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In this paper, the radiation characteristics and active structural acoustic control of a submerged cylindrical shell at low frequencies
are investigated. First, the coupled vibro-acoustic equations for a submerged finite cylindrical shell are solved by a modal
decomposition method, and the radiation impedance is obtained by the fast Fourier transform. )e modal shapes of the first ten
acoustic radiation modes and the structure-dependent radiation modes are presented. )e relationships between the vibration
modes and the radiation modes as well as the contributions of the radiation modes to the radiated sound power are given at low
frequencies. Finally, active structural acoustic control of a submerged finite cylindrical shell is investigated by considering the
fluid-structure coupled interactions. )e physical mechanism of the active control is discussed based on the relationship between
the vibration and radiation modes. )e results showed that, at low frequencies, only the first several radiation modes contributed
to the sound power radiated from a submerged finite cylindrical shell excited by a radial point force. By determining the radiation
modes that dominate the contribution to the radiated sound, the physical mechanism of the active control is explained, providing
a potential tool to allow active control of the vibro-acoustic responses of submerged structures more effectively.

1. Introduction

As a basic structural form, the cylindrical shell is commonly
used in aerospace, marine, and other industrial fields. Such
shell is excited to vibrate and radiate noise, and its vibro-
acoustic characteristics have been widely concerned [1–5].
When a structure is immersed in a dense fluid (such as
water), the vibration of the structure produces sound waves,
causing the surrounding medium to vibrate, and in turn, the
sound pressure acting on the structure as the excitation
complicates the analysis of structural vibration. )e sound
behavior of a shell in water is very different from that in air,
and as such, has received considerable attention [3–5]. To
analyze the structural vibrations and sound radiation of
fluid-loaded structures, many researchers investigated the
effect of both external and internal fluid on shell vibrations
taking into account the fluid-structure interaction. Junger
[6] and Sandman [7] expanded the radial displacement of
the cylindrical surface into Fourier series along the cir-
cumference. )ey expressed the radiated sound pressure in

terms of acoustic impedance through the boundary con-
ditions of the fluid-solid interface. Amabili [8–10] studied
the coupled vibration of shell-external fluid and shell-in-
ternal fluid and presented the solution for cylindrical shells
filled and partially immersed in incompressible and com-
pressible fluid. Kwak [11] investigated free flexural vibration
of a finite cylindrical shell in contact with external fluid. )e
kinetic energy of the fluid is derived by solving the
boundary-value problem. At the same time, many re-
searchers have sought to develop efficient methods to reduce
the noise of cylindrical structures. Generally, these methods
can be divided into two subgroups. )e first group contains
passive methods, which reduce the noise of a structure using
additional mass, dynamic vibration absorber, or viscoelastic
damping material on the structure surface. )e second
subgroup contains active methods [12–17], which reduce the
structurally radiated noise using actuators, sensors, and
control algorithms. )e passive method is not satisfactory in
noise reduction in the low-frequency range. )erefore, the
active control method, as an alternative to the passive
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control method, has been used in noise control in the low-
frequency range.

)ere have been a lot of literatures on the vibro-
acoustic characteristics of cylindrical shells. However, to
use active structural sound control methods to effectively
suppress the radiated noise of cylindrical shells, it is
necessary to understand the modal characteristics of the
vibration and radiation of the cylindrical shell in the low-
frequency range. Sepanishen [2] investigated the radiation
impedance of an infinite cylinder with a finite-length,
nonuniform velocity distribution. Chen et al. [18] ex-
plored the modal radiation efficiency and radiation power
of stiffened double-cylindrical shells considering the fluid
field between the inner shell and outer shell. )e results
show that radiation efficiency and radiation power were
affected mainly by the low-order modes at low frequen-
cies. Lin et al. [19] discussed the modal characteristics of
sound radiation of finite cylindrical shells using boundary
element methods. )e results show that, for each group of
modes with the same circumferential modal index, the
modal radiation efficiency decreases as the axial modal
index increases. Peters et al. [20] presented a modal de-
composition technique to analyze individual modal
contributions to the sound power radiated from an ex-
ternally excited structure submerged in a dense fluid. To
control the structural vibrations and sound radiation of
fluid-loaded structures, there have been few reports fo-
cused on vibration control through modal approaches and
even fewer reports dealing with the modal control of
vibrations and sound radiation [21, 22].

