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To investigate the cratering eﬀects of hypervelocity rod projectile impacting on rocks, a two-stage light gas gun was used to carry
out 10 groups of small-scale experiments, whose velocity ranges from 1.5 km/s to 4.1 km/s. After each experiment, the morphology
and size of the hypervelocity impacting crater were accurately obtained by using a device for image scanning. According to the
morphology of the ﬁnal crater, the impact crater can be divided into crushing area, spallation area, and radial crack area. Based on
the experimental results of steel projectile vertical impacting on granite targets, the relationship between the depth and the
diameter of the crater is analyzed, i.e., h/D≈0.1∼0.2; it shows that the depth of the crater is much smaller than the diameter of the
crater, and the crater seems to be a shallow dish. The relation between the kinetic energy of the projectile and the size of the crater
was discussed. With the increase of the projectile kinetic energy, it is uncertain whether the depth of the crater increases, but the
volume of the crater will increase. Lastly, dimensionless analysis of the impact crater was carried out. Speciﬁcally, the limitations of
point source solutions to hypervelocity rod projectile impact cratering have been proved, and there is no essential diﬀerence to
calculate the ﬁnal crater by using the energy scale or the momentum scale.

1. Introduction
The problem of hypervelocity impact on rocky media originated
from the study of Geology and Planetary Science [1, 2]. With the
rise of hypervelocity kinetic weapons, the study of such
problems began to attract more and more attention [3–5]. The
cratering phenomenon is one of the important eﬀects of hypervelocity impact, and the crater size can be used as a bridge to
calculate the ground shock eﬀects by establishing equivalent
models. Moreover, the impact crater size including depth and
diameter is restricted by the hydrodynamic limit of materials.
Therefore, it is very important to study the mechanism and
propagation process of cratering caused by hypervelocity impact, which is also vital for understanding the damage eﬀect of
the hypervelocity kinetic energy weapon.
Generally, hypervelocity impact is a high-temperature,
high-pressure, and high strain-rate process caused by the rapid
release of energy. It is convenient to divide cratering processes

into two stages, i.e., a relatively short initial high-pressure stage
and a longer cratering ﬂow stage [6]. In the initial high-pressure
stage, a strong shock produced by the hypervelocity impact
propagates outward from the source, creating a crushing region.
When the high pressure reﬂects on the surface, it becomes the
rarefaction wave which leads to spallation. The crater continues
to form after shock crushing and spallation. Melosh [7] clariﬁed
the relation between the detached shock and the excavation
ﬂow. The initial intensity and the propagation law of the shock
wave can be easily and successfully measured by a variety of
techniques. However, less success had been achieved in predicting the ﬁnal crater size. The author found that the excavation ﬂow velocity was a small fraction of the particle velocity,
which was sensitive to the constitutive equation of materials. It
was diﬃcult to calculate cratering by simplistic constitutive
equations. Therefore, experimental investigation based on the
physical model and dimensional analysis is necessary to study
the problem of hypervelocity impact cratering.
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This cratering problem can be conveniently divided into
three regimes. In the “early stage,” the impact velocity and
the impedances of the two materials determine the shock
propagation speed. In the “intermediate stage,” the pressures
are still large compared to either material strength, viscosity,
or gravity-induced stresses so that the response is still much
like that of an inviscid, compressible ﬂuid. In the “late stage,”
the pressures decay down to the kilo bar level or less, where
depending upon the problem, material strength, viscosity, or
gravity forces act to retard and ultimately stop the crater
growth at its ﬁnal conﬁguration. An interesting phenomenon was discovered that both small-scale impact craters in
the laboratory and bowl-shaped craters which are less than
5 km in diameter on the Earth are controlled by strength (of
rocks) [8]. It is reasonable that the processes which lead to
the ﬁnal crater are strongly inﬂuenced by low-stress material
properties and for large craters, by gravity. In almost all
cases, any variable in early and intermediate time regimes
can be assumed to be independent of viscosity and gravity.
The experiments [9–12] showed that small-scale craters were
strength-dominated, whereas large-scale craters were
gravity-dominated. Thus, point source assumption is developed and proved to deﬁne a single scalar “coupling parameter” measure; let the dimensions of C be given by
(length)l (velocity)μ (mass density)φ, where μ and φ are
constants for given materials. Note that, with μ � 2/3 and
φ � l/3, C has the units of (energy)l/3. With μ � −1/3 and
φ � 1/3, it has the units of (momentum)1/3. However, a point
source solution is to be a limit of solutions as the impactor
radius r0⟶0. Therefore, some researchers considered point
source limits for speciﬁc materials. The most common is for
perfect gases and ﬂuids, where, as already mentioned, the
point source solution for one-dimensional spherical explosion as given by Taylor (1950) and Sedov (1946) is now
classical. However, to date, there are a large number of
diﬀerent phenomena and results that can be successfully
correlated and explained by the concept [6]. Generally, its
ﬁnal utility of applicability must be judged for cases.
At present, there are lots of investigations on the
mechanism and propagation process of hypervelocity impact cratering, including results of small-scale experiments
in the laboratory and large-scale meteorite impact events in
the nature. However, the physical model and dimensional
analysis were always established on the spherical projectile,
and a lot of studies did not consider cratering caused by the
rod projectile. Actually, hypervelocity kinetic energy
weapons are always rod projectiles. Besides, it is nearly
impossible to build a theoretical model to calculate hypervelocity rod projectile impact cratering with simplistic
constitutive equations. Therefore, it is important to investigate the cratering eﬀects caused by the hypervelocity rod
projectile, which should be based on small-scale experiments
and dimensional analysis.

