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To scientifically characterize the dynamic mechanical characteristics of the rubber pad under the rail of fasteners and its influence
on the dynamic response of the vehicle-rail-viaduct system, taking the rubber pad under the rail of WJ-7B high-speed railway
(HSR) with constant resistance as an example, a TFDVmodel was applied to characterize the viscoelasticity of the rubber pad and
the theoretical model in the dynamic coupling of vehicle-rail-bridge was also studied. *e results show that the energy storage
modulus and loss factor of rubber pad under rail show a curved surface relation versus the change of frequency-temperature. In a
certain frequency/temperature range, the energy storage modulus and loss factor of rubber pad under rail increase with the
decrease of temperature and the increase of frequency, and the influence of low temperature on dynamic parameters is more
significant. With the decrease of temperature, the minimum value of total dynamic flexibility decreases, and the corresponding
extreme frequency shifts to high frequency. Viscoelastic dynamic features of rubber pad under rail mainly affect the dynamic
response of vehicle subsystem and rail-bridge subsystem. With the decrease of ambient temperature of rubber pad, the dominant
frequency band of power spectrum curve of each structure shifts to high frequency.

1. Introduction

High speed railway (HSR) serves as the effective solution to
reduce the private transport and enhance the public
transport, as well to reorganize the urban zone due to its
high load, fast speed, high safety, and comfort. HSR has
developed rapidly in China [1–3]. Because the elevated
bridge track transportation can occupy less land and can
more reliably control the long-term settlement of the
foundation, it has good line smoothness and stability [4, 5].
When a high-speed train is running on a bridge, the wheel-
rail system will vibrate severely due to the irregularity and
be transmitted to the foundation under the rail, which will
cause the vibration of the vehicle-track-bridge system,
leading to the change of the operating quality and service
life [6]. To ensure the high quality of high-speed rail
operation, high-speed rail tracks often use rail fasteners

with higher flexibility. *e fastener not only is a necessary
connecting device in the railway structure, but also plays a
role of track vibration reduction. *e main component
that provides vibration reduction performance is the
under-rail rubber pad in the fastener. In previous studies
on vibration of vehicle-track-bridge systems at home and
abroad, the dynamic mechanical parameters (stiffness,
damping) of under rail rubber pads often adopt fixed
values [7–10]. Because the underrail rubber pad compo-
nent contains rubber polymer materials, its mechanical
performance parameters under dynamic force are not
constant. According to the literature [11–15], rubber
polymer materials have viscoelasticity (referring to the
mechanical properties of rubber materials under the in-
fluence of factors such as ambient temperature and ex-
citation frequency which are also called temperature/
frequency dynamic characteristics). *is dynamic
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mechanical characteristic will change the dynamic me-
chanical parameters of the underrail rubber pad [16],
which will affect the vibration response of the vehicle-
track-viaduct system.

Relevant research studies were carried out on the dy-
namic parameters of rail fasteners. Yin et al. [17] analyzed
the effect of the frequency variation characteristics of fas-
tener’s stiffness on wheel-rail vibration and noise based on
the vehicle-track coupling dynamics theory and acoustic
theory; Wang et al. [18, 19] used mathematical method and
virtual excitation method to analyze the vehicle-rail vertical
coupled random vibration considering the frequency change
of the fastener pad’s stiffness. *e effect of the viscoelastic
dynamic characteristics of the rubber pad on the vertical
coupled vibration of the vehicle-rail-viaduct system is still
rarely studied.

To explore the influence of viscoelasticity of the rubber
pad under the track on the vehicle-track-viaduct vertical
coupling dynamic response and accurately predict the dy-
namic response of the vehicle-track-viaduct system, this
study takes the underrail rubber pad of the HSR WJ-7B
constant resistance fastener as example and establishes a
constitutive model that comprehensively considering the
viscoelasticity of the under-rail rubber pad, and uses genetic
algorithm to identify the structural model parameters by
combining the established constitutive model with the
separated parameter model and the vehicle-rail-viaduct
coupled vibration frequency domain model to form a fre-
quency domain viaduct vibration model that takes into
account the viscoelastic dynamic characteristics of the
underrail rubber pad. *e viscoelasticity effect of underrail
rubber pads on the dynamic response of the vehicle-rail-
viaduct system is studied.

2. Vehicle-Rail-Viaduct Coupling Model

Dynamic flexibility method is used to construct the vehicle-
rail-bridge coupling model shown in Figure 1. Since the
parameters involved in the calculation of vehicle-track
coupled vibration in the under-rail pad are stiffness and loss
factor, it is necessary to convert the modulus value into a
stiffness value according to the structural size of the material.
*e calculation is as follows:

kf �
AEs

h
, (1)

where kf indicates the stiffness of the rubber pad under the
rail and A and h mean the bottom effective area (according
to the actual bearing area and the measured size of the
rubber pad under the rail, the effective area is reduced by
30% of the actual size) and thickness of the rubber pad under
the buckle rail, respectively. Es is the storage modulus of the
rubber pad under the rail.

*e vehicle-rail-viaduct coupling dynamics model used
in this study is shown in Figure 2.*e vehicle system uses the
CRH380A high-speed train, using a 10-DOF longitudinal
half-vehicle model of a single carriage [20]. *e rail is
simplified to be an infinite length Timoshenko beam; the
track plate and the base version are simplified to

Euler–Bernoulli beams with free ends, and the bridge is
simplified to a simple supported Euler beam at both ends.
Fasteners, CAmortar layer, sliding layer, and bridge support
are all considered as discrete viscoelastic support unit [21].
*e model calculation process is shown in Figure 3.

