣
p
0
0
T
Qm 0
c
R1 x 1  R 2 x 2  · · · Rn x 1 
⎤⎥
⎡⎢⎢⎢
⎢⎢⎢ R1 x2  R2 x2  · · · Rn x2  ⎥⎥⎥⎥⎥
⎥⎥⎥
,
R0 � ⎢⎢⎢⎢
⎢⎢⎣ ⋮
⋮ ⋱ ⋮ ⎥⎥⎥⎦
R1 xn  R2 xn  · · · Rn xn  (n×n)

(12)

1
⎡⎢⎢⎢
⎢⎢ 1
Qm � ⎢⎢⎢⎢⎢
⎢⎢⎣ ⋮
1

(13)

x 1 y 1 z1 · · · qm x 1 
⎥⎥⎤
x2 y2 z3 · · · qm x2  ⎥⎥⎥⎥⎥
⎥⎥
⋮
⋱
⋮ ⎥⎥⎥⎦
xn y n zn · · · qm x n 

,
(n×m)

 � p x1 , . . . , p xn , 0, . . . , 0T .
p

.
a0 � G− 1 p

(15)

By substituting (15) into (5), we obtain
T

To derive the coeﬃcients ai and ck in (5), a support
domain of computational point X is deﬁned, in which n ﬁeld
nodes are contained. The size of the support domain is
determined by ds � αs dc , where αs is a nondimensional
parameter. dc is the average distance of ﬁeld nodes in the
support domain. Ri (ki ) and αc in the RBF are dimensionless
shape parameters. It was previously shown that choosing
appropriate parameters is important for optimizing simulations [23]. The distance rk between the nodes i and k is
deﬁned as
����������������������������
2
2
2
(9)
rk � xi − xk  + yi − yk  + zi − zk  .
Each node contained in the support domain must
satisfy (5). In addition, to obtain the unique solution, the
following constraint equations are applied to the polynomial terms:

(14)

Clearly, matrix G is symmetric and invertible. Thus, the
coeﬃcient matrix a0 can be obtained by solving (11):

(7)
(8)

(11)

 p
�Φ
,
ph (x) � BT a0 � BT G− 1 p

(16)

 is a shape function that can be described as
where Φ
φΤ � BT G−

1

q

� Φ1 , Φ2 , . . . , Φn , Φ1 , . . . , Φqm .

(17)

The RPIM shape functions Φ related to nodal sound
pressures are expressed as
ΦΤ � Φ1 , Φ2 , . . . , Φn .

(18)

Finally, the transversal sound pressure ph (x) of the
computational point is derived:
n

ph (x) �  Φi pi � ΦΤ p,

(19)

i�1

where i denotes the ith node in the support domain, and pi is
deﬁned as the sound pressure for the ith node.

n

 qk xi ai � 0,
i�1

k � 1, 2, . . . , m.

(10)

3.2. Galerkin Method for Weak Formulation. The method of
weighted residuals is used to obtain the weak-form MFM
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formulation of the governing equation (1) and the boundary
conditions (2)–(4). The residuals of the eigenequation and
boundary conditions are multiplied by weighting functions and
integrated over their respective surfaces. The Galerkin method
is used in this paper, and the weighting functions are the same
as the shape function Φ. Finally, the system of equations
representing the MFM model takes the following form:
2
[K] − k0 [M] +

jρ0 ω
[Z]p � − jρ0 ωun {F},
z

(20)

where
[K] �  {∇Φ}{∇Φ}T dV,
V

[Z] �  {Φ}{Φ}T dS,

(21)

Sz

[F] �  {Φ}dS,
Sv

where K is the stiﬀness, M is the mass, Z is the impedance,
and F is the forcing matrices.
3.3. Hammer Integration Scheme for Numerical Integration.
To obtain the system matrices in (21), an integration grid is
required to carry out the numerical integration over the
domain and its boundary. Regularly shaped (e.g., tetrahedron or hexahedron) cells are typically chosen in the weakform MFM, since it is diﬃcult to divide the expansion
chambers into regular hexahedral meshes; therefore in this
paper, a tetrahedron with ﬁve Hammer points is used.
For each Hammer point, a support domain is deﬁned,
and the shape functions are computed individually. The
integration over a cell is implemented using
nQ

