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*e safety and stability of lining structures are core concerns of tunnel and underground engineering. It is crucial to determine
whether a lining structure would crack and which direction the crack would expand with seismic excitation. In previous literature,
the principle based on stress and strain has been widely used to predict the seismic damage of lining structures, whereas it cannot
specify the cracking modes. Taking account of that deficiency, this paper introduces the strain energy density ratio (SEDR)
principle and proposes a seismic damage prediction method for lining structures, which can precisely predict the crack positions
and expansion directions. Moreover, numerical simulations of the typical seismic damage sections of two tunnels in the Great
Wenchuan Earthquake and a calculating example of the theoretical equations are conducted to verify the proposed method. In
summary, the numerical simulation results show that the arch springing cracks first, and the invert cracks next; then the cracks
expand to the spandrel, and finally, they form oblique cracks, annular cracks, and longitudinal cracks, whose positions and
patterns are in accordance with the field investigation results. In terms of the calculating example results, the obtained two-fold
SEDR and cracking angle θ are 1.87 and −6.28°, respectively, which are consistent with the numerical simulation results.*erefore,
one can see that the proposed seismic damage prediction method based on the SEDR principle is quite accurate. *is method can
be used to predict the seismic damage of lining structures and provide a reference for the research of the damage mechanism
of tunnels.

1. Introduction

As an important part of lifeline engineering, tunnel and
underground engineering faces challenges in avoiding high-
intensity seismic zones due to line requirements. *erefore,
a tunnel may be severely damaged and difficult to repair if
the tunnel is struck by a strong earthquake, even leading to
extreme property losses and casualties. It is crucial to address
the issue of potential lining structure cracking and to in-
vestigate which direction those cracks expand with seismic
excitation. *is is of great significance to the evaluation of
tunnel safety and the aseismic design of tunnels.

*e research on the seismic damage of lining structures
primarily focuses on three aspects. *e first aspect is the
collection, analysis, and inversion of seismic damage data.
Much work has been done in this aspect to research the
damage mechanism of tunnels [1–4]. *e second aspect is
the experimental researches on tunnel models. For instance,
large shaking table model tests [5–9] were conducted, which
have obtained fruitful achievements in the field of seismic
affecting factors of lining structures. *e third aspect is
seeking breakthroughs in theoretical analyses, which focuses
on establishing constitutive models to obtain the stress state
of lining structures with seismic excitation [10–12]. In view
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of the existing research methods of the damage mechanism
of tunnel structures, experimental analyses and numerical
simulations all use the principle based on stress and strain
[13–15]. In terms of the application of this principle in the
damage prediction, yielding implies damage, whereas the
crack positions and expansion directions are not specified
[16–19].

Originally, the cracking modes of materials were pre-
dicted by the normal stress ratio principle, whereas it was
limited in unidirectional composite materials [20]. After-
wards, the strain energy density ratio (SEDR) principle was
proposed, extending the range of damage prediction to fibre
composite materials [21]. With deep exploration of the
SEDR principle, the range of its application was extended to
all the orthotropic materials [22]. In the last decade, the
SEDR principle has been widely applied in brittle materials
(e.g., rock materials and concrete materials) to research the
prediction methods of the crack position [23–27], crack
expansion [28–32], and fatigue damage [33–35].

Aiming to analyse the seismic response of tunnel
structures, this paper introduces the initial damage variable
of concrete materials and conducts numerical simulations
based on the SEDR principle to simulate the typical seis-
mically damaged sections of two highway tunnels in the
Great Wenchuan Earthquake. Furthermore, combining with
the Mohr–Coulomb slip principle, the crack positions and
expansion directions of lining structures can be predicted by
analysing the strain energy density ratios of the lining ele-
ments. In addition, this paper compares the numerical
simulation results with the field investigation results and
conducts a calculating example, indicating that the proposed
seismic damage prediction method for lining structures
based on the SEDR principle can precisely and accurately
predict the crack positions and expansion directions, which
can provide a reference for the research on the damage
mechanism of tunnels.

2. SEDR Principle

*e SEDR of an element is calculated from the stress ratio
and strain ratio of the calculating element, which is spe-
cifically described as follows.