A thorough exploration of the vibrations and sound
radiation would be conducive to understand the physical
mechanism of the active noise reduction, provide guidance
for optimal design, determine the arrangement of the
actuators and the sensors, and select the control target.
Structural vibration modes can be used to investigate the
mechanism of structural acoustic radiation [23]. However,
the sound radiation of each structural vibration mode is
not independent, as the modes are coupled [24]. )is
creates difficulties when analyzing the structural acoustic
radiation using structural vibration modes. In the early
1990s, Elliott and Johnson [23] presented the theory of
acoustic radiation modes (a-modes) and decomposed the
total sound power radiated from an elastic structure into a
superposition of finite radiation modes. Each radiation
mode was independent. )ese modes were only deter-
mined by the shape and size of the vibrating structure, and
they were unrelated to the physical properties and
boundary conditions of the structure. )e advantages of
acoustic radiation modes have attracted significant at-
tention for the analysis and control of structural acoustic
radiation in recent years [25–29]. In our previous research
[30], we discussed the contribution of the low-order vi-
bration modes and acoustic radiation modes to the radial
squared velocity and the radiated sound power in different
fluids and found that compared in water, more vibration
modes and acoustic radiation modes are required to cal-
culate the sound power in air. To accurately predict the
vibro-acoustic behavior of a structure, the concept of

structure-dependent radiation modes (s-modes) was
presented by Photiadis [31] and developed by Ji and Bolton
[32] to describe the sound power radiation from a simple
vibrating beam and a thin baffled plate. Compared with a-
modes, s-modes have more potential advantages because
the sound power radiation is related to the boundary
conditions and the material properties of the structure.
However, previous studies on acoustic radiation modes
and structure-dependent radiation modes are mostly for
flat structures, and considerable research has been con-
ducted on the vibration modes of cylindrical shells. )ere
has been little research on acoustic radiation modes and
structure-dependent radiation modes of the cylindrical
shell. Further, several articles have examined the active
structural acoustic control of submerged finite cylindrical
shells [33–36]. However, few literatures explored the
physical mechanism analysis of active control by using the
relationship between the vibration modes and radiation
modes.

In this work, by means of a modal expansion approach,
the coupled vibro-acoustic equations for a finite cylindrical
shell are solved first. )e radiation impedance, which ex-
presses the modal coupling caused by the fluids, is then
obtained using the fast Fourier transform. Second, themodal
shapes of the first few acoustic radiation modes and
structure-dependent radiation modes are presented. )e
contributions of the low-order radiation modes to the sound
power are discussed for a cylindrical shell immersed in a
dense fluid using the solution of the vibration equation. )e
active structural acoustic control of a submerged finite cy-
lindrical shell is investigated by considering the fluid-
structure coupling interaction. An analytical expression for
the optimal complex amplitude of the secondary force is
derived based on the uncoupled characteristics of the sound
power radiated from the finite cylindrical shell in the cir-
cumferential direction. )e control effects with one and two
control forces are also compared. Finally, the physical
mechanism of the active structural acoustic control of the
submerged finite cylindrical shell is analyzed based on the
changes of the amplitude and sound power of the acoustic
radiation modes and the structure-dependent radiation
modes.

2. Theory

2.1.�eoreticalModeling Approach. A finite cylindrical shell
with two semi-infinite cylindrical rigid baffles is considered,
as illustrated in Figure 1; L is the length of the shell and h and
a denote the wall thickness and radius of the shell, re-
spectively. )e shell is immersed in an unbounded fluid
whose density is ρl, and the speed of sound in this fluid is cl.
)e fluid is assumed to be stationary, nonviscous, and
compressible.

In this study, the Flügge equations of motion are used to
model the fluid-loaded cylindrical shell. )e fluid-structure
interaction problem is solved using an infinite shell model,
which is shown to be a good approximation for finite shells
[5]. )e mathematical problem to be solved according to
Flügge shell theory is
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where L3×3 refers to the coefficient matrix of the Flügge
operator, the elements of which is given in Appendix A, and
u, v, and w are the displacements of cylindrical shells in the
x-, ϕ-, and z-directions, respectively. E∗ � E(1 − iη) is the
complex Young’s modulus; η is the damping loss factor; fu,
fv, and fw are the excitation forces of the cylindrical shell in
the x-, ϕ-, and z-directions, respectively; and, pw represents
the fluid load on the shell surface.

When simply supported boundary conditions are con-
sidered and the time-dependent factor of e− iωt is omitted,
the displacement of the cylindrical shells in the x-, ϕ-, and
z-directions can be expressed as
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where subscripts n (n� 0, 1, 2, . . .) and m (m� 1, 2, 3, . . .)
correspond to the circumferential mode index and axial
mode index, respectively, km � mπ/L is the axial wave-
number, Cα

jnm is the modal displacement response amplitude
of the shell in the x-, θ-, and z-directions, α� 0 corresponds
to antisymmetric modes, and α� 1 corresponds to sym-
metric modes. In this study, the disturbance force and
control force are assumed to be located at ϕ� 0 or π.

)erefore, only the symmetric modes are excited by such a
force configuration for vibration analysis and noise control,
which indicates that the displacements for each circum-
ferential mode can be written as
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Considering fluid-structure coupling, the motion
equation of the cylindrical shell is as follows [1]:

Mmn ω2
mn(1 − iη) − ω2

 C
1
wnm � Fmn − Pmn, (4)

where Mmn denotes the generalized modal mass of the shell,
ωmn represents the in-vacuo natural angular frequencies, η is
the structural damping coefficient, and Fmn is the generalized
modal excitation force, which can be described as follows:
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where εn is the Neumann factor (εn � 1 for n � 0 and εn � 2
for n> 0), f(z0, ϕ0) � (f0/a)δ(z0)δ(ϕ0) is the harmonic
point force applied in the radial direction of the cylindrical
shell, φmn � (εn/2πLa)cos(nϕ0)sin(kmz0), and f0 is the
complex amplitude of the excitation force.

