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,e vortex-induced vibration may cause fatigue of a bridge structure, affecting the safety of vehicles and the comfort of pe-
destrians. Inerter is a two-terminal device, which has been applied in many areas. ,is paper studies the problem of suppressing
the vortex-induced vibration of a bridge by using an inerter-based dynamic vibration absorber (IDVA). ,e performances in
terms of the suspension travel and the vertical displacement of the bridge with different IDVAs in suppressing vortex-induced
vibration are compared, and the effect of the installation position of IDVA on the performance of suppressing vortex-induced
vibration is shown. ,e performance indexes for the vertical displacement of six IDVA arrangements are obtained by using an
iterative method, where the performance indexes for the vertical displacement are minimized by using the optimization toolbox in
a commercial software. ,e result shows that the optimal installation positions and the number of suitable installation positions
are affected by the resonant mode. Among the six arrangements, one arrangement is identified to have the best performance of
suppressing vortex-induced vibration. All the six arrangements have reduced the suspension travel performance.

1. Introduction

With the development of the construction technology, the
lengths of bridges have become longer, making the bridges
more sensitive to wind-induced vibrations. ,e vortex-in-
duced vibration is a type of wind-induced vibration, which
often occurs at a low wind velocity. When wind blows
through slender structures like a bridge, the double-row line
vortex with the opposite direction of rotation and regular
arrangement is periodically dropped on the upper and lower
sides. ,is phenomenon is referred to as the Karman Vortex
Street [1]. Vibration will occur as the Karman Vortex
Street alternately falls off, and resonance occurs when the
shedding frequency is close to the natural frequency of a
bridge. Sustained vibration can cause fatigue of the bridge
structure, affecting the safety of vehicles and the comfort of
pedestrians. ,erefore, the research on vortex-induced vi-
bration has become a very active topic for scholars [2–7].

,emain measures to suppress vortex-induced vibration
are divided into aerodynamic measures and mechanical

measures. Aerodynamic measures mainly improve the
aerodynamic shape of the structure to avoid vortex-induced
vibration. Zhou et al. [8] studied the effects of bridge at-
tachments such as sidewalks, railings, and crash barriers on
the suppression of vortex-induced vibrations by the means
of numerical simulation and wind tunnel tests. A passive
vortex generator was used to avoid the stability of vortex
shedding for the purpose of suppressing vortex-induced
vibration [9]. ,e mechanical measure is to suppress the
vortex-induced vibration of a bridge by using a mechanical
energy absorption system in the bridge. A commonly used
mechanical equipment is the tunedmass damper, referred to
as TMD (or dynamic vibration absorber, DVA). In 2002,
TMD was used to suppress the vortex-induced vibration of
Rio-Niteroi bridge [10] and Trans-Tokyo Bay Crossing
bridge [11]. Multiple tuned mass dampers (MTMD) were
used to suppress the high-order vortex-induced vibration of
the suspension bridge [12].

Inerter, a new type of mechanical device, was proposed
by Smith [13], as shown in Figure 1. ,e inerter is defined as
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a two-terminal mechanical element whose force acting on
two terminals is proportional to the relative acceleration of
two terminals, where the proportionality coefficient is re-
ferred to as the inertance. According to the definition, the
dynamic equation of inerter is

F � b _v1 − _v2( , (1)

where F is the force acting on two terminals, v1 and v2 are the
velocities of two terminals, and b is the inertance.

With the force-current analogy, the damper, spring and
inerter in a passive mechanical network are analogous to the
resistor, inductor, and capacitor in a passive electrical
network. ,e inerter was first applied in the field of network
synthesis [14]. Any controllers with positive real admittance
functions can be realized by interconnections of inerters,
dampers, and springs [15]. At present, inerter has become an
active topic for many scholars. Meanwhile, the concept of
semi-active inerter was also proposed and its physical re-
alizations were established [16].