2. Experimental Procedure of Hypervelocity
Projectile Impacting on Rocks
A two-stage light gas gun (Figure 1) was used, which can
accelerate a projectile whose weight in grams to 3 to 5 km/s.
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The projectile velocity is obtained through the method of
using the laser velocimeter, whose eﬀective measuring range
is 0.1 km/s∼10 km/s. The target is placed horizontally in an
enclosed target chamber. After each experiment, the residual
projectile and the target are recovered.
The projectile has an ogive nose shape whose caliber
radius head (CRH) equals to 3, and the diameter and the
length are equal to 7.2 mm and 36 mm, respectively (i.e., the
length-diameter ratio is 5). The material is 30CrMnSiNiA, the
mass of the projectile is 9.67 g, and the density is 7850 kg/m3.
The projectile is mounted in a polycarbonate sabot with a
diameter of 18 mm. The sabot is formed as a three-lobed
structure and a mechanical shelling device (Figure 2). The
projectile penetrates the target after the sabot is decorticated
by the shelling device.
The target material of all experiments is granite. The
parameters of granite measured before the experiment are
density, elastic P-wave velocity, uniaxial compressive
strength, ultimate shear strength, shear modulus, and
Poisson’s ratio. As shown in Figure 3, granite blocks are
enclosed by C30 concrete and placed in a steel barrel. As the
wave impedance of C30 concrete is close to that of granite, it
is equivalent to increasing the size of the granite target.
The target is made of granite with a density (ρt) of
2670 kg/m3, a longitudinal wave velocity (ct) of 4900 m/s, a
uniaxial compressive strength (fc) of 150 MPa, a ultimate
shear strength (τ s) of 1.0 GPa, a shear modulus (G) of
27.0 GPa, a Poisson’s ratio (]) of 0.2, and Hugoniot elastic
limit (H) of 2.36∼2.63 GPa. The cross section of the target is a
square with a side length of 600 mm and a total thickness of
800 mm. The target is surrounded by a steel cylinder with an
inner diameter of 900 mm and a wall thickness of 10 mm
(Figure 3).
There were 10 groups of hypervelocity impact experiments
conducted, whose velocity range was 1.5 km/s∼4.1 km/s. At the
end of each experiment, the recovery of the projectile and the
measurement of the target were carried out. In all the experiments, no residual projectile was found; therefore, erosion
damage of projectiles occurred. There were no tensile cracks on
the edge of the rock target, which indicated that the target was
large enough to be considered as a semi-inﬁnite target without
being aﬀected by the boundary reﬂection wave.

