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Planetary gearbox is widely used in various low-speed machines due to its large transmission ratio. However, the gears in a
planetary gearbox are prone to the mechanical faults due to the complex dynamic heavy load. Vibration frequencies caused by an
early tooth root crack of sun gear are usually difficult to accurately extract, so its fault diagnosis is one of the main challenges of
planetary gearbox reliability. In this paper, a simplified tooth root crack model of sun gear is proposed, and then a rigid-flexible
coupled dynamics model of the whole planetary gear system is constructed. By the numerical simulation, the fault frequencies
caused by a tooth root crack of sun gear are obtained. A Variational Mode Decomposition (VMD) algorithm for the vibration
frequency extraction is proposed. *e measured vibration signals are decomposed into the sparse Intrinsic Mode Functions
(IMFs) by the VMD, and then the IMFs are further analyzed by the spectral method to accurately extract the crack-induced
frequency components. *e experimental results show that the proposed dynamics model and VMDmethod are feasible; an error
between the characteristic frequencies from the tested signal analysis and the theoretical calculation is less than 1%.

1. Introduction

Because of large transmission ratio and compact structure,
the planetary gearbox is widely used in various low-speed
heavy machines. However, in the actual operation process,
due to the complex dynamic load, the planetary gearbox is
prone to various kinds of mechanical failure [1]. When the
gearbox is subjected to a heavy or impact load, it is very easy
to cause the tooth root crack. Because the early crack has a
small size, the vibration energy caused by the crack is weak,
so the crack is difficult to identify in time, and further the
crack can develop into a serious fault, such as tooth breaking.
*erefore, it is significant to study the feature analysis
technology of gear crack in a planetary gearbox for the crack
diagnosis.

At present, there are two kinds of tooth root crack
modeling methods [2, 3], one is the parabolic crack model
and the other is the penetrating crack model with

simultaneous propagation along both tooth width and
thickness directions. Chaari et al. [4, 5] put forward a
penetrating tooth root crack model. Chen and Shao [6, 7]
proposed a parabolic crack model with simultaneous
propagation along both tooth width and thickness direc-
tions. Ma et al. [8] established a crack model with propa-
gation only along the thickness direction, in which the crack
depth is simulated by a parabola whose starting point is on
the tooth transition circle and symmetric about the center
line of tooth. Based on the tooth crack model, a whole
dynamics model of planetary gear system can be built. *ere
are three kinds of dynamics model of planetary gear system:
lumped parameter model [9, 10], finite element model [11],
and rigid-flexible coupled model [12,13]. *e lumped pa-
rameter model of a planetary gearbox was established, and
the influence of the installation error of planet carrier on the
vibration response was studied by Zhai et al. [14]. Jiang et al.
[15] built a lumped parameter model of planetary gear
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system to solve the excitation forces that generate vibrations.
Shen et al. [16] were devoted to analyzing fault mechanism
and dynamic characteristics of gear wear and proposed a
torsional dynamics model of planetary gear system with
tooth wear. Liu et al. [17] established a 3D finite element
model of planetary gearbox and found that the effect of crack
on the vibration response is mainly reflected in the fre-
quency domain. Liu et al. [18] proposed a dynamics finite
element model of planetary gear system, in which there is a
localized fault to be considered for the outer race of the
planet bearing, and Liu et al. [19] also presented a rigid-
flexible coupled dynamics model for planetary gear system,
both the flexible ring gear, flexible supports of the ring gear
and sun gear, and a rectangular local fault in the planet
bearing are formulated in the model. Duan et al. [20] carried
out a system transmission error investigation of gearbox by
proposing a rigid-flexible coupled dynamics model, and the
modal test was launched to verify its effectiveness. Fan et al.
[21] developed a rigid-flexible coupled dynamics model of
the planetary gearbox considering the flexibility of ring gear
and sun gear shaft based on the shell theory and Timoshenko
beam theory, respectively. *e lumped parameter model
cannot take into account the influence of gear tooth de-
formation on the system, and the whole finite element model
is inefficient. *erefore, the rigid-flexible coupled model is
adopted in this paper.

