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-e linear barycentric rational collocation method for beam force vibration equation is considered. -e discrete beam force
vibration equation is changed into the matrix forms. With the help of convergence rate of barycentric rational interpolation, both
the convergence rates of space and time can be obtained at the same time. At last, some numerical examples are given to validate
our theorem.

1. Introduction

Beam vibration is the amount and direction of movement
that a beam exhibits away from the point of applied force or
the area of attachment. -ere are lots of application in-
cluding the material used for the construction, length of the
beam, construction of bridges, buildings, towers and the
amount of force applied, and so on. Recently, applications of
nanobeams in engineering structures [1, 2] like nonvolatile
random access memory, nanotweezers, tunable oscillator,
rotational motors, nanorelays, feedback-controlled nano-
cantilevers have also been developed.

-ere are lots of numerical methods [3–5] to solve the
beam force vibration equation such as the finite difference
method, finite element method, differential quadrature
method, multiscale method, and spectral methods. -e
barycentric formula is studied in [6–8] and has been used to
solve Volterra equation and Volterra integro-differential
equation [9, 10]. Cirillo et al. [11–14] have proposed a ra-
tional interpolation scheme which has high numerical sta-
bility and interpolation accuracy on both equidistant and
special distributed nodes. In [15–17], integro-differential
equation, heat conduction equation, and biharnormic
equation are solved by linear barycentric rational collocation
method and the convergence rate is proved. In recent papers,
Wang et al. [18–21] successfully applied the collocation

method to solve initial value problems, plane elasticity
problems, incompressible plane problems, and nonlinear
problems which have expanded the application fields of the
collocation method.

In this paper, we focus on the beam force vibration
equation by barycentric rational interpolation methods.
With the help of barycentric rational polynomial, the col-
location scheme for beam force vibration equation and its
matrix equation have been presented. -e convergence rate
of linear barycentric rational collocation methods has been
proved. At last, two examples are presented to illustrate our
theorem analysis.

2. Collocation Scheme for Beam Force
Vibration Equation

In this article, we pay our attention to the numerical solution
of beam force vibration as
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By taking a2 � (EI/ρA) and f(x, t) � (q(x, t)/ρA), we
get the equation of EulerBernoulli beam as
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with boundary conditions as follows:

u(x, 0) � ϕ1(x);

ut(x, 0) � ϕ2(x), 0≤ x≤ 1,

u(0, t) � 0,

uxx(0, t) � 0, t> 0,

u(0, t) � 0,

ux(0, t) � 0, t> 0,

uxxx(0, t) � 0,

uxx(0, t) � 0, t> 0.

(3)

-e free vibration frequency of the beam is only related
to the geometric and material parameters of the beam. -e
forced vibration of beam under external load is the result of
superposition of free vibration and external excitation.

We partition the interval [a, b] into 0 � x0 <x1 <
· · · <xm � l, h � (l/m) and [0, T] into 0 � t0 < t1 < · · · < tn �

T, τ � (T/n) with Ω � [0, l] × [0, T] and. (xi, tj), i � 1, 2,

. . . , m; j � 1, 2, . . . , n.

We set

u xi, t( 􏼁 � ui(t), i � 0, 1, . . . , m, (4)

and its barycentric interpolation approximation is

u(x, t) � 􏽘
m

j�0
Rj(x)uj(t), (5)

where

Rj(x) �
wj/x − xj􏼐 􏼑

􏽐
n
k�0 wk/x − xk( 􏼁

(6)

is the basis function, and

wk � 􏽘
i∈Jk

(− 1)
i

􏽙

i+d

j�i,j≠ k

1
xk − xj

(7)

is the weight function. Taking equation (5) into equation (2),
we have

􏽘

m

j�0
Rj(x)€uj(t) + a

2
􏽘

m

j�0
R

(4)
j (x)uj(t) � f(x, t),

􏽘

m

j�0
Rj xi( 􏼁€uj(t) + a

2
􏽘

m

j�0
R

(4)
j xi( 􏼁uj(t) � f xi, t( 􏼁, i � 0, 1, . . . , m,

(8)

then, we change the form into the following equation:

􏽘

m

j�1
δij€uj(t) + a

2
􏽘

m

j�1
C

(4)
ij uj(t) � fi(t), i � 0, 1, . . . , m,

(9)

where Rj(xi) � δij, Rj
″(xi) � C

(2)
ij , C

(k)
ij , k � 1, 2f(xi, t) � fi

(t), i � 0, 1, . . . , m. We get the matrix form as

€u0(t)

