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Based on the principle of energy variation, an improved Fourier series is introduced as an allowable displacement function. (is
paper constructs a calculation model that can study the in-plane and out-of-plane free and forced vibrations of curved beam
structures under different boundary conditions. Firstly, based on the generalized shell theory, considering the shear and inertial
effects of curved beam structures, as well as the coupling effects of displacement components, the kinetic energy and strain
potential energy of the curved beam are obtained. Subsequently, an artificial spring system is introduced to satisfy the constraint
condition of the displacement at the boundary of the curved beam, obtain its elastic potential energy, and add it to the system
energy functional. Any concentrated mass point or concentrated external load can also be added to the energy function of the
entire system with a corresponding energy term. In various situations including classical boundary conditions, the accuracy and
efficiency of the method in this paper are proved by comparing with the calculation results of FEM. Besides, by accurately
calculating the vibration characteristics of common engineering structures like slow curvature (whirl line), the wide application
prospects of this method are shown.

1. Introduction

As a common structure in the engineering field, curved
beam structure has attracted widespread attention for its
dynamic characteristics. Unlike the straight beam structure,
due to the influence of deformation, there is considerable
coupling between the vibration displacement components of
the curved beam structure. To simplify the calculation, the
axial tensile deformation, shear deformation, and rotational
inertia are sometimes ignored [1–5], but this may result in a
large error in calculating the high-order natural frequency of
the curved beam [6]. Besides, since the vibration of the
plane-curved beam is not coupled between the in-plane and
out-of-plane, most scholars discuss it as two relatively in-
dependent issues [7, 8], and few documents have studied
both at the same time [9].

For the problem of in-plane vibration of curved beams, if
all influencing factors such as axial tension are taken into

account, discrete Green function combined with numerical
integration was used in early research by Kawakami et al. [9].
Chen and Shen [10] used the trigonometric function
combined with Galerkin’s method, while Austin and
Veletsos [11] used the energy approximation method to deal
with this kind of problem. At present, the most commonly
used methods by researchers in this field are the dynamic
stiffness method [12], transfer matrix method [13], and FE
method. As one of the most widely used numerical methods,
FEM has been used for the analysis of in-plane vibration of
curved beams almost since its birth [14]. To further improve
the calculation accuracy and efficiency of this method, many
new curved beam elements have been proposed in turn.
Based on the Timoshenko beam theory, Raveendranath et al.
[15] developed a three-node curved beam element. Based on
the extended Hamilton principle, Yang et al. [2] developed a
high-order Lagrangian-type element suitable for variable
curvature curved beams. Cannarozzi and Molari [16]
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proposed a stress-mixed element based on the improved
Hellinger–Reissner function and proved that the element
can be used to calculate arbitrary geometrical curved beam
structures through calculation examples. Saffari et al. [17]
regard the curved beam structure as a combination of arch
elements, each basic arch element introduces shear and axial
deformation energy, and the elements are connected by a
transformation matrix constructed by curvature. Kim et al.
[18] introduced additional node-independent degrees of
freedom in the displacement interpolation function, which
significantly improved the numerical accuracy of the dis-
placement-stress hybrid element, making it more suitable
for predicting higher-order modes. Based on the B-spline
interval wavelet (BSWI), Yang et al. [19] transform the
displacement field of the element from wavelet space to
physical space, instead of the traditional polynomial inter-
polation finite element. Due to the good approximation
performance of BSWI, the new element has better accuracy
and efficiency.

Similar to the problem of in-plane vibration, FEM is
most widely used to solve the problem of out-of-plane vi-
bration of curved beams. However, it is worth noting that
because the coupling term in the out-of-plane vibration is
bending-torsion coupling, conventional curved beam finite
element elements may have shear, bending, and torsion
locking phenomena when dealing with this problem. (e
locking phenomenon will seriously affect the accuracy and
convergence [20, 21]. Ishaquddin et al. [8] proposed a finite
element model based on independent field interpolation,
which can accurately predict the dynamic characteristics of
curved beam structures without generating any false modes
under the limit stiffness ratio.

Although the numerical method represented by FEMhas
made considerable achievements in solving the problem of
curved beam vibration, the (semi)analytic method still has
its unique advantages in mechanism interpretation and
parameter research. As a widely used method, the energy
method has many research results in the field of structural
vibration calculation [22, 23]. However, the traditional
energy method needs to select displacement functions
according to different boundaries when dealing with
structures under different boundaries, and the applicable
range of its calculation model is relatively limited. To solve
this problem, Qu [24] proposed a modified variational
method, which is based on the modified variational principle
and the weighted residual method to solve the internal
interface and boundary constraints of the structure, thereby
relaxing the requirements for the selection of structural
allowable functions. Subsequently, Su et al. [25] used this
method to solve the in-plane vibration problem of curved
beams and used the advantages of flexible application range
to study the influence of concentrated mass points on the
vibration characteristics of curved beams. Also, Li [26]
proposed an improved Fourier series, which is a combi-
nation of traditional Fourier series and auxiliary functions
and used it to analyse the lateral vibration characteristics of a
straight beam under arbitrary supports. Subsequently, using
the series as the allowable displacement function, combining
artificial spring system, and basing the Hamilton principle,

the vibration characteristics of the elastically supported
FGM beam structure [27], the Timoshenko beam structure
[28] with arbitrary cross-sectional shape, and the Euler
curved beam structure [5] in the plane were also studied.

