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Tabu genetic cat swarm optimization algorithm is proposed for optimization arrangement on mistuned blades. Furthermore, it is
improved to be an innovative parallel algorithm based on Compute Unified Device Architecture (CUDA), whose performance is
analyzed both in continuous and discrete solution space. (e lumped parameter model and finite element model of the bladed-
disk system are established for dynamics analysis and optimization verification. (e complete mistuned parameter identification
method and the improved mixed-interface prestressed substructure modal synthesis method are two other highlights. (e results
indicate that the algorithm in this paper has the advantages of low cost and high efficiency. (e vibration localization and
amplitude of the mistuned bladed-disk system are both reduced significantly. (e optimization analysis method is proved to be
applicable to the mistuned bladed-disk system of the aeroengine in engineering practice.

1. Introduction

Aeroengine is known as “the crown of mechanical industry.”
(e vibration failure accounts for over 60% of the total.
Furthermore, more than 70% of these are caused by blades.
(e unbalanced vibration by reason of uneven vibration
energy distribution is one of the main causes [1–10]. (e
bladed-disk system of aeroengine is a circular symmetric
structure. (e physical properties and geometric conditions
of each blade are identical. (e modes are uniformly dis-
tributed around the circle. (ere is a small amount of dif-
ference in each sector because of the manufacturing error,
material property, uneven wear, and so on. (is small dif-
ference is called mistuning in structural dynamics. It breaks
the circulatory symmetry and changes the dynamic char-
acteristics of the bladed-disk system. As a result, the vi-
bration responses are localized and increased. (is results in
high cycle fatigue failure of blades. (e different arrange-
ments on mistuned blades could cause different forced

vibration amplitudes. A suitable arrangement is much
needed when replacing or installing aeroengine blades. It has
been a difficult problem in the production and maintenance
engineering of the aeroengine.

In recent years, scholars have extensively carried out
numerical simulation and theoretical and experimental
studies on dynamic characteristics of the mistuned bladed-
disk system. Petrov et al. [11] and Petrov and Ewins [12]
presented a new method for dynamic analysis of mistuned
bladed disks based on the exact relationship between tuned
and mistuned systems and solved the optimization problem
of determining the worst mistuning patterns. Shahruz et al.
[13, 14] defined a sensitivity matrix to determine the oc-
currence of vibration localization for mistuned periodic
structures. Castanier and Pierre [15] and Lim et al. [16]
reviewed the literature on reduced-order modeling, simu-
lation, and analysis of the vibration of mistuned bladed disks
found in gas-turbine engines. (ey developed several re-
duced-order modeling techniques to predict the mistuned
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forced response efficiently. Yan et al. [17] used component-
mode synthesis methods to establish the vibration differ-
ential equation of the system for coupling vibration of the
mistuned bladed disk in the aeroengine and analyzed the
vibration mechanism. Salhi et al. [18] presented two
methods for the identification of the vibration characteristics
of rotating engine blades from time response measurements.
Ganine et al. [19] reviewed the static mode compensation
method to predict geometrical mistuning effects on the
response of bladed disks and analyzed its limitations. Vargiu
et al. [20] extended a preexisting reduction technique
suitable for the analysis of mistuned bladed-disk dynamics,
the component mode mistuning technique (CMM), in order
to allow for the introduction of a sector frequency mistuning
pattern. Khemiri et al. [21] studied the forced response of a
bladed disk with damping mistuning. Wang et al. [22]
presented an efficient method for the nonlinear vibration
analysis of mistuned centrifugal impellers with crack
damages. Zhou et al. [23] proposed an essentially nonlinear
piezoelectric shunt circuit for the practical realization of
nonlinear energy sink and then applied to a mistuned bladed
disk for blade vibration reduction. Kim [24] investigated the
frequency characteristics of natural whirl speeds associated
with the in-plain vibration of a rotating mistuned bladed
disk mounted on an isotropic support. Capiez-Lernout et al.
[25] dealt with the dynamical analysis and uncertainty
quantification of a mistuned industrial rotating integrally
bladed disk, for which the operating regime under con-
sideration took into account the nonlinear geometrical ef-
fects induced by large displacements and deformations.
Yuan et al. [26] described an assessment of subset simulation
(SubSim) techniques to increase the computational effi-
ciency for the predictions of probabilistic dynamic behavior
in mistuned bladed-disc systems. Ma et al. [27–29] devel-
oped a new dynamic model of rotor-blade systems. Jamia
et al. [30] presented a method of mistuning identification in
a bladed disk using the wavelet packet transform. Salas et al.
[31] presented a unique way to address the reduced-order
model, where each blisk sector was attached as individual
substructures with the free-interface approach known as
Craig–Chang. Cha [32] examined the performance of fric-
tion dampers of a geometric mistuned bladed-disk assembly
under random excitations.

It can be found from the above literature review that the
vibration localization problem of mistuned bladed-disk
system has been studied extensively [33–43]. Many research
results have been obtained to be theoretical foundation for
design and manufacture. However, an effective method that
can be really applied directly for optimization arrangement
on mistuned blades is lacking.

(is paper presents tabu genetic cat swarm optimization
algorithm for optimization arrangement on mistuned
blades. Furthermore, it is improved to be an innovative
parallel algorithm based on CUDA. (e lumped parameter
model and finite element model of the bladed-disk system
are established for dynamics analysis. (e complete mis-
tuned parameter identification method and the improved
mixed-interface prestressed substructure modal synthesis
method are proposed for optimization verification. It is of

great significance for improving the reliability, reducing the
failure rate, and increasing the interchangeability of blades
in the aeroengine.