2.1.VehicleVibrationModel. *e vertical vibration equation
of a single carriage is as follows:

Mv  €Zv  + Cv  _Zv  + Kv  Zv  � Pv , (2)

where [Mv] means the quality matrix of the carriage; [Cv]

represents the dampingmatrix of the carriage; [Kv] indicates
the stiffness matrix of the carriage; Zv , _Zv , and €Zv 

indicate the displacement, velocity, and acceleration of the
carriage, respectively, and Pv  denotes the wheel-rail force.

Separating the variables of (2) shall obtain

βw  �
Zw 

Pv 
, (3)

where [βω] means the dynamic flexibility matrix of the wheel
at the wheel-rail contacting point and [Zω] represents the
vertical displacement matrix of the wheel pair.

2.2. Track-Viaduct Vertical Coupled Vibration Model. *e
rail viaduct coupling systemmainly includes steel rails, track
plate, base plate, and box beams. Fasteners connect the rail
and track plate, and CA mortar connects the track plate and
base plate, and sliding layers connect the base plates and box
beams. *e box type beams are supported by bearings in-
stalled on the piers.

*e rail is simplified as Timoshenko beam, and its dy-
namic flexibility is as follows [22]:

β x1, x2(  � u1e
− ik1 x1− x2| | + u2e

− ik2 x1− x2| |. (4)

*e vibration displacement of the rail is as follows:

Zr(x) � 

Nw

w�1
βr x, xw( Pw − 

N

n�1
βr x, xn( Ffn, (5)

where Pw means the wheel-rail force of wth wheel pair; Nw

means the amount of the wheel pair; Ffn means the nth
fastener’s force; andNmeans the amount of the fasteners for
certain rail with 32m.

*e base plate and bearing plate are simplified as free-
free Euler–Bernoulli beam, and the dynamic flexibility is as
follows:

βb x1, x2(  � 
N

n�1

φn x1( φn x2( 

ω2
n(1 + iη) − ω2

 
, (6)

where φn(x) means the nth order mode shape at the x lo-
cation, ωn represents the nth resonant circular frequency of
free-free Euler beam, ω denotes the excitation circular
frequency, η indicates the loss factor, and N describes the
cutting-off order.

*e displacement of the track plate follows:
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Figure 2: Subsystems of the vehicle-rail-viaduct system.
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Zs(x) � 

N

n�1
βs x, xn( Ffn − 

M

m�1
βs x, xm( Fjm, (7)

where Ffn means the nth fastener’s force, N means the
amount of the fasteners, Fjm means the nth discrete spring
force at CA mortar layer, and M means the amount of the
discrete springs.

When calculating the dynamic flexibility of the base
plate, the base plate is simplified as a free-free
Euler–Bernoulli beam, and its dynamic flexibility is as
follows:

βd x1, x2(  � 

N

n�1

φn x1( φn x2( 

ω2
n(1 + iη) − ω2

 
, (8)

where φn(x) means the nth mode shape at the xth location,ωn

indicates the nth order circular frequency, ω means the
circular frequency, ηmeans the loss factor, and Nmeans the
cutting-off order.

*e displacement of the base plate is

Zd(x) � 
M

m�1
βd x, xm( Fjm − 

H

h�1
βd x, xh( Fzh, (9)

where Fjm is the discrete spring force of the mth CA mortar
layer, Fzh is the discrete spring force of the hth sliding layer,
M is the amount of discrete springs in the CA mortar layer,
and H is the amount of discrete springs in the sliding layer.

*e viaduct is simplified as simply supported Euler
beam, and the dynamic flexibility is expressed as

βd x1, x2(  � 
N

n�1

φbn x1( φbn x2( 

ω2
bn 1 + iηb(  − ω2

 
, (10)

where φbn(x) means the nth order mode shape of the simply
supported beam, ωbn means the nth order resonant fre-
quency,Nmeans the amount of the modes, and ωmeans the
excitation circular frequency.

*e displacement of the viaduct is as follows:

Zb(x) � 
H

h�1
βb x, xh( Fzh − 

2

i�1
βb x, xqi Fqi, (11)

where Fqimeans the force applied by the ith bearing to Xqi on
the viaduct.

*e fastener force Ffn, mortar layer discrete support force
Fjm, sliding layer discrete support force Fzh, and bearing
force Fqi are as follows:

Ffn � Kf Zr xn(  − Zs xn( ( ,

Fjm � Kj Zs xm(  − Zd xm( ( ,

Fzh � Kz Zd xh(  − Zb xh( ( ,

Fqi � KqZb xi( ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(12)

where Kf means complex stiffness for fasteners; Kj means
discrete spring complex stiffness for CA mortar layer; Kz
means sliding layer discrete spring complex stiffness; and Kq
means discrete spring complex stiffness for bridge support.
And certain complex stiffness factors are as follows:

Kf � kf 1 + iηf ,

Kj � kj 1 + iηj ,

Kz � kz 1 + iηz( ,

Kq � kq 1 + iηq ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(13)

where kf ηf mean the stiffness and the loss factor of the
fastener, respectively; kj, ηj represent the stiffness and loss
factor of the CAmortar layer, respectively; kz, ηz indicate the
stiffness and loss factor of the sliding layer, respectively; and
kq, ηq denote the stiffness and loss factor of the viaduct
bearing, respectively.

