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-e propagation characteristics of viscoelastic waves have been investigated with a 6mm diameter split Hopkinson pressure bar
(SHPB) made of polymethyl methacrylate (PMMA). -e strain signals in SHPB tests were improved by the pulse shaping
technique. Based on the experimentally determined propagation coefficients, the amplitude attenuation and wave dispersion
induced by viscoelastic effects at different impact velocities were quantitatively analyzed. -e results indicate that the high-
frequency harmonics attenuate faster in a higher phase velocity.With an increase in the impact velocity, the amplitude attenuation
of the viscoelastic wave changes slightly during propagation, while the waveform dispersion gradually intensifies. A feasible
method by waveform prediction was proposed to verify the validity and applicability of the propagation coefficient. -e results
indicate that the strain obtained from the small diameter viscoelastic SHPB can be effectively modified by utilizing the propagation
coefficient. Furthermore, it is preferred to adopt the propagation coefficient obtained at low impact velocity for correction when
the impact velocity varies. Moreover, the PMMA-steel bar impact test was performed to further illustrate the accuracy of the
propagation coefficient and the effectiveness of the correction method.

1. Introduction

It is well known that the split Hopkinson pressure bar
(SHPB) is a widely utilized technique for exploring the
dynamic mechanical behavior of materials [1–3]. Hundreds
of literatures related to SHPB were published per year
worldwide, mainly focusing on the characteristics of ma-
terials at high strain rates [4–6]. Particularly, numerical
simulation provides the possibility to reveal the important
micromechanism of wave propagation, specimen failure,
and the strain rate effect in the SHPB test. Among the
studies based on SHPB, obtaining appropriate stress wave
signals is the key to get objective test results. Employing a
proper pulse shaper is one of the effective methods to
improve the incident waveform, which helps to achieve the
dynamic equilibrium state and to meet the condition of
constant strain rate in the test specimen [7, 8]. Alterna-
tively, utilizing a special shape striker with a matched
length to impact the incident bar is another approach to

produce suitable compressive stress waves [8, 9]. -e in-
duced incident stress waves with enough long duration are
necessary to guarantee the validity of SHPB experiments
[10]. Moreover, the physical parameters, such as size and
friction, of the compression bar and the specimen have a
great influence on the test validity. Li et al. [11] reported
that the strain rate effects on the strength of rock are related
to radial confinement induced by axial strain acceleration,
small aspect ratio, and friction constrains. -ey also in-
dicated that the radial constraint effect can be reduced by
replacing solid specimens with tubular specimens or by
smaller specimen. Hao et al. [12] proposed empirical re-
lations to eliminate the impacts of the lateral inertia
confinement, so as to better explore the strain rate effects.
Zhu et al. [13] introduced three methods to study the
frictional effect between the rock sample and bars. -ey
analyzed the effects of static axial pressure and lateral
pressure and then determined the dynamic behavior of
rocks under in situ stresses.
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Although a great deal of laboratory experiments and
numerical simulations has been conducted, there is no
uniform standard for SHPB design. For different research
purposes, scholars made efforts to modify the SHPB devices
and optimize the wave signals to achieve more precise re-
sults. In the traditional SHPB experiments, the bars are
commonly made of metal, and its wave impedance matches
that of the specimen tested. Recently, with the continuous
development of materials science, a large number of new
materials have emerged [14–21]. Among them, polyurea,
rubber, and foam materials have received increasing at-
tention in packaging, transportation, military protection,
and other fields, and their dynamic characteristics under
impact loading have been well studied. However, compared
with metallic materials, these materials have lower wave
impedance. According to the propagation theory of stress
waves, it is difficult to use the traditional steel or aluminum
pressure bars for material testing mainly for two reasons
[22]. First, the transmitted wave is too weak, resulting in a
low signal-to-noise ratio. Second, the difference between the
reflected wave and the incident wave is not enough to reflect
the stress at the incident end, leading to errors in the result.