*ere are two kinds of common vibration signal analysis
methods, including frequency-domain and time-frequency
analysis. *e frequency-domain signal analysis based on the
Fourier transform is suitable for the periodic signals [22].
Time-frequency analysis is appropriate for the nonstationary
signals. Typical time-frequency analysis methods include the
short-time Fourier transform (STFT) [23], wavelet trans-
form (WT) [24, 25], and Hilbert–Huang transform (HHT)
[26, 27]. Huang et al. [28] proposed an Empirical Mode
Decomposition (EMD) method based on the whole de-
composition of signals, which avoid the selection of wavelet
functions. Wang et al. [29] studied a signal analysis method
based on EMD and extracted the effective signal components
from the background noise. Yan and Liu [30] constructed an
improved weak signal detection method to reduce the
boundary effect of EMD. Ensemble Empirical Mode De-
composition (EEMD) method is proposed by Wu and
Huang [31] to solve the mode confusion problem of EMD.
Ma et al. [32] proposed a weak signal detection method by
combining EMDwith singular spectrum analysis. Due to the
low computational efficiency of EEMD, Dragomiretskiy
et al. [33] proposed a new signal decomposition method in
2014, i.e., Variational Mode Decomposition (VMD); it can
avoid the mode confusion and has high efficiency, antinoise
ability, and high-frequency resolution. Li and Zhu [34]
applied the VMD for the mechanical fault diagnosis; the
results show that the VMD is better than EEMD in signal
decomposition effect. Wang et al. [35] used the VMD to
realize the feature extraction of gear tooth crack in a single-
stage gearbox, which verified the effectiveness of the VMD
method for gear fault feature extraction.

In order to reduce the modeling error and the machining
difficulty of the cracked sun gear, a simplified gear tooth

crack model is proposed in this paper. Combined with the
crack model, a rigid-flexible coupled model of planetary gear
system with tooth crack of sun gear is constructed, and the
dynamics simulation is designed to find the crack-induced
signal frequency characteristics. In order to identify the
crack from the tested vibration signals, a VMD-based signal
analysis method is proposed to extract the featured fre-
quency of tooth crack. *e structure of this paper is as
follows. Section 1 introduces the fault diagnosis principle
based on vibration analysis and the theoretical characteristic
frequency calculation. In Section 2, the crack modeling is
introduced and the dynamics simulation is completed.
Section 3 introduces the VMD-based fault feature extraction
method, and in Section 4, the proposed model and analysis
method are verified by experiments.

2. Frequency-Domain Diagnosis Basis for
Planetary Gear System

In this paper, the crack mechanism of a planetary gear
system is analyzed by dynamics simulation, and the crack
type and its degree are judged by the characteristic fre-
quencies [36].

2.1. Working Frequency of Planetary Gear System. A plane-
tary gearbox consists of the sun gear, planet gear, ring gear,
and planet carrier. If its basic components include two
central gears Z and a planet carrier X, the planetary gear
system type is 2Z-X, as shown in Figure 1.

*e dynamics response of a 2Z-X planetary gear system
is more complex than that of a fixed-axis gear system because
of the relative motion among all of the gears. *erefore, the
calculation of transmission ratio and characteristic fre-
quencies cannot directly refer to that of a fixed-axis gear
system.

*e transmission ratio of a planetary gear system is

i �
fs

fc

�
Zr

Zs

  + 1, (1)

where fc is the rotational frequency of planet carrier, Zr is the
tooth number of ring gear, and Zs is the tooth number of sun
gear.

Since the rotational speed of sun gear is equal to the
input speed of transmission shaft, the rotational frequency of
sun gear is

fs �
n

60
, (2)

where fs is the rotational frequency of sun gear and n is the
input rotational speed of transmission shaft.

*e fundamental difference between the planetary and
fixed-axis gear systems is that the planetary gear system has a
planet carrier rotating around the main axis, and the planet
gear installed on the planet carrier has both rotation and
revolution. According to the relative motion principle, a
public frequency can be added to the whole planetary gear
system, which is equal to the rotational frequency of planet
carrier and has an opposite direction, while the relative
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motion among the components of planetary gear system
remains constant.

fs − fc

fr − fc

� −
Zr

Zs

, (3)

where fr is the rotational frequency of ring gear.
As can be seen from equation (3), the rotational fre-

quency of planet carrier is

fc �
Zs

ZS + Zr

· fs. (4)

Similarly, the rotational frequency of planet gear is

fp � fs − fc(  ·
Zs

ZP

  − fc, (5)

where fp is the rotational frequency of planet gear and Zp is
the tooth number of planet gear.

In the transmission process of a gear pair, the meshing
frequencies of two gears engaged with each other are equal.
*erefore, in a planetary gear system, the meshing frequency
of each gear pair is equal, i.e.,

fm � fc · Zr �
Zs · Zr

Zs + Zr

· fs, (6)

where fm is the meshing frequency of planetary gear system.