In this work, all the vibration displacement allowable
functions of curved beam structures will be uniformly
expressed in the form of improved Fourier series. Different
from solving the partial differential equation directly, this
paper will be based on the energy variation principle and
study the free or forced vibration characteristics of the
curved beam system. Firstly, according to the generalized
shell theory, the displacement-strain relationship consid-
ering the shear and inertial effects is obtained, and the ki-
netic energy and strain potential energy of the curved beam
structure are obtained. Subsequently, the boundary con-
straint condition or the continuous condition of the curved
beam connection will be added as the elastic potential energy
via the artificial spring system to the energy functional.
Finally, the concentrated mass point or concentrated dy-
namic load will be expressed in terms of additional kinetic
energy or external force work.

(e comparison with [5] and the FEM calculation results
proves the correctness of the calculation model in this paper,
and the improved Fourier series also shows good conver-
gence. Besides, the artificial spring system at the boundary
can accurately simulate various classical or elastic boundary
conditions. By setting different constraint stiffness values,
the boundary conditions of the model can be directly
modified without rederived. Compared with the common
(semi)analytic method that needs to reselect the displace-
ment function, this paper successfully constructed a unified
calculation model with a wide range of applications. Due to
the small number of series cutoffs required, the mass and
stiffness matrix formed by the model in this paper will be
significantly smaller than FEM. (erefore, the model in this
paper has more efficiency advantages in the calculation of
forced vibration. Examples that consider changes in cur-
vature or section parameters show the broad prospects of the
model in practical engineering applications.

2. Theoretical Method

2.1. Model Description. As shown in Figure 1, the research
object of this paper is a curved beam with initial deformation
in the xy plane under the right-handed coordinate systemO-
xyz. Generally, the vibration in the xy plane, that is, the
vibration in the plane where the deformation is located, is
called in-plane vibration, and the plane vibration perpen-
dicular to it is out-of-plane vibration. (ere are 6 vibration
displacement components at any point on the centerline of a
curved beam. Although these displacement components
may have a coupling relationship with each other, the in-
plane and out-of-plane displacements can be decoupled.
Specifically, there are three in-plane displacements, which
are tangential displacement u(s), radial displacement w(s),
and bending rotation displacement θw(s), and out-of-plane
displacements, which are out-of-plane transverse displace-
ment v(s), bending rotation displacement θv(s), and tor-
sional rotation of the cross-section θu(s). R(s) is the radius of
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curvature at any point of the curved beam. Ls is the length of
the curved beam. s is the beam axis curvilinear path.

2.2. Variational Formulation Model of the Curved Beam

2.2.1. In-Plane Problem. In this paper, an artificial spring
system will be introduced at both ends of the curved beam
structure to simulate the actual boundary. In the problem of
in-plane vibration, both the left and right end faces of the
beam will use one rotation spring and two linear dis-
placement springs to restrain the rotation displacement and
the tangential (normal) displacement, respectively. (e
curved beam structure supported by springs is shown in
Figure 2.

In the above figure, ku0, kw0 , and Kw0 are the con-
straining spring groups at the left end of the curved beam (at
the starting point), which, respectively, constrain the dis-
placement and rotation displacement in u and w directions.
(e definitions of ku1, Kw1 kw1, and Kw1 are similar, acting
on the right end (endpoint) of the curved beam. (e unit of
displacement spring is N/m, and the unit of rotation spring
is N/rad. fu and fw are external concentrated dynamic loads,
and the relevant research in this paper will adopt unit
amplitude excitation force. mp is the quality of the con-
centrated quality point.

Considering the effects of shear and inertia, this paper
will construct the energy functional Π in representing the
system’s in-plane vibration based on the generalized elastic
theory, which is composed of the total potential energy Vin,
total kinetic energy Tin, and external force work Win

e of the
curved beam structure:

Πin � V
in

− T
in

− W
in
e . (1)

(e total potential energy Vin of the structure includes
the strain potential energy Vin

p stored in the structure and the
elastic potential energy Vin

s of the artificial spring.

V
in

� V
in
p + V

in
s . (2)

(e relationship between strain and displacement [7]
can be expressed as

εu �
zu(s, t)

zs
+

w(s, t)

R(s)
,

εθw �
zθw(s, t)

zs
,

εw �
zw(s, t)

zs
−

u(s, t)

R(s)
− θw(s, t),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)

where εu and εw are the membrane and transverse shear
strain on the neutral plane, respectively. εθw is the curvature
strain.