Substituting (14) into (5), (7), (9) and (11) can obtain

Zr(x) + 
N

n�1
βr x, xn( KfZr xn(  − 

N

n�1
βr x, xn( KfZs xn(  � 

Nw

w�1
βr x, xw( Pw

− 
N

n�1
βs x, xn( KfZr xn(  + Zs(x) + 

N

n�1
βs x, xn( KfZs xn(  + 

M

m�1
βs x, xm( KjZs xm(  − 

M

m�1
βs x, xm( KjZd xm(  � 0

− 
M

m�1
βd x, xm( KjZs xm(  + Zd(x) + 

M

m�1
βd x, xn( KjZd xm(  + 

H

h�1
βd x, xh( KzZd xh(  − 

H

h�1
βd x, xh( KzZb xh(  � 0

− 
H

h�1
βb x, xh( KzZs xh(  + Zb(x) + 

H

h�1
βb x, xh( KzZb xh(  + 

I

i�1
βB x, xi( KqZb xi(  � 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(14)

Equation (14) can be written in matrix form:

[βK] Z{ } � P{ }, (15)

where [βK] means result of the dynamic flexibility multi-
plied with complex stiffness of each structural layer of the
rail viaduct system; {Z} means the displacement matrix of
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each layer of rail viaduct system; and {P} means the load
matrix.

From (15), the dynamic flexibility of the rail viaduct
coupling system follows

βTB
�

Z
TB

P
, (16)

where ZTB means displacement of rail viaduct coupling
system under wheel-rail force and βTB denotes dynamic
flexibility representing the displacement of the rail viaduct
coupling system under unit harmonic force.

2.3. Wheel-Rail Contact Model. Assuming the wheel-rail
contact as Hertz contact, kc means the contact spring
stiffness coefficient; the dynamic flexibility follows

βc
�

1
kc

. (17)

2.4. Virtual Excitation Method. *is section computes the
vehicle-rail-viaduct random dynamic responses via the
virtual excitation method. Assuming the first wheel-rail
contact point to be uneven, the power spectrum density
(PSD) is Srr(ω), and the virtual excitation vector of the two
wheel pairs of the entire carriage follows

R(ω) � 1e
− 2iωlt/Ve

− 2iωlc/Ve
− 2iω lt+lc( )/V 

T ������

Srr(ω)



. (18)

*e relative position of the carriage and the track re-
mains unchanged, and the track irregularity spectrummoves
along the rail at the speed of the vehicle, generating dis-
placement excitation between the wheel and the rail. *e
wheel-rail force can be computed as follows:

P � − βω + βTB
+ I4×4β

c
 

− 1
R(ω). (19)

Combining (19) with (2) and (15), the displacements of
vehicle, track, and viaduct can be obtained. *rough the
displacement response Z(ω), the acceleration is further
derived, and the acceleration response follows

a(ω) � −ω2
× Z(ω), (20)

where a(ω) and Z(ω) mean the acceleration and dis-
placement, respectively.

3. Viscoelasticity Characterization of Underrail
Rubber Pad

Mathematical model is usually used to characterize the
dynamic viscoelasticity of the viscoelastic damping material.
*is study applies the constant frequency but variable tem-
perature test method to obtain the measured data in order to
expand to high frequency domain via temperature-frequency
equivalence. *e Temperature-Frequency Dependent Visco-
elastic (TFDV) model is applied to characterize the dynamic
mechanical properties of the underrail rubber pads.

3.1. Temperature-Frequency Equivalence. For certain tem-
perature range, most viscoelastic damping materials share
the same dynamic mechanical characteristics between the
low temperature condition and high frequency condition.
Such temperature-frequency conversion relationship is so-
called the Time-Temperature Equivalence (TTE) [23]. *is
gives the possibility of obtaining the high frequency dy-
namic mechanical characteristics of the viscoelastic
damping materials at low temperature rather than at high
frequency, which is arduous for most instruments.*e TTE
follows

Ee(ω, T) �
ρT

ρsTs

Ee αTω, Ts( , (21)

El(ω, T) �
ρT

ρsTs

El αTω, Ts( , (22)

where Tsmeans the reference temperature value, Tmeans the
measured temperature, Ee(ω, T) means the energy storage
modulus, El(ω, T) represents the energy consumption
modulus, ω denotes the excitation circular frequency, and αT

indicates the transferring factor [23].

3.2. FVMPModel. *e fraction Voigt and Maxwell mode in
parallel (FVMP) model is a high-order fractional derivative
model, which can accurately describe the dynamic me-
chanical characteristics of various mechanical parameters of
the underrail cushion in a certain frequency band. Its time
domain constitutive equation [24] follows

c2

η1
σ(t) +

1
η1

D
ασ(t) � D

α+cε(t) + c1D
αε(t) +

μ2
η1

D
βε(t) + c2D

cε(t) + c1c2ε(t), (23)
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where c1 � μ1/η1 and c2 � μ2/η2. μ1 and μ2 mean the elastic
parameters of the FVMP model, η1 and η2 represent the
viscosity parameters of the FVMP model, and α, β, and c

indicate the fractional derivative order.

After transforming and separating (23), the storage
modulus, dissipation modulus, and loss factor are obtained
as

Es(ω) � μ1 + η1ω
c cos

cπ
2

+ μ2
ωα+β cos(((β − α)/2)π) + c2ω

β cos((β/2)π)

c2( 
2

+ ω2α
+ 2c2ω

α cos((α/2)π)
, (24)

El(ω) � η1ω
c sin

cπ
2

+ μ2
ωα+β sin(((β − α)/2)π) + c2ω

β sin((β/2)π)

c2( 
2

+ ω2α
+ 2c2ω

α cos((α/2)π)
, (25)

tan δ �
El

Es

. (26)

3.3. TFDV (Temperature Frequency Dynamic Viscoelastic)
Model. *is study tries to establish a comprehensive dy-
namic model with considering both temperature variation
and frequency variation simultaneously to analyze the
concurrent effect of vibration frequency and ambient

temperature. *e TTE is introduced to the FVMP model
firstly, and substituting (21) and (22) into (24) and (25),
respectively, leads to the temperature-frequency variation
model as

Es(ω, T) �
ρT

ρsTs

μ1 + η1ω
c

T cos
cπ
2

+ μ2
ωα+β

T cos(((β − α)/2)π) + c2ω
β
T cos((β/2)π)

c2( 
2

+ ω2α
T + 2c2ω

α
T cos((α/2)π)

⎛⎝ ⎞⎠,

El(ω, T) �
ρT

ρsTs

η1ω
c

T sin
cπ
2

+ μ2
ωα+β

T sin(((β − α)/2)π) + c2ω
β
T sin((β/2)π)

c2( 
2

+ ω2α
T + 2c2ω

α
T cos((α/2)π)

⎛⎝ ⎞⎠,

tan δ(ω, T) �
El(ω, T)

Es(ω, T)
,

(27)

where ωT � αTω.
*e schematic diagram of the constitutive model (TFDV

model) for the underrail rubber pad established in this study
is shown in Figure 4.