K �   {∇Φ}{∇Φ}T dVe �   ωQ det Je (∇Φ)e (∇Φ)Te ,
e

Ve

e Q�1

(22)
nQ

M �   {Φ}{Φ}T dVe �   ωQ det Je (Φ)e (Φ)Te ,
e

Ve

e Q�1

(23)
nQ

Z �   {Φ}{Φ}T dSe �   ωQ det Je (Φ)e (Φ)Te ,
e

Se

e Q�1

(24)
nQ

F �   {Φ}dSe �   ωQ det Je (Φ)e ,
e

Se

2

2

where v1 is the deﬁned particle velocity at the inlet. p1 and p2
are the sound pressure at the inlet and outlet of the silencer,
which can be obtained by using the weak-form MFM.
When solving the eigenmodes of the expansion chamber,
the boundary condition is rigid wall boundary as (2), and the
MFM equation of the system is simpliﬁed as
2
[K] − k0 [M]p � {0}.

[M] �  {N}{N}T dV,
V

3.4. Eigenmodes and Transmission Loss Calculation. The
sound pressure of every node can be obtained by solving
(20), and then the transmission loss of expansion chamber
silencer can be derived by using the following form:


S 1/2 p + ρ0 c0 v1 
(26)
TL � 20log10  1  1
,

S 
2p

(25)

e Q�1

where nQ is the number of Hammer points in cell e, wQ
denotes the associated Hammer weight, and Je is the Jacobian matrix of cell e.
The weight coeﬃcient and integration point coordinates
for the 3D Hammer integration is listed in Table 1.

(27)

Supposing that n ﬁeld nodes are contained in the
transversal section, the axial wavenumber kz and eigenvector matrix Xxy under every excitation frequency can be
obtained by solving (27). The dimensions of kz and Xxy are
n × 1 and n × n, respectively.

4. Validation of the MFM Model for Acoustic
Mode and TL Calculation
4.1. Expansion Chamber Silencer. In order to validate the
computational accuracy, the ﬁrst 15 order higher modal
frequencies and modal shapes of the simple expansion
chamber silencer shown in Figure 1 are calculated by
using the 3D weak-form MFM and comparing with the
simulations from ﬁnite element method. The physical
properties of the silencer used in the validation are the
diameter of the chamber D � 0.1532 m, length of the
chamber L � 0.2823 m, and diameter of the inlet/outlet
duct d � 0.0486 m. Since the dimension of inlet/outlet is
much smaller than that of the chamber, in the high frequency range (below 4150 Hz) the sound ﬁled is plane
wave propagation, therefore, in the interested frequency
range (0–3200 Hz), the higher-order modes of the silencer
are only excited in the chamber. Consequently, the 3D
acoustic modes of the chamber are calculated in this
paper. The distributions of the background mesh and the
ﬁeld nodes for calculating acoustic modes are shown in
Figure 2.
The ﬁeld node distributions are obtained by using
MATLAB codes, and the background meshes used in the
weak-form MFM are created by the software package
ANSYS, which are independent of the ﬁeld nodes.
Table 2 gives the ﬁrst 15 order higher modal frequencies from the 3D weak-from MFM and 3D FEM.
From Table 2, it can be seen that the relative errors of the
acoustic modes are less than 0.5%, which validates the
application of the 3D weak-form MFM for the acoustic
mode calculation.
All the modal shapes are displayed in Figure 3. In the
modal shapes, the line for expressing the zero pressures is
called nodal line. 3D acoustic modes can be expressed by the
number of circumferential nodal line m, radial nodal line n,
and axial nodal line z, namely, (m, n, z).
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Table 1: Weight coeﬃcient and integration point coordinates for the Hammer integration.
Number of integration points
1

Weight coeﬃcient
A1

4

B2

5

A1 � − (4/5)
B4 � (9/20)