(e strain potential energyVin
p stored in the curved beam

structure can be expressed as

V
in
p �

1
2


Ls

0
EA εu( 

2
+ EIw εθw( 

2
+ κGA εw( 

2
 ds. (4)

In the formula, E and G represent Young’s modulus and
shear modulus, respectively. A is the cross-sectional area of
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Figure 1: Schematic diagram of the curved beam model.
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Figure 2: In-plane vibration model of a curved beam supported
elastically at both ends.

Shock and Vibration 3



the curved beam, Iw is the moment of inertia to the z-axis,
and κ is the shear correction coefficient.

(e elastic potential energy Vin
s stored in the artificial

spring group at the boundary of the curved beam is

V
in
s �

1
2

ku0(u(s, t))
2

+ kw0(w(s, t))
2

+ Kw0 θw(s, t)( 
2

 |s�0 + ku1(u(s, t))
2

+ kw1(w(s, t))
2

+ Kw1 θw(s, t)( 
2

 

s�Ls

 . (5)

(e total kinetic energy of the structure Tin is composed
of the kinetic energy Tin

b stored in the beam structure and the
kinetic energy Tin

m of the additional mass points that may
exist.

T
in

� T
in
b + T

in
m. (6)

Structure’s kinetic energy Tin
b is as follows:

T
in
b �

1
2


Ls

0
ρA

zu(s, t)

zt
 

2

+ ρA
zw(s, t)

zt
 

2
⎛⎝

+ ρIw

zθw(s, t)

zt
 

2
⎞⎠ds,

(7)

where ρ is the material density of the curved beam.
Additional mass point kinetic energy Tin

m is as follows:

T
in
m �

1
2
mp

zu(s, t)

zt
 

2

+
zw(s, t)

zt
 

2
⎡⎣ ⎤⎦

s�sm

, (8)

where Sm is the position coordinate of the concentrated mass
point on the curved beam.

External force work is done by concentrated load Win
e

W
in
e � fuu(s, t) + fww(s, t)( 

s�sf

, (9)

where Sf is the position coordinate of concentrated load on
the curved beam.

Before using the variational principle to obtain the final
vibration equation of the system, the displacement tolerance
function needs to be clarified.

(e differential equation of motion for the in-plane
vibration of a curved beam [7] is as follows:

z
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z
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(10)

It can be seen from the above differential equations that
the tangential displacement u(s), the normal displacement
w(s), and the rotational displacement θw(s) are required to
have a continuous first derivative on the entire beam (in-
cluding the ends). In this paper, a form of the improved
Fourier series proposed by Su et al. [27] will be used to
construct the displacement tolerance function. (e specific
form is as follows:

u(s, t) � 
M

m�0
Amcosλms + 

2

p�1
apfp(s)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
e

jωt
,

w(s, t) � 
M

m�0
Bmcosλms + 

2

p�1
bpf(s)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
e

jωt
,

θw(s, t) � 
M

m�0
Cmcosλms + 

2

p�1
cpfp(s)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
e

jωt
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(11)

where λm �mπ/Ls. ω is the natural circular frequency of the
beam structure. Am, ap, Bm, bp, Cm, and cp are the unknown
coefficients of the improved Fourier series. (e supple-
mentary auxiliary function fp(s) has the following form:

f1(s) � s
s

Ls

− 1 

2

,

f2(s) �
s
2

Ls

s

Ls

− 1 .

(12)

Combine the above formulas and find the extreme value
of the energy functional

zΠin

zq
in � 0. (13)

(e generalized coordinate vector qin is composed of the
following form [A1, . . ., AM, a1, a2, . . ., c1, c2]T.
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(e final matrix in-plane vibration equation is as follows:

K
in

− ω2
M

in
 q

in
� F

in
, (14)

where Min is the mass matrix and Kin is the stiffness matrix.
Fin is the generalized force vector of external force. For free
vibration, the external force vector Fin is zero. (e deter-
minant of the coefficient matrix needs to be zero to get the
solution of equation (14). (en, the natural frequencies can
be determined by calculating the roots of the determinant
and the corresponding mode shapes can be identified.

2.2.2. Out-of-Plane Problem. Similar to the in-plane prob-
lem, when solving the out-of-plane problem, the spring
system shown in Figure 3 will be used to simulate the
constraint of the boundary for the three vibration dis-
placement components.

In the figure above, Ku0, Kv0, and kvo are the constraint
spring groups at the left end of the curved beam (at the
starting point), which, respectively, constrain u, v rotational
displacement, and v direction displacement. Ku1, kv1, and
Kv1 have similar definitions and act on the right end
(endpoint) of the curved beam. fv is the external concen-
trated dynamic load.

(e energy function of out-of-plane vibration Πout is
composed of the total potential energy Vout, the total kinetic
energy Tout, and the external force work term We

out.

