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In this paper, on the basis of taking the von Karman nonlinear factors into consideration, the constitutive equation of the
antisymmetric cross-ply laminated composite was used to calculate the internal force and internal moment of the bistable
structure, and the dynamic equilibrium equation and the compatible equation were constructed, respectively. The two equations
were combined to establish a nonlinear dynamic model for the antisymmetric cross-ply laminated glass fiber resin bistable shell.
Then, the finite element numerical simulation software ABAQUS was adopted to perform simulation modeling and numerical
analysis on a series of bistable specimens, so as to study the impact of different geometric parameters on the frequencies, mode
shapes, and other vibration characteristics of the antisymmetric laminated fiber resin bistable shell. Galerkin discretization was
conducted on the vibration partial differential equation. Since there are only even-order partial differential terms of deflection w
with respect to x and y in the vibration partial differential equation at this time, the form of series obtained by each term is the
same, which simplifies the discretization of the dynamic equilibrium equation and the compatible equation. Finally, the two
equations after discretization were merged to obtain the three-degree-of-freedom nonlinear ordinary differential equation of the
antisymmetric cross-ply laminated glass fiber resin bistable shell. The system averaged equation was acquired by perturbation
analysis through a multiscale method, and the periodic solution of the antisymmetric laminated bistable system was studied.
Moreover, the system’s nonlinear dynamic behavior characteristics such as bifurcation and chaos were explored when the main
resonance () is close to w, and w,, respectively, and the internal resonance is 1:2:3.

1. Introduction

A bistable structure is formed by laying multiple layers of
fiber-reinforced materials, which is a composite laminated
structure with two different stable states. Generally, under
the driving of external loads such as mechanical force, smart
materials, and temperature field, it can be changed from one
stable state to the other, and its stable configuration can be
maintained without the need for sustained energy input.
Hyer [1] first discovered that asymmetric laminated cylin-
drical shells have bistable characteristics. In 1996, Daton-
Lovett [2] found that antisymmetric laminated composite
cylindrical shells also present the two stable states of a
cylinder, which attracted considerable attention from many
scholars, and relevant theoretical, numerical, and

experimental studies are successively conducted. Innova-
tively, this paper found the law of deformation cloud dia-
grams of the antisymmetric laminated shallow shell and
cylindrical shell made of T300 and studied the influence of
geometric parameters (e.g., length, initial cross-section ra-
dius, initial central angle, number plies, and ply angle) on the
modal frequency and mode shape of the antisymmetric
laminated cylindrical shell.

The theoretical study of antisymmetric bistable lami-
nated structures is mainly focused on statics and dynamics.
In statics, Igbal [3] proposed a simple linear elastic bistable
model based on the classical laminate theory and predicted
the bistable behavior of antisymmetric laminated shells
according to the principle of minimum potential energy.
Galletly and Guest [4,5] successively proposed the beam
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model and the shell model regarding the theoretical model
developed by Igbal. The theoretical results are in good
agreement with the finite element simulation results, but
greatly different from the experimental results. Pellegrino
and Guest [6] proposed the double-parameter model by
referring to previous studies. This model can be used to
calculate and analyze the bistable characteristics of anti-
symmetric and symmetric laminated isotropic cylindrical
shells as well as those with prestress. The College of Engi-
neering, University of Cambridge successively studied the
bistable characteristics of multistable composite shells with
surface folds [7-10] and isotropic laminated shells with
prestress [11]. Concerning the studies on the nonlinear
dynamics of bistable structures, Zhang and Zheng [12]
adopted the extended high-dimensional Melnikov method
and numerical method and found that the multipulse
double-parameter chaotic motion of asymmetric bistable
laminated square plates will occur under a certain coupling
effect of external excitation and parametric excitation.
Zhang and Liu [13] studied the dynamic jump phenomenon
of asymmetric bistable laminated square plates and its
nonlinear vibration under base excitation from both theo-
retical and experimental aspects. Fei [14] analyzed the jump
behavior of a two-layer orthogonal bistable laminated plate,
while considering factors such as thickness, temperature,
and external excitation of the laminated plate.

For the numerical analysis, the stable state transition of
bistable laminated structures can be caught by the com-
mercial finite element software, so the calculation result is
more intuitive. Also, numerical analysis can be performed
to perfect the theoretical model and predict the bistable
characteristics of the structure, thus providing references
for the experimental study. Igbal and Pellegrinot [15]
conducted numerical simulation on the bistable behavior
of antisymmetric laminated shells using ABAQUS software
and analyzed the stable state transition of antisymmetric
laminated cylindrical shells and the stress distribution of
the second stable state structure. Huang [16] introduced the
bistable differential system into each cell of the grid and
studied the effect of topology on the stable-state trend of
the network.

In terms of the experimental study, Dano and Hyer [17]
measured the jump loads of the bistable laminated plate by
adjusting the water load, and the experimental measure-
ments are in good agreement with the theoretical calcula-
tions. Potter et al. [18] adopted the loading method similar to
“three-point bending” to induce the jump phenomenon of
the bistable laminated plate and measured the load-dis-
placement curve of the center of the form of the laminated
plate. Daynes and Tawfik [19, 20] adopted similar experi-
mental loading schemes and obtained the jump loads of
orthogonal laminated plates with different geometric di-
mensions and the relations of curvature variation between
two stable states. Etches [21] considered the effect of hu-
midity on the mechanical properties of a bistable laminate
plate and found that the jump load of the asymmetric or-
thogonal bistable laminated plate changes significantly at the
initial stage of the experiment and then gradually levels off.
Dano and Hyer [22] realized the intelligent control of
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asymmetric bistable laminated plates by controlling the
temperature of the alloy wires to generate different driving
forces. Schultz et al. [23] utilized a bistable laminated plate
driven by piezoelectric materials to realize the stable state
transition, but there is a big error between experimental and
theoretical results. Tawfik et al. [24] realized the mutual
transition between the two stable states by applying voltage,
and the error between experimental and finite element
simulation results is less than 10%. Giddings et al. [25] used
piezoelectric patches to control the deformation of bistable
laminated plates and studied the relationship between
voltage and deformation, which played a guiding role in the
design and control of the intelligent deformable structure.
Kim et al. [26] realized the mutual conversion of bistable
cantilever beams in two stable states by using MFC and
SMA.