⋮

€um(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ + a
2

C
(4)
00 · · · C

(4)
0m

⋮ ⋮

C
(4)
m0 · · · C

(4)
mn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

u0(t)

⋮

um(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

f0(t)

⋮

fm(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

(10)

where u(t) � [u0(t), u1(t), . . . , um(t)]T and f(t) � [f0(t),

f1(t), . . . , fm(t)]T.By taking the notation,

ui tj􏼐 􏼑 � u xi, tj􏼐 􏼑 � uij, i � 0, 1, . . . , m; j � 0, 1, . . . , n,

ui(t) � 􏽘
n

k�0
Rk(t)uik, i � 0, 1, . . . , m,

(11)

we have

􏽘

n

k�0

€Rk tj􏼐 􏼑u0k

⋮

􏽘

n

k�0

€Rk tj􏼐 􏼑umk
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
􏽘
n

k�0
Rk tj􏼐 􏼑u0k⋮􏽘

n

k�0
Rk tj􏼐 􏼑unk

⎡⎣ ⎤⎦ �

f0 tj􏼐 􏼑

⋮

fm tj􏼐 􏼑

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (12)

where j � 0, 1, . . . , n.

Its matrix form can be expressed as

In ⊗D
(2)

􏼐 􏼑 + a
2

C
(4) ⊗ In􏼐 􏼑􏽨 􏽩U � F. (13)

-e matrix equation can also be written as

LU � F, (14)

where L � (In ⊗D(2)) + a2(C(4) ⊗ In) and ⊗ is Kronecher
product of matrix:

U � u00, u01, . . . , u0n, u10, u11, . . . , u1n, . . . , um0, um1, . . . , umn􏼂 􏼃
T
,

F � f00, f01, . . . , f0n, f10, f11, . . . , f1n, . . . , fm0, fm1, . . . , fmn􏼂 􏼃
T
,

(15)

fij � f(xi, tj), i � 0, 1, . . . , m; j � 0, 1, . . . , n, and
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C
(4)
ij � r

(4)
i xj􏼐 􏼑,

C
(2)
ij � ri
″ xj􏼐 􏼑,

D
(2)
ij � ri
″ tj􏼐 􏼑,

(16)

are the elements of the differentiation matrices with

ri
′ tj􏼐 􏼑 �

wi/wj

tj − ti

, i≠ j,

ri
′ ti( 􏼁 � − 􏽘

j≠ i

ri
′ tj􏼐 􏼑, i � j.

(17)

Similarly, we have

rj
′ xi( 􏼁 �

wj/wi

xi − xk

, j≠ i,

rj
′ xi( 􏼁 � − 􏽘

j≠ i

rj
′ xi( 􏼁, i � j,

rj
″ xi( 􏼁 � − 2

wj/wi

xi − xj

􏽘
k≠ i

wk/wi

xi − xk

+
1

xi − xj

⎛⎝ ⎞⎠, j≠ i,

ri
″ xi( 􏼁 � − 􏽘

j≠ i

rj
″ xi( 􏼁, i � j,

(18)

for k≥ 2, according to mathematical induction, we obtain
the recurrence formula of m-order differential matrix as

C
(4)
ij � 4 C

(3)
ii C

(1)
ij −

C
(3)
ij

xi − xj

⎛⎝ ⎞⎠, i≠ j

C
(4)
ii � − 􏽘

n

j�1,j≠ i

C
(4)
ij ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D
(2)
ij � 2 D

(1)
ii D

(1)
ij −

D
(1)
ij

ti − tj

⎛⎝ ⎞⎠, i≠ j,

D
(2)
ii � − 􏽘

n

j�1,j≠ i

D
(2)
ij .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(19)

3. Convergence and Error Analysis

For the barycentric rational interpolants of function f(x)

with r(x), its error convergence rate is

e(x) ≔ f(x) − r(x) � x − xi( 􏼁, . . . , x − xi+d( 􏼁f xi, xi+1, . . . , xi+d, x􏼂 􏼃, (20)

e(x) ≔ max
a≤x≤b

e(x) �
􏽐

n− d
i�0 λi(x) f(x) − pi(x)( 􏼁

􏽐
n− d
i�0 λi(x)