)e modal sound pressure induced by the fluid is
denoted as Pmn, the expression of which is derived in detail
in the Appendix B, and can be expressed as follows:
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∞
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C
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where Zqmn is the radiation impedance, which expresses the
modal coupling between the different axial modal indices (m
and q) due to the fluids. It can be obtained by the fast Fourier
transform, which can significantly reduce the analysis time
compared with traditional direct numerical integration
methods [37]:
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Figure 1: Baffled cylindrical shell and coordinate system.
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where F and F− 1 represent the Fourier transform and
inverse Fourier transform, respectively, k � ω/cl is the fluid
wavenumber, kq � qπ/L, kz is the structural axial wave-
number, Hn is the nth-order Hankel function of the second
kind for a radially outgoing wave, and Hn

′ is the derivative of
the Hankel function with respect to its argument.

Substituting equations (5) and (6) into equation (4), the
radial displacement amplitude of the shell C1

wnm can be
obtained.)en, the radiated sound power of the fluid-loaded
cylinder will be acquired.

2.2. Acoustic Radiation Modes of Finite Cylindrical Shells.
Using the transfer acoustic impedance matrix Z, the modal
contributions to the radiated sound power can be acquired.
It is well-known acoustic radiationmodes that correspond to
the eigenvectors of the resistive part of the sound impedance
matrix. )e acoustic radiation modes are a set of ortho-
normal surface velocity patterns. At low frequencies, only

the first few sound radiation modes are radiated efficiently.
)erefore, the total radiated sound power can be obtained by
truncating the series sound radiation modes without loss of
calculation accuracy.

)e surface of the cylindrical shell is evenly split into
Ne elementary radiators, where the area of each ele-
mentary radiator is denoted as s. )e radiated sound
power can be obtained through the near-field method, as
follows [18]:
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whereV is the complex velocities’ vector of these elementary
radiators, the superscript “H” denotes the conjugate
transpose, and R � (s/2)Re(Z) is a real, symmetric, positive
definite matrix, which is proportional to the transfer acoustic
impedance matrix for the elementary radiators.)esematrix
elements can be expressed as follows [38]:
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where R can be expressed through an eigenvector decom-
position as follows:

R � QTΛQ, (11)

where Q is an orthogonal matrix of eigenvectors and Λ is a
diagonal matrix of eigenvalues. Substituting equation (11)
into equation (9) and defining y � QV, equation (9) can be
written as follows:

W � y
HΛy � 

K

k�1
λk yk



2
, (12)

where yk � qTkV denotes the modal amplitude of the kth
radiation mode, qk is the kth radiation modal shape vector,
and λk is called the radiation efficiency coefficient of the kth
acoustic radiation mode. As shown by equation (8), the

radiation modes radiate independently, and the sound
power becomes a summation of independent quantities yk
factored by the eigenvalue λk.

2.3. Structure-Dependent Radiation Modes. If the vibration
response of the structure is represented by the superpo-
sition of the modal vibration response, the surface velocity
of the structure can be expressed by the vibration modes as
follows:

V � ΦVN, (13)

where VN is the corresponding modal coefficient vector,
which is an N × 1 column vector, N is the number of vi-
bration modes, and N � m × n:

VN � Vm1
Vm2 ... Vmn 

T
. (14)
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Φ is an Ne × N structural mode shape matrix defined as
follows:

Φ �
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Substituting equation (13) into equation (9), the radiated
sound power can be further expressed as

W � VHRV � VN
HGVN (16)

where G � ΦHRΦ, which is also a real symmetric positive
definite matrix. Each element is considered to be the con-
tribution of the ith mode to the structural acoustic radiation
due to the vibration of the jth mode. )e case where i� j
represents the contribution of the mode vibrations of the
structure itself to the radiated sound power, and the con-
tribution of such self-radiation to the total sound power is
always dominant near the natural frequency. Its off-diagonal
elements represent the contribution of the modes to the
radiated sound power caused by other modes, and the values
are often much smaller than the diagonal elements of the
matrix.

)e dimension of G is not only related to the number of
partition elements on the structure surface but also to the
number of vibration modes. It can be decomposed into the
following eigenvalues:

G � ΡHΣΡ, (17)

where P is an orthogonal matrix, the eigenvectors corre-
sponding to each row of the matrix, Σ is a diagonal matrix
composed of the N eigenvalues, which are different from
those defined in equation (12), and σris called the radiation
efficiency coefficient of the rth structure-dependent radia-
tion mode.)ematrixG is a real symmetric positive definite
matrix, and thus, the eigenvalues have the following char-
acteristics σ1 > σ2 > σ3, · · · , > σr > 0.