In the research of practical engineering application, the
University of Cambridge [15] studied the bistable thin-
walled tube similar to a tape measure and realized the stable
state transition by controlling the energy accumulated in the
folding process, which enables the bistable tap structure to
be used for automatic hinge locks, detectors, expandable
structures, and other aerospace devices. Schlecht [27] ap-
plied the bistable torsional assembly structure to the wing
configuration of unmanned aerial vehicles, which in turn,
can improve the sensitivity of aircraft during rotation be-
cause it requires only a small amount of energy to drive the
wing to deformation. Diaconu and Weaver [28] used a
bistable structure to design a wing model that can meet the
actual conditions and analyzed the application prospect of
such wing as a variant structure. Mattioni [29] made variable
wing structures using bistable structures and used intelligent
components to control their deformation to change the wing
structure. The bistable structure can serve as both a de-
formable structure and as an energy harvesting structure. By
utilizing the nonlinear vibration in the stable-state jump
process, the bistable structure can be shaped into a
broadband energy harvester [30-32]. Three bistable struc-
tures have been applied to the piezoelectric energy capture,
which is formed by using the principle of homopolar re-
pulsion of magnetic force [33-38], buckling of the beam, and
thermal stress [39, 40], respectively, and the conversion of
mechanical energy to electrical energy is achieved during
vibration. Yao [41-45] separated the end of the upper pi-
ezoelectric layer from the base layer in the traditional pie-
zoelectric cantilever beam and conducted an experimental
study on broadband energy collection and dynamic response
of the L-shaped piezoelectric cantilever beam. Chen [46, 47]
studied a micro/nanoscale bistable plate electrical-thermal-
mechanical coupling system for energy harvesting and an-
alyzed the voltage-modal frequency response of a nonlinear
system.

2. Dynamic Modeling

The antisymmetric cross-ply laminated structure is formed
by alternately laying the orthotropic single-layer structure at
an angle of 0° and 90° between the main direction of the
material and the coordinate axis. The stiffness coeflicient of
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the antisymmetric cross-ply laminated structure has the
following relationship: (Q;1)¢ = (Q2)00 (Q22)¢r = (Q11)oge
and Q4 =Q=0. Thus, A, =A,,, D, =D,, and
A=A =Dg=D,s=Bs=B,=0, and it can be
proved that B, = By, and B,, = —B,,. In this study, four
layers [0°/90°/0°/90°] antisymmetric cross-ply laminated
bistable thin shell was selected as the model, as shown in
Figure 1, and the specific laying mode is shown in Figure 2.
Glass fiber and epoxy resin substrate were used as the
materials for the shell. The thickness of a single layer is
0.185mm. Other material parameters are displayed in
Table 1.

Based on the classical nonlinear shallow shell theory and
the von Karman large deformation theory, the nonlinear
response of the antisymmetric cross-ply laminated bistable
shallow shell was studied. The nonlinear geometric equation
of the middle plane of the Donnell cylindrical shell was
applied:

ou, 1(ow\’ w
0:—0 — — — 1
£ ax+2<ax) +Rx’ (1a)
2
50:%+l w +ﬂ, (1b)
Y0y 2\0x R,

),0 :%+%+aﬂaﬂ (1¢)
0y ox 0x 9y

where u, vy, and w represent the displacement of the point

on the middle plane of the cylindrical shell in the directions

of x, y, and z and R, and R, represent the initial radius of

curvature of the cross-section in the x and y directions of the

cylindrical shell.

Since the main direction of vibration of the shallow shell
is transverse deflection, the inertia in the plane is ignored.
Because of the coupling between the in-plane displacement
and the transverse displacement in the geometric equation, it
is necessary to introduce a compatible equation to form a
complete set of equations. The compatible equation of the
double-curved shallow shell under plane stress is expressed
as

0% azf?, B azyiy 1w dw O ’w) [ ’w

2
0,25 2010 (o) ()
y ox x 0y y Ox x 0y 0x oy

(2)

There are six independent components of internal force
in the theory of shallow shell vibration: N, N, N, M,
M,, and M,,. After the shear force Q, and Q, was elim-
inated, three dynamic equilibrium equations can be
obtained:

Ny + Ny, = phii, (3a)

N + N, = phi, (3b)

R, R

N N
M)'('+My** +2M;y—<—x+—y>+Q—phd) —yw =0,
x By

(30)

where Q represents the external excitation received by the
shell and y represents the damping coeflicient.

The three components of internal force N, N ,and N,
can be connected by the Airy stress function according to
equation (3) in the following way:

2
O]

Nx = a—zy (4a)

oy

oo

N)/ = y, (4b)
RO

= . 4
Ny 0x dy (4)

By substituting equation (1) into equation (2), the first
two dynamic equilibrium equations (3a) and (3b) can be
automatically satisfied. The expressions of the internal force
N and internal moment M of the antisymmetric cross-ply
laminated composite material can be written as

N, 7 [Ay, A, 0 B, 0 0 7[&]
N, Ay, Ay 0 0 -By 0 || ¢
[N] Ny [0 0 ag 0 0 ol
M || M, By 0 0 Dy Dy 0 Ky
MJ/ 0 _Bll 0 D12 D22 0 K}’
Myl Lo 0 0 0 o Dullx, |
(5)

It can be seen from the above equation that the anti-
symmetric cross-ply laminated bistable structure has the
coupling between stretching and bending. Combining
equation (4a4b4c) with equation (5), the expression of the
middle plane strain expressed by P;; can be obtained:

w *w ’D ’D

0
¢& =P,B,—+P,B,—-P,—+P,,—, (6a)
X 12 1lay2 11 llaxz lzayz llayz
L =—_p.B az_w_p B aZ_w_,_p az_q)_p az_c[)a
y 22 llayz 12 llaxz Zzaxz lzayz >
(6b)
D
0
By P 6C
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where  Pyy = Ap/Aj Ay — ALy, Ppy = AplAy Ay - A,
Py = Ap/Aj Ay — ALy, and Py = 1/Ag.

By substituting simplified equation (5) of the internal force
and internal moment on the cross section of the antisymmetric
cross-ply thin shell and midsurface strain expression (6a)-(6¢)
into dynamic equilibrium equation (3c), we have
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FIGURE 1: Model of the bistable structure under the action of exciter. (a) First natural equilibrium position. (b) Second natural equilibrium
position.

FIGURE 2: Schematic diagram of antisymmetrically cross-ply by [0°/90°/0°/90°].

TaBLE 1: S1002 Single-layer material parameters.