2. Dynamics Analysis of Mistuned Bladed-
Disk System

2.1. Establishment of Lumped Parameter Model. In order to
analyze the dynamic characteristics of the bladed-disk
system, the lumped parameter model is established, as
shown in Figure 1. At the same time, the dimensionless
parameters are used for being simple and convenient in this
paper. As shown in Table 1, n is the number of blades, mb
and kb are the quality and stiffness of the single blade,md and
kd are the quality and stiffness of the single sector disk, and kt
is coupling stiffness.

Forced vibration equation of the bladed-disk system can
be derived:

M€q + C _q + Kq � F, (1)

where M, C, and K are mass matrix, damping matrix, and
stiffness matrix and q and F are the displacement vector and
exciting force vector. (e detailed expressions are as follows:
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where the expression of the phase angle is

θj �
2πEj

n
, j � 0, 1, . . . , n − 1. (3)

ω and E are the frequency and order of exciting force. It
is assumed that
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q(t) � Ae
iωt

. (4)

Substituting equation (4) into equation (1), it can be
obtained that

A � −ω2M + iωC + K 
−1

e
iθj . (5)

2.2. Dynamics Analysis of Mistuned System. (e vibration
energy of the tuned system should be transferred to the
whole structure uniformly in a bladed-disk system. How-
ever, mistuning could break this balance. (e typical case is
mistuning which is caused by small physical differences in
stiffness of blades. (e mistuning of stiffness is introduced
randomly with normal distribution. (ree standard devia-
tions of mistuning used in this paper are 1%, 3%, and 5%.
(ey are defined as Mistuned I, Mistuned II, and Mistuned
III. (e detailed mistuning is shown in Figure 2.

(e forced vibration response of the bladed-disk system
can be obtained as follows based on equation (4), where the
order of exciting force E is equal to the pitch diameter
number 6 when system frequency shifts because, in this case,
the coupling vibration between the blade and disk is sig-
nificant. At the same time, the sensitivity of the mistuned
parameter is the greatest.

It can be found from Figure 3 that all the amplitude-
frequency characteristic curves are the same. (ere are two
distinct resonance peaks. On the contrary, the amplitude-
frequency characteristic curves of the mistuned system are
very different. (ere are many peaks besides two main
resonance peaks. In addition, there are certain differences
among the maximum amplitudes of Mistuned I, Mistuned
II, and Mistuned III. (e maximum amplitude-frequency
characteristic curves can be obtained by projecting waterfall
plot onto the plane.

It can be seen from Figure 4(a) that the resonance peaks
increase with the standard deviations of mistuning, while the

resonance regions get wider. (e resonant frequencies of the
mistuned system have been dispersed obviously when the
standard deviation of mistuning reaches to be 5%. (ere are
many resonance peaks in this case. It can be considered that
the vibration amplitudes increase as a whole. It can be found
further from Figure 4(b) that there is a minimum amplitude
between the resonance regions. Moreover, the standard
deviation of mistuning has almost no effect on it. (erefore,
we can make the working frequency of the mistuned bladed-
disk system to be near 1.026. From this, the amplitudes and
the sensitivities of mistuning can be reduced effectively.

3. Analysis of the Intelligent
Optimization Algorithm

3.1. Tabu Genetic Cat Swarm Optimization Algorithm.
(e cat swarm optimization algorithm is considered to be a
method which can solve those complex optimization
problems. It is combining search behavior and tracking
behavior of a cat. It has an obvious advantage in compu-
tation speed, convergence, and sensitivity to initial condi-
tions. It can be seen that the cat is a feasible solution for the
optimization problem which we are going to solve. (e
behavior of cats can be categorized into two modes. One is
called the search mode. It says that the cats are lazy or look
around. (e other one is called the tracking mode. It says
that the cats are tracking a dynamic target. (e two modes
interact with each other by using mixture ratio (MR). MR
indicates the proportion of cats in the whole group which
executes the tracking mode.

(e search mode is used to simulate a cat’s current state.
It means resting, looking around, and searching for the next
moving location. In view of optimization arrangement on
mistuned blades, it converts to express that the new ar-
rangement is generated randomly. (e quality of the solu-
tion is improved very slowly as the arrangement may be
generated repeatedly in the random process. From this, tabu
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yi–1 yi+1yi

mb

md

cb kb

kd

kt

cb cbkb kbkt kt

md md

kdkd

mb mb

xi xi+1

Figure 1: Lumped parameter model of the bladed-disk system.

Table 1: Lumped parameter of the bladed-disk system.

Parameter n mb md kb kd kt
Dimension 38 0.11 kg 46.86 kg 4.5e5N/m 4.95e5N/m 2.22e8N/m
Dimensionless 38 1 426 1 1.1 493
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Figure 2: Stiffness mistuning of blades. (a) Mistuned I. (b) Mistuned II. (c) Mistuned III.
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Figure 3: Continued.
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Figure 3: Amplitude-frequency characteristic curve and max-amplitude curve. (a) Tuned system. (b) Mistuned I. (c) Mistuned II.
(d) Mistuned III.
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Figure 4: Maximum amplitude-frequency characteristic curves of different mistuned cases.
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list is introduced to be the short-termmemory storage of the
algorithm to prevent circular search.