Integration point coordinate
(1/4), (1/4), (1/4), (1/4)
a � 0.58541020
b � 0.13819660

Order of precision
1

a � 1/2 b � 1/6

3

2

0.25

z (m)

0.2
0.15
0.1

(a)

–0.06 –0.04

–0.02

0 0.02
0.04 0.06
x (m)
0.08

)

0
0.02
0.04
0.06

m

0
–0.1 –0.08

–0.08
–0.06
–0.04
–0.02

y(

0.05

0.1

(b)

Figure 2: The distributions of the background mesh and the ﬁeld nodes for calculating acoustic modes. (a) Mesh of background element. (b)
Field nodes.
Table 2: Modal frequencies of expansion chamber from 3D weakform MFM and 3D FEM.
Modal
order
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

(0, 0, 1)
(0, 0, 2)
(1, 0, 0)
(1, 0, 1)
(1, 0, 2)
(0, 0, 3)
(2, 0, 0)
(1, 0, 3)
(2, 0, 1)
(0, 0, 4)
(2, 0, 2)
(0, 1, 0)
(1, 0, 4)
(0, 1, 1)
(2, 0, 3)

Modal frequencies
FEM
MFM
602.3
604.2
1204.2
1207.9
1307.7
1313.9
1441.2
1445.3
1778.9
1783.0
1805.1
1809.4
2157.2
2164.3
2229.9
2229.6
2239.6
2245.7
2402.5
2404.4
2470.5
2477.2
2735.3
2732.7
2736.0
2740.4
2776.5
2776.8
2812.8
2814.1

Relative
errors (%)
0.31
0.31
0.47
0.28
0.23
0.24
0.33
0.01
0.27
0.08
0.27
0.10
0.16
0.01
0.05

In order to compare the computational speed of the 3D
weak-form MFM method and 3D FEM used in this paper,
the time required to calculate the ﬁrst 15 order higher
modes of the silencer displayed in Figure 1 is recorded. In
the presented 3D weak-form MFM, the ﬁeld nodes are

created by using MATLAB codes, and the tetrahedral
elements are used to form the background meshes by
using the software package ANSYS, which are independent of the ﬁeld nodes. In the 3D FEM, the codependent
ﬁled nodes and tetrahedral elements are used to build the
3D meshes by using the software package ANSYS, and the
3D acoustic modes are calculated by using the software
package Virtual.Lab Acoustics. To achieve the same
precision, 1775 nodes and 2505 background meshes are
used in the presented MFM, and the computation time is
126 s. By using the 3D FEM, the same 1775 nodes are used,
since every node is contained in the element, and 8654
elements are required. It is worth noting that the time
consumed by using the 3D FEM is 36 s, less than when
using the present weak-form MFM. It can be seen that,
compared with the 3D FEM commercial software, the
MFM computational codes used in this paper has no
advantage in calculation speed. However, the computing
advantage of the MFM will be displayed if the calculation
model is more complicated. This is because, for complicated silencers, it needs more energy to divided high
quality meshes using the FEM, and the ﬁled nodes used in
MFM are created by MALTAB codes, and the requirements on the background meshes are not so high, which
will be less time-consuming.
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(0, 0, 2)

(1, 0, 2)

(1, 0, 0)

(0, 0, 3)

(2, 0, 1)

(2, 0, 0)

(0, 0, 4)

(1, 0, 4)

(1, 0, 1)

(1, 0, 3)

(2, 0, 2)

(0, 1, 1)

(0, 1, 0)

(2, 0, 3)

Figure 3: The TL of expansion chamber silencer from 3D MFM and analytical method.