,e inerter has been used to suppress wind-induced
vibration of cables in cable-stayed bridges. A variety of given
network arrangements [17–19] and the network compre-
hensive solution [20] have been used to design IDVAs,
where the minimum modal damping of the stay cable was
effectively improved. Xu et al. [21] used inerter to suppress
the vortex-induced vibration of a bridge, where the mini-
mum RMS value of the bridge displacement was obtained.
Dai et al. [22] studied the effect of installation position of the
inerter on the damping performance of the inerter-based
tuned mass damper (TMDI) to suppress the wind-induced
vibration of the flexible structure.

In 2015, Hu and Chen [23] proposed the inerter-based
dynamic vibration absorbers, as shown in Figure 2(a), which
are different from the traditional dynamic vibration ab-
sorber. ,e traditional dynamic vibration absorber, usually
referred to as TDVA or TMD, can be composed of dampers
and springs, as shown in Figure 2(b). However, the inerter-
based dynamic vibration absorbers can be composed of
dampers, springs, and inerters. IDVAs have been used to
control the seismic response of a steel building structure
[24]. Mechanical schematic diagram of IDVA used in [24] is
shown in Figure 3, which can be applied to other buildings.

Six arrangements were used to design IDVAs in [23]; see
C1-C6 arrangements shown in Figure 4. ,e performances
of IDVAs were measured from the perspective of the H∞
norm andH2 norm of the system.,eH2 norm optimization
problem in [23] was equivalent to a white noise excitation
problem. It was found that in the H2 norm optimization the
performance of C3 arrangement was the best, followed by C6
and C4, and the worst one was C5.

In 2019, Xu et al. [21] applied the inerter to suppress the
vortex-induced vibration of bridges and named the device as
the inerter-based tuned mass damper (TMDI). ,e TMDI
was installed inside a bridge, and the parameters were tuned
to minimize the RMS value of the displacement of a bridge.
It was shown that better vortex-induced vibration sup-
pression performance would be achieved with a larger mass

ratio and a smaller inertance-to-mass ratio. However, it was
found that the performance deteriorates after adding the
inerter compared with the traditional arrangement.

,e similarities and differences between [23] and [21] are
as follows. Firstly, the arrangement in [21] is the C1 ar-
rangement mentioned in [23]. In addition, the excitations
are different. ,e H2 norm performance in [23] is equivalent
to a white noise excitation problem; while colored noises are
employed in [21]. It was found that the performance of the
C1 arrangement in suppressing vortex-induced vibration
was inferior to the traditional arrangement in [21], con-
sistent with the conclusion in [23]. In 2020, Xu et al. [25]
compared the performance of C2-C4 arrangements in
suppressing vortex-induced vibration. ,e parameters of
each arrangement were selected based on the H2 perfor-
mance indices in [23].

Note that the application of inerter in a beamwas studied
in [26]. ,e difference is that the excitation studied in [26] is
the frequency-bounded white noise, which only acts at a
point on the beam and belongs to point excitation. In this
paper, the excitation acts on any point of the beam and
belongs to distributed excitation.

,is paper studies the vortex-induced vibration sup-
pression problem of bridges by using the inerter-based
dynamic vibration absorber (IDVA). ,e performances of
different IDVAs in suppressing vortex-induced vibration are
compared, and the effect of the installation position on the
performance of suppressing vortex-induced vibration is
analyzed. ,is paper uses C3-C6 arrangements in [23] and
C7-C8 arrangements in [27] to form IDVAs. Different from
the study in [21], the installation location of the IDVA is
emphasized in this paper, where a Euler–Bernoulli beam is
adopted to model the bridge. ,e bridge-IDVA equivalent
model studied in the paper is shown in Figure 5.

2. Bridge-IDVA Mathematical Model

Since other IDVA arrangements can be similarly obtained,
the C4 arrangement is selected to illustrate the procedure of
establishing the bridge-IDVA model. Actually, all the
mathematical models of other IDVA arrangements can be
similarly established, where the details are not shown in this
paper for brevity. ,e C4 arrangement of IDVA is installed
inside a bridge, as shown in Figure 6. A Euler–Bernoulli
model of the bridge with the IDVA installed at the point
x= a is shown in Figure 7.

,e dynamic equations of motion of the bridge-IDVA
system are as follows:

FF

v2 v1

Figure 1: Symbolic representation of inerter.
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Figure 2: Dynamic vibration absorber. (a) Inerter-based dynamic vibration absorber; (b) traditional dynamic vibration absorber.
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Figure 3: Mechanical schematic diagram of IDVA.
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Figure 4: Eight passive mechanical networks with a spring, a damper, and an inerter.