(e tracking mode is used to simulate the case that a cat
is tracking a target. (e location of the cat is updated by
changing the speed of every single dimension. Furthermore,
the speed is changed by adding random disturbance. (e
heuristic algorithm is needed to avoid the optimization
problem getting into local optimal for the typical combi-
natorial optimization arrangement on mistuned blades. (e
solutions are improved constantly by introducing the mu-
tation operator and crossover operator of genetic algorithm
in this paper so that the global optimal solution can be found
in a short time. (e change of the solution is combined with
the speed and location update process. (e update formulas
are defined as follows:

Vi(t + 1) � Vi(t) + r⊗ Xbest(t)⊕xi(t) ,

xi(t + 1) � xi(t) + Vi(t + 1),
 (6)

where Xbest(t) is the location of the cat which has the best
fitness value in the current cat swarm and Vi(t) and xi(t) are
the speed and location of the ith cat at time t.

(e speed is to change the location of the cat. It is defined
as an exchange list. (e position change of the cat is to do

exchange processing with x by the speed V. r is a random
number between 0 and 1. Its meaning is probability. A
random number will be generated for Vi(t) when Vi+1(t) is
calculated. (e genetic operators are called if the random
number is greater than or equal to r, otherwise the speed
stays the same. It can make the algorithm to keep good
mutant ability by introducing genetic algorithm. (e algo-
rithm can avoid premature convergence effectively. (e
crossover operator and mutation operator play a key role in
exciting cat swarm and keeping population diversity.

In order to explain the process of crossover and mu-
tation, two arrangements on ten mistuned blades are gen-
erated randomly as follows:

[9, 5, 3, 7, 10, 1, 4, 2, 6, 8], [10, 8, 2, 6, 1, 5, 4, 3, 9, 7]. (7)

It means that No.9 is installed in position 1 and so on.
Crossover operator (⊕) is based on the integer crossing
method. Two crossover locations are selected. (en, the
individual is crossed with the optimal one. It is assumed that
2 and 4 were randomly selected for crossover positions. (e
specific operation is as follows:

Individual 9, 5 , 3, 7 , 10, 1, 4, 2, 6, 8 

Optimization 10, 8 , 2, 6 , 1, 5, 4, 3, 9, 7 
⟶⊕ 9, 8 , 3, 6 , 10, 1, 4, 2, 6, 8 . (8)

(e new individual has repeat positions obviously. (e
adjustment method is to replace with the missing blades:

[9, 8, 3, 6, 10, 1, 4, 2, 6, 8]⟶ [9, 8, 3, 6, 10, 1, 4, 2, 5, 7].

(9)

Mutation operator (⊗) is based on the method of
interchanging two random positions in an individual. Two
mutation positions are selected and exchanged. It is assumed
that 3 and 6 were selected. (e specific operation is as
follows:

9, 8, 3 , 6, 10, 1 , 4, 2, 5, 7 ⟶ 9, 8, 1 , 6, 10, 3 , 4, 2, 5, 7 .

(10)

(e new individuals will be kept only when they are
better than the old ones. So, an accurate evaluation criterion
is needed. (e vibration amplitudes and vibration differ-
ences are considered comprehensively, and the fitness
function is designed as follows:

L � C1mean(X) + C2 max(X)  C3var(X) + C4 , (11)

where X is a vector of the maximum amplitudes of blades,
mean(X) and var(X) are average value and variance of the
maximum amplitudes of blades, and C1∼C4 are constants
which are determined by the mistuned parameter.

In addition, there is a great change to be repeated for
blade arrangement as the randomness of new positions in
the search mode. As a tabu list has short-term memory, the

solution that has been searched can be excluded by using it.
(e search speed can be improved to a certain extent by this
means. (e size of the array is 25× 2 in this paper. (e
memory capacity is 25. One column is the arrangement on
mistuned blades. Another column is the fitness value of this
arrangement.

To sum up, the specific process of optimization ar-
rangement on mistuned blades based on tabu genetic cat
swarm algorithm is shown in Figure 5.

3.2. Improved Parallel Algorithm Based on CUDA. CUDA
(Compute Unified Device Architecture) is a common par-
allel computing framework which is launched by NVDIA. It
makes that GPU (graphic processing unit) can be as a
parallel computing device. From this complex, combina-
torial optimization problems can be solved. (e memory
space of CUDA based on GPU is shown in Figure 6.

(e shared memory can be accessed quickly by all
threads of one and the same block. (e register is a cache of
GPU that have fastest access speed. (e local memory is
private to a single thread. A complete CUDA program is
composed of serial program of host and parallel compu-
tation kernel function of devices. Kernel function exists as a
grid that is composed of several blocks. A block is a basic
execution unit. It is composed of several threads that are
executed in parallel. Moreover, different blocks cannot
communicate with each other so that parallel computation is
feasible. Details of the structure are shown in Figure 7.
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GPU has obvious advantages over CPU in processing
capability and memory bandwidth. Floating-point pro-
cessing capability of mainstream GPU is 10 times more than
that of CPU during the same period. Moreover, external
memory bandwidth of GPU is 5 times more than that of
CPU. GPU allows fine-grained threads to communicate with
each other. (e detailed frameworks are shown in Figure 8.

Mass, stiffness, and damping matrices in dynamic
equations are all high-dimensional floating-point numbers.
(erefore, heterogeneous parallel mode of CPU+GPU can
greatly improve the computational efficiency of the program.
(e complex logical processing and management run in

CPU. (e intensive parallel computing of large-scale data is
executed by GPU. It has significant advantages in compu-
tational expense and performance.