2.2. Fault Frequency of Planetary Gear System. If there is a
crack in one of the teeth of sun gear in a planetary gear
system, the cracked gear meshes with all the gears in a
rotational period relative to the planet carrier. *erefore, the
fault frequency of sun gear is

fsg �
fm

Zs

· n, (7)

where fsg is the fault frequency of sun gear.
Considering the modulation of fault frequency and

fundamental frequency, the vibration signal model of a
planetary gear system can be simply expressed as [37]

x(t) � h(t)c 1 + A cos 2πfgt + ϕ   · cos 2πfmt + B sin 2πfgt + φ  + θ , (8)

where A and B are the amplitude and frequency modulation
intensity caused by gear fault, A, B> 0; Φ, φ, and θ are the
initial phase; fm is the meshing frequency; fsg is the fault
frequency; c is a dimensionless constant, usually c� 1; and
h(t) describes an amplitude modulation of vibration transfer
path.

If the vibration sensor is installed at the top of ring gear,
the distance from the fault position to the sensor changes
with the rotation of sun gear when a local fault occurs.

h(t) � 1 − cos 2πfst(  . (9)

*e amplitude modulation of vibration signal can be
written as [37]

h(t)a(t) � 1 − cos 2πfst(   · 1 + A cos 2πfsgt + ϕ   � 1 − cos 2πfst(  + A cos 2πfsgt + ϕ 

−
1
2

A cos 2π fs + fsg t + ϕ  + cos 2π fs − fsg t − ϕ  .

(10)

*e Fourier transform is applied to equation (10):

H(f)∗A(f) � δ(f) − δ f − fs(  + Aδ f − fs( exp(jϕ) −
1
2

A δ f − fsg + fs  exp(jϕ) + δ f − fs − fsg  exp(−jϕ) .

(11)

Input sha� Output sha�

Figure 1: Schematic diagram of 2Z-X planetary gear system.
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As can be seen from equation (11) [37], when a crack
occurs in the sun gear, the peak value in the amplitude
spectrum appears in the rotational frequency fs and its
multiple frequencies mfs, the fault frequency fsg and its
multiple frequencies nfsg, and the combined frequencies
fm± fs and nfsg±mfm. If mfs and nfsg are considered as the
modulation frequencies, the other peaks mainly appear at 1/
4fs and n/4fs, fm and mfm, and the combined frequencies n/
4fsg±mfm(m, n� 1, 2, ...).

3. Crack Modeling and Dynamics Analysis

3.1. Geometric Model of Planetary Gear System. *e 2Z-X
planetary gear system used is composed of a sun gear, a
planet carrier, a ring gear, and four planet gears. A 3Dmodel
of the planetary gear system is shown in Figure 2; the design
parameters are shown in Table 1. On the premise of not
affecting the analysis results, the auxiliary parts are sim-
plified; for example, both the bearings and bolts used to
connect the planet gears and the planet carrier are treated as
cylinders.

3.2. Rigid-Flexible Coupled Model with Crack. In the above
planetary gear system, the sun gear contacts with four planet
gears to transmit motion and torque. When the sun gear is
used as an input, it is simultaneously subjected to forces and
torques from four planet gears. *erefore, the sun gear is
prone to a mechanical fault. During gear transmission, the
bending stress is concentrated at the tooth root, and the
crack begins and extends from the tooth root [38], as shown
in Figure 3.

In Figure 3, φ is the included angle between the tooth
center line and the tangent line of root fillet curve, and the
area between φ� 30° and φ� 34° is the stress concentration
area [6].*e included angle between the crack extension line
and tooth center line is defined as the crack extension angle
α. In order to approach the crack growth law under the real
working condition, φ� 32° and α� 74° are taken in the
following dynamics simulation. *e chord of the approxi-
mate arc of the tooth root crack growth path is taken as the
crack width growth line, i.e., w, shown in Figure 3, and the
tooth width direction is called the crack length extension
line, i.e., l, shown in Figure 3.

In order to study the frequency characteristics of dif-
ferent-scale cracks, three kinds of crack were designed, as
shown in Table 2. It is known that the tooth width of sun gear
is l� 10mm, and the maximum crack width is w � 1mm.
*e crack width and length were expanded simultaneously
in a proportion of 20%, 40%, and 80% relative to the chord of
tooth root arc and tooth width, respectively.

In order to reduce the difficulty of making crack, the
crack width propagation path is treated approximately as an
arc chord, as shown in Figure 4.