To solve the abovementioned problems, it is necessary to
improve the SHPB technology by replacing the conventional
metal bar with low-wave impedance bar. Nevertheless, the
viscoelastic effect of the low-wave impedance materials
(such as PMMA and nylon) cannot be neglected. As the
wave propagates between the measuring point of the strain
gauge and the end of bar, amplitude attenuation and
waveform dispersion occur. In this case, the calculation
method in the conventional SHPB test is no longer appli-
cable and the difficulty and complexity of data processing
increase. Based on the Zhu-Wang-Tang viscoelastic con-
stitutive model, Wang et al. [23] studied the characteristic of
viscoelastic wave propagation under impact load by means
of numerical simulation. Zhao et al. [24, 25] extended the
Pochhammer-Chree wave propagation model suitable for
the elastic cylindrical rod to the linear viscoelastic cylindrical
rod, so as to improve the measurement accuracy. However,
the Pochhammer-Chree method needs to specify the con-
stitutive model and corresponding material parameters of
viscoelastic bar in advance. In contrast, the method pro-
posed by Bacon [26] may conveniently obtain the propa-
gation coefficient through experiments and then determine
the attenuation and dispersion of waves in the viscoelastic
bar. Liu et al. [27] studied the influence of the inertial effect
adopting Bacon’s theory and experimental methods. Cheng
et al. [28] proposed a method for viscoelastic wave cor-
rection based on spectral analysis, and the feasibility of the
method was demonstrated by simulation results. -ey also
pointed out that the problem still arises from the effect of the
rate-dependent property of viscoelastic material in the SHPB
test.

Compared with previous studies, the influence of the
transverse inertia effect could be ignored to a greater extent
in the case of smaller-diameter viscoelastic bars [29, 30].
Besides, higher strain rates are convenient to be obtained
utilizing small diameter SHPB. It is beneficial for studying
the dynamic mechanical properties of materials, especially

the low-impedancematerials (such as rubbers [17], polymers
[18, 19], and foams [20]). -erefore, it is of great importance
to estimate the rate effect on wave propagation characteristic
in a small diameter viscoelastic pressure bar and explore the
specific method for correcting the test result. In this paper, a
6mm diameter SHPB made of PMMA has been used to
investigate the propagation law of viscoelastic stress waves.
By improving the striker and using pulse shaping tech-
nology, the desired incident signal and reflected signal were
obtained. -e propagation coefficients at different impact
velocities were experimentally determined.-e rate effect on
wave propagation characteristics in the viscoelastic bar was
analyzed via the changes in attenuation coefficient and phase
velocity. Finally, the accuracy of evaluated results of the
propagation coefficients and the effectiveness of the cor-
rection method were verified by performing waveform
prediction and PMMA-steel bar impact experiment.

2. Theory of One-Dimensional Linear Elastic
Wave Propagation

Under the assumption of one-dimensional stress wave, the
motion of a linear viscoelastic pressure bar (as shown in
Figure 1) in the Fourier domain is governed by [26]

z
2

zx
2 σ(x,ω) � −ρω2

ε(x,ω), (1)

where σ(x,ω) and ε(x,ω) are the Fourier forms of the stress
and strain, ρ is the initial density, and ω � 2πf is the angular
frequency. Under linear viscoelastic condition, the Fourier
expression of material constitutive relation is

σ(x,ω) � E
∗
(ω)ε(x,ω), (2)

where E∗(ω) is Young’s modulus in the complex form. To
reflect the constitutive attenuation and dispersion caused by
the viscoelastic effect, the propagation coefficient, c(ω), is
defined as c2 � (−ρω2/E∗), and the general solution of
equation (1) can be obtained as

ε(x,ω) � P(ω)e
− cx

+ N(ω)e
cx

, (3)

c(ω) � α(ω) + ik(ω), (4)

where P(ω) and N(ω) are the Fourier strains caused by the
right traveling wave propagating along +x and the left
traveling wave propagating along −x at x� 0, respectively.
-e propagation coefficient is composed of the attenuation
coefficient, α(ω), corresponding to the real part and the
wave number, k(ω), corresponding to the imaginary part,
while k(ω) � ω/c(ω), and c(ω) is the phase velocity. Among
them, the attenuation coefficient reflects the attenuation
speed of the harmonic amplitude during the viscoelastic
wave propagation process, and the phase velocity is the
propagation velocity of harmonic. -e difference in prop-
agation velocity may cause the disparity in the distance of
harmonic wave propagation, resulting in the change of
waveform, i.e., wave dispersion.-erefore, the phase velocity
characterizes the degree of wave dispersion.
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3. Experimental Equipment and Method