*e element stress ratio is the ratio of the stress in a
certain direction and the critical stress in that direction,
which can be expressed as

σij
′ �

σij

σijc

,

τθ′ �
τθ
τθc

,

⎧⎪⎪⎪⎪⎪⎨
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where σij is the normal stress in the ij direction, σijc is the
critical stress in the ij direction, τθ is the shear stress of the
plane at angle θ, τθc is the shear stress of the cracking plane
(shown in Figure 1(a)), and i or j� 1, 2, and 3 represent the
directions of the X-axis, Y-axis, and Z-axis, respectively.

*e element strain ratio is the ratio of the strain in a
certain direction and the critical strain in that direction,
which can be expressed as
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where εij is the normal strain in the ij direction, εijc is the
critical strain in the ij direction, cθ is the shear strain of the
plane at angle θ, and cθc is the shear strain of the cracking
plane.

*e εijc and cθc can be obtained by

εijc �
σijc

Eij

,

cθc �
τθc

Gθ
,

⎧⎪⎪⎪⎪⎪⎨
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(3)

where Eij is the elastic modulus in the ij direction and Gθ is
the shear modulus of the plane at angle θ.

Accordingly, the strain energy density SR can be
expressed as

SR �
1
2
σij
′ εij
′ . (4)

Considering the orthotropic mechanical properties of
the concrete materials of lining structures, they have dif-
ferent elastic moduli and shear moduli in different direc-
tions. Similarly, considering the initial damage of concrete
materials, the initial damage coefficient Di is introduced.
*erefore, the elastic modulus and shear modulus of con-
crete can be expressed as

Ei � Di × E0,

Gi � Di × G0 �
DiE0

2(1 + υ)
,

⎧⎪⎪⎪⎨
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(5)

where E0 is the initial elastic modulus and G0 is the initial
shear modulus.

Assuming that Poisson’s ratio is not affected by the initial
damage, (4) can be transformed into
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where subscripts 1, 2, and 3 represent the directions of the
X-axis, Y-axis, and Z-axis, respectively, as shown in
Figure 1 (e.g., σ11 is the principle stress in X direction and
τ23 is the shear stress in YZ plane).

*e cracking criterion for the SEDR principle is that the
two-fold SEDR of the element is greater than or equal to 1,
which can be expressed as

2SR ≥ 1. (7)

*en the crack expands along the θ direction, which
minimizes the SR. *us, the expansion direction can be
determined by

zSR

zθ
� 0,

z
2
SR

zθ2
> 0, when θ � θc. (8)

If there are multiple minima through a material element,
the crack will expand along the θc direction, which makes SR

the largest of the minima. *us, the expansion direction can
be determined by

zSR

zθ
� 0,

θ � θc,

SR � SR( 􏼁
max
min .

(9)

Structures composed of concrete materials usually have
large size. From the microscopic view, concrete materials are
not homogeneous mediums. However, from the macro-
scopic view, stones, sand, cement, and other materials are
distributed uniformly and nondirectionally in the concrete
space. *erefore, the concrete materials can be divided into
many uniformly distributed elements, and then the SEDR
principle can be applied in the concrete materials. Trans-
forming the space problem into three plane problems,
considering that the concrete materials have same me-
chanical properties along the Y-axis and Z-axis, and only
taking the uniaxial tensile damage of concrete into account,
equation (10) can be obtained as

Initial damage
Concrete

r

X

Y

θ θC

σy

σy

(a)

Y

X

Z

(b)

Figure 1: Tensile damage and coordinate system of concrete materials: (a) tensile damage; (b) coordinate system.
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Substituting (10) into (6), the expansion direction can be
determined by (8) and (9). In particular, when the material is
isotropic and other affecting factors are not taken into ac-
count, σic � σ0, τθc � τ0, Ei � E0, and Gθ � G0 are all con-
stants, and then (6) can be simplified to
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When SR reaches the maximum value, (12) can be ob-
tained as
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2
. (12)

Making α � (τ0/σ0), then the expansion direction can be
expressed as

θ � arcsin
��������

1
2 1 − α2􏼐 􏼑

􏽳

. (13)