In order to obtain the crack-induced vibration frequency
characteristics of sun gear, the finite element model is used
to treat the sun gear with flexibility. *e flexibilization steps
are shown in Figure 5.

As shown in Figure 5, for a finite element model, the
generation quality of mesh is closely related to the element
type and quantity. In this paper, ANSYS is used to make sun
gear flexible. Considering the crack shape, a tetrahedron
element is suitable for the gear with crack. For the tetra-
hedral element, the SOLID187 uses an optimized algorithm
compared to the SOLID92 to achieve a high-quality model.
When generating the mesh, the part without crack is firstly
divided, and then the crack area is refined separately. *e
meshed sun gear is shown in Figure 6. Figure 6(a) is the
entire mesh model; Figure 6(b) is the crack mesh model.

When a finite element model is introduced into a rigid-
body dynamics system and connected to other parts, there is
a region that does not deform, i.e., the rigid region. In this
paper, ADAMS is used for the dynamics simulation; the
rigid region is composed of the nodes of two interfaces and
the surrounding nodes. Select those nodes as the master
nodes and the nodes of end circles of sun gear as the slave
nodes; the rigid region is created, as shown in Figure 7(a);
the rigid-flexible coupled model of planetary gear system is
obtained by connecting the flexible sun gear with other rigid
bodies through rigid regions and interface nodes, as shown
in Figure 7(b).

3.3. Dynamics Analysis. In dynamics simulation, the input
shaft of torque and speed is the shaft where the sun gear is
located, and the output shaft is that connected by the planet
carrier. *e parameters are set as shown in Table 3.

*e input rotational frequency is 30Hz, the torque is
5N·m, and the direction of torque is opposite to the di-
rection of rotational frequency. In order to avoid the sudden
loading, the STEP function was adopted, which is expressed
as STEP (time,0,0,0.1,10800D), the initial speed is 0, the
speed is 10800°/s at 0.1 s, i.e., the frequency is 30Hz, and the
torque gradually increased to 5N·m in the form of STEP
(time,0,0,0.1,5000). In the model settings, the rigid-rigid
contact was used between four planet gears and the ring gear,
the rigid-flexible contact was used between four planet gears
and the sun gear, and the other parameters were considered
in terms of [39].

Planet carrier

Planet gear

Sun gear

Ring gear

Figure 2: 3D model of planetary gear system.
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In the simulation, the ring gear was fixed and the
contact force between the gears was added to simulate the
meshing. *e contact force between the gears changed
the angular acceleration with the meshing process.
*erefore, the characteristic frequencies of the tooth
crack were analyzed by the angular acceleration signal of
sun gear.

*e dynamics simulation was carried out and the results
of angular acceleration in the time and frequency domains
were obtained under different crack cases, as shown in
Figure 8. In Figures 8(a) and 8(b), four subfigures from top
to bottom are the angular acceleration results in the time and
frequency domains under no crack, 1# crack, 2# crack, and 3#
crack.

As can be seen from Figure 8(a), the amplitude of the
angular acceleration is obviously smaller when the sun gear
has no crack than a crack fault, and the amplitude increases
with the increase of the crack size. As can be seen from
Figure 8(b), the amplitude peaks in the frequency spectrum
mainly appear in the meshing frequency fm and its multiple
frequencies mfm, the fault frequencies fsg of sun gear and its
multiple frequencies nfsg, and the combined frequencies
mfm+ nfsg.

4. VMD Time-Frequency Analysis Method of
Vibration Signals

*e frequency resolution of the spectrum in Figure 8(b) is
low, so it is difficult to accurately find the fault frequency
values. *erefore, the VMD algorithm [40] is proposed for
the time-frequency analysis of complex vibration signals.

4.1. Principle ofVMDAlgorithm. VMD is the decomposition
of signal x(t) into a number of sparse IMFs mk(t), each of
which fluctuates around the central frequency ωk, i.e., the
bandwidth is limited around the central frequency. *e
bandwidth can be obtained by estimating the square norm of
the gradient of the frequency shift signals.