�
A(x)

B(x)
� O h

d+1
􏼐 􏼑, (21)

where d is the degree of polynomial r(x):

A(x) ≔ 􏽘
n− d

i�0
(− 1)

i
f xi, . . . , xi+d, x􏼂 􏼃,

B(x) ≔ 􏽘
n− d

i�0
λi(x),

(22)

where

λi(x) �
(− 1)

i

x − xi( 􏼁, . . . , x − xi+d( 􏼁
. (23)

For the barycentric rational interpolants of function
u(x, t) with rm,n(x, t), we can get the barycentric rational
interpolants:

rm,n(x, t) �
􏽐

m
i�0 􏽐

n
j�0 wi,j/ x − xi( 􏼁 t − tj􏼐 􏼑􏼐 􏼑ui,j

􏽐
m
i�0 􏽐

n
j�0 wi,j/ x − xi( 􏼁 t − tj􏼐 􏼑􏼐 􏼑

, (24)

where

wi,j � (− 1)
i− d1+j− d2 􏽘

k1∈Ji

􏽙

k1+d1

h1�k1 ,h1 ≠ j

1
xi − xh1

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
􏽘

k2∈Jj

􏽙

k2+d2

h2�k2 ,h2 ≠ j

1
tj − th2

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
, (25)
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Ji � k1 ∈ Im: i − d1 ≤ k1 ≤ i􏼈 􏼉, Im � 0, . . . , m − d1􏼈 􏼉, Jj � k2􏼈

∈ In: j − d2 ≤ k2 ≤ j}, In � 0, . . . , n − d2􏼈 􏼉, and d1 and d2 are
the degree of polynomial of rm,n(x, t).

e(x, t) ≔ u(x, t) − rm,n(x, t) � x − xi( 􏼁, . . . , x − xi+d1
􏼐 􏼑u xi, xi+1, . . . , xi+d1

, x􏽨 􏽩

+ t − tj􏼐 􏼑, . . . , t − tj+d2
􏼐 􏼑u tj, tj+1, . . . , tj+d2

, t􏽨 􏽩.
(26)

-e following lemma has been proved by Jean-Paul
Berrut in [10].

Lemma 1 (see reference [10]). For the e(x) defined in
equation (20), we have

|e(x)|≤Ch
d+1

, u ∈ C
d+2

[a, b],

e′(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤Ch
d
, u ∈ C

d+3
[a, b],

e″(x)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤Ch
d− 1

, u ∈ C
d+4

[a, b], d≥ 1.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(27)

Theorem 1. For the e(x, t) defined in equation (26) and
u(x, t) ∈ Cd1+2[a, b] × Cd2+2[0, T], we have

|e(x, t)|≤C h
d1+1

+ τd2+1
􏼐 􏼑. (28)

Proof. For (x, t), the function wi,j(x, t) is well-defined, and
the error functional can be expressed as

u(x, t) − rm,n(x, t) �
􏽐

n1− d1
i�0 􏽐

n2− d2
j�0 λi(x)λj(t) u(x, t) − rm,n(x, t)􏼐 􏼑

􏽐
n1− d1
i�0 􏽐

n2− d2
j�0 λi(x)λj(t)

,

(29)

By the Newton error formula,

u(x, t) − rm,n(x, t) � u(x, t) − u1(x, t) + u1(x, t) − rm,n(x, t)

� x − xi( 􏼁, . . . , x − xi+d1
􏼐 􏼑u xi, xi+1, . . . , xi+d1

, x, t􏽨 􏽩

+ t − tj􏼐 􏼑, . . . , t − tj+d2
􏼐 􏼑u tj, tj+1, . . . , tj+d2

, x, t􏽨 􏽩,

(30)

we reach that

u(x, t) − rm,n(x, t) �
􏽐

n1− d1
i�0 (− 1)

i
u xi, xi+1, . . . , xi+d1

, x, t􏽨 􏽩

􏽐
n1− d1
i�0 λi(x)

+
􏽐

n2− d2
j�0 (− 1)

j
u tj, tj+1, . . . , tj+d2

, x, t􏽨 􏽩

􏽐
n2− d2
j�0 λj(t)

.