3.4.TemperatureVariantMechanicalTest ofUnderrailRubber
Pad. *e stiffness and damping of the under-rail rubber pad
account for about 95% of the fastener system, so the stiffness
and damping of the underrail rubber pad can be considered
as the mechanical parameters of the fastener system [25].
Underrail rubber pad mainly provides the dynamic stiffness
and loss factor of fasteners.*e test object in this paper is the
underrail rubber pad in the HSR WJ-7B constant resistance
fastener system, as shown in Figure 5.

*e test uses the EPLEXOR 500N Dynamic *ermo-
mechanical Analyzer (DMA, as shown in Figure 6) produced
by the German GABO Company for compression test.

*e sample is a cylinder ø15mm× ø10mm, the exci-
tation frequency is 2Hz, the static strain is controlled at
1.0%, the dynamic strain is controlled at 0.1%, and the
temperature control system is used to adjust the test envi-
ronment temperature from −60°C to 40°C, extract the test

values of modulus and loss factor at this time, and finally get
the temperature spectrum of the underrail rubber pad, as
shown in Figure 7.

3.5. Dynamic Characteristics of Underrail Rubber Pads

3.5.1. Temperature Variant Dynamic Characteristics of
Underrail Rubber Pad. *ere are three forms of viscoelastic
dampingmaterials at different temperatures: glassy, rubbery,
and viscous flow. As the temperature changes, the corre-
sponding mechanical parameters of viscoelastic damping
materials will also change in different forms accordingly.
Figure 7 shows the DMA test results of the underrail rubber
pad in the range [−60, 40]°C.

In Figure 7, at low temperatures, the underrail rubber
pad behaves in a glassy state, its storage modulus value is
large and slowly decreases with the increase of temperature,
and its energy dissipation modulus increases with the in-
crease of temperature; when the temperature rises, the
material is in the glass transition zone; in this temperature
range, the storage modulus decreases sharply, and the energy
dissipation modulus decreases sharply as the temperature

6 Shock and Vibration



increases after reaching the peak temperature of the energy
dissipation modulus (−50.7°C). When the temperature rises
to a certain range, the modulus value of the rubber pad
under the rail tends to be stable, and this state is in a rubber
state.

*e loss factor of the rubber pad under the rail has a
peak at the glass transition temperature Tg (−45.7°C).
When the temperature is less than Tg, the loss factor in-
creases sharply with the increase in temperature. When the
temperature is greater than Tg, the loss factor decreases
sharply and the rate of decrease gradually slows down.
When the temperature rises to a certain range, the value of
the loss factor tends to stabilize. *e glass transition
temperature Tg (−45.7°C) of the underrail rubber pad
obtained from the test data and the corresponding loss
factor are 0.55.

In a certain temperature range, the temperature change
test value of the underrail rubber pad shows obvious low-
temperature sensitivity and high-temperature stability.
Under low-temperature conditions, the mechanical prop-
erties of the underrail rubber pad have direct correlation
with change to the mechanical response of the vehicle, track,
and bridge subsystems.

3.5.2. Frequency-Varying Dynamic Characteristics of the
Underrail Rubber Pad

(1) Temperature-Frequency Equivalence. To obtain the
frequency-varying viscoelastic dynamic characteristics,
combining the DMA temperature sweep test and the
principle of temperature-frequency equivalence, the dy-
namic performance of the underrail rubber pad can be
obtained. *e frequency-varying mechanical characteris-
tics of the under rail rubber pad when the reference
temperature is 20°C is taken as an example. Figure 8 shows
the frequency-dependent modulus value and loss factor
after temperature-frequency equivalent treatment when
the reference temperature of the underrail rubber pad is
20°C.

(2) Frequency Domain Data Model Fitting. To ensure the
fitting accuracy of the multiobjective function to the data,
the frequency domain discrete data obtained in (1) is fitted
with the high-order fractional derivative FVMP model, and
the FVMP model parameters are identified in combination
with the genetic algorithm. Model parameters are shown in
Table 1. To verify the fitting effect of the model, this paper

F X

η2

μ2

η1

μ1

Figure 4: Schematic diagram of the TFDV model of rubber pad under rail.

Rubber pad

(a) (b)

Figure 5: WJ-7B fastener system: (a) rail fastener system; (b) underrail rubber pad.
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compares the frequency-domain discrete dynamic param-
eter data of the undertrack rubber pad with the fitting curve
of the FVMP model, shown in Figure 8.

Figure 8 shows the comparison between the test values of
the modulus value and loss factor of the underrail rubber

pad and the fitting curve of the FVMP parameter model. In
Figure 8(a), both the modulus value and loss factor of the
underrail rubber pad increase with the increase in frequency
and increase of amplitude gradually slows down. In
Figure 8(b), the frequency domain discrete dynamic

Figure 6: Dynamic thermomechanical analyzer.
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parameter values of the underrail rubber pad are compared
with the FVMP parameter model simulation value. *e
FVMP parameter model can better describe the frequency
change trend of its modulus value and loss factor, indicating
that the FVMP model can accurately reflect frequency
variation characteristics of rubber pads under derailment.