Πout � V
out

− T
out

− W
out
e . (15)

(e total potential energy Vout of the structure includes
the strain potential energy Vout

p stored in the structure and
the elastic potential energy Vout

s of the artificial springs.

V
out

� V
out
p + V

out
s . (16)

(e out-of-plane bending, shear, and torsional strain
components of a curved beam under the curvilinear coor-
dinate system [8] are

εθv � −
zθv(s, t)

zs
+
θu(s, t)

R(s)
,

εv �
zv(s, t)

zs
− θv(s, t),

εθu �
zθu(s, t)

zs
+
θv(s, t)

R(s)
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(17)

(e strain potential energy Vout
p stored in the curved

beam structure is

V
out
p �

1
2


Ls

0
κGA εv( 

2
+ EIv εθv( 

2
+ GJ εθu( 

2
 ds. (18)

In the formula, Iv and J, respectively, represent the y-axis
moment of inertia and the torsional constant of the cross-
section.

(e elastic potential energy Vout
s of the artificial spring

group at the boundary of the curved beam is

V
out
s �

1
2

kv0(v(s, t))
2

+ Ku0 θu(s, t)( 
2

+ Kv0θv(s, t)
2

 
s�0| + kv1(v(s, t))

2
+ Ku1 θu(s, t)( 

2
+ Kv1 θv(s, t)( 

2
 

s�Ls

| . (19)

(e total kinetic energy Tout of the structure is

T
out

� T
out
b + T

out
m . (20)

Structure’s kinetic energy Tout
b is

T
out
b �

1
2


Ls

0
ρA

zv(s, t)

zt
 

2

+ ρIv

zθv(s, t)

zt
 

2
⎛⎝

+ ρJ
zθu(s, t)

zt
 

2
⎞⎠ds.

(21)

Additional mass point kinetic energy Tout
m is

T
out
m �

1
2
mp

zv(s, t)

zt
 

s�sm

2
|. (22)

External force work is done by concentrated load Wout
e .

W
out
e � fvv(s, t)|s�sf

. (23)

(e out-of-plane vibration differential equation [29] is

z

zs
κGA

zv(s, t)

zs
− θv(s, t)   � ρA

z
2
v(s, t)

zt
2 ,

z

zs
EIv −

zθv(s, t)

zs
+
θu(s, t)

R(s)
   +

GJ

R(s)

zθu(s, t)

zs
+
θv(s, t)

R(s)
  − κGA

zv(s, t)

zs
− θv(s, t)  � ρIv

z
2θv(s, t)

zt
2 ,

z

zs
GJ

zθu(s, t)

zs
+
θv(s, t)

R(s)
   − EIv −

zθv(s, t)

zs
+
θu(s, t)

R(s)
  � ρJ

z
2θu(s, t)

zt
2 .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(24)
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Similarly, an improved Fourier series is also used to
construct the displacement allowable function of out-of-
plane vibration. (e specific form is similar to the previous
one

v(s, t) � 
M

m�0
Dmcosλms + 

2

p�1
dpfp(s)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
e

jωt
,

θv(s, t) � 
M

m�0
Emcosλms + 

2

p�1
epfp(s)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
e

jωt
,

θu(s, t) � 
M

m�0
Hmcosλms + 

2

p�1
hpfp(s)

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
e

jωt
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(25)

Subsequently, the out-of-plane vibration equation can
also be written in the following matrix form:

K
out

− ω2
M

out
 q

out
� F

out
. (26)

qout is also composed of unknown Fourier coefficients in
the form of [D1, . . ., DM, d1, d2, . . ., h1, h2]T.

Since the in-plane and out-of-plane vibrations of a
curved beam are not coupled with each other, the two can be
combined in the following form to obtain the matrix vi-
bration equation of the entire system:

K
in

K
out

⎡⎣ ⎤⎦ − ω2 M
in

M
out

⎡⎣ ⎤⎦⎛⎝ ⎞⎠
q
in

q
out

⎧⎨

⎩

⎫⎬

⎭ �
F
in

F
out

⎧⎨

⎩

⎫⎬

⎭.

(27)

3. Numerical Results and Discussion

3.1. Analysis of the Convergence and Accuracy of the Calcu-
lationModel. (e verification model takes a curved beam in
[5], which is an arc of 1/6 part of a full circle. (e material
and geometric parameters of the arc are as follows:
E� 2.1× 1011 Pa, the radius of curvature R� 1m, ρ� 7800 kg/
m3, Ls � 1.0472m, the section is circular, the shear correction
factor κ� 9/10, and the section radius Rb � 0.01m. Since the

reference only considers in-plane vibration, the calculation
results in this paper will also be compared with the FEM
calculation results. (e number of FEM units is 210.