First, the HHT transforms the real mode mk into an
analytic signal m+

k with a unilateral spectrum with non-
negative frequencies:

m
+
k (t) � δ(t) +

j

πt
 ∗mk(t). (12)

*en, by multiplying with an exponential harmonic
wave whose frequencies are adjusted to their respective
central frequencies, the spectrum is shifted to the base band:

m
B
k (t) � δ(t) +

j

πt
 ∗mk(t)e

− jωkt
. (13)

Finally, the bandwidth is estimated by the square norm
of the gradient:

△ω � zt δ(t) +
j

πt
 ∗mk(t)e

− jωkt
 

�������

�������

2

2
. (14)

*us, all the estimatedmode component bandwidths can
be expressed as a constrained variational model:

min
mk(t){ }, ωk{ }

� 
K

k�1
zt δ(t) +

j

πt
 ∗mk(t)e

− jωkt
 

�������

�������

2

2
,

s.t. 
K

k�1
mk(t) � x(t),

(15)

where δ(·) is the Dirac Delta function, ∗ is the convolution
operation, and K is the number of the IMFs.

In order to transform the optimization problem
expressed by the above formula into an unconstrained form,
a penalty factor α and a Lagrange multiplier are added to
accelerate the convergence and strengthen the constraint.
*e objective function that needs to be minimized is
transformed into an augmented Lagrange function:

Table 1: Design parameters of planetary gear system.

Types of gears Ring gear Planet gear Sun gear
Number of teeth 100 36 28
Module (mm) 1 Pressure angle (°) 20
Tooth width (mm) 10 Material Steel
Young’s modulus (Pa×1011) 2.07 Siméon Denis Poisson 0.29
Input speed (rpm) 1800

O

A
l

Bα

w

Crack sta
rtin

g point

φ

Figure 3: Tooth root crack model of sun gear.

Table 2: Crack parameters of sun gear.

Crack case No crack 1# crack 2# crack 3# crack
Crack length, l (mm) 0 2 4 8
Crack width, w (mm) 0 0.2 0.4 0.8

Shock and Vibration 5



(a) (b) (c)

Figure 4: 3D crack model of sun gear. (a) 1# crack. (b) 2# crack. (c) 3# crack.

Considering fault location

Considering structural feature

Improving simulation result

3D model of planetary gear system

Flexibility of sun gear

Choosing tetrahedron element

Refining mesh for crack location

Figure 5: Flexibilization steps of sun gear.

(a) (b)

Figure 6: Mesh model of sun gear. (a) Entire mesh. (b) Crack mesh.
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L mk(t) , ωk , λ(t)  � α 
K

k�1
zt δ(t) +

j

πt
 ∗mk(t)e

− jωkt
 

�������

�������

2

2
+ x(t) − 

K

k�1
mk(t)

���������

���������

2

2

+〈λ(t), x(t) − 
K

k�1
mk(t)〉, (16)

where λ(t) is the Lagrange multiplier and <·,·> is the inner
product operation.

*e minimization problem represented by equation (15)
is solved by an Alternate Direction Multiplier (ADM)

method to find the saddle point of an augmented Lagrange
problem represented by equation (16). *e equivalent
minimization problem of equation (16) is solved, and each
IMF is updated by the optimal solution mk(t):

mk(t) � argmin
mk

L mk(t) , ωk , λ(t)  � argmin
mk

α 
K

k�1
zt δ(t) +

j

πt
 ∗mk(t)e

− jωkt
 

�������

�������

2

2
+ x(t) − 

K

k�1
mk(t) +

λ(t)

2

���������

���������

2

2

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
.

(17)

In the frequency domain, the solution of equation (17) is

mk(ω) � x(ω) −


i≠ k

mi(ω) + 1/2λ(ω)

1 + 2α ω − ωk( 
2 . (18)

*e IMF in the time domain can be obtained by Fourier
inverse transform of equation (18).

*e equivalent minimization problem of equation (16) is
solved, and the central frequency ωk of each IMF mk(t) is
updated with the optimal solution:

ωk � argmin
ωk

L mk(t) , ωk , λ(t)  � argmin
ωk



K

k�1
zt δ(t) +

j

πt
 ∗mk(t)e

− jωkt
 

�������

�������

2

2
. (19)

*e central frequency ωk is the centroid of the IMF
power spectrum mk(ω) , i.e.,

ωk �

∞
0 ω mk(ω)

2
dω


∞
0 mk(ω)

2
dω

. (20)

(a)

Flexible sun gear

Input torque

Assembly
constraints

(b)

Figure 7: Dynamics model of planetary gear system. (a) Rigid region model. (b) Rigid-flexible coupled model.

Table 3: Parameter setup used for dynamics simulation.

Parameter Setup
Input frequency (Hz) 30
Input torque (N·m) 5
Function type STEP

Shock and Vibration 7



According to the solution process of the above con-
strained variational problem, the VMD can divide the fre-
quency band according to the frequency characteristic of the
signal and realize the adaptive decomposition of the signal
by updating each mode and its corresponding central
frequency.