Shock and Vibration 3



ρbA
z
2
y1(x, t)

zt
2 + mIDVA

z
2
yt(t)

zt
2 δ(x − a) + c

zy1(x, t)

zt
+ EI

z
4
y1(x, t)

zx
4 � Fwind,

Fwind �
1
2
ρU

2
D Y1 1 − ε

y1(x, t)
2

D
2 

zy1(x, t)/zt( 

U
+ Y2

y1(x, t)

D
  +

1
2
ρU

2
DCL(x, t),

(2)

mIDVA
z
2
yt(t)

zt
2 � b

z
2
y2(t)

zt
2 −

z
2
yt(t)

zt
2  + Ks y1(a, t) − yt(t)( , (3)

b
z
2
y2(t)

zt
2 −

z
2
yt(t)

zt
2  � cIDVA

zy1(a, t)

zt
−

zy2(t)

zt
  + kIDVA y1(a, t) − y2(t)( , (4)

where y1(x, t) is the vertical displacement of the bridge,
yt(t) is the displacement of the mass mIDVA, y2(t) is the
displacement of the connection between the inerter and the
spring (or the damper), U is the mean wind velocity,D is the
height of cross sectional deck, c is the structural damping, EI
is the flexural rigidity of the bridge, ρb A is the mass per unit
length of the bridge, ρ is the air density, Y1, Y2, and ε are

aeroelastic parameters that can be obtained from a wind
tunnel test, CL(x, t) is the lift coefficient.

δ(x − a)= 1 x � a

0 x≠ a
 is the Dirac delta function, and Fwind

is the vortex-induced force.
By using the Galerkin method [28], the vertical dis-

placement of the bridge can be obtained as
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Figure 5: ,e simplified bridge-IDVA model.
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y1(x, t) � 
n

1
ϕj(x)qj(t), (5)

in which qj(t) is a function of model coordinate and ϕj(x) is
the jth modal function of a simply supported beam and can
be determined by solving the eigenvalue problem with a
certain boundary condition. 

L

0 ϕj(x)ϕk(x)dx � Lδjk and
(d4ϕj(x))/dx4 � τ4jϕj(x ) are satisfied, where τj is the ei-
genvalue of the beam characteristic equation, L is the length
of the bridge, and δjk is the Kronecker delta function.

When the frequency of vortex shedding is similar to the
natural frequency of one bridge mode, the frequency of
vortex shedding is captured by the natural frequency. ,is

phenomenon is referred to as “lock in” [1]. In the “lock in”
region, the vortex resonates with only one mode of the
bridge. ,us, the vertical displacement of the bridge can be
simplified as follows:

y1 � ϕi(x)qi(t), (6)

where ϕi(x) is the modal function of resonance mode.
Substituting (6) into equations (2)–(4), and moving the

part of the vortex-induced force related to the vertical
displacement and velocity of the bridge to the left side of the
equation, after introducing the dimensionless parameters,
the equations of motion of the system can be rewritten as

Mi €qi(t) + μMiϕi(a) €yt + 2Miωi ξi − ξae(  _qi(t) + Miω
2
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where Fi is the excitation related to the lift coefficient, Mi �
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Equations (7)–(9) can be rewritten as

Mx + C _x + Kx � F,

M �
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2 0 μMiϕi(a)
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− βϕi(a) β − β

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

C �
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(11)
where yt − ϕi(a)qi(t) is the suspension travel. ,e mass
matrixM, the damping matrix C, the stiffness matrix K, and
displacement vector x of other arrangements are as follows:
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(1) C3 arrangement:

M �
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(3) C6 arrangement:

M �

Mi + μMiϕi(a)
2 0 μMiϕi(a)

ϕi(a) 0 1

βϕi(a) − β 0
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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(4) C7 arrangement:
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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C �

2Miωi ξi − ξae(  0 0

0 0 0

2ξTωSϕi(a) − 2ξTωS 2ξTωS

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

K �

Miω
2
i − Kae  0 0

− μω2
Tϕi(a) μω2

T μω2
S

ω2
Tϕi(a) − ω2

T 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

x �

qi(t)

y2(t)

yt(t) − ϕi(a)qi(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

(15)

(5) C8 arrangement:
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M �

Mi + μMiϕi(a)
2 0 μMiϕi(a)

ϕi(a) 0 1
βϕi(a) − β β

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

C �

2Miωi ξi − ξae(  0 0
0 0 2ξTωS

0 0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

K �

Miω
2
i − Kae  0 0

− ω2
Tϕi(a) ω2

T ω2
s

μω2
Tϕi(a) − μω2

T 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

x �

qi(t)

y2(t)

yt(t) − ϕi(a)qi(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.

(16)

3. Determining the Performance Index with the
Root Mean Square of the Displacement

It is noted that equations (11)–(16) are nonlinear equations,
and they will be linearized in the following. According to the
research of vortex-induced vibration based on a circular
cylinder in [29], when in the “lock in” region of vortex-
induced vibration, the aerodynamic damping ratio ξae can be
expressed as a function of the RMS σi. ,e relationship
between ξae and σi is as follows:

ξae � Ka

ρD
2

ρbA
1 −

σi

DaL

 

2
⎡⎣ ⎤⎦,

Ka

Ka max
�

0.9
U/Ucr(  − 0.25( 

2e
− 1/ U/Ucr( )+0.02( )

24

− 0.18,

(17)

where Ka is the linear aeroelastic damping parameter,
Ka_max is the maximum value of Ka, aL is the nonlinear
aeroelastic damping parameter related to “lock in” phe-
nomenon, and Ucr � Dfi/St is the critical wind velocity.

,e vortex-induced vibration applied to the bridge is
periodic, and the vortex-induced vibration is a limiting vi-
bration [1]. ,e change in RMS σi of qi(t) can be negligible
and treated as a constant for an IDVA with given parameters.
,e relationship of parameters in (9) and (17) is as follows:

Ka �
UY1

4ωiD
,

aL �

�
2
ε


����������


L

0 ϕi(x)
2dx


L

0 ϕi(x)
4dx




.

(18)

,e aerodynamic damping ratio ξae contains the un-
known constant σi, the σi associated with different pa-
rameters for the same IDVA arrangement is different.
Moreover, the input is not a white noise, and the method
proposed by Jin et al. [26] is adopted.

With the application of the approximate expressions
(17), for a given σi, equations (11)–(16) can be treated as a
linear equation. ,en, the frequency response functions of
system are as follows:

Hi(ω)

H2(ω)

HT(ω)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � DFcn(ω)
− 1

 

1

0

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (19)

where DFcn(ω)= − ω2M + K + jωC, j �
���
− 1

√
is the imagi-

nary number, Hi(ω) is the frequency response function, and
H2(ω) and HT(ω) are related to the displacement of the
IDVA system. ,e power spectral density functions of the
vertical displacement of the bridge Si(ω) and the suspension
travel Ssus(ω) can be obtained as

Si(ω)

Ssus(ω)
  �

H
∗
i (ω)Hi(ω)

H
∗
T(ω)HT(ω)

⎡⎣ ⎤⎦SF(ω), (20)

where H∗i (ω) is the conjugate of Hi(ω), H∗T(ω) is the
conjugate of HT(ω), and SF(ω) is the power spectral density
of the excitation Fi.,e power spectral density function of Fi

is as follows [30]:

SF(ω) �
2qv

2
D

3σ2CLλ��
π

√
fsB

e
− 1− ω/ωs( )/B( )( ) 

L

0
ϕi(x)

2dx, (21)

where qv � ρU2/2 is the wind pressure, ρ is the air density,
σCL is the RMS of the lift coefficient, fs � USt/D (ωs �

2πfs) is the vortex-shedding frequency, St is the Strouhal
number, B is the load spectrum bandwidth, and λ is a di-
mensionless parameter related to the coherence function.