3. Numerical Simulation Based on the
SEDR Principle

Based on seismic damage investigation data and design
data of tunnels of national trunk way line 318 in the Great
Wenchuan Earthquake on 12th May, 2008, two typical
structural sections, K24 + 380 −K24 + 460 of the Shao-
huoping tunnel and K13 + 520 −K13 + 550 of the right
line of the Zipingpu tunnel, were selected for the nu-
merical simulation. Using discrete element method, the
numerical simulation is based on the Mohr–Coulomb
slip principle and the SEDR principle [36]. Herein, the
Mohr–Coulomb slip principle is used to obtain the
principal stresses and shear stresses of the elements,
whereas the SEDR principle is used to predict whether
the element cracks or not. In consideration of the design
data, the size of Shaohuoping tunnel model (shown in
Figure 2) was taken as X ×Y ×Z � length ×width ×

height � 80.0 m × 60.0 m × 80.0 m, whereas the length of
Zipingpu tunnel model was taken as 30 m. *e inner
outline of the tunnel is shown in Figure 3. Besides, the
material of lining structures adopted C30 concrete ma-
terial with a thickness of 30 cm, and the buried depth of
the Shaohuoping tunnel was 43.5 m, whereas the
Zipingpu tunnel had a buried depth of 110m. *e model

was established after static balancing, and the dis-
placement field was cleared after rebalancing. Further-
more, a free field was applied around the boundary of the
model (shown in Figure 3), a viscoelastic boundary was
applied at the bottom of the model, and an intercepted
25 s Wolong EW component seismic wave was input
(shown in Figure 4). In regard to the geological condi-
tions, the surrounding rock of the Shaohuoping tunnel
simulation section was grey-white block granodiorite,
which was level IV and had 1∼2 sets of joints. Meanwhile,
the surrounding rock of the Zipingpu tunnel simulation
section was sandstone intercalated with thin layers of
mudstone, which was level III and level V. *e corre-
sponding mechanical parameters of the materials and
joints of the model are listed in Table 1 and Table 2, which
are obtained referring to the design data of two tunnels.
According to the past experimental results [37] (the axial
tensile strength of the vertical moulding specimens is
1.82MPa, and the axial tensile strength of the horizontal
moulding specimens is 3.22MPa), the transverse tensile
strength and transverse shear strength are taken as half of
the longitudinal tensile strength and longitudinal shear
strength, respectively, and the mechanical parameters of
the concrete lining in different directions are listed in
Table 3.

*e stresses and strains of the discretized lining elements
(the size of the element was controlled by the maximum
length of side, which was 1m) were monitored (shown in
Figures 5–7). According to the monitoring data, the damage
of lining elements was predicted by both the program based
on Mohr–Coulomb slip principle and the self-compiled
program based on the SEDR principle. *e block was
predicted to be cracking when the monitoring data of the
element satisfied the SEDR principle and shear slip occurred
at the interface of the minimum SEDR, and the crack was
predicted to expand along the Mohr–Coulomb slip plane. If
the monitoring data of the lining element did not satisfy the
SEDR principle and Mohr–Coulomb slip principle, then the
prediction moved on to the next moment. *e prediction
process is shown in Figure 8.

*e SEDR principle was used to predict the cracking of
the Shaohuoping tunnel simulation section in whole dy-
namic time history, and the crack patterns and expansion
directions at different times were obtained (shown in
Figure 9). During the excitation of the Wolong EW
component seismic wave, the arch springing of the
Shaohuoping tunnel simulation section cracked first, and
the invert cracked next. When the seismic wave was loaded
to 14 s, some cracks at arch springing expanded to the
spandrel and formed annular cracks, other cracks ex-
panded obliquely and formed longitudinal cracks, and it is
worth noting that the cracks appeared both inside and
outside of the tunnel and had the signs of penetration. In
addition, there were cracks and faults at the construction
joint.
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Subsequently, comparisons of the crack diagrams of the
field investigation results and the crack diagrams of the
numerical simulation results are shown in Figures 10 and 11.
*e comparisons show that the crack positions and ex-
pansion directions are identical, which are also consistent
with the field investigation photos shown in Figure 12.
*erefore, it can be concluded that the proposed seismic
damage prediction method for lining structures based on the
SEDR principle is applicable to the predict the seismic
damage of lining structures, and the cracking modes pre-
dicted by the SEDR principle are absolutely accurate.