3.5.3. Characterization of Underrail Rubber Pad via the
TFDV Model. Based on the TFDV model, the temperature
variation (−30, −20)°C test data of the underrail rubber pad
is processed; combined with the FVMP model parameters
identified by the genetic algorithm, the three-dimensional
dynamics of the temperature-frequency variation of the
underrail rubber pad’s storage modulus and loss factor can
be obtained; see Figure 9.

In Figure 9, the storage modulus value and loss factor of
the underrail rubber pad characterized by the TFDV model
show a curved relationship with the frequency-temperature
change; within a certain frequency/temperature range, the
storage modulus value of the underrail rubber pad and the
loss factor increase with decreasing temperature and in-
creasing frequency. *e dynamic parameters of underrail
rubber pads have obvious temperature and frequency de-
pendence, and the influence of low temperature on the
dynamic parameters is more significant—the energy storage

of underrail rubber pads. *e dynamic properties of mod-
ulus viscoelasticity illustrate the characteristics of underrail
rubber pads being rigid at low temperature/high frequency
and soft at high temperature/low frequency.

4. Viscoelastic Effect of the Undertrack Rubber
Pad on the Vehicle-Track-Bridge System

4.1. Computation Condition. *e computation condition is
illustrated in Tables 2 and 3.

*e track irregularity adopts the German spectrum
(wavelength [1, 100]m), shown in Figure 10, the low-fre-
quency dynamic response of the vehicle-rail-bridge system
can be calculated, and when the Sato spectrum (wave-
length< 1m) is used as short-wave irregularity spectrum, the
high-frequency dynamic response of the vehicle-rail-bridge
system can be computed; this study uses the German low
interference spectrum and the Sato spectrum as the track
irregularity excitation [26].

In terms of German spectral density function, it is de-
fined as

Sv(ω) �
Avω

2
c

ω2
+ ω2

r  ω2
+ ω2

s 
m2/rad/m , (28)
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Figure 8: Comparison of fitted data and the tested data for the rubber pad: (a) modulus; (b) loss factor.

Table 1: Model parameters of underrail rubber pads.

Parameter Energy storage modulus model Energy consumption modulus
μ1 0.008 —
η1 0.004 2.757
μ2 59.672 0.001
η2 17.537 0.001
α 0.041 1.754
β 0.08 2.813
c 0.232 0.216
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where the low interference spectrum is used, and the pa-
rameters are Av � 4.032e− 7m·rad, ωc � 0.8246 rad/m,
ωr � 0.0206 rad/m, and ωs � 0.4380 rad/m.

Sato spectral density is defined as

S(ω) �
A

ω− n m2/rad/m , (29)

where the surface of the track is in good condition,A� 0.065,
and N� 3.06.

4.2. Results Analysis. *e influence of the frequency vari-
ation parameters of the underrail rubber pads on the dy-
namic response of the vehicle-rail-bridge coupling system
at ambient temperatures of 20°C, −20°C, and −30°C is used,
shown in Table 4. According to the storage modulus of the
underrail rubber pads measured by the DMA test and the
external dimensions of the test material, the energy storage
stiffness and loss factor temperature change values of the
underrail rubber pads at different temperatures can be

converted, and the corresponding temperature-frequency
equivalent treatment can be used to obtain the frequency
change data.

4.2.1. Viscoelastic Effect of the Underrail Rubber Pad on the
Dynamic Flexibility. To analyze the influence of the visco-
elastic dynamic characteristics of the underrail rubber pad
on the dynamic flexibility of the vehicle-track-bridge system,
it is necessary to analyze the dynamic flexibility of the ve-
hicle-rail-bridge coupling system and the rail-bridge under
the temperature change characteristics of the underrail
rubber pad—the longitudinal attenuation rate of the system.
Load the unit simple harmonic force on the wheel, and the
obtained wheel displacement is the wheel dynamic flexi-
bility; when the unit simple harmonic force is loaded on the
rail; the obtained rail-bridge system displacement is the rail-
bridge system dynamic flexibility.

(1) Vehicle-Rail-Bridge Dynamic Flexibility Amplitude and
Phase. Based on the obvious vibration response of the wheel-
rail contact position, this paper analyzes the system dynamic
flexibility of the first wheel-rail contact position. Under the
frequency change conditions of the rubber pads under
different ambient temperatures, the dynamic flexibility
amplitude and phase of the vehicle-rail-bridge system are
shown in Figures 11−14.

From Figures 11–13, the dynamic flexibility of the wheel
is the largest at 1Hz, which corresponds to the natural
frequency of the vehicle’s secondary suspension. In the
frequency range [1, 200]Hz, the dynamic flexibility of the
wheel gradually decreases with the increase of frequency; the
dynamic flexibility of the contact spring is considered as
constant; the peak value of rail-bridge dynamic flexibility at
5Hz corresponds to the first-order natural frequency of the
bridge-bearing system.
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Figure 9: *ree-dimensional diagram of viscoelastic dynamic characteristics of rubber pad under rail: (a) energy storage modulus;
(b) loss factor.

Table 2: Parameters of CRH380A high-speed train.

Parameters Values
Rated load car body mass (kg) 42934
Bogie mass (kg) 3300
Wheelset mass (kg) 1780
Moment of inertia of car body nodding (kg·m2) 1.712×106
Bogie nodding moment of inertia (kg·m2) 1807
Vertical stiffness of primary suspension (N·m−1) 1.176×106
Primary suspension damping (N·s/m) 1.0×104
Secondary suspension stiffness (N·m−1) 2.4×105
Secondary suspension damping (N·s/m) 2.0×104
Car length (m) 25
Vehicle distance (m) 17.5
Fixed wheelbase (m) 2.5
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In Figure 11, the total dynamic flexibility in the fre-
quency band below 25Hz is mainly affected by the wheels.
*e total dynamic flexibility in the frequency band [25, 120]

Hz is mainly determined by the wheel and track-bridge
dynamic flexibility. *e total dynamic flexibility appears at a
minimum value at 59Hz. *e total dynamic flexibility in the
frequency band [120, 200]Hz is mainly affected by the track-
bridge dynamic flexibility.