Performance index J related to the vertical displacement
of the bridge and performance index Js related to the sus-
pension travel are defined as follows:

J �
σi

D

�

�����������


+∞
− ∞ Si(ω)dω

2πD
2



,

Js �
σsus

D

�

������������


+∞
− ∞ Ssus(ω)dω

2πD
2



.

(22)

For an IDVA with given parameters, the performance
index J can be obtained by an iterative method [21]. Assume
that ξae =Ka(ρD2/ρbA)[1 − (σ0/DaL)]2. In order to ensure
the convergence of results, the stability of the bridge-IDVA
system is considered, which is checked by

det Mλ2 + Cλ + K  � 0, (23)

where the eigenvalues of (23) are λk, k = 1,. . ., n; n is the
number of the eigenvalues. ,e real part of all eigenvalues
should be less than 0. ,erefore, the following condition
applies:
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max Re λk(  < 0. (24)

,e detailed iterative process is shown in Figure 8. First,
let the σ0 = 0, and the number of initial iterations is N= 50,
which reduced by one in each iteration process. Substitute
σ0into the equation to calculate σi. ,e performance index J
can be obtained if the system is stable and (|σ0 − σi|/σi)< 1%.
If (|σ0 − σi|/σi)> 1%, σi will be assigned to σ0. And the next
iteration process will be repeated. If the system is not stable,
output J= 1. After the output of the performance index J, the
next set of IDVA parameters will be the input and the it-
erative process is repeat.,is iterative method can effectively
avoid the problem of calculation falling into an infinite loop
when the system diverges. An optimization problem to
minimize the performance index J is formulated and solved
by using the fmincon function in MATLAB. ,e optimi-
zation tool cannot obtain the theoretical optimal solution. In
this paper, the error of the optimal parameters is reduced by
increasing the number of iterations.

4. Case Study

4.1. :e Structural Parameters and Aerodynamic Parameters.
,e case of the Osteroy suspension bridge in Norway is
studied. Table 1 lists the structural parameters, the selected
mode which resonates with the wind load can be obtained by
a wind tunnel test, this mode represents the bending motion

of a bridge, and it is the second symmetric mode of the
bridge [30, 31]. ,is mode is selected because it has the most
vortex vibrations, the longest occurrence time, and the
largest vibration amplitude among all modes [31]. As the
focus of this paper is not to obtain the resonance mode, the
mode in this paper is quoted from the existing literature, so
as to illustrate the correctness of the results in this paper.

Table 2 lists the aerodynamic parameters [30]. ,e
simulation result during 8000 seconds without any con-
troller shows the relationship between the RMS of the re-
duced bridge displacement and the reduced wind velocity
U/(Dfi) in Figure 9(a). When the reduced wind velocity
U/(Dfi) is about 6.63, the reduced RMS of the bridge
displacement reaches maximum; the uncontrolled case is
shown in Figure 9(b).

4.2. :e Optimal Installation Position of the IDVA. In this
section, the optimization of the IDVA system is considered,
including the optimal installation position and the optimal
parameters of the IDVA. When studying the IDVA in-
stallation location, the effects of the bridge structural
damping, the vortex-induced aerodynamic damping and the
aerodynamic stiffness are ignored. Combining the empirical
nonlinear model proposed by Ehsan and Scanlan [32], the
vortex-induced force is simplified into a simple harmonic
distributed excitation; then (2) can be simplified as

ρbA
z
2
y1(x, t)

zt
2 + mIDVA

z
2
yt(t)

zt
2 δ(x − a) + EI

z
4
y1(x, t)

zx
4 � Fwind_a,

Fwind_a �
1
2
ρU

2
Df(x)CLsin ωit + φ( ,

(25)

where f(x) is the excitation distribution function and φ is
the initial phase. Derived from the equation of motion of
controller, we can obtain

− mIDVAω
2
yt � Ks + jωY(jω)  y1(a,ω) − yt( , (26)

where Y(jω) is the admittance function of any IDVA and
j �

���
− 1

√
.

Substitute (6) into (25), and multiply both sides of the
equation by ϕi(x), and then integrate x from 0 to L. After a
dimensionless calculation process, one can obtain

Mi €qi(t) + μMiϕi(a) €yt + Miω
2
i qi(t) � Fwind_a,

Fwind_a �
1
2
ρU

2
DCL 

L

0
f(x)ϕi(x)dx sin ωit + φ( .