E,, (GPa) E,, (GPa) E,, (GPa) E,, (GPa) E,, (GPa) Vis P Fiber (%)
39 8.4 4.2 4.2 4.2 0.26 1.6 45

. . oo, , otw ., o'w o'd 1 90 1 'O o'
phw +CU-H'Pzzy_(BuPu _Dll)y_(Bllpzz _Dzz)a—)/ﬁLBu(Pzz _Pll)W+R— a—yZ+R_ §+P12311$

x y
o'o 5 o'w

-P,B,,—5 —2(B},P,, —D;;, —2D ) ——— = Q.

12 118)/4 ( nfn ~ Yo 66) oy’

(7)
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Then, by substituting simplified equation (5) of internal
force and internal moment and the expression of midsurface
strain (6a6b6c) into compatible equation (2), we have
22 ax4 llay4 33 12 axzayz Rx ayz Ry axz axz ayz Ox ay 12 llax4 12 1lay4 (8)
+B,,(P,, - P )azliw
11 22 11 axzayz'

In the discussion of the mode superposition method, the
solution of a continuous system can be written as a linear
combination of all mode functions. Since the boundary
condition of the model is that the four sides are free, the

center is fixed, the selected shape function does not need to
satisfy any geometric boundary conditions, and the dis-
placement shape function in the direction of z is given by

M N
wy (x, Vs t) = z Z Wij (t)wij (x, )’),
i=0 j=0
L Xi X j
= Z Z Wi (t)cos()cos()
i=0 j=0 L, L,
241 2] (I .
+ ‘Izl 'glwij(t)c()s(ﬂx(z L( + 1)))Sin<ny(£y+ ])) ©
i=I+1 j=]+ x

341 3]
+ Z Z Wij(t)sin<

i=21+1 j=2]+2

441 3J+1
+ Z Z Wij(t)sin<

i=31+1 j=2]+1

where W;; () represents generalized coordinates and
w;; (x.y) is the mode function of the system, where the
subscripti=0,1...,Mand j=0,1...,N,and all the shape
function terms are the combined operations of nonzero
trigonometric functions, where M =4I + 1, and M x N is
the number of degrees of freedom selected in the approx-
imation. Since the model built is a shallow shell structure
and the area defined by the transverse displacement
w(x, y,t) and stress function @ (x, y,t) is the same, it is
assumed that they can be expanded with the same shape
function w;; (x, y). Take the mode shape function of the
transverse displacement w and stress function @, as shown
below:

L L

x y

mx(i— (3 + 1)))sm<ny(j -3+ 1)))

L L

x Y

x (i — (21 + 1)))Cos(ny(j - (2] + 1>>),

N N

w(x, y,t) = Zzwij(x’y)wij(t)’ (10a)
i=0 j=0
N N

D (%, 3,8) = D" Wy (%, Y)F,, (1), (10b)

i=0 n=0

where W;; and F,,, are, respectively, the generalized co-
ordinates of transverse displacement w and stress functions
®. First, substituting equation (10alOb) into dynamic
equilibrium equation (7) leads to

.. N . . 1 * % 1 n " Kok k% 1] % %
phiv;W; () + Cw Wi, (1) + R Wrn + R Wrmn + P, Blyw,,, — PBhw,, " + By (Py — Piy)uw,, Fii (1)

x Yy

(11)

+ [(Dn - B§1P11):jw(3%1pzz - Dzz)wi*j*** - 2(3%11322 =Dy, - 2D667§}*]WU t)=Q
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Then, equation (10a10b) was substituted into compatible
equation (8), and we have

NN " ok ok *k
Z Z[PZZwmn + Pyyw,, +(Ps; ~ 2P12)u’jmn]FU(t)

m=0 n=0
N N N N ,
— IEIE ", kx
N ZOZ(:) Z(:) Z(:)(wijwpq wijwpq) Wi]-(t)qu (1) (12)
1=0 j=0 p=0g=
NhY 1 * 1 " " LT /EE]
+ Z Z R_wij +R_wij +P12BllwijPIZBllwij + By (P, —Pn)w,-j Wij(t).
m=0n=0L""x y

3. Galerkin Discretization Bj = (mj)/L. Both sides of equilibrium equation (11) were
multiplied by w,, (x, y), and they were integrated over the
Then, the two equations were discretized by Galerkin so that  area to obtain
the infinite degree of the freedom system can be discretized

into a finite degree of the freedom system. Take o; = (7i)/L,

o L L 2 b V(R i 2.2
thwab + chub + 1 [(Du - BIIPII)/\i _(BuPzz - Dzz))’j - 2(Bupzz -Dy, - 2D66)/1i Vj]Wah
2 (13)
L 1 1
T Byy (Py - Pll)/liz)’? +P,By A - P12B11V‘; +R_yA’? +R_x)’§ Fon=Q.
Both sides were divided by (phL?)/4, and the equilibrium
equation obtained is as follows:
Wub (t) + Z{ah,platewab,platewub (t) + wib,platewab (t) + ramen (t) = Qab’ (14)

wh;zre {uZ,plate :2 Cub /zphwu%plate’ w%b,plate = (l/ph) [(Dll
_2Blzlpll)’1i - (B}, Py _Dzz)Vj -2 (B I';zz - Dy, _42D66)
Ayilsand Ty, = (1/ph)[By, (Py, =P1)Ayj +Pp ByAi =Py,

Byyyj + (1/R)A} + (1/R,)y5]. Multiply both sides of com-
patible equation (12) by w,,, (x, y) and integrate over the
area, and we have

L 2.2 1o, 1, 2.2
1 [Pzz/“;1 + Plly; + (P33 — 2Pp)A; Yj]an (t) = EAi + R Vi + P1zB11/\;l - PlzBu)’; + By (P — Py)A; Vi W (£);
y X

+ </\iy]~)tpyq J J W jW g Wy, ds — A?y? J J wijwpqwmnds)

Let the coefficient ahead of F{!) (¢) be 1, and the com-
patible equation obtained is

= ijpq
F,.(t) =G, H,,W,, +G,, <Tii£q - H)Wu (OW py (1),
mn

(16)

(15)

SOW (D).

where TJP1 = Ay Ay, @004, TIJPI = A7y200M, G, = (L7
/4) [Pzzfl? + Pu)’? + (P33 — 2P12M;‘2Y§]> O ht = J _[wijwpq
W,y S, and H,,, = (L*/4)[P1, B A} = P, By} + By, (P, =
PiOAY: + (R A + (1/R)y2]