By comparing the modal frequencies in Table 2 and the
ﬁrst 15 order modal shapes shown in Figure 3, it can be
found that, due to the axisymmetric characteristics of the
expansion chamber, all the circumferential modes are
double root modes; that is, the modal frequencies are equal
and the modal shapes are symmetrical about the central axis.
Multiple root modes only listed one mode shape in Figure 4.
The distance between all the axial nodal lines with the end of
the expansion chamber are marked in Figure 4; it is worth
noting that the nodal lines of the (0, 0, 1), (1, 0, 1), (2, 0, 1),
and (0, 1, 1) modes locate at the centre of the expansion
cavity axis, that is, (1/2) L. That is to say, the nodal lines of all
higher-order modes including the ﬁrst-order axial mode
factor are located at (1/2) L. Similarly, all the nodal lines of
all higher-order modes including the second-order axial
mode factor are located at (3/4) L. For the (0, 0, 3) and
(1, 0, 3) modes, there are three nodal lines, and one is located
at (1/2) L, and the other two are located at (5/6) L. For the (0,
0, 4) and (1, 0, 4) modes, there are four nodal lines, and two
are located at (2/3) L, and the other two are located at
(5/6) L.
Figure 4 compares the transmission loss results of the
expansion chamber silencer shown in Figure 1. The TL
results are calculated by using the 3D weak-form MFM and
analytical method. It can be seen from the comparisons that
the TL results from the three methods agree well and the

accuracy of the present 3D MFM for calculating TL of
expansion chambers is invalidated.
Same as mode calculations, in the presented 3D weakform MFM, the ﬁeld nodes are created by using MATLAB
codes, and the tetrahedral elements are used to form the
background meshes by using the software package ANSYS.
In the 3D FEM, the codependent ﬁled nodes and tetrahedral
elements are used to build the 3D meshes by using the
software package ANSYS, and the TL results are calculated
by using the software package Virtual.Lab Acoustics. Due to
the symmetry of the silencer, (1/4) of the model is taken to
compute TL.
In order to eliminate the inﬂuence of the number of
nodes on the comparison results by using the global weakform MFM and the FEM, the number of nodes is approximately the same in the two methods. In FEM, the grid
size is set as 0.01 m and the numbers of elements and nodes
are 5325 and 2522, respectively. In MFM, the grid size is
larger, that is, 0.015 m, and the number of elements and
nodes are 3908 and 2416.
In the case of approximate node number, the time used
by MFM is 2643 s, where the time of grid and node preparation is 500 s, and the time of program calculation is
2143 s. In the ﬁnite element method, 1621 s is needed, where
1321 s is needed for preprocessing work including the mesh
and node preparation in ANSYS and parameter settings in
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0
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3D MFM
1D plane wave
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Figure 4: 3D modal shape of the expansion chamber.

Table 3: Modal frequencies for expansion chamber with extended
inlet from 3D weak-form MFM and 3D FEM.
Modal
order
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Modal frequencies
(0, 0, 1)
(0, 0, 2)
(1, 0, 0)
(1, 0, 1)
(1, 0, 2)
(0, 0, 3)
(2, 0, 0)
(1, 0, 3)
(2, 0, 1)
(0, 0, 4)
(2, 0, 2)
(1, 0, 4)
(0, 1, 0)
(2, 0, 3)
(0, 1, 1)

FEM
616.7
1208.9
1236.3
1405.1
1768.3
1821.5
2162.4
2233.1
2248.6
2444.8
2500.1
2756.1
2767.2
2843.4
2930.2

MFM
617.9
1210.2
1234.5
1402.9
1765.9
1819.5
2159.5
2230
2246.6
2445.5
2490.9
2751.2
2764.6
2841.6
2927.9

Relative
errors (%)
0.19
0.11
0.15
0.16
0.14
0.11
0.13
0.14
0.09
0.03
0.37
0.18
0.09
0.06
0.08

Virtual.Lab Acoustic, while 300 s is needed for calculation. It
can be seen that the ﬁnite element method has higher calculation eﬃciency for simple expansion chamber.
4.2. Expansion Chamber Silencer with Extended Inlet Duct.
Then, the expansion chamber silencer with extended inlet is
studied. The schematic diagram and size of the silencer are
the same as expansion chamber shown in Figure 1. The only
diﬀerence is that the extension of inlet duct is arranged as
L1 � 0.08 m. Then, the ﬁrst 15 order modes and the TL results
are computed.
In order to avoid the singular value caused by the wall
of the inlet extension and the inaccuracy of the calculation
result, the inlet duct is removed when calculating the
acoustic modes and transmission loss. Since the sound is