(27)

After applying the Fourier transform to (27), the fre-
quency response function of the system is

H(ω) �
1

Miω
2
i − ω2

Mi − ω2μMiϕi(a)
2
G(jω)

,

G(jω) �
Ks + jωY(jω)

Ks − mIDVAω
2

+ jωY(jω)
.

(28)

According to (28), the suppression performance of
IDVA in ϕi(a) is the same as the one in − ϕi(a), and ϕi(a) is
selected greater than 0 in the following analysis. ,en,

G(jω) � RY(ω) + IY(ω)j, (29)

where RY(ω) is the real part of G(jω) and IY(ω) is the
imaginary part of G(jω), and (28) can be written.

,e performance index related to the vertical displace-
ment of the bridge Ja is

8 Shock and Vibration
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max [Re (λk)] < 0?

Output J =
σi
D

Figure 8: ,e method to calculate performance index with the given IDVA parameter.

Table 1: ,e structural parameters.

L (m) ρbA D (m) ϕi(x) fi ξi
595 7460 kg/m 2.5 sin(4πx/L) 0.391Hz 0.24%

Table 2: ,e relevant aerodynamic parameters.

St aL σ2CLλ/B B Kmax Ka U= 1.06Ucr Ucr � Dfi/St

0.16 0.233 15.3664 0.2 2.43 2.41 6.4925 6.125
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Ja �

�������������������������������

W(a)

4D
2

1
2
ρU

2
DCL 

L

0
f(x)ϕi(x)dx 

2




,

W(a) �
1

ω4
i μ

2
M

2
i ϕi(a)

4
1

RY ωi( 
2

+ IY ωi( 
2 +

1
RY − ωi( 

2
+ IY − ωi( 

2
⎛⎝ ⎞⎠.

(30)

From (30), it is observed that the performance index Ja is
the smallest as W(a) reaches the minimum, so the optimal
installation position of the controller must meet the
condition:

ϕi(a)


 � 1. (31)

,e optimal installation position indicated in (31) is just
the maximum of the modal displacement. According to (26),
the admittance function of any IDVA is a general expression,
which also means that the conclusion of (31) is not only
applicable to IDVA systems, but also to any passive
controller.

,e effect of the installation position for IDVAs on the
performance index J and the optimal parameters will be
studied with the ignored factors as before. During optimi-
zation process, the mass ratio μ is selected as 0.1 and four
different values of ϕi(a) are selected. ,e performance of
IDVA is nonlinear with respect to ϕi(a). We obtain denser
sample points near |ϕi(a)|= 1, and four sample points are
sufficient to illustrate the research results of this paper.

As shown in Figure 10, the inertance-to-mass ratio β, the
corner frequency ratioωT/ωs, and the damping ratio ξT of C3-
C7 arrangements all increase as ϕi(a) increases, except the
natural frequency ratio ωs/ωi. ,e inertance-to-mass ratio β
of the C8 arrangement is too large and not shown; its corner
frequency ratio ωT/ωs decreases with the increase of ϕi(a). It
can be concluded that the installation position of the IDVAs
has a great impact on the optimal parameters of IDVAs.

As shown in Figure 11, the performance of the C3-C8
arrangements in suppressing the vortex-induced vibration is
better with a larger ϕi(a), which is consistent with the
conclusion in (31). As shown in Figure 12, due to the res-
onant mode corresponding to the observed number of half-
waves being four, there are four suitable installation posi-
tions for any IDVA which can be located at L/8,
(3L/8), (5L/8), and (7L/8). ,erefore, IDVAs should be
installed at the maximum modal displacement.

4.3. IDVAOptimal ParameterOptimization and Performance
Comparison. Take Φi(a) � 1 to determine the installation
positions of IDVA; then use MATLAB’s optimization tools
to obtain the optimal parameters and performance indexes
of C3-C8 arrangements under the given mass ratio μ; seven
mass ratios are selected from 0 to 0.1 before the analysis. ,e
mass ratio μ should be an input-determined parameter
before the analysis, because the ancillary mass on the bridge
is limited. Usually, the ancillary mass cannot exceed 10% of
the mass of the bridge. Inerter has the effect of amplifying its
own mass; therefore the mass of the inerter occupies a small
part of the auxiliary mass, and it is not necessary to de-
termine inertance-to-mass ratio β before the analysis.