Due to the decoupling between the generalized coor-
dinates of the stress function and the generalized coordinates
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of the transverse displacement, the equation set can be
decoupled and the governing motion equation of the
transverse displacement can be given. By substituting

equation (16) into equation (14), the final vibration differ-
ential equation can be obtained:

Wab (t) + Z(ab,platewub,platewab (t) + wihwab (t) + FabG;; (Tla]bpq - Hgl;pq)wl] (t)qu (t) = Qab’ (17)

2 _ 2 -1
where Wap = wub,plate + 1—‘amenI_I mn

Since low-order mode shapes play a major role in vi-
bration, the higher the order, the smaller the role. To fa-
cilitate writing, the displacement w, in the deflection

¥, 4200, %, + wixy + Myx + Myxs + Myx; + Myx,x, + Msx, x5 + Mx,x; = F, cos (Qt),
%y 4 20,0y%, + Woxy 5 XT + Mgxa + Myxs + MyoX, X, + My, X, X5 + M,%,%5 = F, cos (Qt),

X5 + 20503%5 + w§x3 + waf + Mux% + Mlsxg + M ex1%, + M ;% x5 + M gx,x5 = F5 cos(Qt),

where (,, is the damping parameter of the system, w,, is the
one of the natural frequencies of the system, and M,, is the
coeflicient before each quadratic nonlinear term.

4. Linear System

4.1. Numerical Analysis of Vibration Characteristics. After
obtaining the three-degree-of-freedom ordinary differential
equation of the antisymmetric cross-ply bistable thin shell,
Figure 3 shows the mode shapes of the first 9 antisymmetric
cross-ply bistable shallow shell models obtained by the finite
element numerical simulation software ABAQUS. It can be
seen from the figure that each is symmetric or antisymmetric
with respect to the x axis and the y axis. The first mode shape is
the biaxially antisymmetrical torsion, the second mode shape is
the biaxially symmetrical bending vibration, and the third
mode shape is the torsional vibration symmetric with respect to
x-axis and antisymmetric with respect to y-axis. Starting from
the fourth order, the mode shapes are all bending-torsional
coupling vibrations. The fourth mode shape is antisymmetric
with respect to x-axis and symmetric with respect to y-axis, the
fifth mode shape is symmetric with respect to the two axes, and
the sixth mode shape is antisymmetric with respect to the x axis
and symmetric with respect to y axis. The seventh mode shape
is antisymmetric with respect to the two axes. The eighth mode
shape is symmetric with respect to the x axis and antisym-
metric with respect to the y axis, and the ninth mode shape is
antisymmetric with respect to the two axes. Higher-order mode
shapes also satisfy this law.

4.2. The Impact of Geometric Parameters on the Frequency and
Mode Shapes of the Bistable Cylindrical Shell. Since the laying
angle of antisymmetrical cross-ply was selected as the al-
ternately laying mode at 0° and 90°, simulation modeling and
analysis were performed on the first 9 groups of the test
specimen in Table 2. By changing the shell length L, the

direction of the plate was rewritten as x,, and the load
excitation Q was replaced by F. Therefore, the first three
modes were selected to obtain the three-degree-of-freedom
ordinary differential governing equations:

(18a)
(18b)

(18¢)

initial crosssection radius R,, the initial cross-section center
angle $, and the number of layers #, the impact of different
geometric parameters on the frequency and mode shapes of
the antisymmetric laminated bistable shell was studied.

Figure 4 shows the relationship between different shell
length L and the frequency value w of the first 14 anti-
symmetric cross-ply laminated cylindrical shell. The black,
red, and blue lines represent the three situations where
L =300mm, L =350 mm, and L = 400 mm, respectively. It
can be seen from the figure that the frequency value in-
creases with the increase of the order of mode shape and, at
the same time, increase with the decrease of the shell length.
The frequency values before the 7th mode shape are close,
and the values of the 10th and 11th mode shapes are close to
each other, while the values of other mode shapes are ob-
viously different. The frequency values of the 8th and 9th
mode shapes of each model are slightly different, and the
curves in the figure tend to be flat. The frequency values of
the 12th and 13th mode shapes also have the same law. The
small figure gives the details of the frequency values of the
first 5 models with three shell lengths.

Figures 5 to 7 present the stress cloud of the first 9
mode shapes of the models with three shell lengths ob-
tained by simulation. It can be seen that the main mode
shape at each order of the models with three shell lengths
has changed. In the figure, the distribution law of the stress
on the shell in each mode shape can be observed. The
magnitude of the stress increases with the changes of blue,
green, yellow, and red. When there are two straight op-
posite sides of the mode shape, the maximum stress is
distributed on the two straight sides of the shell, and the
distribution of minimum values on the shell surface is close
to a regular rectangle; when the four sides of the mode
shape are all curved sides, the maximum values of stress are
distributed on the four corner points, and the distribution
of the minimum values is irregular. Only the second,
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FiGUure 3: Diagram of mode shapes at the first nine orders of the antisymmetric bistable laminated shallow shell. (a) w, = 14.2Hz.
(b) w, =30.85Hz. (c) w;=422Hz (d) w,=80.4Hz (e) ws=2855Hz (f) ws=949Hz. (g) w; =954Hz. (h) wg=158.3Hz.

(i) wy = 163.1 Hz.

TaBLE 2: Model parameters of the antisymmetric bistable test specimen with different shapes.

Test specimen L (mm) R, (mm) B n al®
1 300
2 350 95
3 400 180
4 75 4
5 85 45
6 120
7 300 150
8 6
95
) 180 8
10 4 30
11 60

fourth, and fifth mode shapes remain unchanged, while
other mode shapes are different. In the first 6 mode shapes,
bending vibration and torsional vibration appear alter-
nately. Starting from the 7™ order, all mode shapes are
bending-torsion coupling vibrations.