3. Results and Discussion of the Impact Crater
3.1. The Morphology of the Crater. The concepts of the
transient crater and ﬁnal crater are very important for brittle
media such as rocks. Because the tensile strength of the
brittle medium is far lower than the compressive strength,
the reﬂected tensile wave on the surface of the target will
cause irregular fragmentation of the target, which is called
“spalling.” If the zone of the crater caused by spalling is
excluded, a bowl-shaped crater will be obtained. This part of
the crater is formed entirely by the ﬂow of the medium
driven by the shock compression wave, which can be called
as the “transient crater.” Because of the existence of spalling,
the diameter and volume of the crater will be greatly increased, and the crater as a whole will present a very rough
and irregular shallow dish shape on the inner surface. The
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Figure 1: Schematic diagram of the experimental system for a two-stage light gas gun.

(a)

(b)

Figure 2: Photographs of the projectile with sabots.

Powders

Figure 4: Crushing area at the bottom of the crater.
Figure 3: Photograph of targets.

ﬁnal morphology of the crater aﬀected by shock compression and spalling is called as the “ﬁnal crater.”
By observation of the ﬁnal crater, it can be found that the
impact crater can be divided into three typical zones after the
hypervelocity penetration. Each zone owns its obvious
characteristics, which are as follows:

Spallation

Spallation

(1) The ﬁrst zone is the crushing area. As it is shown in
Figure 4, the center of the crater is concave downward, and there are lots of ﬁne powders at the center
of the crater. This results in the fact that the material
is intensely compressed, and the original granite
particles become ﬁne powders.
(2) The second zone is the spallation area. As shown in
Figure 5, spallation is obvious around the concave
region at the center of the impact crater. As the
tensile strength of granite is much lower than the
compressive strength, spallation occurs on the free
surface under the action of shock wave propagation
and reﬂection, which also lead to an irregular shape
of the impact crater.

Figure 5: Spallation area around the center of the crater.

(3) The third zone is the radial crack area. When the
impact speed is relatively high, radial cracks are
distributed radially on the target. As shown in
Figure 6, on the edge of the impact crater, obvious
radial cracks can be seen before the rock blocks were
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Radial cracks

Figure 6: Radial cracks on the free surface.

stripped oﬀ. As shown in Figure 7, the impact crater
is of a regular circular shape initially. While the
blocks of the radial crack area were stripped oﬀ, the
shape of the impact crater is no longer regular, and
the diameter increases apparently.

3.2. The Size of the Crater. A device for image scanning of
surface morphology was used to measure the crater size, and the
scanned image and proﬁle of the crater are shown in Figure 8.
As brittle material can be destroyed and peeled on the
free surface by the tension wave, the crater shape is very
irregular. Therefore, each target is scanned by three independent cross sections to obtain the maximum depth of the
crater and the average diameter of the crater, and the crater
volume can be calculated by numerical calculation. The
statistics in Table 1 are the experiment results. As shown in
Table 1, when the velocity of the projectile is over 2.231 km/s,
the depth of the crater increases with the increase of velocity.
The depth of the crater at the velocity of 1.555 km/s is greater
than that at the velocity of 1.829 km/s and 2.231 km/s. The
experimental results are in good agreement with the results
of depth inversion in the range of 1.6 km/s to 1.8 km/s. The
average diameter of the crater increases with the increase of
projectile velocity. The shape of the crater is irregular due to
the spallation around the crater. In Table 1, D is the diameter
of the crater, h is the depth of the crater, and V is the volume
of the crater, and all of these parameters are the measurable
apparent crater size. At this time, crater is also called the ﬁnal
crater.
According to the experimental results, the relationship
between the depth and the diameter of the crater is analyzed,
i.e., h/D ≈ 0.1 ∼ 0.2. It shows that the depth of the crater is
much smaller than the diameter of the crater, and the crater
seems to be a shallow dish. The relationship between normalized diameter and depth is also shown in Figure 9.
Besides, the experimental results of hypervelocity projectiles
impacting on gabbro by Polanskey and Ahrens [13] are also
given, where the projectiles are spherical, and the targets are
San Marcos gabbro, and the impact velocity ranges from
1.7 km/s to 6.5 km/s.
Some interesting conclusions can be drawn from
Figure 9: (1) the depth of the crater which is caused by the
rod projectile (in this article) is 1-2 times of the length of
the projectile, while the depth of the crater caused by the