(e exponential cycle computing of high-order matrices
takes a lot of time in the optimization process. It cannot meet
the needs in the specific application. GPU can be used for
parallel optimization as each matrix operation is relatively
independent.

A lot of data should be concentrated together by matrices
which represent complex models. Matrix multiplication is a
highly applicable algorithm. (e time complexity of the
traditional algorithm is O(t3). Striped partition is used for
matrix multiplication by GPU. Each thread reads one row and
one column in twomatrices, as shown in Figure 9. In this way,

Initialization population

Population distribution
based on MR

Fitness value’s calculation

Search mode

Compare with the
tabu list Regenerate cat swarm

Tracking mode

Cross Write into the
tabu list

Mutate

Population update

Judge

Yes

No

End

Figure 5: Flowchart of blade arrangement optimized by tabu genetic cat swarm algorithm.
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Figure 7: (e structure of threads.
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the work of each thread becomes the product of two one-
dimensional vectors. Its time complexity is reduced to O(t2).

(e operation is further optimized by matrix grid di-
vision. A product of a row and a column is calculated by the
threads of one block which can use shared memory. Every
block is used for calculating a submatrix Csub. And, every
thread of the block is used for calculating an element of the
submatrix. Csub is equal to the product of two rectangular
matrices. (eir dimensions are (wA, Block_size) and
(Block_size, wA). (ey are divided into several square
matrices whose dimensions are Block_size. (e specific
calculation is shown in Figure 10.

(e two corresponding squares are loaded into shared
memory from global memory. A thread is used to load one
element of each matrix. (en, the product is calculated by
each thread.(e results of all these products are summarized
in a register. When finished, the results are written to global
memory. (e faster shared memory is used and a large
amount of global memory bandwidth is saved. (e number
of times that A or B is read from global memory are wA/
Block_size. In this case, the time complexity is O(t).

(us, it can be seen that the time complexity and cycle
indexes of matrix multiplication based on CUDA are
reduced significantly. At the same time, the storage speed
of shared memory is much faster than read and write
speed of local and global memory. In terms of thread
scheduling, the threads of GPU are very lightweight and
switch within 1 cycle when CPU needs 100 cycles. (e
computational advantage of GPU is more obvious in case
of multithread.

(e location update of cat swarm is not independent in
Section 3.1. (is calculation method is not suitable for
parallel processing. (erefore, it needs to be improved based
on CUDA.(e basic idea is to initialize multiple populations
firstly. Each population updates the location of the cat swarm
of tracking mode based on the last optimal solution. (en,
the local and global optimal solutions are calculated si-
multaneously. Large random numbers are required as the
planned numbers of cats and populations are numerous. It
would have a large increase in the reading and writing of
global memory and share memory by GPU that the needed
random numbers are generated in time. A random number
pool is designed in response to this situation. CuRand
function is used to update every time. (e improved algo-
rithm is called multipopulation parallel tabu genetic cat
swarm optimization algorithm. (e detailed process is
shown in Figure 11.

ALU
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Cache

(a) (b)

Figure 8: Comparison of frameworks (a) CPU and (b) GPU.
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3.3. Performance Analysis of the Parallel Algorithm. (e
advantages of the improved algorithm based on CUDA need
to be evaluated by comparing the convergence speed and
time complexity. (e test environment is shown in Table 2.

(e optimization problem of continuous function is
tested first. Four classical test functions are used. (eir
expressions are as follows:

Sphere⟶ f(x) � 
n

j�1
x
2
j ,

Rosenbrock⟶ f(x) � 

n

j�1
100 xj+1 − x

2
j 

2
+ 1 − xj 

2
 ,

Rastrigrin⟶ f(x) � 
n

j�1
x
2
j − 10 cos 2πxj  + 10 ,

Griewank⟶ f(x) � 
n

j�1

x
2
j

4000
− 

n

j�1
cos

xj
�
j

 + 1.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(12)

(e above test functions are inverted to observed op-
timal solution conveniently. (ey are shown in Figure 12
when the independent variable is two dimension. Further-
more, the spent time is compared in Table 3.

It can be seen from Table 3 that the computation time is
less than 0.3 second by using GPU. It has a tremendous
increase in efficiency compared with the traditional serial
mode of CPU. By this way, the efficiency can be increased
dozens of times and the restriction of population size is
broken. At the same time, the data structure is simple and
the storage space is very small. (e graphic memory of
Nevida Tesla K20 is 6G. So, the problem of insufficient space
can be ignored entirely. Spatial efficiency of the algorithm is
exchanged for time efficiency. An effective method is

Random variable pool (apply memory by thread
and fill in random numbers)

Initialize population

Calculate optimal solution

Thread 1

...
Calculate the
fitness value

of cat 1

Calculate the
fitness value

of cat n

Calculate the optimal
solution of this group

Thread 2

Calculate the
fitness value

of cat 1

Calculate the
fitness value

of cat n

Calculate the optimal
solution of this group

Thread m

Calculate the
fitness value

of cat 1

Calculate the
fitness value

of cat n

Calculate the optimal
solution of this group 

Address in global memory

Judge

Return to CPU

Yes

Start

Initialize thread pool

End

No

Figure 11: Flowchart of improved tabu genetic cat swarm parallel algorithm based on CUDA.

Table 2: Test environment configuration.

Equipment Type
CPU Intel Xeon E5 2600
GPU NVIDA Tesla K20
Internal storage 64G RECC
System type 64-bit system
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provided for the combinatorial optimization problem that
has large solution sets.