Figure 8 illustrates the impact of different initial cross
section radius R; on the frequency w of the antisymmetric
cross-ply laminated cylindrical shell. The black, red, and blue
lines, respectively, represent the curves of the frequency values
at the first 14 orders in the three cases where R, = 75 mm,
R, = 85mm, and R, = 95mm. It can be seen from the figure
that the frequency value increases with the increase of the
order of mode shape and, at the same time, increases with the
decrease of the initial cross-section radius R;. The overall
trend in the three cases is similar to that in Figure 3, except

that the frequency value increases slowly at the 8th, 9th, 12th,
and 13th mode shapes, and the frequency values at other
orders show a significant increase. The small figure displays
the detailed diagram of the frequency values of the first 5
mode shapes. Figures 9 and 10 present the stress cloud of the
first 9 mode shapes when R; =75mm and R; = 85mm
obtained by simulation, and they were compared with the
situation where R, = 95mm in Figure 4. In the figure, the
stress distribution on the shell in each mode shape can be
found, and the stress distribution law is the same as that
shown in Figures 5-7. Only the 4th, 5th, and 8th mode shapes
remain unchanged, while other mode shapes are different. In
the first 6 mode shapes, bending vibration and torsional
vibration appear alternately. Starting from the 7th mode
shape, all modes are bending-torsion coupling vibrations.
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FIGURE 5: Diagram of the mode shape at the first eight orders and modal frequency (L =300 mm). (a) w; = 14.8 Hz. (b) w, = 25.5Hz. (¢)
w; = 34.6 Hz. (d) w, = 74Hz. (e) ws = 82.7Hz. (f) ws = 156 Hz. (g) w, = 164.2Hz. (h) wg = 229.7Hz. (i) wy = 230.1 Hz.

Figure 11 exhibits the relationship between different initial
cross-section central angle 8 and the frequency value w. The
black, red, and blue lines represent the curves of frequency at
the first 14 orders when the central angle 8 = 120°, = 150°,
and f3 = 180°, respectively. The small figure is the detailed
diagram of the frequency values of the 6th to 9th mode shapes.
It can be seen that the frequency values of the 6th to 9th mode
shapes when f3 = 150° are relatively close, and the curves tend
to be flat. In other cases, the frequency value increases with the
decrease of the central angle. Figures 12 and 13 show the stress

cloud of the first 9 mode shapes under the initial cross-section
center angle  =120" and 5 = 150" obtained by simulation,
respectively. The distribution rules of the maximum and
minimum stress on the shell surface are the same as those
described above. Only the first, second, fourth, and eighth
mode shapes remain unchanged, while other mode shapes are
quite different. In the first 6 mode shapes, bending vibration
and torsional vibration appear alternately. Starting from the
7th mode shape, all mode shapes are bending and torsion
coupling vibrations.
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(¢) w3 =31Hz. (d) wy =74 Hz. () ws = 79.1Hz. (f) wg = 156.1 Hz. (g) w, = 160.6 Hz. (h) wg = 168.2Hz. (i) wy = 170.9 Hz.

Figure 14 describes the impact of different layer thick-
nesses n on the frequency of antisymmetric cross-ply lam-
inated cylindrical shell. The black, red, and blue lines
represent the curves of frequency at the first 14 orders when
the layer thickness n = 4, n = 6, and n = 8. It can be found
from the figure that the frequency value increases with the

increase of the order of mode and, at the same time, in-
creases with the increase of the layer thickness. The overall
trend in these three cases is similar to that in the previous
cases, except that the frequency values of the 3rd, 5th, and
9th mode shapes are significantly increased, and the values at
other orders all increase slowly. The small figure gives the
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detailed diagram of the frequency values of first 5 mode
shapes. Figures 15 and 16 are the stress cloud of the first 9
mode shapes when n = 6 and n = 8 obtained by the simu-
lation and were compared with the situation in Figure 5
where #n = 4. In the figure, the stress distribution on the shell
in each mode shape can be seen, and the stress distribution

law is the same as that shown in Figures 5-7. Only the first,
second, fourth, and eighth mode shapes remain unchanged,
while other mode shapes are different. Bending vibration
and torsional vibration appear alternately in the first 6 mode
shapes. Starting from the 7th mode shape, the mode shapes
are all bending-torsion coupling vibrations.
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5. Nonlinear System
5.1. Perturbation Analysis When the Main Resonance Q = w,

5.1.1. Noninternal Resonance Situation. According to the
frequency of the linear system, there is a 1:2:3 internal
resonance relationship between the natural frequencies of

the first three orders in the bistable system. On the premise
that the main resonance () is close to w,, internal resonance
situation and noninternal resonance situation were dis-
cussed separately.

First, regarding noninternal resonance situation, the

solvability condition (the condition for eliminating the long-
term term) is
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1, ; -
2iw1(Af' + /J1A1) = EflemlTl, (19a) x, =0, (20c)
where y, = arctan (o,/u,). Therefore, in the case where there
Ay + A, =0, (19b)  is no internal resonance, any nonlinear term will not pro-
duce a long-term term, and its first approximation is not
A+ w3 Ay =0, (19¢) affected by the nonlinear term; thus, it is actually the solution

to the corresponding linear problem.
where A is the derivative of A, about T, and o, is the tuning

parameter.
The steady-state response that can be obtained is 5.1.2. Internal Resonance Situation. When thereisa 1:2:3
F, sin (Qf — y,) internal resonance, let Q = w, + €0y, w, = 2w, + €07 and
1= — +O(e), (20a) @3 = 3w, + €03, where 0y, 0,, and o3 are the tuning pa-
2ew \p] + 0y rameters, and the solvability condition is

x, =0, (20b)
—2iw, (A} + A,) — myA A" - rrzézszai(%_az)T1 + %ew‘Tl =0, (21a)
—2iw, (Aj + iy Ay) —m, Ale” T - 71/111Z2A3ei(03_02)T1 =0, (21b)
“2iws (AL + pyAs) — myg Ay Ay (27T = g, (21c)

At this time, the symbol was introduced, let
A, = (a,e%)/2, and the result was divided into a real part
and an imaginary part, and we have
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where
ay=-wa, - m:z)ﬂz sin y, — miz)z 3 sin p, + Lsm y;  (22a)
! 1 y, =0, -20, +0,T,, (23a)
mya,a mga,a f
a,0] = =12 cos p, + —22 cos p, —Zcos y5,  (22b =0,-0,-0,+(0;—0,)T 23b
191 40, Y2 40, Y2 20, s (22b) Y2 =05-06, -0, + (03— 0))T, (23b)
2 =0,T; -0, (23¢)
ay = —pya, + 7% in Y, — T Gy V2> (22¢) Booh
) 4w, Equations (22a)-(22f) shows that the phase modulation
between response and excitation begins to change, which is
0! — m,a; ™My a,a3 (22d) not available in linear systems. The aforementioned phase
402 = 4w, cosyr+ 4w, €OS V2 modulation change is important since it limits the amplitude
of the response to a finite value. 8, and 0, were eliminated to
, M 64,4, obtain the average equation under polar coordinates:
a3 = —f3a; + — ——sin yy, (22e)
4w,
Mya,a
a;0; = 12 cos 5,
303 4a, Y2 (22f)
myaa; . Medyas . 1
Da, = -pa, - sin y, —————sin y, + =—sin Y, 24a
14 = —ha 40, Y2 40, Y2 20, V3 (24a)