(e order intercepted after the expansion of the im-
proved Fourier series used in this paper has a direct effect on
the accuracy of the calculation result. (e more the ex-
pansion order, the closer to the accurate value, but it will
affect the efficiency of the solution. Generally speaking, the
calculation result can stabilize after the selected order rea-
ches a certain value. Table 1 shows the calculation results of
the verification model under different modified Fourier
series cutoff numbers M and compares them with the cal-
culation results of reference and FEM. At this time, the
verification model adopts the free-free boundary condition,
which corresponds to the value of 0 for the boundary spring
groups in the model. (e comparison content is the natural
frequencies after ignoring rigid modes.

It can be seen from Table 1 that the vibration perfor-
mance calculation model in this paper has good convergence
and numerical stability.When the value ofM is 16 or greater,
there is no significant change in the natural frequencies.
(erefore, in the subsequent calculations, the number of
truncated terms of the displacement function series is
M� 16. Besides, since both the paper and the FEM element
consider the shear effect and [5] uses the Euler beam theory,
the results of this paper and the FEM calculation are smaller
than those of [5], and the results of the former two are closer
to each other.

As mentioned earlier, this paper uses a spring system to
simulate the boundary conditions of the curved beam.
(erefore, the influence of the value of the springs on the
natural frequency of the curved beam structure needs further
research. Firstly, define the dimensionless natural frequency
of the curved beam as Ω� 100ωLs

���
ρ/E


. (e research object

is still the previous arc, but the values of the 6 springs ku1,
kw1, Kw1, kv1, Ku1, and Kv1 will increase from 0 to 1014 in
turn, and the first three-order dimensionless natural fre-
quencies of the curved beam structure are shown in Figure 4.

It can be seen from Figure 4 that the greater the spring
stiffness, the greater the stored elastic potential energy and
the stronger the corresponding displacement constraint at

O
y

O

z

fv

s

R 
(s)

mp

Kv1

Ku1
kv1

K v0

K u0
k v0

Figure 3: Out-of-plane vibration model of a curved beam supported elastically at both ends.
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Table 1: Improved Fourier series convergence and accuracy (unit Hz).

Improved Fourier series cutoff number M
Reference [5] FEM

10 12 14 16 18
81.07 81.07 81.07 81.07 81.07 81.13 81.00
219.16 219.16 219.16 219.16 219.16 — 218.94
227.12 227.12 227.12 227.12 227.12 227.67 226.90
370.16 370.15 370.15 370.15 370.15 — 369.83
447.97 447.97 447.97 447.97 447.97 450.19 447.45
583.87 583.87 583.87 583.87 583.87 — 583.70
730.12 730.10 730.10 730.10 730.10 — 729.09
741.05 741.03 741.02 741.02 741.02 747.19 740.01
1104.85 1104.80 1104.79 1104.79 1104.79 1118.60 1103.00
1112.73 1112.68 1112.67 1112.67 1112.67 — 1110.90
1488.30 1487.86 1487.79 1487.79 1487.79 — 1485.60
1538.19 1537.55 1537.46 1537.45 1537.45 1564.40 1534.60
1666.75 1666.58 1666.56 1666.56 1666.56 — 1665.90
2036.73 2035.23 2035.01 2035.01 2035.00 — 2030.70
2038.73 2037.23 2037.01 2037.00 2037.00 2084.60 2032.60
2611.44 2603.23 2601.22 2601.18 2601.17 2611.60 2594.80
2643.64 2605.82 2603.83 2603.78 2603.78 — 2597.50
2646.42 2611.44 2611.44 2611.44 2611.44 2679.10 2611.40
3109.45 3097.49 3096.86 3096.84 3096.84 — 3095.30
3562.38 3231.21 3227.65 3227.57 3227.55 3347.90 3218.60
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the boundary of the curved beam, but the boundary con-
straint effect produced by the increase in stiffness will in-
evitably tend to be completely constrained. (erefore, a
spring group with a certain value can be used to simulate
various classical boundaries. For example, the fixed-support
boundary should be sufficiently large for all spring groups.
Secondly, if the value of a certain spring stiffness is not 0, the
rigid body mode of the curved beam structure to the cor-
responding displacement will disappear, which is reflected in
Figure 4 that all the 1st modes increase from 0. Besides, for
the mode with a dimensionless frequency of 10.28 is an in-
plane vibration mode, it will only be affected by the springs
ku1, kw1, and Kw1 of the in-plane model; similarly, the mode
with a dimensionless frequency of 27.79 is an out-of-plane
vibration modal; it will only be affected by out-of-plane
springs Ku1, kv1, and Kv1. Reflected in the three pictures a, b,
and c in Figure 4, the 3rdmode (out-of-plane mode) remains
unchanged when the in-plane springs ku1, kw1, and Kw1
change, and the 2nd mode (in-plane mode) has an obvious
trend of “slow increase–rapid increase–steady change” when
the in-plane spring changes. (e reason why the 2nd mode
remains unchanged in the three pictures d, e, and f in
Figure 4 is also the same. In particular, as shown in Table 2,
even if it is the corresponding out-of-plane vibration, the
change of Ku1 has little effect on most natural frequencies of
the curved beam structure, so the 3rd mode curve in
Figure 4(e) does not change significantly.