spherical projectile is 3–10 times of the length of the
projectile. (2) From the shape of the impact crater, the
diameter of the crater caused by the spherical projectile is
close to the depth of the crater, while the diameter of the
crater caused by the rod projectile (in this paper) is much
larger than the depth of the crater. (3) No matter whether
the projectile is rod or spherical and no matter whether the
target medium is granite or gabbro, the diameter of the
crater is much larger than the diameter of the projectile,
which is more than 10 times (the prerequisite is that
impact velocity is more than 5 Mach). (4) From the results
of the crater, the shape of the crater caused by the spherical
projectile is more regular, while the shape of the crater
caused by the rod projectile is more discrete.
Due to the limitation of observation and measurement,
little is known about the actual situation of transient crater
formation. In recent years, MEMIN, a German research
team, had carried out a series of hypervelocity impact experiments of tuﬀ, sandstone, and quartzite, which measured
the process and morphology of transient cratering. Kenkmann et al. [14] and Dufresne et al. [15] used a three-dimensional laser to measure the inner wall of the crater and
considered that the contour of the transient crater can be
ﬁtted by a quadratic paraboloid, i.e., the parabola can be
determined by the central depression of the crater and the
angle of the splash. For the experimental results, parabola
was used to ﬁt the central concave part of the crater to get the
transient crater. The typical section is shown in Figure 10,
which gives the ﬁtting result of the crater at a projectile
velocity of 2.231 km/s.
The parabolic equation for ﬁtting the transient crater in
Figure 10 is as follows:
y � 0.0155x2 + 0.02554x − 45.23118.

(1)

The volume of the transient crater (Vtc ) is as follows:
2

Vtc �

π 4ac − b2 
,
32a3

(2)

where, a, b, and c are coeﬃcients of the parabolic equation,
which can be obtained from equation (1). The results of the
ﬁnal and transient crater under diﬀerent impact velocities
have been listed in Table 2.
3.3. Relation between the Kinetic Energy of the Projectile and
the Size of the Crater. Combining Tables 1 and 2, the kinetic
energy of the projectile can be known easily. Then, the
relation between the kinetic energy of the projectile and the
size of the crater is shown in Figures 11–13.
Figure 11 and Table 2 show that there is little diﬀerence
in volume of the transient crater and ﬁnal crater under the
same kinetic energy of the projectile when it is less than
40 kJ. However, when the kinetic energy increases, the
volume deviates greatly, and the discreteness is large. The
results indicate that when the kinetic energy is small, the
shape of the impact crater at the bottom of the target was
similar to a rotating paraboloid. However, with the increase
of the kinetic energy, the shape of the impact crater is no
longer regular. Thus, the method of rotating paraboloid
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Figure 7: The inﬂuence of stripping on the shape of the crater.
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Figure 8: Cratering test on granite under hypervelocity projectile impact. (a) Photograph of a crater. (b) 3D scanned image of the crater.
(c) Crater proﬁle.
Table 1: Experimental results of the ﬁnal crater.
No.
1
2
3
4
5
6
7
8
9
10

Parameter of the projectile
3

Size of the ﬁnal crater

ρp (g/cm )

dp (cm)

mp (g)

υi (km/s)

D (cm)

h (cm)

V (cm3)

D/h

7.85
7.85
7.85
7.85
7.85
7.85
7.85
7.85
7.85
7.85

0.72
0.72
0.72
0.72
0.72
0.72
0.72
0.72
0.72
0.72

9.67
9.67
9.67
9.67
9.67
9.67
9.67
9.67
9.67
9.67

1.5550
1.8294
2.2310
2.8069
2.8782
3.1478
3.1996
3.5421
3.5584
4.1356

16.7
18.5
27.5
28.5
33.5
40.5
38.7
47.0
46.1
59.7

4.770
4.468
4.606
5.137
6.260
6.068
5.979
6.222
6.584
6.565

372
503
652
715
1575
1391
1716
2863
2761
6299

3.50
4.14
5.97
5.55
5.35
6.67
6.47
7.55
7.00
9.09

ﬁtting the transient crater is not suitable for the impact crater
caused by the projectile with a large kinetic energy.
In Figure 12, the relation between the kinetic energy of
the projectile and the volume of the ﬁnal crater in logarithmic coordinates is given. As shown, both the experimental results of this article and the experimental results by
Lange et al. [16] are in the same ﬁtting curve. It indicates that
the volume of the ﬁnal crater exponentially increased with
the increase of the kinetic energy of the projectile, and the
power function of the ﬁtting curve has an exponent of 1.2
(mathematical correlation coeﬃcient R2 � 0.96). It is obvious
that the volume of the impact crater is always increasing with
the increase of the impact kinetic energy. For hypervelocity
impacting on rocks, it is uncertain whether the depth of the
crater increases by improving the kinetic energy of the