4. Calculating Example

Considering the longitudinal and transverse mechanical
differences of concrete materials, the corresponding me-
chanical parameters of the concrete lining are as listed in
Table 3 and the adopted calculation model is shown in
Figure 3. Besides, the no. 1985 element (shown in Figure 13)
at 3.52 s of the calculation of the Shaohuoping tunnel is
taken for calculation, and the calculated maximum principal
stress and shear stress at 3.52 s are shown in Figure 13.
Furthermore, the following values can be obtained according

Figure 2: Typical outline of the tunnel.
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Figure 3: Axonometric drawing of the model with free field boundary.
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to the monitoring data: σ11 � 1.57MPa, which is a tensile
stress; σ33 � −0.269MPa, which is a compressive stress; and
τ12 � τ13 � 0.9MPa. Substituting the above values and the

values listed in Table 3 into (6) yields that the value of the
two-fold SEDR of this element is 1.87, which is greater than
1, expressed as (14). *us, the SEDR of this element is in
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Figure 4: Acceleration time history of the Wolong EW component seismic wave in the Great Wenchuan Earthquake.

Table 1: *e mechanical parameters of materials.

Material Elastic modulus (MPa) Poisson’s ratio Density (kg·m−3) Angle of internal friction (°) Cohesion(MPa)
C30 concrete material 30000 0.3 2500 45 5
Level III surrounding rock 10000 0.3 2300 40 1
Level V surrounding rock 6000 0.35 2000 25 0.1
Level IV surrounding rock 12000 0.3 2200 35 0.05

Table 2: *e mechanical parameters of joints.

Joint Normal stiffness
(GPa·m−1)

Shear stiffness
(GPa·m−1)

Cohesion
(MPa)

Angle of friction
(°)

Tensile strength
(MPa)

Joint set 1 4.5 0.68 0.027 26 0
Joint set 2 6 1.2 0.045 28 0
Interface of lining
blocks 10 4 0.4 40 2

Interface of other
blocks 1 0.62 0.01 20 0.002

Table 3: *e mechanical parameters of the concrete lining in different directions.

Direction Tensile strength
(MPa)

Compressive strength
(MPa)

Shear strength
(MPa)

Elastic modulus
(MPa)

Shear modulus
(MPa)

Initial damage
coefficient

Longitudinal 1.43 14.3 2.1 30000 11500 0.95
Transverse 0.71 14.3 1.1 30000 11500 0.95
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Figure 5: Shear stress monitoring and cracking prediction (local): (a) bottom view; (b) top view.
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Block
Colorby: state

Shear-n

Shear-n shear-p
Shear-n shear-p tension-p

Shear-p

Shear-p tension-p

Tension-n shear-p tension-p

Figure 7: Contrast of the plastic zone in discretized lining model.

Shock and Vibration 7



Engineering model Design parameters

StrainStress

SEDR principle Mohr–Coulomb slip principle

Block cracks, the crack expands along the joint
plane, and the expansion direction satisfies the

SEDR principle.

JointLining block

Satisfy Satisfy

Seismic excitation

Dissatisfy Dissatisfy

Discrete element
method numerical

model

Figure 8: Prediction process of the numerical simulation based on the SEDR principle and the Mohr–Coulomb slip principle.

2SEDR
+4.00e – 01
+3.67e – 01
+3.33e – 01
+3.00e – 01
+2.67e – 01
+2.33e – 01
+2.00e – 01
+1.67e – 01
+1.33e – 01
+1.00e – 01
+6.67e – 02
+3.33e – 02
+0.00e + 00X

ZY

(a)

2SEDR
+4.00e – 01
+3.67e – 01
+3.33e – 01
+3.00e – 01
+2.67e – 01
+2.33e – 01
+2.00e – 01
+1.67e – 01
+1.33e – 01
+1.00e – 01
+6.67e – 02
+3.33e – 02
+0.00e + 00

X Z

Y

(b)

2SEDR
+1.00e + 00
+9.17e – 01
+8.33e – 01
+7.50e – 01
+6.67e – 01
+5.83e – 01
+5.00e – 01
+4.17e – 01
+3.33e – 01
+2.50e – 01
+1.67e – 01
+8.33e – 02
+0.00e + 00