Substituting equation (17) into equation (16), the radi-
ated sound power can be further expressed as

W � V
H
NΡ

HΣΡVN. (18)

Defining

g � ΡVN. (19)

)e radiated sound power can be further expressed as

W � gHΣg � 
N

r�1
σr gr



2
, (20)

where N represents the number of vibration modes and gr is
the vector of linear transformations of the modal velocity
amplitude of the structure surface through the transfor-
mation matrix, which is defined as the structural radiation
mode vector.

2.4. Active Control of Sound Radiation from the Submerged
Cylindrical Shell. Assuming that the primary force (i.e.,
disturbance input) is a harmonic radial point force with a
known amplitude, the secondary forces (control inputs) are
also one or more harmonic point forces. )e objective
function of the active control is the sound power radiated
from the cylindrical shells subjected to primary and sec-
ondary forces. )e expression of the complex amplitude of
the secondary control forces is derived when minimizing the
objective function.

Due to the fluid-structure interaction, the modal velocity
and radiated sound power cannot be directly represented in
a matrix form such that the complex amplitude of the
secondary control forces can be solved easily. Because the
radiated sound power of the different circumferential vi-
bration modes is decoupled from each other [25], the ra-
diated sound power can be determined individually for each
circumferential vibration mode:
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)e sound power of the nth-order circumferential vi-
bration mode can be expressed in the matrix form:

Wn � Vn
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where Mn represents the M × P radiation resistance matrix
corresponding to the nth-order circumferential mode.

For a selected circumferential mode, equation (4) can be
written as follows:

Z
M
1n + Z11n Z12n · · · Z1pn

Z21n Z
M
2n + Z22n · · · Z2pn

· · · · · · · · · · · ·

Z1mn Z2mn · · · Z
M
mn + Zqmn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

V1n

V2n

· · ·

Vmn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

f1n

f2n

· · ·

fmn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(23)

where ZM
mn denotes the modal mechanical impedance of the

shell. Vmn � − iωC1
wnm is the modal vibration velocities of

cylindrical shells in the z-directions.
)erefore, the modal vibration velocities corresponding

to the nth-order circumferential mode can be expressed as

Vn � Zn 
− 1

· Fn , (24)

where Fn is an M × 1 column vector that represents the
modal excitation force corresponding to the nth-order
circumferential mode, which includes two parts: a primary
modal excitation force FP

n that consists of a Q × 1 column
vector and a secondary modal excitation force FS

n that
consists of a K × 1 column vector:

FP
n � ψP

n fp �

φP
11 φP

12 ... φP
1Q

φP
21 φP

22 ... φP
2Q

... ... ... ...

φP
m1 φP

m2 ... φP
mQ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

fp1

fp2

· · ·

fpQ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

FS
n � ψS

nfs �

φS
11 φS

12 ... φS
1K

φS
21 φS

22 ... φS
1K

... ... ... ...

φS
m1 φS

m2 ... φS
mK

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

fs1

fs2

· · ·

fsK

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(25)

where fp represents the complex amplitude vector of the
primary modal excitation force, fs represents the complex
amplitude vector of the secondary modal excitation force,
and ψP

n and ψS
n represent primary and secondary modal force

coordinate vectors corresponding to the nth-order cir-
cumferential mode, and their elements can be obtained
using equation (5).

Consequently, equation (24) becomes

Vn � V
P

n + V
S

n � Tpfp + Tsfs, (26)

where Tp � [Zn]− 1ψP
n and Ts � [Zn]− 1ψS

n represent the
transfer functions between the structural response and the
primary and secondary excitation forces, respectively.

Substituting equation (26) into equation (22), we obtain

W � 
∞

n�0

Vn
HMn

Vn � 
∞

n�0
Tpfp + Tsfs 

H
Mn Tpfp + Tsfs  

� fp
H



∞

n�0
Tp

HMnTp fp + fp
H



∞

n�0
Tp

HMnTs fs

+ fs
H



∞

n�0
Ts

HMnTp fp + fs
H



∞

n�0
Ts

HMnTs fs.

(27)

)e radiation sound power can be expressed as a qua-
dratic function of the complex amplitude of the control
input, i.e., the Hermitian quadratic form. Consequently, the
optimal strength of the secondary source for active control
can be obtained for the active control as follows:

fs � − 
∞

n�0
Ts

HMnTs ⎡⎣ ⎤⎦
− 1



∞

n�0
Ts

HMnTp fp. (28)

)e calculated optimal secondary force can be inserted
into equation (27), and the radiated sound power with active
control can be obtained.

3. Results and Discussion

A finite cylindrical shell submerged in fluid is schematically
shown in Figure 1. )e structure is made of steel (density
ρs � 7850 kg/m3, Young’s modulus E� 2.1× 1010N/m2, and
Poisson’s ratio σ � 0.3). )e density and speed of sound of
the fluid are ρl � 1000 kg/m2 and cl � 1500m/s, respectively,
for water. )e structural damping is introduced by means of
a complex elastic modulus, i.e., E(1 − iη), where η� 0.01 is
the damping loss factor of the shell. It is assumed that the
radial excitation force is centered at a point z0 � 0.44 and
ϕ0 � 0. Its magnitude is 1N and along the radial direction of
the shell.