projectile, but the volume of the crater will increase. This is
because the increase in the kinetic energy leads to much
more increase in the diameter of the crater. As shown in
Figure 13, the kinetic energy of the projectile and the diameter of the ﬁnal crater (the diameter data are shown in
Table 2) satisfy a linear relationship (linear correlation coeﬃcient R2 � 0.976).

4. Dimensionless Analysis of the Impact Crater
4.1. The Limitations of Point Source Solutions. Dimensional
analysis is a method to determine the similarity criteria by
using dimension theory. It is a common method to determine the conditions of cratering in studies [17]. For a
spherical projectile, Holsapple and Schmidt [6] believe that
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Table 2: Experimental results of the transient crater.
No.
1
2
3
4
5
6
7
8
9
10

υ0 (m/s)
1555.0
1829.4
2231.0
2806.9
2878.2
3147.8
3199.6
3542.1
3558.4
4135.6

3

V (cm )
372
503
652
715
1575
1391
1716
2863
2761
6299

3

Vtc (cm )
105
182
207
288
248
376
320
1775
997
—

Dtc (cm)
7.6
10.4
10.9
12.6
10.1
12.7
12.5
28.3
20.0
—

Vtc/V
0.28
0.36
0.32
0.40
0.16
0.27
0.19
0.62
0.36
—

V � fr0 , υi , ρp , ρt , Y, g,
Dtc/D
0.46
0.56
0.40
0.44
0.30
0.31
0.32
0.60
0.44
—

the shape and size of the ﬁnal crater can be determined by a
coupling parameter which can characterize the total kinetic
energy or momentum of the projectile. The similar conditions of cratering in hypervelocity impact events can be
deduced according to dimensional analysis, which are
shown as follows:

(3)

where V denotes the crater volume, r0 denotes the radius of
the projectile, υi denotes the velocity of the projectile, ρp
denotes the density of the projectile, g denotes gravity, Y
denotes the strength of the target, and ρt denotes the density
of the target.
Therefore, for any given materials, note parameter C as a
coupling parameter. Thus, let the dimensions of C be given by
(length)l (velocity)μ (mass density)φ, where μ and φ are
constants for given materials. Note that, with μ � 2/3 and
φ � l/3, C has the units of (energy)l/3. With μ � 1/3 and φ � l/3,
it has the units of (momentum)1/3:
C � r0 υi μ ρp ψ .

(4)

According to the point source theory and power law,
equation (3) can be written as follows:
μ

V � fr0 υi ρψp , ρt , Y, g,

(5)
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Figure 13: Relation between the kinetic energy of the projectile and
the diameter of the ﬁnal crater.

Then, equation (7) can be transformed into

100000

ρt V Y


mp ρt υ2i

3μ/2

ρ
 t
ρp

3ψ−1

gr
Y
� F⎡⎣ 20  2 
υi ρt υi

−μ/2

10000
Volume (cm3)

90

Experimental results of this article
Linear fitting curve

Figure 11: The volumes of the ﬁnal and transient crater change
with the kinetic energy of the projectile.

−ψ

ρ
 t  ⎦⎤,
ρp
(8)

where mp � αρp r30 , which denotes the mass of the projectile;
F(X) � α−1 f(X−1 ); and α is the coeﬃcient of correction,
which is the mass ratio of the irregular projectile to the
spherical projectile.
The experiments [9–12] showed that small-scale craters
were strength-dominated, whereas suﬃciently large craters
were gravity-dominated. Therefore, these are strengthdominated craters, and it is reasonable to assume no gravity
dependence. Thus, F(0) at the right part of formula (8) is a
constant, and then
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ρt V
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∝  2
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Figure 12: Relation between the kinetic energy of the projectile and
the volume of the ﬁnal crater.

where μ and ψ are constants determined by the experiment.
This expression involves ﬁve quantities and three independent dimensional units and can therefore be written in
terms of two dimensionless variables in various, but
equivalent, ways. One such form is
3φ