X Z
Y

(c)

2SEDR
+1.00e + 00
+9.17e – 01
+8.33e – 01
+7.50e – 01
+6.67e – 01
+5.83e – 01
+5.00e – 01
+4.17e – 01
+3.33e – 01
+2.50e – 01
+1.67e – 01
+8.33e – 02
+0.00e + 00X

Z
Y

(d)

Figure 9: Continued.
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Figure 9: Cracking prediction of the Shaohuoping tunnel with the SEDR principle: (a) the initial crack outside the arch springing at 3.52 s;
(b) the crack inside the invert at 6 s; (c) the crack expansion inside the invert at 10 s; (d) the crack expansion outside the arch springing at 14 s;
(e) the crack expansion inside the invert at 17 s; (f ) the annular expansion at 22 s; (g) the crack expansion outside the arch springing at 25 s;
(h) the fault and crack at the construction joint.
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Figure 10: Seismic damage of the Shaohuoping tunnel simulation section: (a) field investigation results; (b) numerical simulation results.

Shock and Vibration 9



Spring line

Spring line

Tunnel central line

1m
m

2m
m

2m
m

1mm

55
0

54
5

54
0

53
5

53
0

52
5

52
0

k1
3+

(a)

Spring line

Spring line

Tunnel central line Lining crack

15 10 5 0 –5 –10 –15

(b)
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Figure 12: Seismic damage investigation photos in the Great Wenchuan Earthquake: (a) oblique crack; (b) longitudinal crack; (c) annular
crack; (d) crack and fault.
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accordance with the cracking criterion of the SEDR
principle.

2SR �
σ1
σ1c

􏼠 􏼡

2

+
σ3
σ2c

􏼠 􏼡

2

−
c12

D1E11
σ1σ3

D1E11

σ21c

+
D3E33

σ23c

􏼠 􏼡 +
τ13
τ13c

􏼠 􏼡

2

,

�
1.57
1.43

􏼒 􏼓
2

+
0.269
14.3

􏼒 􏼓
2

−
0.9/30000
0.9 × 30000

1.57 × 0.269
0.9 × 30000

1.432
+
0.9 × 30000

14.32
􏼠 􏼡 +

0.9
1.1

􏼒 􏼓
2
.

� 1.87> 1.

(14)

Substitutingmonitoring values into (10), the cracking angle
can be calculated as (15). Furthermore, (16) can be obtained by
simplifying (15), solving the absolute value of cracking angle as
6.28°, which can be expressed as (17). In addition, according to
the calculating results, σ1 is a positive tension and σ2 is a
negative pressure; hence the cracking angle θ is −6.28°.

1.43 � 1.57 cos θ2 − 0.269 sin θ2 + 2 × 0.9 sin θ cos θ,

1.839 sin θ2 − 1.8 sin θ cos θ � 0.14,

(15)

sin(2θ + φ) � 0.848,

tanφ �
1.839
1.8

􏼒 􏼓,
(16)

θ � 0.108rad � 6.280. (17)

5. Conclusions

*is paper proposes a seismic damage prediction method for
lining structures based on the SEDR principle, which can
predict the crack positions and expansion directions. Sub-
sequently, the numerical simulation of typical seismic
damage sections of the Shaohuoping and Zipingpu tunnels
in the Great Wenchuan Earthquake based on the SEDR
principle is conducted to verify this method. Moreover, a
calculating example is conducted to validate the accuracy
and precision of the proposed method. Herein, the con-
clusions are summarized as follows:

(1) *e numerical simulation results show that the arch
springing cracks first, and the invert cracks next;
then the cracks expand to the spandrel, and finally,
they form oblique cracks, annular cracks, and lon-
gitudinal cracks, whose positions and patterns are in
accordance with the field investigation results.

(2) In the calculating example, the two-fold SEDR and
cracking angle θ of no. 1985 element are calculated to
be 1.87 and −6.28°, respectively, which are consistent
with the numerical simulation results.

(3) *e proposedmethod based on the SEDR principle is
applicable to predict the seismic damage of lining

structures, and the crack positions and expansion
directions can be precisely predicted by this method.
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