3.1. Experimental Equipment. -e SHPB system employed
in the experiment is composed of the pneumatic launcher,
Hopkinson bars system, buffer device, and data acquisition
system, as shown in Figure 2. -e bars have the same cross-
section with a diameter of 6mm, and the incident bar and
transmission bar are 600mm and 500mm in length, re-
spectively. -e density of PMMA is 1.19×103 kg/m3. -e
specified strain gauge (model ZA120-02AA-Q30) with the
base material of polyimide and the 2mm length sensitive
grid has been employed.-e soft base material and the small
dimension ensure that the strain gauge is able to stick tightly
to the small diameter bar with the matched adhesive. -e
experimental operations of sticking strain gauges are per-
formed under the magnifying lens with LED to ensure
accuracy.

Before every impact test, nitrogen was filled into the gas
gun through the gas cylinder, and the data collection system
was adjusted to the state of “waiting to trigger.” After turning
on the solenoid valve, nitrogen was released from the gas
storage chamber instantly, which drove the striker to collide
with the incident bar. By adjusting the emission pressure in
gas gun, different impact velocities can be obtained, which
were measured by the laser velocimeter. -e incident and
reflected signals on the incident bar and transmitted signal
on the transmission bar can be measured, respectively,
through the strain gauges. -e energy carried by the pulse
was eventually dissipated by the buffer device.

3.2. Procedure of Determining the Propagation Coefficient.
-e experimental evaluation method for the propagation
coefficient proposed by Bacon [26] has been used in this
paper. During the experimental determination of the
propagation coefficient, the incident bar and the trans-
mission bar are placed in a noncontact state. To maximize
the separation between the incident pulse and the reflected
pulse on the incident bar, the strain gauges are attached on
the middle of the incident bar, as shown in Figure 1. After
the collision between the striker and the incident bar, the
incident pulse starts from the collision end (x� −L) and
reflects at the free end (x� L). -e incident signal and the
reflected signal monitored by the strain gauges are Fourier
transformed to εi(ω) and εr(ω). Since the strain at the free
end (x� L) is zero, it can be obtained by equation (3) that

εL(x,ω) � εi(ω)e
−cL

+ εr(ω)e
cL

� 0, (5)

and the expression for c(ω) is

c(ω) �
ln −εr/εi( 

−2L
. (6)

-e propagation coefficients can be obtained from the
incident and reflected signals measured by the strain gauge,
and the attenuation coefficient and phase velocity can be
determined to study the propagation law of waves in the
viscoelastic bar.

As is well known, the dynamic properties of viscoelastic
materials are strain rate dependent.-e dynamic stress-stain
relationship of PMMA bar changes at different impact ve-
locities, and the propagation coefficient varies accordingly.
-erefore, it is necessary to study the influence of the impact
velocity on the propagation coefficient. -e impact velocity
here is represented by the velocity of the striker as measured
by the velocimeter. In this experiment, six levels of emission
pressures between 350 kPa and 700 kPa were set to achieve
the corresponding impact velocities between 5.10m/s and
19.10m/s. -e viscoelastic effect may cause a great degree of
time delay of incident waves [31]. To avoid the tail of the
incident wave being superimposed with the reflected wave,
the length of the striker is not suggested to exceed one
quarter of that of the incident bar. -erefore, a PMMA
striker with a length of 100mm was used in the SHPB
preexperiment. -e signal on the incident bar and the re-
lationship between amplitude and frequency are shown in
Figure 3.

-e result in Figure 3(a) shows that even when the length
of the striker is one-sixth of the length of the incident bar, the
incident wave and reflected wave cannot be effectively
separated, which is different from the conclusion of Zhao
et al. [31]. -is may be due to the different properties or
different processing processes of viscoelastic materials. As a
result, the viscoelastic effect was more obvious in this ex-
periment, causing a delay in pulse width. -erefore, the
length of the striker was shortened to 15mm as an im-
provement to ameliorate the experimental results. In ad-
dition, it was found that the harmonic amplitude fluctuates
significantly between 30 kHz and 60 kHz in Figure 3(b),
which brought difficulties to the Fourier transform in data
processing. For this kind of high-frequency oscillation
phenomenon, Guo [32] utilized the FFT filtering method to
effectively obtain the dominant low-frequency harmonic
frequency range. -e method only ignored high-frequency
waves in numerical calculations, but did not take into ac-
count the effect of high-frequency waves during the actual
loading experiments. In the present research, pulse shaping
technology with rubber (0.5mm in thickness and 2mm in
diameter) has been adopted on subsequent experiments for
two reasons. First, considering that the pulse shaper is very
important in the SHPB experiment, the analysis of the wave
after shaping is closer to the actual needs. Second, the fil-
tering effect of shapers is able to reduce the high-frequency
oscillation to decrease the error generated in the fast Fourier
transform.