In Figure 12, the total dynamic flexibility in the fre-
quency band below 30Hz is mainly affected by the dynamic
flexibility of the wheels. *e total dynamic flexibility in the
frequency band [30, 150]Hz is mainly determined by the
dynamic flexibility of the wheels and the rail-bridge. *e
total dynamic flexibility appears extremely small at 75Hz.
*e total dynamic flexibility in the frequency band [150,
200]Hz is mainly affected by the track-bridge dynamic
flexibility.

In Figure 13, the total dynamic compliance in the fre-
quency range below 40Hz is mainly affected by the wheels.
*e total dynamic compliance in the frequency range [40,
170]Hz is mainly determined by the wheel and track-bridge
dynamic compliance.*e total dynamic compliance appears
at a minimum at 93Hz.*e total dynamic compliance of the
frequency band [170, 200]Hz is mainly affected by the track-
bridge dynamic compliance; *e amplitudes of the dynamic
compliances of the wheel and the track-bridge at the

Table 3: Dynamic parameters of track-bridge structure.

Components Item/symbol/unit Values

Rail

Elastic modulus (N/m2) 2.1 e11
Moment of inertia of section (m4) 3.217e− 5

Density (kg/m3) 7850
Sectional area (m2) 7.745e− 3

Shear modulus (N/m2) 7.7e10
Section factor (κ) 0.4
Loss factor (ηr) 0.01
Stiffness (MN/m) Temperature/frequency variant

Fastener

Loss factor Temperature/frequency variant
Fastener space (m) 0.625

Elastic modulus (N/m2) 3.6e10
Moment of inertia of section (m4) 1.7e− 3

Slab

Density (kg/m3) 2500
Sectional area (m2) 0.51

Loss factor 0.1
Stiffness (N/m) 3.79e11

CA mortar
Loss factor 0.2

Elastic modulus (N/m2) 3.0e10
Moment of inertia of section (m4) 7.3125e− 3

Base plate

Density (kg/m3) 2500
Sectional area (m2) 0.975

Loss factor 0.1
Stiffness (N/m) 2.1e11

Slipping layer

Loss factor 0.2
Length (m) 32

Elastic modulus (N/m2) 3.6e10
Moment of inertia of section (m4) 11.056

Viaduct

Density (kg/m3) 2650
Sectional area (m2) 9.089

Loss factor 0.1
Stiffness (N/m) 6e9

Viaduct bearing Bearing spatial interval (m) 32
Loss factor 0.25

Sato spectrumGermany low
interference spectrum
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Figure 10: Irregularity spectrum.
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Table 4: Temperature/frequency characteristic calculation conditions.

Material type Ambient temperature (°C) Energy storage modulus kN/m Loss factor

WJ-7B fastener
20

Frequency variant Frequency variant−20
−30
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Figure 11: Dynamic compliance amplitude and phase of vehicle-track-bridge system with rubber pad at 20°C: (a) amplitude; (b) phase.
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Figure 12: Dynamic compliance amplitude and phase of vehicle-track-bridge system with constant resistance elastic pad at −20°C:
(a) amplitude; (b) phase.
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frequency corresponding to the minimum point of the total
dynamic compliance are equal, and phases are opposite; this
frequency point is the natural frequency of the rail-bridge
system.

In Figure 14, the total dynamic compliance amplitude
curve and phase curve at different temperatures basically
coincide in the frequency band below 25Hz. *is is because
the total dynamic compliance in this frequency band is
mainly determined by the wheel dynamic flexibility, and the
viscoelasticity of the underrail rubber pad affects the wheel
movement. *e main frequency of the minimum point and
the phase main frequency of the three total dynamic flexi-
bility curves shift to high frequency with the decrease of
temperature. *is is because the lower the temperature, the
greater the stiffness of the rubber pad under the rail, which
leads the overall rigidity of the rail-bridge system to be
larger.

(2) Track Decay Rate (TDR) of Track-Bridge System. *e unit
simple harmonic force is applied at wheel-rail contact point
1, and the response at wheel-rail contact point 3 is called the
transmission dynamic flexibility between wheel-rail contact
points 1 and 3. *is section uses the transmission dynamic
compliance decay rate to describe the track-viaduct relation,
i.e., the relation between the dynamic flexibility of the bridge
origin and the dynamic flexibility of the span; the TDR of the
structure [27] is expressed as

Λ �
20lg z0


/ zi


 

L
, (30)

where z0 is the displacement of contact point 1 when unit
simple harmonic force is applied at wheel-rail contact point 1
and zi is the displacement of contact point 3 when unit simple
harmonic force is applied at wheel-rail contact point 1.

Figure 15 shows the TDR of the track-bridge system
under the temperature/frequency change conditions of the
undertrack rubber pad.

In Figure 15, in the frequency range [0, 122]Hz, the TDR
of the track-bridge system decreases with the decrease of
temperature; that is, the decrease in temperature in this
frequency band increases the longitudinal transmission of
vibration along the track-bridge system, which leads to
vibration due to energy conservation. *e vertical trans-
mission along the track-bridge system is reduced; in the
frequency range [181, 200]Hz, the TDR of the track-bridge
system increases with the decrease of temperature; that is,
the decrease in temperature in this frequency band causes
the vibration to travel along the track-bridge system, while
longitudinal transmission decreases. Due to the conserva-
tion of energy, the vertical transmission of vibration along
the track-bridge system increases; the change trend of the
TDR spectrogram of the track-bridge system at different
temperatures is basically the same.