2 2 2
1 (m,a; mya a, (m;a, mgea a
a\Dyy, = L —2 cos Y1t = =+ - =2 cos Y2t J16; Cos Y3, (24b)
2\ 2w, w; 2\ 2w, wa w,a,
2
m-aj . my,a,05 .
Dia, = —u,a, + Lsin Y1 - U1 B i Va5 (24c¢)
4w, 4w,

2 2
1 (m,a; myua fia
_ 1 49 19,
a,Dyy, = (05— 0y)a, — = +—2cos y, + 0. S0 V3
141

4\ w, W, (24d)
a; (mya, mgas maa
_G(Mut | Mey  Theths ) oo,
4 W, w,a, ws
e, .
Dyaz = —pza; + 4 sin Yy, (24e)
w3
mua,a Mea,a
a;D,y; = 0,4, — ——2c0s Y, — ——>-2¢05 }, +£cos Y3 (24f)
4w, 4w, 2w,
Let A| = x; +ix,, A, = x5 +ix,, and A, = x5 + ix,. The
average equation under rectangular coordinates is as follows:
. my
X=Xt (x5 = x,X,) +28 (x4x5 X3 )» (25a)
W, 2w
. my f1
Xy = Xy 3 (%,%5 + x,%,) + M6 (x3x5 + X4%6) — (25b)
W, 2w 4w,
. my my
X3 = THpX3 ——X1 X + (%16 = X,X5), (25¢)
w, 2w,

. my ¢ 2 2\ , My
Xy = —paXy — Twz(?ﬁ - xz) + 20, (%1 X5 + %,X), (25d)
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. Mg
X5 = —phyXs — —— (X005 + X1 Xy),
3

2w

. My B
Xe = ~HU3Xe T (21%5 = x,Xy).
2w;

5.2. Dynamic Analysis of Bifurcation and Chaos When the
Main Resonance Q) = w,. Based on rectangular coordinate
average equations (25a)—-(25f) of the bistable system under
1:2: 3 internal resonance and main resonance, the nonlinear
dynamic behavior characteristics of the bistable system with
the change of external excitation were analyzed by numerical
methods. First, the initial conditions were defined as
x; =0.11, x, =0.39, x5 =021, x, =0.19, x5 =0.11, and
Xx¢ = 0.22, and other parameters were set to be y, = 0.1,
U, =012, pu3=0.5 my=164, mgz=145 m, =10,
my; = 9.1, and m,; = 7. In rectangular coordinate average
equation (25a), f; is the parameter related to the external
excitation. Here, f; was selected as the control parameter to
study the nonlinear dynamic characteristics of the system
affected by the external excitation.

Figure 17 is the bifurcation diagram of the second and
third mode shapes of the antisymmetric cross-ply bistable
system. The abscissa axis represents the changes of f related
to the external excitation, and the ordinate axis represents
the changes of x; and x5 related to the second-order and
third-order amplitudes of the system. As the external ex-
citation expands, the bifurcation diagram of the system
shows obvious up-and-down vibrations, indicating that the
nonlinear dynamic behavior of the antisymmetric cross-ply
laminated bistable cylindrical shell has the basic charac-
teristics of the bistable state. In the interval f, € [0, 2], the
bistable structure is in a period-doubling state. In the in-
terval f, € [2,80], the bistable structure is in chaotic mo-
tion, with the amplitude constantly expanding.

Figure 18 is the maximum Lyapunov exponent diagram
of the antisymmetric cross-ply laminated bistable system.
The abscissa axis represents the changes of f, related to
external excitation, and the ordinate axis represents the
maximum Lyapunov exponent. It can be seen from the
figure that, in the interval f, € [0,2], the maximum Lya-
punov exponent is less than zero. In the interval f, € [2,80],
the maximum Lyapunov exponent is always greater than
zero, indicating that the bistable structure has been in a state
of chaos. Based on the selected value of f,, the waveform
diagram, phase diagram, Poincaré cross-section diagram,
and frequency spectrum diagram of the system under dif-
ferent external excitation values are displayed.

Figures 19 to 22 are the phase diagram, time history
diagram, Poincaré cross-section diagram, and frequency
spectrum diagram of the corresponding system motion
when the parameter values of the external excitation f, are
different. In each figure, (a) and (b), respectively, show the
three-dimensional phase diagram in the space (x4, x5, x¢)
and the time history diagram in (¢, x;). (c) and (d), re-
spectively, show the three-dimensional phase diagram in
space (x;,X,,x3) and the second mode shape phase diagram
on the two-dimensional plane (x;,x,). (e) and (f),

17

(25e)

(25f)

respectively, show the Poincaré cross-section and frequency
spectrum on the two-dimensional plane (x;,x,).

When f, =1, it can be seen from Figure 19 that a pe-
riodic phenomenon occurs in the system. It can be found
from the figure that a single closed loop appears in the two-
dimensional and three-dimensional phase diagrams of the
system, the waveform diagram shows obvious periodic
characteristics, a mapping point appears in the Poincaré
mapping, and there is a main frequency component in the
spectrogram. Moreover, the largest Lyapunov exponent is
close to zero. These characteristics indicate that the system
has periodic movement at this time.

When f, =20, it can be seen from Figure 20 that an
almost periodic phenomenon occurs in the system. It can be
found from the figure that the two-dimensional and three-
dimensional phase diagrams of the system show dense
circular orbits, dense mapping points appear in the Poincaré
map, the spectrogram is a discrete spectrum, and the
maximum Lyapunov exponent is close to zero. These
characteristics reveal that the system has almost periodic
motion at this time.

Figure 21 shows the motion characteristics of the system
when f, = 40. The phase diagram of the system is messy,
dense, and clearly bounded. There are continuous spectra in
the spectrogram, countless mapping points appear in the
Poincaré map, and the maximum Lyapunov exponent is
greater than zero. These features demonstrate that chaotic
movement occurs in the system at this time.