,e reasonable stiffness is also considered; the stiffness is
converted into a dimensionless parameter, such as the
natural frequency ωs �

��������
Ks/mIDVA


and the corner fre-

quency ωT �
�����������
kIDVA/mIDVA


. In general, the values of the
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Figure 9: ,e uncontrolled response. (a) ,e relationship between the RMS of the reduced bridge displacement and the reduced wind
velocity; (b) simulation result when U= 1.06Ucr.
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natural frequency ratio ωs/ωi and the corner frequency ratio
ωT/ωs are selected from 0 to 1.

,e effect of the mass ratio μ on the optimal parameters
is shown in Figure 13. As the mass ratio μ increases, the
inertance-to-mass ratio β, the corner frequency ratio ωT/ωs,
and the damping ratio ξT of all arrangements increase,
except the natural frequency ratio ωs/ωi. ,e inertance-to-
mass ratio β of C5 and C7 arrangements is much smaller
than the others and their corner frequency ratios ωT/ωs are
much larger than the others, which is opposite to the C8
arrangement.

,e optimal damping ratio ξTDVA and the optimal
natural frequency ωTDVA of the traditional dynamic vibra-
tion absorber (TDVA) to suppress vortex-induced vibration
[30] are

ωTDVA �
ωi�������

1 + 1.5μ
 ,

ξTDVA �

��������������

0.25μ(1 − 0.75μ)



.

(32)

In order to show the error between IDVA performance
and TDVA performance, we define the performance error
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Figure 10: Effect of installation position on optimal parameters. (a) ,e inertance-to-mass ratio β, (b) the natural frequency ratio ωs/ωi,
(c) the corner frequency ratio ωT/ωs, and (d) the damping ratio ξT.
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indexes of vortex-induced vibration suppression ΔJ and the
suspension travel performance ΔJs.

ΔJ �
IDVAperformance J − TDVAperformance J

TDVAperformance J
× 100%,

ΔJs �
IDVAperformance Js − TDVAperformance Js

TDVAperformance Js

× 100%.

(33)

Figure 14 mainly presents the effect of the mass ratio μ
on the performance. It can be seen that the performance of
the all arrangements in suppressing vortex-induced vibra-
tion is better when the mass ratio μ increases. Among them,
C3 is the best arrangement, followed by C6 and C4, and then
C5 and C7. C8 is the worst arrangement which is similar to
TDVA. In terms of the suspension travel, the performance of
the C3–C8 arrangements deteriorates. C5, C7, and C8 have
less influence than other arrangements. C3 and C4 only
improve the suspension travel when themass ratio μ is 0.005.

5. Time Domain Analysis

,e aerodynamic damping ξae used in the optimization
process is based on (17), which is a linear model based on the
research conclusion of the vortex-induced force of a cylinder
in [29]. ,e aerodynamic damping ξae used in the following
simulation is based on (10) and belongs to a nonlinear
model. ,is paper uses simulation results to verify whether
the linearization measure based on research results by
Vickery and Basu [29] is reasonable during optimization,
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Figure 11: Effect of installation position on performance.
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Figure 12: ,e installation positions of IDVA.
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and compare the performance of C3–C8 arrangements in
suppressing vortex-induced vibration.

In order to show the error between simulation perfor-
mance and optimization performance, we define the

performance error indices of vortex-induced vibration
suppression ∇J and the suspension travel performance ∇Js.

∇J �
optimization performance J − simulation performance J

simulation performance J
× 100%,

∇js �
optimization performance Js − simulation performance Js

simulation performance Js
× 100%,

(34)
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Figure 13: Effect of the mass ratio on optimal parameters. (a) ,e inertance-to-mass ratio β, (b) the natural frequency ratio ωs/ωi, (c) the
corner frequency ratio ωT/ωs, and (d) the damping ratio ξT.
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In the time-domain analysis, a time-domain signal
Fineeds to be constructed, and its power spectral density
function must satisfy SF. ,e construction method adopts
the method proposed by Shinozuka and Jan [33].