To summarize, the viscoelasticity of the underrail
rubber pad has a certain effect on the total dynamic flex-
ibility and the TDR of the rail-bridge system. *e lower the
temperature, the smaller the minimum value of the total
dynamic flexibility, and the frequency of the minimum
value of the total dynamic flexibility will shift to high
frequency. *is is due to the increase in the stiffness of the
rubber pad under the rail due to the decrease in temper-
ature, which causes the overall track-bridge system stiffness
increases; in the low frequency band, the decrease in
temperature causes the TDR of the track-bridge system to
decrease; that is, the longitudinal transmission of vibration
along the track-bridge system increases and the vertical
transmission decreases; in the higher frequency band, the
temperature decrease causes the decay rate of vibration
transmission of the track-bridge system to increase; that is,
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Figure 13: Dynamic compliance amplitude and phase of vehicle-track-bridge system with constant resistance elastic pad at −30°C:
(a) amplitude; (b) phase.
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the longitudinal transmission of vibration along the track-
bridge system decreases and the vertical transmission
increases.

4.2.2. Viscoelastic Effect of the Rubber Pad on the Random
Vibration of the Vehicle-Track-Bridge System. *is section
uses virtual excitation method to calculate the random
dynamic response of the vehicle-rail-bridge system at a
speed of 350 km/h.

(1) Vertical Wheel-Rail Force. Figure 16 shows the wheel-rail
force spectrum of the underrail rubber pad at different
temperatures. To accurately analyze the influence of the
viscoelasticity of the underrail rubber pad on the wheel-rail
force, the main peak value of the wheel-rail force and the
corresponding peak frequency in Figure 16 are extracted; see
Table 5.

From Figure 16 and Table 5, the changing trend of the
wheel-rail force amplitude calculated by the underrail
rubber pad at different temperatures is consistent. Generally
speaking, there is basically no difference in the wheel-rail
force calculated in the frequency band below 25Hz. *e
difference in the frequency range [25, 200]Hz is more ob-
vious; the main peak frequency of the wheel-rail force
amplitude curve is in the frequency range [55, 85]Hz, which
is related to the coupled vibration of the wheel and the track-
bridge; the stiffness of the rubber pad under the track de-
creases with the decrease of temperature.*erefore, the peak
frequency corresponding to the main peak of the wheel-rail
force shifts to high frequency, which shows that the am-
plitude of the high-frequency wheel-rail force increases with
the decrease of temperature.

(2) Vehicle Body Vibration Acceleration Power Spectral
Density. Figure 17 shows the acceleration PSD of car body
nodding and ups and downs of the underrail rubber pad at
three temperatures.

Extract the peak value of the PSD of the vehicle body
nodding and the ups and downs vibration acceleration in
Figure 17 and the corresponding peak frequency; see Table 6.

In Figures 17(a) and 17(b), the vehicle body ups and
downs/nodding acceleration power spectrum curves
calculated under different ambient temperatures for
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Figure 14: Amplitude and phase of total dynamic flexibility of rubber cushion car-rail-bridge system under different temperatures:
(a) amplitude; (b) phase.
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Table 5: Wheel-rail peak force and peak frequency.

Condition Ambient temperature (oC)
Resonant frequency

Peak (N) Frequency at peak (Hz)

Under rubber pad
20 3.646e4 55

−20 1.470e4 75
−30 1.203e4 85
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Figure 17: Power spectrum of vehicle body vibration acceleration when (a) carriage up and down vibration and (b) carriage nodding.
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underrail rubber pads basically overlap, mainly in the
frequency band below 10Hz; from Table 6, the vehicle
body ups and downs vibration acceleration are in different
working conditions. In this case, the calculated first main
frequency is 1 Hz, the corresponding maximum peak
value is 0.4087 (m/s2)2/Hz, the minimum peak value is
0.4084 (m/s2)2/Hz, and the difference between the two is
only 0.07%. *e second main frequencies are both 5 Hz,
the corresponding maximum peak value is 0.06800 (m/s2)
2/Hz, the minimum peak value is 0.06700 (m/s2)2/Hz, and
the difference between the two is only 1.5%, which can be
ignored; the car body nods. *e first dominant frequency
of vibration acceleration calculated under different
working conditions is 1 Hz, the corresponding maximum
peak value is 0.01041 (m/s2)2/Hz, the minimum peak value
is 0.01039 (m/s2)2/Hz, and the difference between the two
is only 0.2%; the second main frequency is 7 Hz, the
corresponding maximum peak value is 0.0081 (m/s2)2/Hz,
the minimum peak value is 0.0079 (m/s2)2/Hz, and the
difference between the two is only 2.5%, which can be
ignored and not counted; therefore, the viscoelastic dy-
namic characteristics of the underrail rubber pads have
basically no effect on the dynamic response of the car
body.

(3) Wheelset and Rail Vibration Acceleration Power Spectral
Density. *e dynamic response law of wheel-rail direct
contact is similar. *is article puts it together for analysis.
Figure 18 shows the power spectral density of wheelset and
rail vibration acceleration calculated under different tem-
peratures for the rubber pad under the rail.

Extract the more obvious peaks and corresponding peak
frequencies in the power spectrum of wheel sets and rails in
Figure 18 and Tables 7 and 8.

From Figure 18(a) and Table 7, the power spectrum of
wheelset acceleration of the underrail rubber pad at different
ambient temperatures has no obvious difference within the
frequency range of 25Hz; the peak frequency is between 55
and 85Hz; as the temperature decreases, the peak frequency
of the wheelset acceleration power spectrum gradually

increases; in the low frequency band within 61Hz, the lower
the temperature, the smaller the amplitude of the wheelset
vibration acceleration power spectrum; in the higher fre-
quency band [81, 200]Hz, the higher the temperature, the
lower the wheelset vibration acceleration power spectrum
amplitude; this is similar to the wheel-rail force amplitude
curve law.