Figure 22 shows the motion characteristics of the system
when f, = 60. The phase diagram trajectory of the system is
messy, dense, and clearly bounded. The waveform diagram
shows that the system motion has random characteristics.
Continuous spectra appear in the spectrogram, and there are
countless mapping points in the Poincaré map. Meanwhile,
the maximum Lyapunov exponent is greater than zero.
These features indicate that chaotic motion occurs in the
system at this time.

5.3. Perturbation Analysis When the Main Resonance Q) = w,

5.3.1. Noninternal Resonance Situation. First, regarding the
situation of noninternal resonance, the solvability condition
(the condition for eliminating the long-term term) is

2iw, (A} +pA)) =0, (26a)
2 ! _ f2 io T, b

iw, (Ay + ppAy) = 2¢ > (26b)
2iwy (Ay + pusAy) = 0. (26¢)

The resulting solution expression is
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portrait on the plane. (e) The Poincaré map. (f) The frequency spectrum.

1 )
A, = Eale*mTﬁrl@l, (27a) A, — 0. (28¢)
Therefore, in the case where there is no internal reso-

Ao - la o haT it _ if e (27b) nance, any nonlinear term wi.ll not p.roduce a long-term
275" 4w, (4, +i0,)’ term, and its first-order approximation is not affected by the
nonlinear term; thus, it is actually the solution of the cor-
1 ) responding linear problem.

Ay = aze T, (27¢) |CPORCmBIRERE
When t — o0 and T; — 00, we have 5.3.2. Internal Resonance Situation. When thereisa 1:2:3
A — 0, (28a)  internal resonance, let Q = w, + €0}, w, = 2w, + €0,, and
w; = 2w, + €05, where oy, 0,, and 0, are the tuning pa-

i f T rameters, and the solvability condition is
G (28b)
4w, (, +i0,)

“2iw, (A} + i A,) - m,A AT - rnﬁZzA3ei(03702)Tl =0, (29a)

~2iw, (A + iy Ay) — m,Ale” T - rnllZlA3ei(‘Tfoz)T1 + %eiolT‘ =0, (29b)
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—2iwy (As + p3A;) - my A, Aye ()T g, (29¢)

At this time, the symbol was introduced, let

A, = (a,e%)/2, and we have

1 ,; i ;
Al = 5a,;e'g" + Eane,;e"’",
_ 1 .
A, = e i
!
a; = —tha, -
! 4
a0,

where

Y1 =06, -20, +0,T,
VY, =0;-0,-0, + (05— 0,)T,

vs = 0,1, =6,

The result was divided into a real part and an imaginary
part:

(30a)
(30b)
a, . Mea,as .
sin y; — sin y,,
-y, o, Y2 (31a)
64293
COS Yy +—, 08 ¥y, (31b)
al a,a f
1 144 . 2
sin sin y, + —=sin y,, (31c
1 4 L w, V3 )
a,a
o+ uhds Vs — 22 cos ys, (31d)
a a,a f
Lsin y, : L 3smy2+2—zsiny3,
a)za w w, (31e)
1619y
a0V
COS Y5, (31f)
The phase modulation between response and excitation
(322) begins to change, which is not available in linear systems.
The aforementioned phase modulation change is important
since it limits the amplitude of the response to a finite value.
(32b) 0, and 6, were eliminated to obtain the average equation
under polar coordinates:
(32¢)

a a,as
Zg —255in y,, (33a)
m; 4,43 fa (33b)
cos y, + TCOS Yy — Y COS Y3,
2 20,
114193

as . fz .
4+ == ) (33C
sin y, S0, sin y, )
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1 m4a§ m7af
Dy, = (05 - 0,)a, 3 a)—+ o COS ¥y
, ' ’ (33d)
1 (mea,a;, mya,a, myca,a
[ MR Mudds 1612C05V2+£V3’
4\ wa, W, w3 2w,
m,.a,a
D,a;y = —pza; + —2"Zsin y,, (33e)
a f
D,y; = 0, — —2cos y, — —L2cos y, + =—2—c0S };. (33f)
202 w,a, wya

Let A; = x; +ix,, A, = x5 +ix,, and A; = x5 + ix,. The
average equation under rectangular coordinates was ob-
tained, as follows:

(34a)

. m m
X1 = —hiX — j (x1x4 - x2x3) - j (x3x6 - x4x5),
1 1

m m

. 4 6

Xy = —ph X, + Yo (3125 + x,%,) + = (x3X5 + X4Xg),
w; 2w,

(34b)
. ms; my
Xy = —Uy Xy — —2X1 X0 + —— (XX — X,X2),
3 = X3 0, 1% 2w2( 1% — X,X5) (34¢)
Xy = —phyXy + &(xf - xi) TR (31 %5 + X, %) — L’
2w, 2w, 4w,
(34d)
. Mg
X5 = TH3Xs — o (2255 + X124), (34e)
w3
. M
Xg = —H3Xe t o (%155 = X,Xy). (34f)
w3

5.4. Dynamic Analysis of Bifurcation and Chaos When the
Main Resonance Q) = w,. Next, based on rectangular coor-
dinate average equation (34a34b34c34d34e34f) of the
bistable system under 1:2:3 internal resonance and main
resonance, numerical methods were used to analyze the
nonlinear dynamic behavior characteristics of the bistable
system with the change of external excitation. First, the
initial conditions were defined as x; =0.11, x, = 0.39,
x; =0.21,x, = 0.19, x5 = 0.11, and x,; = 0.22, and the values
of other parameters are y; = 0.1, y, =0.012, p; =0.05,
my = 16.4, my = 14.5, m; = 10, my; = 9.1, and m,; = 7. In
rectangular coordinate average equation
(34a34b34c34d34e34f), f, is the parameter related to the
external excitation. Here, f, was selected as the control
parameter to study the nonlinear dynamic characteristics of
the system affected by the external excitation.