Vρt

3μ/2

Y/ρt 

μ φ 3

r0 υi ρp 

μ/2 φ

υ2 /g Y/ρt  ρt
� f i
.
μ φ
r0 υi ρp

(6)

Equation (6) can be written as
V Y


r30 ρt υ2i

3μ/2

ρ
 t
ρp

3ψ

μ/2

ψ

2
⎡ υi  Y   ρt  ⎦⎤.
� f⎣
gr0 ρt υ2i
ρp

(7)

−3μ/2

ρ
 t
ρp

1−3ψ

,

(9)

where πV � (ρt V/mp ), which is called crater eﬃciency, and
it is the mass ratio of the crater to the projectile.
π3 � (Y/ρt υ2i ) is called dimensionless strength, and it is the
ratio of target material strength to initial dynamic pressure.
π4 � (ρt /ρp ) is the density ratio of the target to the projectile,
and it is constant for given materials of the projectile and the
target. Therefore, equation (9) can be written as
−3μ/2

πV ∝ π3

.

(10)

There are several models to determine material strength.
Housen and Holsapple [18] believed that it is dominated by
the friction angle in the Mohr–Coulomb strength model.
However, Huirong [19] believed that it can be indicated as
uniaxial compressive strength. According to Tobias, Hoertha
et al. [20], the strength of the target (Y) was characterized by
the uniaxial compressive strength (UCS) for calculation of
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0.28π−1.10
,
3

(11)

πV � 0.18π−1.33
.
3

(12)

πV �

According to the slope of equations (11) and (12), the
coupling parameter μ equals to 0.71 and 0.89, respectively,
which are not located in the theoretical range (1/3 < μ < 2/3).
Both the measured μ-values are greater than 2/3. Therefore,
the point source solutions cannot be applicable for the rod
projectile.
As stated, the only point source limit that exists is for
r0⟶0 at ﬁxed source energy. For the simple physics of a
perfect gas in a one-dimensional problem, one can prove
that a point source solution exists by analytical means. For
more general materials and for two-dimensional problems
such as the cratering problem, there is no actual proof of the
existence of such solutions. Generally, the point source
solution cannot be used to analyze hypervelocity rod projectile impact cratering.
4.2. The Energy Scale and Momentum Scale of Hypervelocity
Impact Cratering. In the problem of cratering caused by the
hypervelocity impact of the rod projectile, the “fundamental” independent variables which will aﬀect the dimensional analysis process and the scaling law should be
carefully considered. When considering, a projectile of a
given material (density ρp) and shape (length L and diameter
r0), with mass m and velocity υi, impacts at a given target of a
given material (density ρt and strength Y), with an overlying
atmosphere (pressure Pa). The target is assumed to be initially in lithostatic equilibrium under the inﬂuence of
gravitational ﬁeld strength (g). In contrast, the choice of the
dependent variables is arbitrary, such as the ﬁnal crater
volume (V) or diameter (R).
A simple case occurs for a ﬁnal crater geometry measure
such as the volume V. Therefore, it is given by a form such as
V � ϕL, r0 , υi , ρp , ρt , Y, Pa , g.

(13)

In a length-force-time system, the independent and dependent variables were developed according to dimensional
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πV = ρtV/mp

the strength-term π3. The measured μ-values are located in
the theorectical range, i.e., 1/3 < μ < 2/3. Therefore, it is
reasonable to determine material strength by the uniaxial
compressive strength. For the almost nonporous granite or
gabbro, the product of crater volume and target density, used
for calculation of the cratering eﬃciency (π V), agrees well
with the ejected mass. Therefore, the relationship of πV and
π3 is shown in Figure 14.
In Figure 14, the relation between normalized crater
volume (i.e., crater eﬃciency) and dimensionless strength is
given. The higher the dimensionless strength is, the lower the
crater eﬃciency is. The normalized crater volume ranges
from 101 to 103.
Fitting curves of the impact crater caused by the
spherical projectile (i.e., results of Polanskey and Ahrens)
and rod projectile (i.e., results of this article) are both in the
power-law form as equations (11) and (12), respectively:

Slope = –1.33 (μ = 0.89)
R2 = 0.86
102

Slope = –1.10 (μ = 0.71)
R2 = 0.96

101 –3
10

10–2
π3 = Y/ρtvi2

10–1

Results of this article
Results of Polanskey and Ahrens (1990)
Fitting curves

Figure 14: The relationship of dimensionless πV and π3.

analysis [21]. This expression involves nine quantities and
three independent dimensional units and can therefore be
written in terms of six dimensionless variables in various, but
equivalent, ways. One such form is
ρp υ2i
ρp
V
L
gL
ρ gL
�
ϕ

,  ,  ,  2 ,  t .