Striker Incident bar Gauge

x = Lx = 0x = −L
x x + dx

dxvst

Figure 1: Schematic diagram of a linear viscoelastic bar under impact.
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-e improved signals on the incident bar at different
impact velocities are shown in Figure 4, where the incident
signals are not coupled with the reflected signals. -e am-
plitude-frequency relationships of the incident waves are
shown in Figure 5. By comparison, it can be seen that the
plastic deformation of the pulse shaper blocks the high-
frequency components in the incident wave. As a result, the
harmonic components in the frequency range of
30 kHz–60 kHz reduce dramatically. After the improvement,
the harmonic amplitude monotonically decays with an in-
crease in the frequency and eventually drops to near zero
before 40 kHz. -erefore, the dominant harmonic compo-
nents below 40 kHz are the main concern in the following
analysis of the propagation coefficient.

3.3. Verification of the Propagation Coefficient. Two means
have been used to verify the effectiveness of the propagation
coefficient. -e feasibility of the correction method based on

the propagation coefficient has also been illustrated. Based
on the stress wave theory, the incident wave is completely
reflected after it reaches the free end. -erefore, in the
PMMA bar, the reflected wave should be the result of at-
tenuation and dispersion after the incident wave propagates
for a distance of 2 L. Combining equation (3), it can be
expressed that

εr−pre(0,ω) � −εi(0,ω)e
−2ckL

, (7)

where εi and εr−pre are, respectively, the incident strain
propagating along +x and the predicted strain propagating
along -x in the frequency domain at x� 0, and ck is the
propagation coefficient obtained by experimental evalua-
tion. According to equation (7), the reflected wave can be
predicted by the propagation coefficient and the incident
wave. By comparing the predicted waveform with the ac-
tually measured waveform, the effectiveness and applica-
bility of the propagation coefficient can be initially verified.
However, the calculation methods for the stress under

Magnifying lens
with LED

Strain gauge
and adhesive

PMMA bar

Solenoid valveGas gun

(a)

Pneumatic launcher

Striker Incident bar Transmission bar

Strain gauge Strain gauge

Speedometer
Nitrogen cylinder

Gas gun

Data acquisition instrument
Ultrahigh dynamic

strainometer

Buffer deviceSolenoid valve

Data collection system

Hopkinson bars system

Pulse shaper 

(b)

Figure 2: V6mm SHPB experimental system. (a) Actual diagram. (b) Schematic diagram.
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viscoelastic and elastic conditions are different, and whether
the accurate stress value can be obtained needs to be further
proved. Hence, the PMMA-steel bar impact test was carried
out. By comparing the stresses measured by the two bars at
the contact surface, a further verification of the correction
method can be provided.

In the PMMA-steel bar impact test, the steel bar is used
as the transmission bar to make alignment contact with the
PMMA incident bar, so the stresses at the contact surface
measured by the two bars should be equal after an impact
test. According to the theory of Section 2 in this paper, the
stress at the collision end of the incident bar can be obtained
from

σ(L,ω) � −
ρω2

c
2

ε1(ω)e
−cL

+ ε2(ω)e
cL

 , (8)

where ε1 and ε2 are the incident and reflected signals
measured by the strain gauge, and c is the propagation
coefficient evaluated by the determination experiment. -e
transmission bar is an elastic steel bar, so the reliable stress
result at the collision end can be obtained by the calculation
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Figure 3: Results of preliminary experiment with an emission pressure of 350 kPa. (a) Signal on the incident bar. (b) Amplitude-frequency
relationship.
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method used in the conventional SHPB test [10]. By com-
paring the differences between the two results, the accuracy
of the correction method based on the propagation coeffi-
cient can be evaluated and verified.