In order to evaluate the accuracy of the proposed model,
the natural frequencies of a cylindrical shell in air and in
water obtained here are compared with those from the
literature and are listed in Table 1. Good agreement between
values obtained from the present model with results from the
literature can be observed.

3.1. Radiation Modal Characteristics. For a finite cylindrical
shell with L� 1.2m, a� 0.4m, and h� 0.003m, the surface is
divided into 20× 36 equal area units for the numerical
calculations. Each radiation mode qk has a different shape.
Figure 2 shows the modal shapes of the first ten acoustic
radiation modes for kL� 1.

As shown in Figure 2, the acoustic radiationmodes of the
submerged finite cylindrical shells are composed of

6 Shock and Vibration
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Figure 2: Modal shapes of the first ten a-modes (kL� 1) (a–j) for the modes from first to tenth.

Table 1: Comparison of values of the natural frequency (Hz) for a shell L� 1.284m, a� 0.18m, and h� 0.003m.

m n
Air Water

Ref. [39] Ref. [40] ∗ Present Ref. [39] Ref. [40] ∗ Present
1 5 542.3 — 542.8 351.6 — 343
1 4 340.5 336.6 340.5 205.6 200.9 202
1 2 195.3 194.0 197.1 98.2 97.5 99
1 3 199.0 198.0 198.8 110.9 108.7 109
2 2 635.8 — 654.7 328.9 — 339
2 3 386.5 387.0 388.5 218.2 217.0 217
2 4 403.5 403.0 403.4 245.8 241.3 242
2 5 570.0 — 570.2 380.8 — 362
3 4 568.1 — 567.7 350.2 — 344
∗ Experimental results.
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symmetric and antisymmetric vibration modes. )e velocity
distribution corresponding to the first radiation mode is
uniform in the middle of the shell, and the radiation type is
similar to a monopole source. )e velocity patterns corre-
sponding to the second and third radiation modes are
distributed uniformly along the axial direction and are
symmetric and antisymmetric in the circumferential di-
rection. )us, these can be called circumferential dipole
modes. )e fourth radiation mode is an axial dipole mode,
and the radiation modes from fifth to eighth are analogous
with quadrupole modes. )e fifth and six modes are com-
pound axial and circumferential quadrupole modes, and the
seventh and eighth radiation modes are circumferential
quadrupole modes.

From equation (16), it is seen that if the surface velocity
vector is expressed in terms of the vibration modes of the
structure, the structure-dependent radiation mode shapes
can reflect the relationship between radiation modes and
vibration modes. )e first ten axial and circumferential
structural vibration modes occur within the frequency range
of interest. In Figure 3, discrete integer values up to 100 on
the horizontal axis represent cylindrical shell vibration
modes (m, n) corresponding to (1,0), (1,1), (1,2) ... (1,9),
(2,0),(2,1), (2,2), ..., (10,9). )e first six s-modes’ shapes are
rendered against the structural vibration modes in Figure 3.

Compared with the s-mode shapes of beams and plates
[32], the s-mode shapes of a finite cylindrical shell with
simply supported boundary conditions are more compli-
cated, as shown in Figure 3. All the s-mode shapes possess
many modal nodes, and each node corresponds to a
structure vibration mode, i.e., if the sound power generated
by a single s-mode is calculated, the vibration modes at the
nodes do not contribute to the sound power generated by
this s-mode, regardless of the velocity magnitude of these
vibrationmodes, and only the vibrationmodes with nonzero
values will contribute. At low frequencies, each s-mode is
associated with a few vibration modes. It can be seen from
Figure 3(a) that the first s-mode shapes possess peaks at
modes 1, 21, 41, 61, and 81, corresponding to the structural
vibration modes (1, 0), (3, 0), (5, 0), (7, 0), and (9, 0) of the
cylindrical shell. )us, the sound power radiated from these
vibration modes could be replaced by the sound power
generated from the first s-mode. With the increase in the
number of the axial vibration mode, the amplitude of the
structure-dependent radiation modes decreases gradually,
which indicates the contribution of the vibration modes to
the amplitude of the structure-dependent radiation mode
decrease. At the same time, the 4th s-mode corresponds to
the same structural modes as well as the first s-mode;
however, these two s-modes correspond to different dom-
inant structural vibration modes. )e dominant mode of the
first s-mode corresponds to vibration mode (1, 0), while the
dominant mode of the 4th s-mode corresponds to vibration
mode (3, 0). It also can be seen from Figure 2 that the 1st and
4th a-modes in the circumferential direction are not pitch
line and have similar circumferential vibration patterns,
similar to the vibration modes with n� 0. In addition, the
structural modes for (1, 0), (3, 0), (5, 0), (7, 0), and (9, 0) tend
to form dipole radiation. )e 2nd s-modes mainly have