Traveling salesman problem (TSP) is used for testing
performance in the discrete solution space. It is aimed to find
the minimum path cost of a single traveler who starts from
the starting point and returns to the same point after all the
given points are passed.(emathematical expressions are as
follows:

C � c1, c2, . . . , cn ,

L � l11, . . . , lij, . . . , lnn 

G � (C, L),

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

, (13)

where C is a collection of n cities, L is the intercity dis-
tances, and G is a directed graph. (e aim is to find the
shortest Hamilton loop from G. (ree kinds of TSP are
selected in this paper. 40 cities, 80 cities, and 120 cities are
used for the performance analysis. (e results of optimal
routes and optimization time are shown in Figure 13 and
Table 4.

It can be seen from Table 4 that using GPU has higher
time efficiency. And, the speed-up ratio increases with the
number of cities. It has an obvious advantage in solving
large-scale high latitude problem. A low cost and high ef-
ficiency calculation method is provided for the case that the
computation time is strictly limited.
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Figure 12: Diagram of test function. (a) Sphere. (b) Rosenbrock. (c) Rastrigrin. (d) Griewank.

Table 3: Comparison of computation time.

Test function
Time(s)

Speed-up ratio
CPU GPU

Sphere 6.8521 0.1193 57.4359
Rosenbrock 7.1259 0.1212 58.7946
Rastrigrin 18.6168 0.2885 64.5303
Griewank 18.8023 0.2941 63.9306
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Figure 13: Path planning of different kinds of TSP: (a) 40 cities, (b) 80 cities, and (c) 120 cities.
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3.4.OptimizationResults’ Analysis. Mistuned I, Mistuned II,
and Mistuned III are optimized based on the above parallel
algorithm. (e optimization arrangements are as follows:

Mistuned I⟶ [28, 37, 6, 8, 38, 14, 3, 27, 18, 35, 31, 21, 12, 20, 25, 4, 30, 15, 13, 19, 34, 5, 29, 26, 9, 22, 32, 7, 23, 10, 11, 33, 2, 17, 36, 24, 16, 1],

Mistuned II⟶ [20, 19, 15, 4, 1, 10, 27, 29, 9, 25, 28, 16, 2, 32, 21, 30, 34, 36, 8, 14, 33, 12, 13, 31, 24, 6, 26, 22, 7, 35, 38, 18, 5, 11, 17, 3, 23, 37],

Mistuned III⟶ [4, 36, 20, 23, 5, 12, 6, 38, 2, 35, 10, 31, 13, 26, 15, 8, 3, 14, 34, 22, 1, 30, 37, 24, 33, 17, 32, 19, 25, 9, 18, 11, 21, 7, 16, 28, 29, 27].

(14)

(e optimal solution can be obtained by equation (4).
It can be seen from Figure 14 and Table 5 that the vibration
amplitudes of the bladed-disk system are obviously de-
creased with optimization arrangement. However, they
are always larger than those of the tuned system. In ad-
dition, the width of the resonance region varies little. (e
maximum amplitudes are more concentrated than that
before optimization and closer to the upper and lower
vibration amplitude of the tuned system. (e vibration
localization of the mistuned system is reduced signifi-
cantly by this way.

4. Optimization Verification Based on FEM

4.1. Mistuned Parameter Identification. (e frequencies of
blades are easy to be tested in engineering practice. However,
they are hard to be used directly by the finite element model
and the lumped parameter model. (e frequency should be
transformed into elastic modulus and stiffness for calcula-
tion, respectively.

For the lumped parameter model, the mistuned pa-
rameter Qi is introduced into the stiffness of the ith blade,
namely,

k
i
b � kb 1 + Qi( . (15)

(e relation between frequency and stiffness is

2πf
i
b �

���

k
i
b

mb



,

2πfb �

���
kb

mb



,

(16)

where fi
b and ki

b are the frequency and stiffness of the ith
mistuned blade and fb, kb, andmb are the frequency, stiffness,
and mass of the tuned blade. So, the mistuned parameter of
the lumped parameter model can be derived as follows:

Qi �
fi

b

fb

 

2

− 1. (17)

For the finite element model, the mistuned parameter Pi
is introduced into the elastic modulus of the ith blade,
namely,

Ei � E 1 + Pi( . (18)

An innovative method for mistuned parameter identi-
fication of the finite element model is proposed in this paper.
First, the resonance method is used to test the first-order
bending frequency of each blade. (e test plan is shown in
Figure 15.

(e finite element model of a single blade is used for
modal analysis which is shown in Figure 16(b). (e linear
displacement of the nodes at the contact position between
blade and disk is fully constrained. (e natural frequencies
of first-order bending corresponding to the upper and lower
limits of given elastic modules are calculated. (e Newton
iteration method is used to obtain the corresponding rela-
tion of test results and calculation results. (e convergence
criterion is considered that the error is less than 0.5%. A set
of true test results of the aeroengine compressor is intro-
duced in this paper. (e tuned frequency is identified as
646Hz. (e results of mistuned parameter identification are
shown in Figure 17.

4.2. Optimization Verification Analysis. (e bladed-disk
system of the actual aeroengine is used for optimization
verification as shown in Figure 16(a). (ere are 38 blades
which consist of bodies and tenon. (e complete system is
formed by connecting the mortise and tenon. So, the
nonlinear contact should be considered. At the same time,
the system structure is very complex. (e number of el-
ements and nodes are 52163 × 38 and 79174 × 38, re-
spectively. From this, an improved mixed-interface
prestressed substructure modal synthesis method is
proposed. (e bladed-disk system is divided into 38 basic

Table 4: Comparison of computation time.