Figure 23(a) is the bifurcation diagram of the first mode
shape of the antisymmetric cross-ply bistable system. The
abscissa axis represents the changes of f, related to external
excitation, and the ordinate axis represents the changes of x;
related to the first-order amplitude of the system. As the

external excitation increases, the bifurcation diagram of the
system shows obvious upper and lower areas, which indi-
cates that the nonlinear dynamic behavior of the antisym-
metric laminated bistable cylindrical shell has the basic
characteristics of the bistable state. In the interval
f, € 10,1.2], the bistable structure has been in a monostable
state and transforms between two steady states. In the in-
terval f, € [1.2,4], the bistable structure continues to
transform between two steady states, with the amplitude
continuously expanding. Figure 23(b) is a bifurcation dia-
gram of the second mode shape of the antisymmetric cross-
ply laminated bistable system. The abscissa axis represents
the changes of f, related to external excitation, and the
ordinate axis represents the changes of x; related to the
second-order amplitude of the system. With the increase of
the external excitation, the bifurcation diagram of this
system does not have obvious upper and lower areas. In the
interval f, € [0,4], the bistable structure is always in the
chaotic state of the two steady states up and down near the
equilibrium point.

Figure 24 is the maximum Lyapunov exponent diagram
of the antisymmetric cross-ply laminated bistable system.
The abscissa axis represents the changes of f, related to
external excitation, and the ordinate axis represents the
maximum Lyapunov exponent. It can be seen from the
figure that, in the interval f, € [0,4], the maximum Lya-
punov exponent is always greater than zero, indicating that
the bistable structure has been in a state of chaos. Based on
the selected value of f,, the waveform diagram, phase di-
agram, Poincaré cross-section diagram, and frequency
spectrum diagram of the system are given below.

Figures 25 to 28 are the phase diagram, time history
diagram, Poincaré cross-section diagram, and frequency
spectrum diagram of the corresponding system motion
when the parameter values of external excitation f, are
different. In each figure, (a) and (b), respectively, show the
three-dimensional phase diagram in the space (xy,x,,x3)
and the time history diagram in (¢, x;). (c) and (d), re-
spectively, show the three-dimensional phase diagram in
space (x4, X5, X¢) and the second mode shape phase diagram
on the two-dimensional plane (x;,x,). (e) and (f), re-
spectively, show the Poincaré cross-section and spectrogram
on a two-dimensional plane (x;,x,).

When f, = 0.4, it can be seen from Figure 25 that a
periodic phenomenon occurs in the system. There are
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FIGURE 23: Bifurcation diagram of the antisymmetric cross-ply bistable system.
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FIGURE 26: The quasi-periodic motion when f, = 1.2. (a) The 3D phase portrait. (b) The time history. (c) The 3D phase portrait. (d) The

phase portrait on the plane. (e) The Poincaré map. (f) The frequency spectrum.
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multiple closed loops in the two-dimensional and three-
dimensional phase diagrams of the system, the waveform
diagram has obvious periodic characteristics, multiple
mapping points appear in the Poincaré map, and there are
multiple main frequency components in the spectrogram. In
addition, the maximum Lyapunov exponent is close to zero.
These characteristics reveal that the system has periodic
movement at this time.

When f, = 1.2, it can be seen from Figure 26 that an
almost periodic phenomenon occurs in the system. The two-
dimensional and three-dimensional phase diagrams of the
system show dense circular orbits, dense mapping points appear
in the Poincaré map, the spectrogram is a discrete spectrum,
and the maximum Lyapunov exponent is close to zero. Based
on the characteristics shown in the figure, it can be confirmed
that the system has almost periodic motion at this time.

Figure 27 shows the motion characteristics of the system
when f, = 2. The phase diagram of the system is messy,
dense, and clearly bounded. There are continuous spectra in
the spectrogram, countless mapping points appear in the
Poincaré map, and the maximum Lyapunov exponent is

greater than zero. These features indicate that chaotic
movement occurs in the system.

Figure 28 shows the motion characteristics of the system
when f, = 3. The phase diagram of the system is messy,
dense, and clearly bounded. The waveform diagram shows
that the system motion has random characteristics. Con-
tinuous spectra appear in the spectrogram, and there are
countless mapping points in the Poincaré map. The maxi-
mum Lyapunov exponent exceeds zero. These characteristics
indicate that chaotic motion occurs in the system at this
time.

6. Conclusion

First, the relevant vibration characteristics of the anti-
symmetric cross-ply laminated bistable shallow shell
were studied. The finite element software ABAQUS was
used to perform numerical simulation on the linear
model to explore the influence of different geometric
parameters on the vibration characteristics such as fre-
quency and main mode shapes. It can be found that the
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frequency value increases with the decrease of the model
size and increases with the increase of the structure
thickness and the laying angle, exhibiting stepped growth
overall. The main mode shape of models in each group is
similar overall, with little change. The distribution of
stress on the shell structure is regular. When there are two
straight opposite sides of the mode shape, the maximum
values of stress are distributed on the two straight sides of
the shell, and the distribution of the minimum values on
the shell surface is close to a regular rectangle; when all
the four sides of the mode shape are curved, the maxi-
mum stress is distributed at the four corner points, and
the distribution of the minimum values is irregular.
Besides, bending vibration and torsional vibration appear
alternately in the first 6 mode shapes, and from the 7
order, the mode shapes are all coupled bending and
torsion vibrations.

Secondly, the dynamic equilibrium equation and the
compatible equation were simultaneously established to build
a low-order nonlinear dynamic model for the antisymmetric
cross-ply laminated bistable shallow shell. Perturbation
analysis was conducted on the three-degree-of-freedom
nonlinear ordinary differential equation of the antisymmetric
laminated bistable cylindrical shallow shell under steady-state
excitation through the multiscale method, and the average
equations in the six-dimensional polar coordinate form and
the rectangular coordinate form under 1:2:3 internal
resonance and the combination of the two different main
resonances were obtained. The impact of excitation amplitude
on the bifurcation behavior of the system was studied, and the
following conclusions were drawn: first, from the bifurcation
diagram of the system, it can be seen that there are typical
nonlinear phenomena such as period doubling and chaos in
the bistable system. Based on the fixed parameter value, two-
dimensional and three-dimensional phase diagrams, time
history diagram, frequency spectrum, Poincaré mapping, and
maximum Lyapunov exponent were used to analyze the
specific motion state of the system and to explain that the
external excitation has a significant impact on the dynamic
characteristics of the bistable model. In the case where two
main resonances exist and have similar parameters, there are
huge differences in the variation law of the nonlinear dynamic
behavior characteristics of the antisymmetric cross-ply
bistable system. With the increase of damping coefficient,
tuning parameters, and excitation amplitude, the system
presents complex nonlinear dynamic behavior, and several
typical phenomena were found, such as the alternate
occurrence of period-doubling bifurcation and chaos.
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