plane wave propagation in the inlet duct, this processing
will not aﬀect the calculation result. The mesh size and
node distance are the same as those of the expansion
chamber silencer. The MFM and the FEM use the same
number of nodes to calculate the acoustic mode and TL,
which is 1500, while the numbers of meshes are 2405 and
5325, respectively. Table 3 and Figure 5 compare the ﬁrst
15 order acoustic modal frequencies and transfer loss
curves from the two methods. In the same computer,
excluding the preprocessing time, the time of calculating
three-dimensional acoustic modes and transmission loss
by MFM is 150 s and 2240 s, respectively, while that of
FEM is 40 s and 400 s. It can be seen that the two methods
can achieve the same accuracy when using the same nodes,
but the meshless method requires relatively long calculation time.
4.3. Comparison of Computational Time. As the regularly
shaped section has exact analytical modal frequencies, the
simple expansion chamber shown in Figure 1 is investigated
to compare the computational eﬃciency of the 3D MFM.
For convenience of analysis, the relative error of the 3D
modal frequencies is deﬁned as follows:


f − fExact 
(28)
δ�
× 100(%),
fExact
where f and fExact are the modal frequencies obtained from
the numerical and analytical methods, respectively.
It can be seen that only the transversal modal frequencies
have exact analytical solutions, and the axial modal frequencies
is equal to the pass through frequencies of the expansion
chamber, which can be obtained by the following equation:
c
fn � n , (n � 1, 2, 3, . . .),
(29)
2L
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where 70 s is used for preprocessing and 17 s is used for
calculating modes.
All computations are conducted on the same computer.
It can be concluded that, in order to get the same calculation
precision, 3D MFM needs less ﬁled nodes and background
elements and more time saving than 3D FEM, especially for
complex conﬁgurations.
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Figure 5: The TL results of expansion chamber silencer with inlet
extension from the 3D MFM, 3D FEM, and experimental
measurement.
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Figure 6: Comparison of the computational eﬃciency of MFM and
FEM.

where Lis the length of the chamber. Therefore, the 1st, 2nd,
3rd, 6th, 7th, 10th, and 12th modes have analytical modal
frequencies below 3000 Hz for the expansion chamber
silencer.
Figure 6 gives the relative error of the transversal and
axial modal frequencies from the MFM and the FEM with
diﬀerent numbers of ﬁeld nodes. To constrain the relative
error within 0.6%, the weak-form MFM requires 570 ﬁeld
nodes, and the computational time is 17 s; the FEM requires
1775 ﬁeld nodes, and the computational time is 106 s. Most
of the time in the ﬁnite element method is used for preprocessing, such as reading model and setting material
parameters, which is 70 s, and the time used for calculating
modes is just 36 s. Since less background grids are needed,
the MFM is more time saving. With 570 ﬁeld nodes, the FEM
exhibit worse precision, and the maximum relative error is
approximately 1.6%, and the computational time is 87 s,