In general, although the curves of the natural frequencies
of the curved beams are slightly different when the pa-
rameters of different springs change, they can be stabilized
when the stiffness value increases to about 1× 1012. (ere-
fore, the rest of the work in this paper considers that when
the stiffness value of the spring group is 1× 1012, the dis-
placement or rotation in the corresponding direction is
completely restrained. Table 3 will give several cases of
spring simulation boundary.

To further prove the correctness of the simulated
boundary hypothesis, the above boundary is combined in
pairs. For example, F-E means that one end is free and the
other end is elastically supported, and the natural frequency
calculation values are compared with the finite element
calculation results. (e results are shown in Table 4.

(e results in Table 4 show that the calculation model in
this paper can be applied when springs are used to simulate
various classical and elastic boundaries. (e calculation
results are accurate and reliable and have a wide range of
applications.

(en, consider the influence of external dynamic load
and mass point. It is still a 1/6 segment arc model, the
material and geometric parameters remain unchanged, and
the boundary condition is C-F boundary. Add a 5 kg con-
centrated mass point at the free boundary end, and apply the
excitation force of unit amplitude in u, v, or w direction
successively there. Compare the method in this paper with
the FEM’s forced vibration response under excitation in the
same direction. (e frequency sweep range is 0.1∼200Hz,
and the step length is 0.1Hz. Extract the displacement re-
sponse of the structure in u, v, and w directions at the mass
point and the midpoint of the curved beam. Take the ref-
erence displacement D0 �1× 10−12m, D is the effective value
of the displacement response of the extracted point, and then
the vibration response displacement level LD � 20log10(D/
D0). (e comparison of vibration displacement level is
shown in Figure 5.

Figures 5(a)–5(c) are the displacement responses at the
midpoint of the curved beam, and Figures 5(d)–5(f) are the
displacement responses at the mass point of the curved
beam. First of all, the results obtained by the method in this
paper are in good agreement with the results of the finite
element calculation under excitation in all directions, which
further verifies the correctness of the calculation model in
this paper. Secondly, since the vibrations in u and w
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Figure 4: (e influence of spring parameter on the first three-order dimensionless natural frequencies of the curved beam. (a) Spring ku1.
(b) Spring kw1. (c) Spring Kw1. (d) Spring kv1. (e) Spring Ku1. (f ) Spring Kv1.
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Table 2: (e first ten-order dimensionless natural frequency Ω of the curved beam varies with the value of Ku1.

Stiffness value 0 102 104 106 108 1010 1012 1014

0.00 2.56 7.76 8.09 8.10 8.10 8.10 8.10
10.28 10.28 10.28 10.28 10.28 10.28 10.28 10.28
27.79 27.80 27.84 27.85 27.85 27.85 27.85 27.85
28.80 28.80 28.80 28.80 28.80 28.80 28.80 28.80
46.94 47.84 54.46 54.95 54.95 54.95 54.95 54.95
56.81 56.81 56.81 56.81 56.81 56.81 56.81 56.81
74.04 75.49 92.14 92.21 92.21 92.21 92.21 92.21
92.58 92.60 93.97 93.97 93.97 93.97 93.97 93.97
93.97 93.97 110.46 117.88 117.96 117.96 117.96 117.96
140.10 140.10 140.10 140.10 140.10 140.10 140.10 140.10

Table 3: Value table of various boundary conditions of spring simulation.

Boundary conditions Fixed support (C) Simply supported (S) Free (F) Elasticity (E)
Displacement spring k (N/m) 1012 1012 0 106

Ration spring k (N/rad) 1012 0 0 0

Table 4: Comparison of the first 10 natural frequencies under different boundary conditions (unit Hz).

F-E F-S S-S C-C
Present FEM Present FEM Present FEM Present FEM
48.75 48.72 50.93 50.89 136.97 136.88 80.72 80.69
109.41 109.44 174.91 174.77 138.58 138.49 220.81 220.75
161.26 161.17 179.35 179.20 300.25 300.05 226.21 226.15
171.59 171.50 338.59 338.31 305.57 305.35 392.62 392.53
306.96 306.79 381.96 381.60 562.18 562.10 446.22 446.07
319.99 319.83 564.08 563.96 578.24 577.75 731.20 730.97
435.21 435.02 654.30 653.61 580.36 579.85 737.84 737.61
505.58 505.15 656.71 655.98 758.26 758.15 758.69 758.62
590.91 590.70 1001.47 1000.20 920.42 919.51 1099.55 1099.10
763.23 762.25 1014.30 1013.00 950.10 949.33 1128.81 1128.30
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Figure 5: Continued.
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directions are both in-plane vibrations and the two are
coupled with each other, they can stimulate responses in
both u and w directions when they are excited by a single
excitation in u or w direction. (e vibration in the v di-
rection belongs to out-of-plane vibration, so the excitation
force in this direction will only stimulate the displacement
response in the corresponding direction.