Number of cities
Time(s)

Speed-up ratio
CPU GPU

40 12.9513 1.4153 9.1509
80 17.6328 1.6047 10.9882
120 25.0431 2.0926 11.9675
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Figure 14: Continued.
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sectors. Each one is as a substructure which is shown in
Figure 16(b).

(e dynamic analysis of the bladed-disk system based
on FEM is shown in Figure 18. (e basic idea is as follows.
(e finite element model of a substructure should be
established first. (e nodes on common interface of each
substructure and two adjacent substructures are selected
to be main degrees of freedom which are constrained
completely. (e exciting force is applied to the nodes on

the tip which are selected to be master DOF (degree of
freedom) nodes. (e prestress at working speed is ana-
lyzed and the superelement substructural model is gen-
erated. (e newly generated file is called in the second
place.(e using part of the bladed-disk model is generated
by coupling the nodes of the interface between adjacent
substructures. From this, the condensed solution of
master degrees of freedom of superelements could be
obtained after the dynamic response analysis.
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Figure 14: Path planning of different kinds of TSP (a) Mistuned I (b) Mistuned II (c) Mistuned III.

Table 5: Comparison of maximum amplitude and variance of different arrangements.

Mistuned I Mistuned II Mistuned III
Maximum Variance Maximum Variance Maximum Variance

Tuned system 202.5500 1005.6 202.5500 1005.6 202.5500 1005.6
In order 342.8125 2595.0 384.2619 3514.7 366.2072 4829.2
Optimization 291.8881 1352.0 298.6907 3035.6 287.1058 4382.8
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Figure 15: Test plan for obtaining the natural frequencies of blades. (a) Schematic diagram. (b) Testing apparatus.
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Furthermore, it is expanded to all the elements and nodes
of each substructure. (e complete solutions are obtained
in the end.

(e above mistuned system in Section 4.1 is optimized
based on the algorithm in Section 3.2. (e final optimization
arrangement is obtained as follows:

[2, 10, 16, 22, 29, 9, 11, 8, 34, 17, 24, 33, 37, 6, 14, 26, 21, 20, 3, 27, 13, 38, 28, 35, 7, 1, 32, 30, 15, 31, 23, 5, 4, 12, 18, 36, 19, 25].

(19)

(e dynamic analysis method is based on the above. It
can be seen from Figure 19 that the maximum amplitudes of
order and optimization arrangement are 8.789 and 7.864.
(e mean variances are 1.1069e− 8 and 7.0690e− 9. (e
reductions are 10.52% and 36.14%, respectively. (is shows
that the parallel optimization algorithm presented in this
paper is applicable to the mistuned bladed-disk system of
aeroengine in engineering practice.

5. Conclusion

(e lumped parameter model of the bladed-disk system is
established which has two degrees of freedom in this paper.
It can be found that the amplitude-frequency characteristic
curves of the tuned system have the two same resonance
peaks. However, the amplitude-frequency characteristic
curves of the mistuned system are very different. (ere are
many small peaks besides two main resonance peaks. At the
same time, the resonance peaks and regions increase with
the standard deviations of mistuning. Furthermore, there is a
minimum amplitude between the resonance regions. (e
amplitudes and the sensitivities of mistuning can be reduced
effectively when the frequency is near 1.026.

Tabu genetic cat swarm optimization algorithm is pro-
posed for optimization arrangement on mistuned blades.
Furthermore, it is improved to be a parallel algorithm based
on CUDA. Its performance is analyzed in continuous and
discrete solution space, respectively. In conclusion, the
parallel algorithm is low cost and high efficiency. In result, it

can be found that the vibration amplitudes of the bladed-
disk system are obviously decreased with optimization ar-
rangement. (e vibration localization of the mistuned
system is also reduced significantly.

(e complete mistuned parameter identification method
and the improved mixed-interface prestressed substructure
modal synthesis method are proposed for optimization
verification. It can be found that the maximum amplitudes
and mean variance are significantly decreased. (erefore, it
can be concluded that the parallel optimization algorithm
presented in this paper is applicable to the mistuned bladed-
disk system of the aeroengine in engineering practice.

Data Availability

(e underlying data cannot be provided.

Conflicts of Interest

(e authors declare that they have no conflicts of interest.

Acknowledgments

(is project was supported by the National Science Foun-
dation of China (nos. 51805076, U1708255, and 51775093),
Fundamental Research Funds for the Central Universities
(no. N182303035), Doctoral Start-up Foundation of
Liaoning Province (20180540077), scientific research fund
project of Liaoning Provincial Department of Education (JL-

8

6

A
m

pl
itu

de
 (m

m
)

4

2

0
5 10 15 20

Blade position
25 30 35

In order
Optimization

Figure 19: Comparison of response amplitudes.

16 Shock and Vibration



2003), and project funded by China Postdoctoral Science
Foundation (2019M661125).

References

[1] J. Zeng, C. Zhao, H. Ma, K. Yu, and B. Wen, “Rubbing dy-
namic characteristics of the blisk-casing system with elastic
supports,” Aerospace Science and Technology, vol. 95, Article
ID 105481, 2019.

[2] B. Li, H. Ma, X. Yu, J. Zeng, X. Guo, and B. Wen, “Nonlinear
vibration and dynamic stability analysis of rotor-blade system
with nonlinear supports,” Archive of Applied Mechanics,
vol. 89, no. 7, pp. 1375–1402, 2019.