peaks at the 2, 22, 42, 62, and 82 vibration modes, which
correspond to the vibration modes (1,1), (3,1), (5,1), (7,1),
and (9,1) of the cylindrical shell, respectively. )e 3rd s-
mode corresponds to the vibration modes (2,0), (4,0), (6,0),
(8,0), and (10,0). )e 5th s-mode corresponds to the vi-
bration modes (2,1), (4,1), (6,1), (8,1), and (10,1). )e 6th s-
mode corresponds to the vibration modes (1,2), (3,2), (5,2),
(7,2), and (9,2) of the cylindrical shell. Comparing
Figures 3(a) and 3(b), it can be seen that the order of the s-
modes changes except the 1st and 4th s-modes. In
Figure 3(b), the 2nd s-modes have peaks at the vibration
modes (2,0), (4,0), (6,0), (8,0), and (10,0). )e 3rd s-mode
corresponds to the vibration modes (1,1), (3,1), (5,1), (7,1),
and (9,1). )e 5th s-mode corresponds to the vibration
modes (1,2), (3,2), (5,2), (7,2), and (9,2). )e 6th s-mode
corresponds to the vibration modes (2,1), (4,1), (6,1), (8,1),
and (10,1) of the cylindrical shell. )erefore, it indicates that
the shapes of the s-modes can help to determine the coupling
relationship between the structure-dependent radiation
modes and the vibration modes at low frequencies.

Figure 4 compares the contributions of the radiation
modes to the radiated sound power at low frequencies.
According to the literature [32], the 1st radiation modes
(either s-mode or a-mode) contribute to over 95% of the
total power for the beam and plate structure in the low-
frequency range. For the cylindrical shell examined in this
work, the contribution of the 1st radiation mode to the
radiated sound power of the cylindrical shell is the only
dominant radiation mode below 80Hz, and it is no longer
the dominant radiation mode above 80Hz.)e 1st radiation
mode corresponds to the vibration modes with the cir-
cumferential modal index (n� 0), which has relatively higher
natural frequency than those of the n> 0 circumferential
modes. Different from reference [15], it is impossible to
achieve radiated sound power attenuation in the low-fre-
quency range by only controlling the first radiation mode.
)e sound power from the first four a-modes only coincided
at some natural frequencies, and there are large differences at
other frequency values. )e sound power from first eight a-
modes has a greater contribution to the radiated sound
power, and at some natural frequencies such as 393, 735, and
948Hz, the difference is significant. As the number of ra-
diation modes increases, the contribution to the sound
power increases.)e sound power from first twelve a-modes
could approximately represent the total radiated sound
power, while for s-modes, only the first ten s-modes are
needed. For active control, fewer modes can be controlled to
achieve a better control effect, and at the same time, fewer
sensors are needed to detect these modes, thus simplifying
the control system construction.

3.2.ActiveControl. Based on the theory described above, the
sound power radiating from a submerged cylindrical shell
before and after applying control by secondary force input is
investigated through a numerical simulation in this section.
)e geometry and material parameters of the cylindrical
shell are given in Section 3.1. )e primary excitation forces
and secondary control forces are both harmonic point forces

8 Shock and Vibration



that are perpendicular to the surface of the shell. )e po-
sition of the single primary excitation force is centered at a
point z0 � 0.44 and ϕ0 � 0, and its amplitude is 1N. When
two primary forces are used to excite the shell, the positions
of the primary excitation forces are centered at a point
z01 � 0.44 and ϕ01 � 0 and z02 � 0.3 and ϕ02 � 0, respectively,

and the amplitudes are all 1N.)e minimization of the total
sound power radiating from the cylindrical shell under
primary excitation forces and secondary control forces is set
as the target function. )e amplitude and phase of the
optimal control force are calculated using equation (28). )e
radiated sound power of the submerged finite cylindrical
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Figure 3: Modal shapes of the first six s-modes. (a) kL� 1; (b) kL� 5.
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shell before and after active control can be solved. Here, one
and two secondary control forces are used for active control.
First, when one force is used as a control force, the control
effects of the secondary forces at different positions are
compared. )e effects of the two secondary control forces
are also investigated. Figure 5 shows effects of different
positions and configurations of control force under the

single primary excitation force. Figure 5(a) shows the sound
power radiating from the cylindrical shell before and after
active control by different positions of the control forces
located at point A (0.76, 180°) and B (0.6, 0°). Figure 5(b)
shows the radiated sound power before and after active
control by different configurations of the two control forces.
One configuration consisted of two control forces located at
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Figure 5: Effects of different positions and configurations of control force. (a) Single secondary control force. (b) Two secondary control
forces.
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point A (0.76, 180°) and C (0.44, 180°), and the other
consisted of two control forces located at point A (0.76, 180°)
and D (0.6, 0°). Figure 6 compared the control effects of two
control forces under multiple primary excitation forces, and
the single control force is located at point A (0.76, 180°), and
the two control forces are located at point A (0.76, 180°) and
C (0.9, 0°).