(31)

By the similarly analysis in Li and Cheng [15], we have

􏽘

n1− d1

i�0
λi(x)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≥

1
d1!h

d1+1,

􏽘

n2− d2

j�0
λj(t)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
≥

1
d2!τ

d2+1.

(32)

Combining equations (29)–(31) together, the proof of
-eorem 1 is completed. □

Corollary 1. For the e(x, t) defined in equation (26), we have

ett(x, t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤C h
d1+1

+ τd2− 1
􏼐 􏼑, u(x, t) ∈ C

d1+3
[a, b] × C

d2+2
[0, T], d2 ≥ 1,

exxxx(x, t)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤C h
d1− 3

+ τd2+1
􏼐 􏼑, u(x, t) ∈ C

d1+4
[a, b] × C

d2+2
[0, T], d1 ≥ 3,

⎧⎪⎨

⎪⎩
(33)

Taking the numerical scheme,

􏽘

n

j�1
ujRj
″(x, t) + a

2
􏽘

n

j�1
ujR

(4)
j (x, t) � f(x, t). (34)

Combining equations (1) and (34), we have

Te(x) ≔ e″(x, t) + a
2
e

(4)
(x, t) � Rf(x, t), (35)

where Rf(x, t) � f(x, t) − Rf(xk, t), k � 1, 2, · · · , n.
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Based on the above lemma, we get the following
theorem.

Theorem 2. Let Rf(x, t) � f(x, t) − Rf(xk, t), k � 1, 2, . . . ,

n, we have

u(x, t) − u xm, tn( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤C h
d1− 3

+ τd2− 1
􏼐 􏼑. (36)

Proof. As

utt(x, t) + a
2
uxxxx(x, t) − utt xm, tn( 􏼁 + a

2
uxxxx xm, tn( 􏼁􏽨 􏽩

� utt(x, t) − utt xm, tn( 􏼁 + a
2

uxxxx(x, t) − uxxxx xm, tn( 􏼁􏼂 􏼃

≔ R1(x, t) + R2(x, t),

(37)

where

R1(x, t) � utt(x, t) − utt xm, tn( 􏼁,

R2(x, t) � a
2

uxxxx(x, t) − uxxxx xm, tn( 􏼁􏼂 􏼃.
(38)

As for the R1(x, t), we have

R1(x, t) � utt(x, t) − utt xm, tn( 􏼁

� utt(x, t) − utt xm, t( 􏼁 + utt xm, t( 􏼁 − utt xm, tn( 􏼁

� s
􏽐

m− d1
i�0 (− 1)

i
utt xi, xi+1, . . . , xi+d1

, x, t􏽨 􏽩

􏽐
m− d1
i�0 λi(x)

+
􏽐

n− d2
j�0 (− 1)

j
utt tj, tj+1, . . . , tj+d2

, x, t􏽨 􏽩

􏽐
n− d2
j�0 λj(t)

� ett x, tn( 􏼁 + ett xm, tn( 􏼁.

(39)

Similarly, for R2(x, t), we have

R2(x, t) � uxxxx(x, t) − uxxxx xm, tn( 􏼁 � exxxx x, tn( 􏼁 − exxxx xm, tn( 􏼁. (40)

-en, we have

u(x, t) − u xm, tn( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌≤ 􏽘
j�1

Mj(x)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
|Te(x)| ≤C h

d1− 3
+ τd2− 1

􏼐 􏼑.

(41)

-e proof is completed. □

4. Numerical Examples

Example 1. Consider the beam force vibration equation:

z
2
u

zt
2 +

1
x

+
x
4

120
􏼠 􏼡

z
4
u

zx
4 � 0,

1
2
≤ x≤ 1; t≥ 0, (42)

with the following conditions:

u(x, 0) � 0, 0<x< 1;

ut(x, 0) � 1 +
x
5

120
,

1
2
≤x≤ 1,

u
1
2
, t􏼒 􏼓 � 1 +

0.55

120
􏼠 􏼡sin t,

uxx

1
2
, t􏼒 􏼓 �

1
48

sin t,

u(1, t) �
121
120

sin t,

uxx(1, t) �
1
6
sin t.

(43)

Its analysis solutions is
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Table 1: Convergence rate of equidistant nodes with differentd1(d2 � 7) values.