[3] H. Ma, D. Wang, X. Tai, and B. Wen, “Vibration response
analysis of blade-disk dovetail structure under blade tip
rubbing condition,” Journal of Vibration and Control, vol. 23,
no. 2, pp. 252–271, 2017.

[4] T. Y. Zhao, Y. S. Cui, H. G. Pan, H. Q. Yuan, and J. Yang, “Free
vibration analysis of a functionally graded graphene nano-
platelet reinforced disk-shaft assembly with whirl motion,”
International Journal of Mechanical Sciences, vol. 197, Article
ID 106335, 2021.

[5] T. Zhao, Y. Ma, H. Zhang, and J. Yang, “Coupled free vi-
bration of spinning functionally graded porous double-bladed
disk systems reinforced with graphene nanoplatelets,” Ma-
terials, vol. 13, no. 24, p. 5610, 2020.

[6] T. Y. Zhao, L. P. Jiang, H. G. Pan, J. Yang, and S. Kitipornchai,
“Coupled free vibration of a functionally graded pre-twisted
blade-shaft system reinforced with graphene nanoplatelets,”
Composite Structures, vol. 262, Article ID 113362, 2021.

[7] T. Y. Zhao, Y. Ma, H. Y. Zhang, H. G. Pan, and Y. Cai, “Free
vibration analysis of a rotating graphene nanoplatelet rein-
forced pre-twist blade-disk assembly with a setting angle,”
Applied Mathematical Modelling, vol. 93, pp. 578–596, 2021.

[8] T. Y. Zhao, Y. S. Cui, Y. Q. Wang, and H. G. Pan, “Vibration
characteristics of graphene nanoplatelet reinforced disk-shaft
rotor with eccentric mass,” Mechanics of Advanced Materials
and Structures, pp. 1–21, 2021.

[9] T. Y. Zhao, Z. Y. Jiang, Z. Zhao, L. Y. Xie, and H. Q. Yuan,
“Modeling and free vibration analysis of rotating hub-blade
assemblies reinforced with graphene nanoplatelets,” Journal
of Strain Analysis Engineering Design, 2021.

[10] T. Y. Zhao, Y. F. Yang, H. G. Pan, H. Y. Zhang, and
H. Q. Yuan, “Free vibration analysis of a spinning porous
nanocomposite blade reinforced with graphene nano-
platelets,” Journal of Strain Analysis for Engineering Design,
2021.

[11] E. P. Petrov, K. Y. Sanliturk, and D. J. Ewins, “A new method
for dynamic analysis of mistuned bladed disks based on the
exact relationship between tuned and mistuned systems,”
Journal of Engineering for Gas Turbines and Power, vol. 124,
no. 3, pp. 586–597, 2002.

[12] E. P. Petrov and D. J. Ewins, “Analysis of the worst mistuning
patterns in bladed disk assemblies,” Journal of Turboma-
chinery, vol. 125, no. 4, pp. 623–631, 2003.

[13] S. M. Shahruz, “Technique to eliminate vibration localiza-
tion,” Review of Scientific Instruments, vol. 75, no. 11,
pp. 4629–4635, 2004.

[14] S. M. Shahruz, “Elimination of vibration localization in
mistuned periodic structures,” Journal of Sound and Vibra-
tion, vol. 281, no. 1-2, pp. 452–462, 2005.

[15] M. P. Castanier and C. Pierre, “Modeling and analysis of
mistuned bladed disk vibration: current status and emerging

directions,” Journal of Propulsion and Power, vol. 22, no. 2,
pp. 384–396, 2006.

[16] S.-H. Lim, C. Pierre, and M. P. Castanier, “Predicting blade
stress levels directly from reduced-order vibration models of
mistuned bladed disks,” Journal of Turbomachinery, vol. 128,
no. 1, pp. 206–210, 2006.

[17] Y. J. Yan, P. L. Cui, and H. N. Hao, “Vibration mechanism of a
mistuned bladed-disk,” Journal of Sound and Vibration,
vol. 317, no. 1-2, pp. 294–307, 2008.

[18] B. Salhi, J. Lardiès, M. Berthillier, P. Voinis, and C. Bodel,
“Modal parameter identification of mistuned bladed disks
using tip timing data,” Journal of Sound and Vibration,
vol. 314, no. 3–5, pp. 885–906, 2008.

[19] V. Ganine, M. Legrand, H. Michalska, and C. Pierre, “A sparse
preconditioned iterative method for vibration analysis of
geometrically mistuned bladed disks,” Computers & Struc-
tures, vol. 87, no. 5-6, pp. 342–354, 2009.

[20] P. Vargiu, C. M. Firrone, S. Zucca, and M. M. Gola, “A re-
duced order model based on sector mistuning for the dynamic
analysis of mistuned bladed disks,” International Journal of
Mechanical Sciences, vol. 53, no. 8, pp. 639–646, 2011.

[21] O. Khemiri, C. Martel, and R. Corral, “Asymptotic description
of damping mistuning effects on the forced response of
turbomachinery bladed disks,” Journal of Sound and Vibra-
tion, vol. 332, no. 20, pp. 4998–5013, 2013.

[22] S. Wang, Y. Zi, B. Li, C. Zhang, and Z. He, “Reduced-order
modeling for mistuned centrifugal impellers with crack
damages,” Journal of Sound and Vibration, vol. 333, no. 25,
pp. 6979–6995, 2014.

[23] B. Zhou, F. (ouverez, and D. Lenoir, “Essentially nonlinear
piezoelectric shunt circuits applied to mistuned bladed disks,”
Journal of Sound and Vibration, vol. 333, no. 9, pp. 2520–2542,
2014.