*e flowchart of the VMD algorithm is shown in
Figure 9.

Step 1. Set m0
k(t)  ω0

k  λ
0
(t) , and n� 0; define the

convergence threshold and number K of IMFs to be
separated.
Step 2. k � 1, 2, ..., K and ω≥ 0; update each IMF mk(t)

and its central frequency ωk:

m
n+1
k (ω) � x(ω) − 

i< k

m
n+1
i (ω) −


i> k

m
n
i (ω) + 1/2λ

n
(ω)

1 + 2α ω − ωn
k( 

2 ,ωn+1
k �


∞
0 ω m

n+1
k (ω)

2
dω


∞
0 m

n+1
k (ω)

2
dω

. (21)

Step 3. ω≥ 0; update the Lagrange multiplier:

λ
n+1

(ω) � λ
n
(ω) + τ x(ω) − 

k

m
n+1
k (ω)⎡⎣ ⎤⎦, (22)

where τ is the updating parameter of Lagrange multiplier.
Check the convergence condition:


k

m
n+1
k (t) − m

n
k(t)

����
����
2
2

m
n
k(t)

����
����
2
2

< ε. (23)

If the formula is true, let mk(t) � mn+1
k (t), ωk(t) � ωn+1

k ,
terminate the decomposition, and get K IMFs with the finite
bandwidth. Otherwise, let n � n + 1; return to Step 2.

4.2. Frequency-Domain Feature Extraction Using VMD.
In the VMD algorithm, the value of K determines the
number of IMFs in the decomposed signal. Taking 3# crack
as an example, when K takes different values, the signal is
decomposed by the VMD, and the frequency of each IMF is

shown in Table 4. From Table 4, the central frequency of
IMF6 is 4439Hz, which is close to the maximum value of
4499Hz in the case of K� 7, and the central frequency of
IMF4 is close to that of IMF5 in the case ofK� 7. In addition,
since the planetary gear system consists of six moving parts,
K� 6 is reasonable.

When K� 6, the angular acceleration signal for 3# crack
is decomposed by the VMD, as shown in Figure 10, the
VMD decomposition results for other crack cases are shown
in Figure 11.

Figure 10 shows that the IMF frequencies correspond
one to one with the central frequencies in Table 4 and are
all the characteristic frequencies for sun gear crack. *e
central frequencies and amplitudes of the IMFs in Fig-
ure 11 are listed in Table 5. According to Table 5, Fig-
ure 12 is obtained.

As can be seen from Figure 12 and Table 5 above, the
amplitude shown by the black line marked by rhombic dot is
lower than others. When the cracks appear in the sun gear,
the amplitudes corresponding to the central frequencies of
each IMF are higher than those with no crack, and the errors
of the central frequencies of each IMF are small.

5
Time-domain waveform

0
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5
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A 
(°

/s
2 )
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5
0
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5
0
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(a)

3

5

2
1
0

0
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3fm
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0 500 1000 1500 2000 2500 3000 4000 4500 50003500

×105
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/s
2 )
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(b)

Figure 8: Angular acceleration of sun gear for different crack cases. (a) Time-domain waveform. (b) Frequency-domain spectrum.
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In the case of 3# crack, the errors between the IMF central
frequencies and their theoretical values are shown in Table 6.

As shown in Figure 13 and Table 6, the frequencies of
each IMF correspond to the rotational frequency fs of sun
gear, the meshing frequency fm, the fault frequencies fsg and
n/4fsg of sun gear, and the combined results of the above
frequencies, respectively. *e errors between the charac-
teristic frequencies from dynamics simulation and theo-
retical calculation are less than 2%. It can be seen that the
central frequencies of IMF components obtained by VMD
can be used as the featured parameters identifying cracks in a
planetary gear system.

5. Experimental Study

5.1. Test Setup. *e test platform of a planetary gear system
was established, as shown in Figure 14.

*e test platform is composed of motor, frequency
converter, planetary gearbox (one-stage transmission, de-
celeration ratio is 4.57 :1), parallel-axle spur gearbox (two-
stage transmission, deceleration ratio is 8.63 :1), magnetic
powder brake, power supply (adjustable current source),
vibration sensor, signal collector, and upper computer.

For easy machining, three kinds of sun gear crack were
made by Electrical Discharge Machining (EDM), and the

n = n + 1, ω ≥ 0

k = 1

k = K?