Under normal circumstances, it takes a long time to cal-
culate the forced response of the structure using the FEM
method. However, the method in this paper requires a small
number of truncated terms, and the generated system stiffness
and mass matrix are also small, so the calculation cost is lower.
Specifically, on the same hardware (a processor equipped with
3.2GHz Intel Core i5-6500 CPU and 16GB memory), it takes

about 4.2 seconds to calculate 2000 frequency steps using this
method, while the time consumed by the finite element cal-
culation is more than 10 times. Besides, the calculation model
in this paper does not need to change the number of mesh
elements or remesh like the FEM model when the size pa-
rameters such as the length of the curved beam structure are
changed. A large number of calculations may be needed for
parametric analysis of curved beam structures. (e method
presented in this paper has obvious advantages because of its
low cost and wide application range.

3.2. EngineeringApplicationExamples. (e above discussion
and most of the research objects in the references assume
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Figure 5: Comparison of forced response at midpoint and mass point of the curved beam. (a) u-direction displacement responses at the
midpoint of the beam. (b)(e w-direction displacement responses at the midpoint of the beam. (c) (e v-direction displacement responses
at the midpoint of the beam. (d) u-direction displacement responses at the mass point of the beam. (e) (e w-direction displacement
responses at the mass point of the beam. (f ) (e v-direction displacement responses at the mass point of the beam.
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that the curvature, cross-section, and other parameters are
constant, but this assumption may not be appropriate in
actual engineering applications. (e calculation model in
this paper is still applicable when facing such problems. Here
are a few examples to introduce how to deal with these
problems.

3.2.1. Curvature Continuously Changing Structure-Transi-
tion Curve (Whirl Line) Structure. In engineering, it is often
necessary to connect a linear structure with a circular arc
structure. At this time, the transition curve often chooses a
relaxation curve whose radius of curvature gradually
changes from infinity. (e curve requires the product of the
arc length under the curve coordinates and the radius of
curvature of the point to be a constant, then the whirl line is
mostly used as the easement curve.

(e basic formula of the whirl line is

R(s) · s � A
2
s . (28)

In the above formula, As is the whirl line parameter. It is
usually defined that the starting point of the whirl line s0 � 0,
where the radius of curvature R0 is infinite; the endpoint
s1 � Ls, where the radius of curvature R1 is arbitrary constant.

To prove that the model in this paper can be applied to
structures with varying curvatures, this paper will take a
whirl line structure with a length Ls of 1.4849m and a radius
of curvature R1 of 1m at the endpoint as an example to
compare the natural frequency calculation results of this
method and FEM under different boundary conditions. (e
relevant parameters such as the cross-sectional shape and
material of the structure are still the same as the previous
model.

From the comparison of the results in Table 5, it can be
seen that the calculation model in this paper also has good
accuracy when dealing with slowly varying curvature
structures.

3.2.2. Cross-Section Mutation Structure. In actual engi-
neering, the structure is often not composed of a single
material or subunits with characteristic geometric dimen-
sions. When dealing with this kind of problem, even if the
curvature between the subunits remains continuous, it is
necessary to model the subunits separately and then build a
coupling model based on the continuous displacement
conditions between the subunits. (is paper will take the arc
structure with abrupt cross-sectional dimensions as an ex-
ample to introduce how to use this method to solve such
problems. An example is a semicircular structure composed
of two 1/4 arcs as shown in Figure 6, both of which keep the
circular cross-section unchanged, and the cross-section radii
Rb1 � 0.01m and Rb2 � 0.02m. (e material parameters are
consistent with the previous model, and the radius of
curvature is 0.9549m.

As shown in Figure 6, when processing the continuous
conditions between beam 1 and beam 2, this paper will also
introduce an artificial spring system similar to the simulated
boundary conditions. (e elastic potential energy Vc of the
coupled artificial spring group can be expressed as

Vc �
1
2

k
12
u + k

12
w w1 s1(  − w2 s2( ( 

2
+ K

12
w θw1 s1(  − θw2 s2( ( 

2
+ k

12
v v1 s1(  − v2 s2( ( 

2
+ K

12
u θu1 s1(  − θu2 s2( ( 

2
+ K

12
v θv1 s1(  − θv2 s2( ( 

2
  |s1�Ls1 ,s2�0.

(29)

In the above formula, k12
u is the spring that connects the

tangential displacements u1 and u2 at the coupling point, and
the definition of the rest springs is similar to this, so we will
not repeat them. Ls1 is the arc length of beam 1.

If it is considered that beam 1 and beam 2 are welded
together, that is, the corresponding displacements of the two
at the coupling point should be kept strictly continuous, then
the coupling springs can be set to a larger stiffness value of
1012 at this time. Compare the natural frequency calculation
results of this method and FEM under different boundary
conditions.