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 3.5062e − 0 1.7148e − 04 2.7309e − 05 2.7309e − 054

16 × 16 2.1219e − 0 0.7532 4.1154e − 05 2.087 3.6634e − 08 9.570 3.6630e − 08 9.570
4 6 7 7 8

32 × 32 1.1641e − 0 0.8721 9.9209e − 06 2.058 6.9359e − 11 9.050 9.5628e − 11 8.58754 9 6 9

64 × 64 6.0977e − 0 0.9343 2.4447e − 06 2.022 5.7157e − 07 — 3.7940e − 07 —5 2 2

Table 2: Convergence rate of equidistant nodes with different d2(d1 � 7) values.

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 7.5819e − 0 1.3995e − 03 4.6760e − 04 1.7882e − 043

16 × 16 7.9829e − 0 3.2763 4.7529e − 05 4.908 1.3026e − 05 5.194 1.1934e − 06 7.25604 7 5

32 × 32 9.0685e − 0 3.1440 2.0817e − 06 4.519 4.3378e − 07 4.914 1.3851e − 07 3.11315 1 4

64 × 64 1.6500e − 0 2.4598 1.5216e − 06 — 1.0236e − 06 — 6.4063e − 07 —5

0.5
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0.7
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–10
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×10–10

Figure 1: Errors of LBRCM by equidistant nodes with m � n � 12 and d1 � d2 � 9.
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Figure 2: Errors of LBRCM by quasi-equidistant nodes with m � n � 12 and d1 � d2 � 9.
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Figure 3: Errors of equidistant nodes with m � n � 12.
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Figure 4: Errors of quasi-equidistant nodes with m � n � 12.

Table 3: Convergence rate of quasi-equidistant nodes with different d1(d2 � 7) values.

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 1.4433e − 0 1.7229e − 04 9.1628e − 06 9.1628e − 064

16 × 16 1.6054e − 0 — 7.4842e − 07 7.917 8.0479e − 10 13.54 1.6691e − 09 12.4934 2 5

32 × 32 7.6781e − 0 1.0791 6.9197e − 06 — 1.4486e − 06 — 1.5017e − 05 —5

64 × 64 1.4474e − 0 — 3.4807e+ 0 — 8.0897e − 01 — 1.1143e − 01 —2 0

Table 4: Convergence rate of quasi-equidistant nodes with different d2(d1 � 7) values.

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 1.2079e − 0 1.9645e − 04 1.1008e − 04 4.7330e − 053

16 × 16 2.6034e − 0 5.6064 6.9740e − 07 8.208 2.0174e − 07 9.162 1.0751e − 08 12.17515 4 2

32 × 32 1.2548e − 0 — 8.6849e − 07 — 7.2689e − 06 — 5.8886e − 06 —3
64 × 64 5.1823e − 0 4.6011 1.0338e − 03 — 7.2953e − 03 — 5.1897e − 03 —
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Figure 5: Errors of deflection with quasi-equidistant nodes m � n � 28.
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Figure 6: Errors of deflection with quasi-equidistant nodes m � n � 28 andd1 � d2 � 25.

Table 5: Convergence rate of deflection with equidistant nodes d1(d2 � 7).

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 2.3676e+ 0 3.7721e+ 0 4.9328e+ 0 4.7610e+ 022 2 2

16 × 16 4.1793e+ 0 2.5021 1.3027e+ 0 — 6.6585e+ 0 — 7.5280e+ 02 —1 3 2

32 × 32 5.2574e+ 0 — 3.3896e+ 0 8.586 1.5076e+ 0 8.786 1.2155e+ 00 9.27461 0 2 0 8

64 × 64 3.7355e+ 0 — 7.0233e − 01 2.270 1.0927e − 01 3.786 4.0207e − 02 4.91791 9 3

Table 6: Convergence rate of bending moment with equidistant nodes d1(d2 � 7).

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 8.6319 1.2547e+ 0 1.5671e+ 0 1.5214e+ 011 1

16 × 16 6.7548e − 01 3.6757 2.1839e+ 0 — 1.1063e+ 0 0.502 1.2536e+ 01 —1 1 4

32 × 32 8.5357e − 01 - 5.4495e − 02 8.646 2.4465e − 02 8.820 1.9834e − 02 9.30396 8

64 × 64 6.0317e − 01 0.5009 1.1256e − 02 2.275 1.7640e − 03 3.793 6.5673e − 04 4.91655 8
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Table 7: Convergence rate of deflection with equidistant nodes d2(d1 � 7).