2
Y
ρt
Lr0
r0
υi
Pa

(14)

4.2.1. The Energy Scale. Equation (14) can be transformed as
follows:
ρp V
mp

�

ρp υ2i
Y

β

ρp
L
gL
ρ gL
 · Φ ,  ,  2 ,  t ,
ρt
r0
υi
Pa

(15)

where mp � (π/4)ρp Lr20 ; ΠV � (ρp V/mp ), which is the
crater eﬃciency, and it is the volume ratio of the crater to the
projectile; and ΠY � (ρp υ2i /Y), which is the dimensionless
strength, and it is the ratio of initial dynamic pressure to
material strength; it is obvious that ΠV and ΠY are power
exponential relations with an exponent of β.
Small-scale craters are strength-dominated, whereas
suﬃciently large craters are gravity-dominated. Therefore,
these are strength-dominated craters, and it is reasonable to
assume no gravity or atmosphere dependence. In addition,
the dimensionless terms (ρp /ρt ) and (L/r0 ) are constant for
given materials of the projectile and the target. Thus, Φ [X] at
the right part of equation (15) is a constant, and then
β

ρp V
ρp υ2i
� α
 .
Y
mp

(16)

According to the qualitative relationship between the
crater eﬃciency and the dimensionless strength, the lower
the strength of the material is, the greater the ﬁnal crater
volume is. Therefore, there must be such conditions: 0 < β.
Then, it is possible to discuss diﬀerent forms of expression
(16) under diﬀerent β-value conditions.
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(1) For 1 ≤ β, equation (16) can be rewritten as follows:
1�

ρp υ2i
mp υ2i
· α

Y·V
Y

0.16

β− 1

.

(17)

Referring to the studies done by Wang et al. and Li
and Chen [22, 23], ΠE � (mp υ2i /Y · V), 43 which is
widely known as the dimensionless impact factor or
dimensionless energy factor. It denotes that the ﬁnal
crater volume increases with the increase of the
kinetic energy of the projectile and the decrease of
material strength [24, 25].
(2) For 0 < β < 1, equation (16) can be rewritten as
follows:
mp υ2i

Y
1�
· α 2 
Y·V
ρp υi

1− β

.

(18)

From equation (18), the ﬁnal crater volume can also be
expressed by the kinetic energy of the projectile and the
material strength [26, 27].
Therefore, no matter what the β-value is, the ﬁnal crater
can always be described by the dimensionless impact factor
or dimensionless energy factor. If the scaling law, expressed
as (17) or (18), is named as the energy scale, then what form
is the momentum scale?
4.2.2. The Momentum Scale. Certainly, equation (14) can
also be transformed as follows:
β
ρp
ρt V
ρ υ2
L
gL
�  t i  · Φ ,  ,  2 ,
Y
ρt
mp
r0
υi

(19)

where πV � (ρt V/mp ) and πY � (ρt υ2i /Y). Similarly, it is easy
to simplify equation (19) as follows:
β

ρt V
ρ υ2
� α t i  .
Y
mp

(20)

The same as the above, there must be such conditions:
0 < β. Then, it is possible to discuss diﬀerent forms of expression (20) under diﬀerent β-value conditions [28, 29].
(1) For 0.5 ≤ β, equation (20) can be rewritten as follows:
β− 0.5
mp υi
ρ υ2
1 � ��� · α t i 
,
V ρt Y
Y

(21)

���
where ΠM � (mp υi /V ρt Y ), which is named as the
dimensionless momentum factor. It denotes that the
ﬁnal crater volume increases with the increase of
momentum of the projectile and the decrease of
material strength and material density.
(2) For 0 < β < 0.5, equation (20) can be rewritten as
follows:

ρpV
∏V = m
p

0.14
0.12
0.10

Slope = 1.01
R2 = 0.996

0.08
0.06
0.04
Slope = 0.99
R2 = 0.910
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0.00
0.00
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0.04
ρpυi2
∏Y =
Y

Experimental results
of this article
Experimental results
of Polanskey and Ahrens
(1990)

0.06

0.08

Fitting curve of
this article
Fitting curve of Polanskey
and Ahrens (1990)

Figure 15: The relation between dimensionless ΠV and ΠY based
on the energy scale.