It can be seen from Table 6 that, after introducing the
coupled artificial spring group, the model in this paper can
accurately calculate the vibration characteristics of the

structure with abrupt cross-sections. Besides, if the value of
the rotation restraint spring in the coupling spring is set to 0,
the articulation in the actual project can be simulated, and
the smaller stiffness value of each spring can be used to
simulate the elastic connection.

3.2.3. Curvature Mutation Structure: S-Shaped Structure.
In actual engineering, structures such as locks and bridges
often take a form of sudden curvature, S-shape. Generally,
the curvature of the subunits of this structure is equal but the
direction of curvature is opposite. (is paper will also take
the S-shaped structure shown in Figure 7 composed of two
1/4 arcs as an example to show how to use this method to
deal with this type of problem. At this time, the radius of the

Table 5: Comparison of the first 10 natural frequencies of the whirl
line structure under different boundary conditions.

C-C S-S F-F
Present FEM Present FEM Present FEM
40.92 40.96 64.33 64.35 41.08 41.07
103.30 103.42 64.72 64.74 102.53 102.48
113.48 113.57 154.71 154.66 113.87 113.80
203.32 203.43 156.14 156.11 196.50 196.07
223.52 223.70 269.98 269.05 224.28 224.08
342.96 342.58 282.16 281.96 296.28 294.31
369.75 370.03 327.97 325.70 371.09 370.68
433.83 431.14 417.69 415.30 381.33 380.44
551.76 552.23 459.99 459.56 553.99 553.27
566.68 566.36 484.76 482.45 556.02 555.24
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arc section is Rb1�Rb2�0.01m, and the other parameters
remain unchanged.

When dealing with the continuous condition of the
S-shaped structure, the elastic potential energy of the cou-
pling spring will become

Vc �
1
2

k
12
u u1 s1(  − u2 s2( ( 

2
+ k

12
w w1 s1(  + w2 s2( ( 

2
+ K

12
w θw1 s1(  + θw2 s2( ( 

2
  + k

12
v v1 s1(  + v2 s2( ( 

2
+ K

12
u θu1 s1(  − θu2 s2( ( 

2
+ K

12
v θv1 s1(  + θv2 s2( ( 

2
  |s1�Ls1,s2�0.

(30)

Beam 1 Beam 2

Coupling springs
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Figure 6: Cross-section mutation structure.

Table 6: Comparison of the first 10 natural frequencies of the cross-section mutation structure under different boundary conditions.

C-C S-S F-F
Present FEM Present FEM Present FEM
12.61 12.60 10.07 10.07 8.84 8.84
26.77 26.78 13.69 13.69 19.74 19.73
34.39 34.39 33.14 33.13 34.31 34.30
61.58 61.58 42.84 42.81 45.50 45.49
65.32 65.32 84.71 84.69 69.77 69.71
108.56 108.63 85.95 85.93 106.63 106.59
113.95 113.99 144.11 144.00 114.22 114.17
173.12 173.12 144.61 144.51 177.95 177.80
182.41 182.39 199.02 198.94 187.31 187.15
233.70 233.75 199.55 199.47 232.80 232.65

Beam 1

Beam 2

Coupling springs
system

Figure 7: S-type structure.
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Also, compare the natural frequency calculation results
of the method in this paper and the FEM under different
boundary conditions for the welding connection.

As shown in Table 7, the calculation model in this paper
can also well calculate the curvature mutation (S-type)
structure. Similarly, different spring values can also simulate
different connection conditions.

4. Conclusion

Based on the principle of energy variation, this paper es-
tablishes a vibration analysis model of curved beam by
introducing an improved Fourier series as an allowable
function of vibration displacement. Based on the generalized
shell theory, considering shear and inertial effects and
coupling between displacement components, the kinetic
energy and strain potential energy of the curved beam
structure are obtained. Subsequently, the artificial spring
system is used to simulate the possible constraint conditions
at the boundary of the curved beam, and the constraint effect
is converted into the corresponding elastic potential energy.
(e spring system is suitable not only for elastic boundaries
but also for simulating various classical boundary condi-
tions. At the same time, by introducing the corresponding
energy term into the energy function of the entire curved
beam system, it is convenient to consider the concentrated
mass point or the concentrated point excitation force at any
position. Compared with the common (semi)analytic
method, the calculation model constructed by the improved
Fourier series and the artificial spring system is a unified
model with wider applicability.

(en, the comparison with the FEM calculation results
of the curved beam model under different boundary con-
ditions shows that the calculation model in this paper has
good accuracy. Besides, due to the good convergence of the
improved Fourier series, the dimensions of the stiffness
matrix and the mass matrix formed by the method in this
paper are small. (e method in this paper has higher effi-
ciency when calculating the forced vibration, which makes it
easy to use in the parameters’ study.

Finally, the common structures in engineering such as
the curvature easement curve (whirl line) structure, the
cross-section abrupt structure, and the S-shaped structure

are used as examples to show the wide application prospect
of the method in this paper.
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