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 1.2258e+ 0 1.7906e+ 0 2.5725e+ 0 3.5441e+ 022 2 2

16 × 16 2.5305e+ 0 2.2762 2.2997e+ 0 2.960 6.5860e+ 0 1.965 5.9839e+ 01 2.56621 1 9 1 7

32 × 32 3.2139e+ 0 2.9770 4.7977e+ 0 2.261 1.2807e+ 0 5.684 6.7902e+ 00 3.13960 0 0 0 4

64 × 64 9.0199e − 01 1.8331 3.2947e − 01 3.864 2.3183e − 01 2.465 1.4751e − 01 5.52451 8

Table 8: Convergence rate of bending moment with equidistant nodes d2(d1 � 7).

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 3.9561e+ 0 0 5.7800e+ 0 8.3046e+ 0 1.1442e+ 010 0 0

16 × 16 4.2155e − 01 3.2303 3.8310e − 01 3.915 1.0971e+ 0 2.920 9.9683e − 01 3.52083 0 2

32 × 32 5.2460e − 02 3.0064 7.8314e − 02 2.290 2.0905e − 02 5.713 1.1084e − 01 3.16894 7

64 × 64 1.4697e − 02 1.8357 5.3686e − 03 3.866 3.7775e − 03 2.468 2.4037e − 03 5.52716 3

Table 9: Convergence rate of deflection with quasi-equidistant nodes d1(d2 � 7).

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 4.1355e+ 0 4.0577e+ 0 4.3916e+ 0 4.3806e+ 022 2 2

16 × 16 2.7542e+ 0 3.9083 2.0053e+ 0 4.338 2.0135e+ 0 4.447 2.0022e+ 01 4.45151 1 8 1 0

32 × 32 4.4083e+ 0 — 1.9063e − 01 6.716 2.1971e − 02 9.839 1.8656e − 02 10.0681 9 9

64 × 64 1.9575e+ 0 1.1712 2.1823e − 02 3.126 3.5110e − 04 5.967 3.7910e − 05 8.94281 9 5

Table 10: Convergence rate of bending moment with quasi-equidistant nodes d1(d2 � 7).

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 7.5367e+ 0 7.9725e+ 0 8.6829e+ 0 8.6637e+ 000 0 0

16 × 16 5.5240e − 01 3.7701 4.1382e − 01 4.267 4.1551e − 01 4.385 4.1284e − 01 4.39139 2

32 × 32 7.3745e − 01 — 3.1740e − 03 7.026 3.7026e − 04 10.13 3.1421e − 04 10.3606 2

64 × 64 3.1548e − 01 1.2250 1.7330e − 03 0.873 2.2647e − 03 — 5.4457e − 03 —0

Table 11: Convergence rate of deflection with quasi-equidistant nodes d2(d1 � 7).

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 2.7216e+ 0 3.1196e+ 0 3.5186e+ 0 3.9417e+ 022 2 2

16 × 16 2.5198e+ 0 — 1.6983e+ 0 0.877 8.6747e+ 0 5.342 7.7764e+ 00 5.66362 2 3 0 0

32 × 32 3.0502e − 01 9.6902 7.9164e − 02 11.06 6.0185e − 02 7.171 3.4646e − 02 7.81027 3

64 × 64 8.5111e − 03 5.1634 8.7507e − 04 6.499 4.7864e − 04 6.974 1.7242e − 04 7.65063 3
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u(x, t) � 1 +
x
5

120
􏼠 􏼡sin t. (44)

In this example, we test the linear barycentric rational for
the equidistant nodes. Table 1 shows the convergence rate is
O(hd1− 1)with d2 � 7 firstly given for the space area for t � π.
In Table 2, for the space area partition d1 � 7 firstly given,
the convergence rate of times is O(τd2) which agrees with
our theorem analysis.

In Figures 1 and 2, the errors of LBRCM by equidistant
nodes and quasi-equidistant nodes with m � n � 12 and
d1 � d2 � 9 are presented. From the figure, we know that the
accuracy of equidistant node is higher than quasi-equidis-
tant node.

In Figures 3 and 4, the errors of equidistant nodes and
quasi-equidistant nodes with m � n � 12 are presented.
From the figure, we know that the accuracy of equidistant
node is higher than the quasi-equidistant node.