0.5− β
mp υi
Y
1 � ��� · α 2 
.
V ρt Y
ρt υi

(22)

Therefore, no matter what the β-value is, the ﬁnal crater
can always be described by the dimensionless momentum
factor.
4.2.3. The Equivalent Eﬀect. Generally, equation (16) can be
regarded as the energy-scale expression, which is described
by dimensionless ΠV and ΠY. And equation (20) can be
regarded as the momentum-scale expression, which is described by dimensionless πV and πY.
The relation between energy scale and momentum scale
can be built up as follows:
��������
�������
mp υ2i mp
mp υi
(23)
ΠM � ΠE · Πm �
� ���,
YV ρt V V ρt Y
���
where
Πm � (mp /ρt V),
ΠM � mp υi /V ρt Y,
and
ΠE � mp υ2i /YV. Thus, it is obvious that the dimensionless
energy factor and dimensionless momentum factor are not
mutually independent; in contrast, they can be converted to
each other. Therefore, there is an equivalent eﬀect by using
the energy scale or the momentum scale.
According to equation (16), it is easy to establish the
relation between dimensionless ΠV and ΠY based on the
energy scale, which is shown in Figure 15. In the same way,
according to equation (20), it is easy to establish the relation
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Figure 16: The relation between dimensionless πV and πY based on
the momentum scale.

between dimensionless πV and πY based on the momentum
scale, which is shown in Figure 16.
From Figure 15, the ﬁtting curves of the relation between
dimensionless ΠV and ΠY are shown as follows:
⎨ ΠV � 1.25Π0.99
⎧
R2 � 0.910,
Y
⎩ Π � 2.20Π1.01 R2 � 0.996
,
V
Y

this article,
Polanskey and Ahrens.
(24)

From Figure 16, the ﬁtting curves of the relation between
dimensionless πV and πY are shown as follows:
⎨ πV � 1.25π0.99
⎧
R2 � 0.910,
Y
⎩ π � 2.20π1.01 R2 � 0.996
,
V
Y

this article ,
Polanskey and Ahrens.
(25)

Combining Figures 15 and 16 and equations (24) and
(25), it can be concluded that the relation between dimensionless ΠV and ΠY based on the energy scale are the
same as the relation between dimensionless πV and πY based
on the momentum scale. In dimensional analysis of hypervelocity impact cratering, it is equivalent to calculate the
ﬁnal crater by using the energy scale or the momentum scale.

5. Conclusion
(1) According to the morphology of the crater, the
impact crater can be divided into crushing area,
spallation area, and radial crack area.
(2) When a hypervelocity rod projectile impacts on a
granite target, spallation occurs on the free surface
under the action of shock wave propagation and
reﬂection, which also lead to an irregular shape of the

impact crater. It shows that the depth of the crater is
much smaller than the diameter of the crater, and the
crater seems to be a shallow dish. According to the
experimental results, the relationship between the
depth and the diameter of the crater is analyzed, i.e.,
h/D ≈ 0.1 ∼ 0.2.
(3) With the increase of the projectile kinetic energy, it is
uncertain whether the depth of the crater increases,
but the volume of the crater will increase. This is
because the increase of the kinetic energy leads to
much more increase of the diameter of the crater.
(4) The volume of the transient and ﬁnal crater increases
with the increase of the projectile kinetic energy, and
the contribution of spallation to the volume is
growing more rapidly.
(5) When calculating the relationship between dimensionless crater eﬃciency and dimensionless strength
by the dimensional analysis method, the point source
solution cannot be used to analyze the problem of
cratering caused by the hypervelocity rod projectile.
Dimensional analysis was redesigned, and the similarity law was re-established. Another interesting
and reasonable conclusion had been proved by experimental investigation in which it is equivalent to
calculate the ﬁnal crater by using the energy scale or
the momentum scale.
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