4. Results and Discussion

4.1. Attenuation and Dispersion in Wave Propagation.
-e signals on the incident bar in Figure 4 can be divided
into incident waves and reflected waves by the threshold
method. -en, the propagation coefficients are obtained by
equation (6). -e attenuation coefficients and phase ve-
locities are obtained by equation (4). As shown in Figure 6,
the attenuation coefficient increases with increasing fre-
quency, indicating that the amplitude of harmonics at higher
frequency attenuates faster. In the frequency range from
0 kHz to 14 kHz, the attenuation coefficients at different
impact velocities are basically the same. As the frequency
further increases, local convex peaks and concave valleys
successively appear in the curves at different impact speeds,
which are related to the numerical calculations involved in
the fast Fourier transform [32]. Among them, the lower the
impact velocity, the earlier the peak and valley appear. -e
higher the impact velocity, the higher the amplitude and the
longer the duration. After peaks and valleys, the attenuation
coefficient-frequency curves are again consistent.

-e relationship between phase velocity and frequency at
different impact velocities is shown in Figure 7, where phase
velocities all start from 2138m/s. It can be seen that the high-
frequency harmonics have faster propagation speeds. -e
phase velocity rapidly increases within the frequency range
of 0–3 kHz; then, it exhibits a decelerating growth trend.
Starting from 11 kHz, local peaks appear in different curves.
-e causes and evolution laws are similar to the attenuation
coefficient curve. Ultimately, the phase velocity all fluctuates
at 2200m/s before the harmonic frequency reaches 40 kHz.

By comparing the curves under different impact velocities in
the range of 0–25 kHz, it is found that the increase of impact
velocity leads to the increase of phase velocities of har-
monics. Hence, the difference of phase velocity between the
harmonics is larger, which widens the propagation distance
between the harmonics. Moreover, by observing the am-
plitude-frequency relationships between 0 kHz and 25 kHz
in Figure 5, it is found that the harmonic amplitude of a
certain frequency is higher under a higher impact velocity,
which promotes the dispersion of the wave. -erefore, the
dispersion of the wave in the propagation process is in-
tensified under higher impact velocity.

4.2. Validity of the Propagation Coefficient

4.2.1. Waveform Prediction Based on the Propagation
Coefficient. By comparing the predicted reflected wave with
the measured reflected wave, the validity of the propagation
coefficient can be verified. It should be noted that one cannot
apply this method to the propagation coefficient and wave-
form obtained at the same impact velocity. -erefore, the
propagation coefficient experimentally evaluated at impact
velocityA and the incident waveform at impact velocity Bwas
taken as a known condition to predict the reflectionwaveform
at impact velocity B. Not only the validity of the propagation
coefficient can be tested but also its applicability. -e results
of waveform prediction are shown in Figure 8.

As seen in Figure 8, the predicted waveforms agree well
with the measured waveforms, which initially prove that the
correction method based on the propagation coefficient is
feasible. In other words, the propagation coefficient can
reflect the attenuation and dispersion characteristics of the
wave. By comparing the results of (a), (b), and (c), it is found
that the result (a) is optimal. As the gap between velocity A
and velocity B becomes larger, the predicted result gradually

6

4

2

0

–2
0 5 10 15 20 25 30 35

Frequency (kHz)

At
te

nu
at

io
n 

co
ef

fic
ie

nt
 (m

–1
)

5.10m/s
6.58m/s

7.77m/s
12.27m/s

15.16m/s
19.10m/s

Figure 6: Relationship between attenuation coefficient and fre-
quency at different impact velocities.

2350

2300

2250

2200

2150

2100

0 5 10 15 20

Frequency (kHz)

Ph
as

e v
elo

ci
ty

 (m
·s–1

)

25 30 35

5.10m/s
6.58m/s 12.27m/s

7.77m/s 15.16m/s
19.10m/s

Figure 7: Relationship between phase velocity and frequency at
different impact velocities.

6 Shock and Vibration



deviates from the measured results to a small extent. It can
be found that when the impact velocity changes within a
certain range, the same propagation coefficient can be used
for correction.