From Figure 18(b) and Table 8, the power spectrum of
rail vibration acceleration under different ambient tem-
peratures has no obvious difference within the frequency
range of 20Hz; the peak frequency is between 55 and 98Hz.
As the temperature decreases, the peak frequency of the rail
acceleration power spectrum curve gradually increases; in
the low frequency stage within 66Hz, the lower the tem-
perature, the smaller the amplitude of the rail vibration
acceleration power spectrum; in the [85, 200]Hz high fre-
quency band, the lower the temperature, the higher the
overall power spectral density of the vibration acceleration of
the upper rail.

*e viscoelastic dynamic characteristics of the under-
rail rubber pad have an impact on the vehicle system and
the random dynamic response of the rail. *e viscoelas-
ticity of the underrail rubber pad has almost no effect on the
low-frequency acceleration PSD curve of the carriage body,
wheel set, and rail because the dynamic response of the
vehicle system and the rail and the total flexibility of the
vehicle-rail-bridge system are closely related. In the low
frequency band, the total dynamic flexibility is mainly
determined by the wheel dynamic flexibility, while the
viscoelasticity of the underrail rubber pad has no effect on
the wheel dynamic flexibility; the viscoelasticity of the
underrail rubber pad affects the wheel-rail force and the
wheelset. *e influence of certain rubber pad in the me-
dium and high frequency range to the PSD of the rail is
obvious. As the temperature decreases, the peak frequency
of the PSD increases; in the lower frequency range, the
lower the temperature is, the smaller the power spectrum
amplitude will be; in the higher frequency band, the higher
the temperature is, the greater the power spectrum am-
plitude will be.

Table 6: Car body acceleration power spectrum peak and peak frequency.

Acceleration type Ambient temperature (oC)
First resonant frequency Second resonant frequency

Peak ((m/s2)2/Hz) Frequency (Hz) Peak ((m/s2)2/Hz) Frequency (Hz)

Vehicle body ups and downs vibration acceleration
20 0.40840 1 0.06800 5

−20 0.40860 1 0.06732 5
−30 0.40870 1 0.06700 5

Vehicle body nodding vibration acceleration
20 0.01041 1 0.00081 7

−20 0.01040 1 0.00080 7
−30 0.01039 1 0.00079 7
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5. Conclusions

*is paper combines the TFDV model of the underrail
rubber pad and the vehicle-track-bridge vertical coupling
frequency domain analysis model, which uses the German
spectrum and the Sato spectrum as the track irregularity.*e
conclusions are summarized as follows:

(1) *e temperature change test value of the underrail
rubber pad shows obvious low-temperature sensi-
tivity and high-temperature stability within a cer-
tain temperature range; as to the storage of the
underrail rubber pad characterized by the TFDV
model, both the energy modulus value and the loss
factor show a curved relationship with the fre-
quency-temperature change; within a certain fre-
quency/temperature range, the storage modulus
value and loss factor of the underrail rubber pad
both decrease with temperature and increase
frequency.

(2) *e lower the temperature is, the smaller the min-
imum value of the total dynamic flexibility will be;
and the frequency of the minimum value of the total
dynamic flexibility shifts to high frequency. In the
low frequency band, the temperature decrease causes
the TDR of the track-bridge system to decrease; that
is, the longitudinal transmission of vibration along
the track-bridge system increases, and the vertical
transmission decreases; in the higher frequency
band, the temperature decreases while the dynamic
flexibility TDR of the track-bridge system increases;
that is, the dynamic flexibility decreases along the
track-bridge system’s longitudinal transmission and
increases the vertical transmission.

(3) *e viscoelastic dynamic characteristics of the rub-
ber pad have little effect on the amplitude of the
power spectrum of the vehicle body vibration ac-
celeration. Since the total flexibility of the vehicle-
rail-bridge system is closely related to its dynamic
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Figure 18: Power spectrum of temperature/frequency variable wheelset and rail acceleration of elastic cushion pad with constant resistance:
(a) wheelset; (b) rail.

Table 7: Wheelset power spectrum peak and peak frequency.

Condition Ambient temperature (oC) Peak ((m/s2)2/Hz) Frequency (Hz)

Under the constant resistance rail pad
20 1703 55

−20 275.6 75
−30 184 85

Table 8: Power spectrum peak and peak frequency of the rail.

Condition Ambient temperature (°C) Peak value ((m/s2)2/Hz) Frequency (Hz)

Under the constant resistance rail pad
20 3074 55

−20 625.7 75
−30 473.8 98
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response, the wheels in the low frequency range
mainly determine the total flexibility. *e visco-
elasticity of the rubber pad under the rail has no
effect on the dynamic flexibility of the wheel; the
primary and secondary suspension of the vehicle
dissipate a large amount of low-frequency vibration
energy transmitted to the car body.

(4) *e viscoelastic dynamic characteristics of the
underrail rubber pad have the same effect on the
wheel-rail force, wheelset, and rail vibration accel-
eration power spectrum. As the temperature de-
creases, the peak frequency of the power spectrum
curve gradually increases; in the lower frequency
band, the lower the temperature is, the smaller the
power spectrum amplitude will be; in the higher
frequency band, the lower the temperature is, the
greater the power spectrum amplitude will be. *e
viscoelasticity of the underrail rubber pad has a
similar effect on the vibration of the track-bridge
system. As the ambient temperature of the underrail
rubber pad decreases, the dominant frequency band
of the power spectrum curve shifts to high
frequencies.
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