Output mk (ω)

Output IMF

Fourier inverse transform

N

N

Y

Y

Initializing mk (t), ωk, 
0 0 0

 (t), n = 0ˆˆ ˆ

Updating mk (t), mk 
n+1(ω) = ˆ

ˆ n
 (ω)ˆ

i<k
mi

n+1 (ω) – ˆx(ω) – ∑
i>k

mi
n (ω) + 1/2ˆ∑

1 + 2α(ω – ωk
n)2

Convergence
condition k

∑  < ε
∥mk

n+1 (t) – 2ˆ mk
n (t)∥2ˆ
2∥mk

n (t)∥2ˆ

Updating ωk , ωk 
n+1 = 

∞∫0 ω|mk
n+1 (ω)2|dωˆ

∞∫0 |mk
n+1 (ω)2|dωˆ

Updating Lagrange multiplier,

n+1
 (ω) = ˆ  n (ω) + τ ˆ ˆ

k
mk

n+1 (ω) ˆx(ω) – ∑

Figure 9: Flowchart of VMD algorithm.

Table 4: Central frequency of each IMF for 3# crack.

K
Central frequency of each IMF (Hz)

IMF1 IMF2 IMF3 IMF4 IMF5 IMF6 IMF7
2 1182 2735 — — — — —
3 1182 1954 3457 — — — —
4 390.8 1122 2725 3767 — — —
5 390.8 1182 1954 2846 4439 — —
6 390.8 1182 1954 2735 3457 4439 —
7 390.8 1182 1954 2475 2846 3767 4499
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actual “rectangle” is used instead of the ideal “trilateral”
cracks shown in Figure 4 due to the limit of fabrication
process, which does not affect the characteristic frequency
extraction. Crack parameters are shown in Table 7.

Set the motor speed to 1800 rpm and the torque to 5N·m.
*e 608A11-type accelerometer with a sensitivity of 0.103V/g
was used to measure the vertical vibration. *e Spectral Quest
data acquisition instrument was used, its sampling frequency is
10.24 kHz, and the sampled signal length is 6 s to 7 s.

6. Results and Discussion

*e vibration signals of sun gear under three kinds of actual
crack were measured. *e time-domain waveform and
frequency-domain spectrum are shown in Figure 15.

*e results of no crack and 1# to 3# cracks are listed from
top to bottom. It can be seen that the amplitude of time-
domain waveform increases with the increase of crack size.
*e peak value appears in the meshing frequency fm and its
multiple frequenciesmfm, local fault frequency fsg of sun gear

and its multiple frequencies nfsg, 1/4fsg and its multiple
frequencies n/4fsg, and combined frequencies mfm+ nfsg and
mfm+ n/fsg.

*e VMD results of vibration signals under 1# to 3#

cracks at K� 6 are shown in Figure 16; the central fre-
quencies and amplitudes of each IMF are shown in Table 8.

From Figure 17, it can be seen that with the increase of
crack size, the total vibration energy increases, which proves
that this experimental design is correct. However, due to the
sun gear change and the complex gap distribution among the
gear elements in an actual planetary gear system, these
nonlinear factors inevitably affect the value of each IMF.*e
amplitudes corresponding to all the IMF central frequencies
except the IMF2 of 1# to 3# cracks and the IMF3 of 1# to 2#

cracks are larger than those with no crack.
In the case of 3# crack, the errors between the VMD and

the theoretical frequency values of each IMF are shown in
Table 9 and Figure 18. *e frequencies of each IMF cor-
respond to the rotational frequency fs of sun gear, the
meshing frequency fm, the fault frequency of sun gear fsg and
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Figure 10: Each IMF of angular acceleration signal for 3# crack. (a) Time-domain waveform. (b) Frequency-domain spectrum.
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Figure 11: Each IMF of angular acceleration signal for no crack and 1# to 3# crack. (a) No crack. (b) 1# crack. (c) 2# crack. (d) 3# crack.
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Table 5: Central frequency and amplitude of each IMF.

IMF
No crack 1# crack 2# crack 3# crack

f (Hz) A (105) f (Hz) A (105) f (Hz) A (105) f (Hz) A (105)
IMF1 360.7 1.866 511 7.536 400.8 7.502 390.8 9.014
IMF2 1182 2.424 1503 5.216 1192 6.678 1182 10.280
IMF3 1794 2.785 2014 6.298 1683 4.234 1954 7.243
IMF4 2555 3.731 2585 4.348 2465 5.817 2735 6.026
IMF5 3126 2.829 3677 3.447 3487 4.375 3457 6.187
IMF6 4168 3.529 4679 3.166 4529 4.184 4439 5.868
Total — 17.164 — 30.011 — 32.79 — 44.618
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Figure 12: Central frequency and amplitude of each IMF.