In addition, the prediction results of (c) and (d) were
compared. Although the gap between speedA and speed B in
(d) was smaller, the prediction effect of (d) was not as good
as (c). -is paper believes that it is related to the peak-valley
fluctuation in attenuation coefficient curves and phase ve-
locity curves as shown in Figures 6 and 7. -e peak-valley
fluctuation represents the numerical oscillation of the real
part and the imaginary part of the propagation coefficient.
Such oscillations are more pronounced at high speeds,
resulting in larger deviation in prediction. -erefore, when
correcting the experimentally obtained waveform, it is

recommended to use the propagation coefficient evaluated at
a low speed.

4.2.2. Stress Calculation Based on the Propagation Coefficient.
-e collision test between the PMMA bar and steel bar was
carried out to further verify the reliability of the propagation
coefficient correction method. Young’s modulus of steel is
210.1GPa, the density is 7.8×103 kg/m3, and the wave ve-
locity is 5190m/s. Figure 9 shows the typical strain signals in
the incident bar and transmission bar at an impact velocity
of 12.27m/s. -e incident strain and the reflected strain are
both negative since the stress wave passes from a low-im-
pedance material to a high-impedance material. In addition,
the strain amplitude in transmission bar is smaller because
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Young’s modulus of steel is much larger than that of PMMA
subjected to the same contact force.

-e stresses calculated by the elastic theory and the
viscoelastic theory are plotted together in Figure 10, in which
the dashed line represents the stress obtained from the signal
on the incident bar by the elastic theory calculationmethod as

Caver �
2L

Δt
,

Eaver � ρC
2
aver,

σ � Eaver εi + εr( ,

(9)

where Caver is the average wave velocity, L is the distance
between the strain gauge and the end face, Δt is the time
difference between the starting points of the incident and
reflected waves, Eaver is the average Young’s modulus, and ρ
is the density of the PMMA bar. -e average wave velocity
obtained by the test was 2288.48m/s, and the average
Young’s modulus was 6216.77MPa. -e solid line is the
stress at the incident end calculated by equation (8), and the
propagation coefficient used is the one evaluated by the
experiment at an impact velocity of 5.10m/s. Hence, the
solid line represents the viscoelastic result based on the
propagation coefficient.-e line with data points is the result
measured by the transmission bar made of steel. As is well
known, the result obtained with traditional SHPB made of
steel is reliable, which can be regarded as the actual result. In
summary, the dashed line and the solid line represent the
results before and after correction, respectively. It is evident
that the result after correction is closer to the actual stress-
time history curve. Hence, the validity of the correction
method based on the propagation coefficient has been
further verified.

5. Conclusions

A 6mm diameter SHPB has been used to explore the vis-
coelastic wave propagation law. -e effects of strain rate on
wave attenuation and dispersion were researched. -e
validity and applicability of the correction method based on
the propagation coefficient were assessed, which are helpful
to the dynamic test on low-impedance materials. -e main
conclusions are drawn as follows:

(1) -e wave propagation characteristics in viscoelastic
bars are affected by impact velocity. At the same
impact velocity, the harmonic attenuation coefficient
and phase velocity gradually increase with increasing
frequency, indicating that the high-frequency har-
monic decay faster in a higher propagation speed. At
different impact velocities, there is a little difference
between the attenuation coefficient curves except for
local peaks and valleys. -e evolution laws of the
phase velocity curves are roughly the same, whereas
the differences in values are relatively large. Besides,
the high-frequency harmonic wave with high am-
plitude induced by high impact velocity has an effect
on the wave dispersion. Consequently, with an in-
crease in the impact velocity, the attenuation of the
amplitude during the viscoelastic wave propagation
does not change much, while the wave dispersion
intensifies.

(2) By comparing the predicted waveform with the
measured waveform, it was found that the strain
signal obtained in the small diameter SHPB test can
be effectively corrected by utilizing the propagation
coefficient. As the impact velocity changes, the same
propagation coefficient can be used for correction. In
addition, it is preferred to use the propagation co-
efficient evaluated at low impact velocity.
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Figure 9: Results of the PMMA-steel bar impact test.
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Figure 10: Comparison of stress calculated from elastic theory and
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(3) -e PMMA-steel bar impact test was conducted to
further illustrate the validity of the correction
method based on the propagation coefficient. -e
stress data measured by the steel bar is reliable, and it
can be considered as the actual stress data to judge
the validity of the result of the PMMA bar. By
comparing the corrected data with uncorrected data,
the accuracy of the propagation coefficient and the
effectiveness of the correction method have been
thoroughly verified.
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