In Tables 3 and 4, we test the linear barycentric rational
for the quasi-equidistant nodes; Table 3 shows the con-
vergence rate is O(hd1− 1) with d2 � 7 firstly given for the
space area for t � π. In Table 4, for the space area partition
d1 � 7 firstly given, the convergence rate of times is O(τd2).

Example 2. Consider the beam force vibration equation:

EI
z
4
w

zx
4 + ρ

z
2
w

zt
2 � Q sin

πx

l
sin(pt), 0≤x≤ l; t≥ 0,

(45)

with the boundary conditions as follows:

u(x, 0) � 0,

ut(x, 0) � 0, 0<x< l,
(46)

u(0, t) � 0,

uxx(0, t) � 0,

u(l, t) � 0,

uxx(l, t) � 0, t≥ 0.

(47)

Its analysis solutions is

w(x, t) �
Q

ρ
sin

πx

l
􏼒 􏼓

sin(pt) − (p/w)sin(wt)

w
2

− p
2 ,

w � π2

��
EI
ρ4

􏽳

,

M(x, t) � EI
z
2
w

zx
2 �

QEIπ2

ρl
2 sin

πx

l
􏼒 􏼓

sin(pt) − (p/w)sin(wt)

w
2

− p
2 ,

w � π2

��
EI
ρ4

􏽳

,

(48)

where EI � 4.7726 × 107, ρ � 420, Q � 107, l � 10, andp �

(2π/0.28335).
In Figures 5 and 6, the errors of deflection with quasi-

equidistant nodes m � n � 28, d1 � d2 � 25, and m � n � 28
are presented. From the figure, we know that the accuracy of
quasi-equidistant node with m � n � 28 and d1 � d2 � 25 is
higher than m � n � 28.

In this example, we test the linear barycentric rational for
deflection and bending moment with the equidistant nodes;
Table 5 shows the convergence rate is O(hd2) with d1 � 7
firstly given for the space area for t � 1. In Table 6, for the
space area partition d1 � 7firstly given, the convergence rate
of times is O(τd2) which agrees with our theorem analysis.

In this example, we test the linear barycentric rational for
deflection and bending moment with the equidistant nodes;
Table 7 shows the convergence rate is O(hd2− 1) with d1 � 7
firstly given for the space area for t � 1. In Table 8, for the
space area partition d1 � 7 firstly given, the convergence rate
of times is O(τd2) which agree with our theorem analysis.

In Tables 9 and 10, we test the linear barycentric rational
for deflection and bending moments with the quasi-equi-
distant nodes; Table 9 shows the convergence rate is O(hd1)

with d2 � 7 firstly given for the space area for t � 1. In
Table 10, for the space area partition d2 � 7 firstly given, the

Table 12: Convergence rate of bending moment with quasi-equidistant nodes d2(d1 � 7).

n d1 � 2 d1 � 3 d1 � 4 d1 � 5

8 × 8 5.4001e+ 0 6.1897e+ 0 6.9811e+ 0 7.8208e+ 000 0 0

16 × 16 5.1958e+ 0 — 3.5019e+ 0 0.821 1.7887e − 01 5.286 1.6035e − 01 5.60800 0 7 5

32 × 32 5.1369e − 03 9.9822 1.3332e − 03 11.35 1.0136e − 03 7.463 5.8348e − 04 8.10239 3
64 × 64 1.7818e − 02 — 4.4772e − 02 — 3.3747e − 02 — 2.6845e − 02 —
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convergence rate of times is O(τd1) which agrees with our
theorem analysis.

In Tables 11 and 12, we test the linear barycentric ra-
tional collocation methods for deflection and bending
moment with the quasi-equidistant nodes; Table 11 shows
the convergence rate is O(hd1) with d2 � 7 firstly given for
the space area for t� 1. In Table 12, for the space area
partition d2 � 7 firstly given, the convergence rate of times is
O(τd1) which agrees with our theorem analysis.

5. Conclusion

In this paper, linear barycentric rational collocationmethods
have been presented to solve the beam force vibration
equation. With the help of matrix equation of discrete beam
force vibration equation, the time and space variable can be
solved at the same time. As the coefficient matrix is full for
the collocation methods, there are certain properties such as
circularity and symmetry that can be studied in the near
future. -e 2 + 1 dimensional beam force vibration equation
can also be solved easily by barycentric rational collocation
methods.
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