When a single primary force is used to excite the shell
and a single secondary control force located at point A is
used for active control, the peaks of the radiated sound
power at most resonance frequencies have significant at-
tenuation, as shown in Figure 5(a). With the single sec-
ondary control force located at point B, the larger
attenuation appears in the low-frequency range. In the range

from 380 to 1000Hz, the control effect is unsatisfactory at
resonance frequencies and not as good as that with the
secondary force located at point A. )e main reason for this
is that the secondary force located at point A is at the an-
tinodal line relative to primary excitation forces, but the
secondary force located at point B is at the nodal line of the
even-order axial vibration modes. )erefore, the optimal
control effect may be achieved by searching for the optimal
position of the secondary control force. Comparing the
results shown in Figures 5(a) and 5(b), it is evident that the
radiated sound power in the frequency range of interest is
reduced significantly by the two control forces, and the
control effect is superior to single control force. In addition,
the position of the two secondary control forces also has a

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Order number of the acoustic radiation modes

0

0.2

0.4

0.6

0.8

1

M
od

e a
m

pl
itu

de

Without control
With control

× 10–4

(a)

M
od

e a
m

pl
itu

de

Without control
With control

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Order number of the structure–dependent radiation modes

0

0.2

0.4

0.6

0.8

1
× 10–4

(b)

Without control
With control

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Order number of the acoustic radiation modes

Po
w

er
 (W

)

10–5

10–6

10–7

10–8

10–9

10–10

(c)

Without control
With control

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Order number of the structure–dependent radiation modes

Po
w

er
 (W

)
10–5

10–6

10–7

10–8

10–9

10–10

(d)
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Amplitude of the s-modes. (c) Sound power of the a-modes. (d) Sound power of the s-modes.
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significant influence on the control effect. It can be seen from
Figure 6 that there also have good control effects at most
resonant frequencies for single control force when two
primary forces are used to excite the shell.)e results suggest
that the control effect can be improved by increasing the
number of control forces for the entire frequency band. )e
results show that the sound power radiated from the sub-
merged vibrating cylindrical shell could be attenuated by
suppressing the vibrating parts of the shell through the
vibrators placed on the shell used to generate the secondary
control force. For the shell subjected to a complex excitation,
the structural acoustic radiation may be controlled by
placing multiple exciters and optimizing the position, input
amplitude, and phase of the vibration exciters.

3.3.PhysicalMechanismofActiveControl. To understand the
influence of the modal amplitude on the sound power ra-
diated from the cylindrical shell before and after active
control, the control mechanisms are analyzed from the
perspective of the radiation modes. In this section, the
primary excitation force is the same as that in the previous
section, and a single radial force is used as a secondary control
force located at position A on the cylindrical shell. Modal
amplitude changes at the resonance frequencies of 276Hz
(1,1) and 588Hz (3,2) and the nonresonance frequency of
500Hz are considered as examples. )e amplitude and sound
power of the a-modes and s-modes at these frequencies are
shown in Figures 7–9. )e blue bars of the column plot
represent the modal amplitude and sound power before
control, and the yellow bars represent those after control.

As shown in Figures 7(a) and 7(b), there is only one
dominant peak of the first 15 a-modes and s-modes at the
resonance frequency of 276Hz before control, the 2nd
a-mode and the 12th s-mode. After applying the control, the
amplitude of the 2nd a-mode decreases sharply, while the

amplitude of the 12th s-mode increases. )is indicates that the
12th s-mode is not the dominant mode. According to equa-
tions (12) and (20), the contribution of the a-mode or s-mode
on the sound radiation power is determined by the multipli-
cation of the radiation coefficient and amplitude of the radi-
ation mode. Consequently, we must calculate the radiated
sound power for each a-mode and s-mode. Figures 7(c) and
7(d) show the radiated sound power of the first 15 a-modes and
s-modes before and after applying control. For the a-modes,
themaximumpeaks of the sound power as well as amplitude of
the radiationmode occur for the second-order mode. Different
from the amplitude of the s-modes, the maximum peak of the
sound power of the s-modes occurs for the second-order mode
and decreases significantly after control is applied, which shows
the 2nd s-mode is the dominant mode at 276Hz. In the
subsequent analysis, the radiated sound power for each a-mode
and s-mode before and after control is used to display the
control mechanism.

Figures 8(a) and 8(b) show the amplitude and power of
the a-modes and s-modes at the resonance frequency of
588Hz. In Figure 8(a), the 7th and 8th a-modes have higher
amplitudes, and these two modes are pairs of acoustic ra-
diation modes with the same modal shape but a 90° phase
shift, as shown in Figure 2. After applying control, the sound
power in the 7th and 8th a-modes decreases. As shown in
Figure 8(b), the 5th s-mode is the dominant structure-de-
pendent radiation mode, and the amplitude that attenuates
significantly after control is applied.

Furthermore, Figures 9(a) and 9(b) show that the sound
power radiated from some s-modes or a-modes decrease
after applying control at nonresonance frequency. When
some radiation modal sound power increase, the sum of the
sound power from all the radiation modes remains almost
unchanged before and after control. )is occurs mainly
because there is no dominant structural vibration mode at
the nonresonance frequency and no dominant radiation
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Figure 8: Sound power of the a-modes and s-modes at resonance frequency (588Hz). (a) Sound power of the a-modes. (b) Sound power of
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mode. In particular, Figure 9(a) shows that the 3rd and 5th
a-modes contribute more to the radiated sound power than
the other modes. After applying control, the radiated sound
power for the 3rd a-mode increases, while that of the 5th a-
mode decreases. )e s-modes are slightly different from the
a-modes. As shown in Figure 9(b), the peaks of the radiated
sound power correspond to the 2nd and 4th s-modes. )e
sound power radiation of the 2nd s-mode increases, while
that of the 5th a-mode decreases after control is applied.