[24] K.-T. Kim, “Whirl speeds of mistuned bladed rotors sup-
ported by isotropic stator,” Journal of Sound and Vibration,
vol. 357, pp. 409–426, 2015.

[25] E. Capiez-Lernout, C. Soize, and M. Mbaye, “Mistuning
analysis and uncertainty quantification of an industrial bladed
disk with geometrical nonlinearity,” Journal of Sound and
Vibration, vol. 356, pp. 124–143, 2015.

[26] J. Yuan, G. Allegri, F. Scarpa, R. Rajasekaran, and S. Patsias,
“Probabilistic dynamics of mistuned bladed disc systems
using subset simulation,” Journal of Sound and Vibration,
vol. 350, pp. 185–198, 2015.

[27] H. Ma, Y. Lu, Z. Wu, X. Tai, H. Li, and B. Wen, “A new
dynamic model of rotor-blade systems,” Journal of Sound and
Vibration, vol. 357, pp. 168–194, 2015.

[28] H. Ma, X. Tai, Q. Han, Z. Wu, D. Wang, and B. Wen, “A
revised model for rubbing between rotating blade and elastic
casing,” Journal of Sound and Vibration, vol. 337, pp. 301–320,
2015.

[29] H. Ma, F. T. Xie, H. Q. Nai, and B. C. Wen, “Vibration
characteristics analysis of rotating shrouded blades with
impacts,” Journal of Sound and Vibration, vol. 378, pp. 92–
108, 2015.

[30] N. Jamia, P. Rajendran, S. El-Borgi, and M. Friswell, “Mis-
tuning identification in a bladed disk using wavelet packet
transform,” Acta Mechanica, vol. 229, no. 3, pp. 1–21, 2017.

[31] M. G. Salas, P. Petrierepar, H. Martensson, R. Bladh, and
D. M. Vogt, “Forced response analysis of a mistuned blisk
using noncyclic reduced-order models,” Journal of Propulsion
and Power, vol. 34, no. 3, pp. 565–577, 2018.

Shock and Vibration 17



[32] D. Cha, “Performance of friction dampersin geometric mis-
tuned bladed disk assembly subjected to random excitations,”
Journal of Sound And Vibration, vol. 426, pp. 34–53, 2018.

[33] B. Bai, H. Li, W. Zhang, and Y. Cui, “Application of extremum
response surface method-based improved substructure
component modal synthesis in mistuned turbine bladed disk,”
Journal of Sound and Vibration, vol. 472, pp. 115–210, 2020.

[34] T. Y. Zhao, Y. X. Wang, H. G. Pan, H. Q. Yuan, and Y. Cai,
“Nonlinear forced vibration analysis of spinning shaft-disk
assemblies under sliding bearing supports,” Mathematical
Methods in the Applied Sciences, 2021.

[35] H. Pan, Y. Wu, and T. Zhao, “Study on influence of multi-
parameter variation of bladed disk system on vibration
characteristics,” Applied Sciences, vol. 11, no. 7, p. 3084, 2021.

[36] H. Yuan, T. Zhao, W. Yang, and H. Pan, “Annealing evo-
lutionary parallel algorithm analysis of optimization ar-
rangement on mistuned blades with non-linear friction,”
Journal of Vibroengineering, vol. 17, pp. 4078–4095, 2015.

[37] T. Zhao, H. Yuan, W. Yang, and H. Sun, “Genetic particle
swarm parallel algorithm analysis of optimization arrange-
ment on mistuned blades,” Engineering Optimization, vol. 49,
no. 12, pp. 2095–2116, 2017.

[38] T. Zhao, H. Li, and H. Sun, “Parallel intelligent algorithm
analysis of optimization arrangement on mistuned blades
based on compute unified device architecture,” Proceedings of
the Institution of Mechanical Engineers, Part G: Journal of
Aerospace Engineering, vol. 233, no. 6, pp. 2207–2218, 2019.

[39] H. Zhang, T. Zhao, H. Zhang, H. Pan, and H. Yuan, “Dynamic
characteristics of mistuned bladed disk system under rub-
impact force,” Advances in Mechanical Engineering, vol. 12,
2020.

[40] T. Y. Zhao, Y. X. Wang, H. G. Pan, X. S. Gao, and Y. Cai,
“Analytical solution for vibration characteristics of rotating
graphene nanoplatelet-reinforced plates under rub-impact
and thermal shock,” Advanced Composites Letters, vol. 29,
2020.

[41] T. Y. Zhao, Z. F. Liu, H. G. Pan, H. Y. Zhang, and H. Q. Yuan,
“Vibration characteristics of functionally graded porous
nanocomposite blade-disk-shaft rotor system reinforced with
graphene nanoplatelets,” Applied Composite Materials,
pp. 1–15, 2021.

[42] Z. Li, T. Zhao, H. Kou, H. Zhang, and H. Yuan, “Vibration
characteristics of multi-stage blade–disk–shaft integrated
structure with three-dimensional crack,” Journal of Vibration
Engineering & Technologies, vol. 9, no. 4, pp. 597–611, 2021.

[43] T. Y. Zhao, H. Q. Yuan, B. B. Li, Z. J. Li, and L. M. Liu,
“Analytical solution for rotational rub-impact plate under
thermal shock,” Journal of Mechanics, vol. 32, no. 3,
pp. 297–311, 2016.

18 Shock and Vibration