Table 6: Error between the simulated VMD IMF central frequency and theoretical value for 3# crack.

IMF VMD frequency (Hz) *eoretical frequency (Hz) Corresponding feature Error (%)
IMF1 390.8 398.2 fm−11/4fsg 1.86
IMF2 1182 1194.8 2fm−5fsg 1.07
IMF3 1954 1944.6 3fm−1/4fsg 0.48
IMF4 2735 2741.2 4fm + 5/4fsg 0.23
IMF5 3457 3467.8 4fm + 9fsg 0.31
IMF6 4439 4427.9 7fm−7/4fsg 0.25
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n/4fsg, and the combined results of the above frequencies,
respectively. It can be seen that the errors between the VMD
and the theoretical values are less than 1%.

7. Conclusions

*is paper proposes a tooth root crack identification method
of sun gear in a planetary gear system combining the fault
dynamics with VMD algorithm, which provides a positive
contribution to the fault diagnosis of a complex mechanical
transmission system.

(1) In order to overcome the shortcomings of the
existing tooth crack models, a gear crack model with
the simultaneous propagation in both length and
width directions is proposed. And a rigid-flexible
coupled model of planetary gear system is estab-
lished by treating the sun gear as a flexible body and

connecting it with other rigid components. *e
proposed model is appropriate for the fault fre-
quency determination considering the computa-
tional accuracy and efficiency.

(2) In order to overcome the shortcomings of the
existing EMD algorithms, the VMD method for the
nonstationary weak signal is used. *rough the
analysis of simulated and tested signals, the total
amplitude corresponding to each IMF central fre-
quency obtained by VMD can reflect the level change
of different crack scales, and the error between the
tested VMD frequency and the theoretical value is
less than 1%, which proves the proposed VMD al-
gorithm effective.

(3) *e test platform of a planetary gear system was
established, and the tooth root crack of sun gear was
made. *e tested results show that the meshing

Table 7: Actual crack parameters of tested gear.

Crack number 1# crack 2# crack 3# crack
Crack length (mm) 1.43 3.92 8.47
Crack width (mm) 0.54 0.69 1.34
Crack height (mm) 0.50
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Figure 15: Time-domain waveform and frequency-domain spectrum for no crack and three crack cases.
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Figure 16: VMD results for no crack and three crack cases. (a) No crack. (b) 1# crack. (c) 2# crack. (d) 3# crack.

Table 8: Central frequency and amplitude of each IMF for 3# crack.

No crack 1# crack 2# crack 3# crack
f (Hz) A (10−3) f (Hz) A (10−3) f (Hz) A (10−3) f (Hz) A (10−3)

IMF1 30.06 2.07 30.06 2.51 30.06 2.35 30.06 2.96
IMF2 651.3 2.91 641.3 2.32 661.3 1.70 651.3 2.54
IMF3 1964 1.02 1944 0.85 1974 0.97 1954 1.85
IMF4 2826 1.00 2585 1.47 2615 2.07 2615 2.22
IMF5 3286 1.08 3216 2.61 3236 5.17 3236 5.42
IMF6 4509 0.85 4369 1.10 4499 1.39 4559 2.06
Total — 8.93 — 10.86 — 13.65 — 17.05
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Figure 17: Central frequency and amplitude of each IMF.

Table 9: Error between the tested IMF central frequency and theoretical value for 3# crack.

IMF *eoretical frequency (Hz) VMD frequency (Hz) Corresponding feature Error (%)
IMF1 30 30.06 fs 0.20
IMF2 656 651.3 fm 0.72
IMF3 1944.6 1954 3fm−1/4fsg 0.48
IMF4 2600.6 2615 4fm−1/4fsg 0.55
IMF5 3233.1 3236 5fm−2/4fsg 0.09
IMF6 4568.6 4559 7fm−1/4fsg 0.21
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Figure 18: Error between the tested VMD IMF central frequency and theoretical value for 3# crack.
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frequency, fault frequency, and their combined
frequency are prominent in the amplitude spectrum
of vibration signal with crack, so the gear crack
model and rigid-flexible coupled system model
established in this paper are feasible and the VMD
method is also reliable, which provides an effective
approach for the crack diagnosis of sun gear in a
planetary gear system.
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