Fi � 

N

l�1

����
2Δf


Hv ωl( cos ωt + θl( , (35)

where Hv(ωl)=
������
SF(ωl)


, ωl � 2πlΔf, Δf=fu/Nu,

θl ∈ [0, 2π], fu = 20Hz is the cut-off frequency, and
Δf= 0.01Hz is the frequency segment.

First, the effect of the IDVA installation position on the
suppression of vortex-induced vibration is studied. ,e C3,
C5, and C8 arrangements are selected, the mass ratio μ= 0.1,
and four different values of ϕi(a) are selected for simulation.
,e response is basically periodic; the simulation results of
100 seconds (from 90 seconds to 190 seconds) are shown.
According to Figure 15, for the same IDVA arrangement, the
performance of suppressing vortex-induced vibration is
improved as ϕi(a) increases, which is consistent with the
expected results. ,erefore, the most suitable installation
position for IDVA meets the condition that |ϕi(a)|= 1.
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Figure 14: Effect of mass ratio on performance. (a) Displacement performance J, (b) performance improvement ΔJ with respect to TDVA,
(c) suspension travel performance Js, and (d) performance improvement ΔJswith respect to TDVA.
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After determining the installation position of IDVA, the
performances of different IDVA arrangements to suppress
vortex-induced vibration are compared. Two different mass
ratios μ (0.005 and 0.1) are selected to compare for 8000
seconds simulation time. ,e simulation results of the C3-
C8 arrangements and TDVA from 90 seconds to 190 sec-
onds are shown in Figures 16 and 17. ,e statistical results
are listed in Table 3.

From the simulation results, the comparative results of
all arrangements in term of the performance index J are the
same for all mass ratios. ,e C3 arrangement has the best
performance in suppressing vortex-induced vibration, fol-
lowed by C6 and C4, then C5 and C7, and the worst one is
C8. In terms of the suspension travel compared with TDVA,
when the mass ratio μ is 0.005, the improvement of C4 is the
most obvious, followed by C3 and C7, and the other

arrangements have degraded the suspension travel perfor-
mance. When the mass ratio μ is 0.1, the suspension travel
performance of the C3 arrangement deteriorates most sig-
nificantly, and the C6 arrangement has the least impact. If
the suspension travel margin is insufficient, C4 and C6
arrangements can replace the C3 arrangement.

,e performance difference of C3-C8 arrangements is
related to the given mass ratio μ; the mass ratio μ selected
from 0 to 0.1 is widely accepted. Although the difference
between C3–C8 is relatively small when the mass ratio μ is
0.005, the performance difference will gradually increase
with the increasing mass ratio μ. Overall, C3 is the best.

According to Table 3, the error between the simulation
results and the optimization results does not exceed 1.07%. It
can be seen that it is reasonable to use the research results by
Vickery and Basu [29] for linearization.
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Figure 15: Simulation response for different installation positions. (a) C3. (b) C5. (c) C8.
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6. Conclusions

,is paper mainly compares the performance of different
IDVAs in suppressing vortex-induced vibration and com-
prehensively considers the effect of installation position on
the suppression of vortex-induced vibration. Among the
C3–C8 arrangements, the C3 arrangement has the best

performance in suppressing vortex-induced vibration, fol-
lowed by C6 and C4, and then C5 and C7, and the worst one
is C8. In terms of the suspension travel, the performance of
the C3–C8 arrangements deteriorates. C5, C7, and C8 have
less influence than other arrangements. C3 and C4 only
improve the suspension travel when themass ratio μ is 0.005.
According to the theoretical analysis and simulation results,
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Figure 16: Simulation response of IDVAs and TDVA when mass ratio μ= 0.005. (a),e reduced displacement; (b) the reduced suspension
travel.
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Figure 17: Simulation response of IDVAs and TDVA when mass ratio μ= 0.1. (a) ,e reduced displacement; (b) the reduced suspension
travel.
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the optimal installation position of IDVA should be where
the maximum of the modal displacement occurs, which can
be applicable to any passive controller.
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