Acoustic modes are the special characteristics of the silencer,
and the acoustic performance can be analyzed according to the
modal features. In order to facilitate the analysis, the transmission loss of the expansion chamber calculated using the
one-dimensional plane wave theory is also given in Figure 3,
and the end correction of the inlet and outlet ducts is considered in this calculation [1]. Comparing the TL results from
the 1D and 3D methods, it can be seen that the two curves
deviate signiﬁcantly at the frequency of the (0, 1, 0) order mode
(namely, 2733 Hz), and the 3D weak-from mesh-free calculation curve no longer has arched characteristics, indicating
that a transversal higher-order mode appears in the expansion
cavity. Because the eﬀects of transversal modes are not considered in the one-dimensional plane wave theory, the calculation results are no longer accurate. Since the end correction
of the inlet and outlet and the eﬀect of the axial higher-order
modes both are considered in the plane wave theory, the two
curves match well in the frequency range below the (0, 0, 4)
order modal frequency (namely, 2408 Hz). It can be concluded
that the inﬂuence of the dissipative three-dimensional wave
caused by the abrupt cross section at the inlet and outlet
sections of the silencer is also considered in the one-dimensional plane wave theory.
Since the circumferential mode is symmetrical about the
central axis and the inlet and outlet ducts are located on the
central axis, none of the circumferential modes are excited.
The ﬁrst excited mode is the ﬁrst-order radial mode. The
acoustic attenuation frequency range can be widened by
locating the outlet duct on the radial modal line, which has
been analyzed in the existing literature [1]. It can also be
found from the transmission loss curve that the pass frequency of the silencer corresponds to the axial high-order
modal frequency of the expansion cavity, so in order to
eliminate the pass frequency, in addition to inlet/outlet
extension [1], the outlet tube can also be arranged on the
axial nodal line, in the form of a side branch outlet. It can be
seen from the modal shape diagrams shown in Figure 4 that
the nodal lines of the (0, 0, 1) and (0, 0, 2) order modes are
located at (1/2), (1/4), and (3/4) of the expansion cavity
length, respectively. It is conceived that the eﬀects of the
corresponding axial modes can be eliminated by setting the
outlet duct at these positions, respectively; namely, the pass
frequencies can be eliminated.
5.1. Eﬀects of Side Branch Outlet on TL of Expansion Chamber
Silencer. In this paper, the TL results of two silencers
(namely, silencer #a and silencer #b) are calculated to validate the eﬀects of the acoustic modes on the acoustic
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Figure 7: The schematic diagram of the expansion chamber with side branch outlet.
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Figure 8: Location of side branch outlet on TL of expansion
chamber.

attenuation performance. The outlet tube of the two silencers
is arranged at (1/2) and (3/4) of the length of the expansion
cavity, respectively. The schematic diagram of the expansion
chamber with side branch outlet is shown in Figure 7. The
oﬀsets of the outlet duct are taken δ � (L/2) � 0.14115 m for
silencer #a and δ � (3/4)L � 0.211725 m for silencer #b,
separately, and other dimensions are the same as those in
Figure 1. The transmission loss curves calculated by the
present 3D weak-form MFM are given in Figure 8. In order
to distinguish the modes more clearly, in Figure 8, the modes
eliminated by the silencer #a are noted by red words, and the
modes eliminated by the silencer #b are noted by blue words,
and the modes eliminated by both the silencer #a and silencer #b are noted by black words. For the silencer #a, the
side branch outlet duct is located on the (0, 0, 1) modal line,
so a peak appears at the modal frequency (602 Hz) in the
transmission loss curve. Compared with the silencer with
coaxial inlet and outlet ducts, the ﬁrst pass frequency is
eliminated. It can be observed that the inﬂuence of the thirdorder axial mode ((0, 0, 3) mode) is also eliminated. This is
because one of the nodal lines of the (0, 0, 3) mode is also
located at (L/2). Similarly, for the silencer #b, the outlet pipe
is located on the (0, 0, 2) nodal line, and the eﬀect of (0, 0, 2)
order mode is removed, exhibiting better acoustic