)erefore, when the minimum of the total sound power
radiating from a cylindrical shell is considered as the control
target, the mechanism of active control is used to reduce the
sound power of the dominant a-modes or s-modes corre-
sponding to structural vibration modes, while ensuring that
the magnitude of the nondominant radiation modes is not
significantly increased, allowing the sound radiation of the
vibrating structure to be controlled.

4. Conclusion

)e radiation characteristics and active structural acoustic
control of a submerged cylindrical shell at low frequencies
are investigated by means of the radiation modes. )e con-
tribution of the low-order radiation modes to the radiated
sound power is discussed. )e results show that the sound
power radiated from a group of specific vibrationmodes can be
replaced by that generated through one a-mode or s-mode.)e
performance of the sound power radiated from individual
radiation modes decreases with the increase in the mode
number. Only the first few radiation modes contribute to the

sound power radiated from a submerged finite cylindrical shell
at low frequencies. However, the contribution of the first ra-
diation mode of the cylindrical shell to the radiated sound
power at the low frequency is not always dominant mode,
especially at higher resonant frequencies.

)e active structural acoustic control of a submerged
finite cylindrical shell is investigated by considering the
fluid-structure coupled interaction. )e analytical expres-
sion of the optimal complex amplitude of the secondary
force is derived based on the uncoupled characteristics of the
radiated sound power in the circumferential direction, and
the control effects with one and two control forces are also
compared. Moreover, the physical mechanism of the active
structural acoustic control of the submerged finite cylin-
drical shell is analyzed based on the radiation modes. )e
results show that a greater reduction is achieved using
multiple secondary forces by controlling the vibration of the
shell, which effectively produces the sound radiation. )e
physical mechanism of the active control is to reduce the
amplitude of the radiation modes corresponding to the
structural vibration modes, thereby effectively controlling
the sound radiated due to structural vibrations.

Appendix

A. Flügge Operator

)e elements of the Flügge operator L3×3 in equation (1) are
given as

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Order number of the acoustic radiation modes

Without control
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Order number of the structure-dependent radiation modes
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w
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 (W
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10–8

10–10

10–12

(b)

Figure 9: Sound power of the a-modes and s-modes at nonresonance frequency (500Hz). (a) Sound power of the a-modes. (b) Sound power
of the s-modes.
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where ∇4 � a4(z4/zz4) + 2a2(z4/zz2zϕ2) + (z4/zϕ4),
β � h2/12a2, and ρs denotes the density of the cylindercal
shell.

B. The Expression for Modal Sound Pressure

It is assumed that a finite-length cylindrical shell with simple
supports at both ends is immersed in an irrotational,
nonviscous, and compressible fluid. )e vibration of the
shell causes the vibration of the surface medium, and the
sound field is generated. For the steady-state problem, the

pressure field satisfies the acoustic wave equation in cylin-
drical coordinates:

∇2pa + k
2
pa � 0, (B.1)

where ∇2 is the Laplace operator in cylindrical coordinates.
According to the continuity condition, the radial velocity

of the fluid is equal to the radial vibration velocity of the
structure on the contact surface between the fluid and the
structure, and no cavitation is assumed at the fluid-shell
interface at r� a:

zpa

zr
|r�a � ρlω

2
C
α
wnm. (B.2)

)e Sommerfeld radiation condition is satisfied at an
infinite distance:

lim
r⟶∞

r
zpa

zr
+ ikpa  � 0. (B.3)

)e Green’s function satisfies the Neumann boundary
condition for a finite-length cylindrical shell with an infinite
barrier. )us, the radiated sound pressure of the cylindrical
shell is expressed as

pa(r) � − iρlωBG
r
r0

  _w r0( dS, (B.4)

where r denotes the points on the outside of the cylin-
drical shell and r0 denotes the points on the cylindrical
shell.

In cylindrical coordinates, Green’s function satisfying
the above equation can be expressed as
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By substituting w(z, ϕ) in equations (2) and (B.5) into
equation (B.4), the radiated sound pressure of a cylindrical

shell of finite length simply supported at both ends can be
obtained:
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where
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L
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L
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At the surface of the cylindrical shell, the surface sound
pressure of the shell can be expanded according to the mode
function of the cylindrical shell:

pa � 
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∞
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P
α
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απ
2

 sin kmz0( . (B.8)

According to the radiated sound pressure of the cylin-
drical shell, the surface modal sound pressure can be
expressed by using the orthogonality of trigonometric
functions as

P
α
mn � − iωa 

∞

q�1
C
α
wmnZqmn, (B.9)
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where Zqmn is the radiation impedance, which expresses the
modal coupling between the different axial modal indices (m
and q) due to the fluids.
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