attenuation performance at (0, 0, 2) modal frequency. It can
be seen that peaks in the TL curves for the two silencers
appear at the two circumferential modal frequencies of
(1,0,0) and (2, 0, 0), that is, 1302 Hz and 2161 Hz, and the
silencer #a also exhibits better acoustic performance at (1, 0,
2) and (2, 0, 2) modal frequencies, and silencer #b also
exhibits better acoustic performance at (1, 0, 1) and (2, 0, 1)
modal frequencies, where transmission loss peaks appear.
This is because whether the outlet pipe is located at (1/2) L or
(3/4) L, the outlet duct is located on the nodal lines of the
modes including the two circumferential modes of (1, 0, 0)
and (2, 0, 0), and so the eﬀects of the circumferential modes
can be eliminated. However, when the axial modes (0, 0, 1)
exist at the same time, that is, all the nodal lines of modes (1,
0, 1) and (2, 0, 1) intersecting at (1/2) L, where the sound
pressure is zero on a large area, rather than the simple
intersection of nodal lines, the outlet pipe at (1/2) L cannot
eliminate the inﬂuence of this mode. On the contrary, the
outlet pipe at (1/4) L or (3/4) L can eliminate the inﬂuence
of this mode. Therefore, the transmission loss peaks appear
at the (1, 0, 1) and (2, 0, 1) modal frequencies (namely,
1434 Hz and 2234 Hz) for silencer #b. Similarly, for silencer
#a, the outlet is located on the (1/2) L and can eliminate the
eﬀects of the (1, 0, 2) and (2, 0, 2) order modes. So, it can be
observed that there are attenuation peaks at 1775 Hz and
2740 Hz in the transmission loss curve. It can be seen from
the modal shapes that the amplitude of sound pressure is not
zero on the nodal line of (0, 0, 4) mode, which is the same
order of magnitude as the maximum value of sound pressure. Therefore, although the outlet pipe is placed on the
modal nodal line of this order mode, the inﬂuence of this
order mode has not been eliminated, so there is no peak near
2400 Hz on the transmission loss curves; that is, the fourth
passing frequency has not been eliminated. It can be concluded that, compared with coaxial silencer, the inﬂuence of
a certain axial mode can be eliminated and the acoustic
attenuation performance can be greatly optimized by
arranging the side branch outlet duct at the nodal line of this
axial mode.
5.2. Eﬀects of Side Branch Outlet on TL of Expansion Chamber
Silencer with Extended Inlet. Similarly, the eﬀects of acoustic
modes on the acoustic attenuation performance of expansion chamber with extended inlet shown in Figure 9 are
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Figure 9: The schematic diagram of the expansion chamber with extended inlet and side branch outlet.
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Figure 10: Location of side branch outlet on TL of expansion
chamber with extended inlet outlet.

investigated in Figure 10. The modal shapes of the 3D
acoustic modes of expansion chamber with extended inlet
are the same as that of expansion chamber shown in
Figure 4, and only the modal frequencies are diﬀerent.
Therefore, the outlet are located on the same
location (namely, δ � (L/2) � 0.14115m and δ � (3/4)L �
0.211725 m). It can be seen from Figure 10 that the eﬀects of
the location of outlets on the acoustic attenuation performance is the same as that of the expansion chamber. Locating the outlet on the (1/2) L can eliminate the eﬀects of
the (0, 0, 1), (1, 0, 2), (0, 0, 3), and (2, 0, 2) order modes, and
the attenuation peaks appear at these modal frequencies in
the TL curves. Locating the outlet on the (3/4) L can
eliminate the eﬀects of the (0, 0, 2), (1, 0, 1), (1, 0, 3), and (2,
0, 1) order modes, and the attenuation peaks appear at these
modal frequencies in the TL curves. The reasons are the same
as the analysis of the expansion chamber without extensions.
The eﬀects of the (1, 0, 0) and (2, 0, 0) modes are eliminated
by the two conﬁgurations, and this is because the inlet is
located on the two modal lines.

6. Conclusions
A global weak-form MFM based on the RPI-Galerkin
method has been proposed to evaluate the 3D acoustic

modes and transmission loss of expansion chamber silencers. In extracting the acoustic eigenvalues (modal
frequencies) and eigenvectors (pressure modes) as well as
the transmission loss by using the weak-form MFM, the
RPIM is used to construct the shape function, the
Galerkin method is applied to develop the discretized
system equation, and the Gauss integration scheme is
carried out to calculate system matrices. The acoustic
modal frequencies and TL of the expansion chamber
silencers from the proposed 3D weak-form MFM are
compared with the results from 3D ﬁnite element method
and analytical or experimental data. Based on the test
examples, it can be concluded that the MFM for solving
the 3D acoustic modefs and TL are independent of the
element topology and require fewer background elements. Additionally, the eﬀects of axial modes on the
acoustic characteristics of expansion chamber silencers
are investigated, and the pass through frequencies can be
eliminated to enhance the acoustic attenuation performance by locating the side branch outlet on the nodal
lines of axial modes.
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