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(e scope of this study is to present a contribution to the geometrically nonlinear free and forced vibration of multiple-stepped
beams, based on the theories of Euler–Bernoulli and von Karman, in order to calculate their corresponding amplitude-dependent
modes and frequencies. Discrete expressions of the strain energy and kinetic energies are derived, and Hamilton’s principle is
applied to reduce the problem to a solution of a nonlinear algebraic system and then solved by an approximate method.(e forced
vibration is then studied based on a multimode approach. (e effect of nonlinearity on the dynamic behaviour of multistepped
beams in the free and forced vibration is demonstrated and discussed. (e effect of varying some geometrical parameters of the
stepped beams in the free and forced cases is investigated and illustrated, among which is the variation in the level of excitation.

1. Introduction

In different engineering fields, such as the automotive,
aeronautical, civil, or mechanical engineering, many
structural components that permit the reinforcement of the
whole system, a good resistance to the working loads, or the
transmission of motions, can be modeled as stepped beams.
In their operation, this type of beams is often subjected to a
high dynamic load that needs to be investigated in order to
be able and reliably predict the dynamic response of the
beam. Many research works have examined the linear be-
haviour of this type of beams, making the analysis very easy,
but leading generally to unreliable results when large vi-
bration amplitudes are encountered. Since, strictly speaking,
no system behaves always linearly, the linear results are often
misleading. As the nonlinear effects arise in the case of the

large displacements induced in many dynamic operating
conditions, this led us to include the influence of geometrical
nonlinearity in the present analysis.

A literature survey on the transverse linear vibration of
stepped beams goes backwards to Taleb and Suppiger [1], who
presented some of the results of the integral equation theory,
applied the Cauchy function method to achieve an approxi-
mate estimation of the fundamental frequency and modal
configuration of the transverse vibration of beams with one
step, and compared it with the exact solution. (e study of the
performance of a four-degree-of-freedom-per-node element
model for the vibration analysis of uniform and multistepped
beams was carried out by Balasubramanian and Subramanian
[2]. Laura et al. [3] used the finite element method and
compared their results with the experimental ones. Popplewell
and Daqing Chang [4] used the Rayleigh–Ritz method to
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determine the unknown constants of the transverse deflection
of a stepped beam. Krishnan et al. [5] discussed the use of the
finite difference method in the study of stepped beams.
Naguleswaran [6–9] studied the vibration of stepped beams in
different configurations involving different boundary condi-
tions, various numbers of steps, and types of cross sections.(e
natural frequencies were determined by iterative procedures
based on linear interpolations.(e vibration of a stepped beam
with elastic supports at the ends was studied by De Rosa [10].
Sato [11] presented the analytical results relative to the effect of
an abrupt change of cross section on the natural frequency of a
beam with a groove, which were very well correlated with the
experimental results. Sairigul and Aksu [12] used a method
based on variational principles in conjunction with the finite
difference technique to investigate the free vibration analysis of
stepped Timoshenko beams. (e Adomian decomposition
method (ADM) was applied by Mao in [13, 14] in order to
examine the free vibration of stepped andmultistepped beams.
A new method for calculating the frequencies and mode
shapes was presented by Lin and Ng [15], who considered this
method to be well adapted to forced-vibration applications.

Although most work on stepped beams has focused on
linear vibration analysis, few papers have included the effect
of geometric nonlinearity in their studies. Using the transfer
matrix method, Sato [16] exposed a study on the nonlinear
free vibration of stepped beams. Nuttawit Wattanasa-
kulpong and Arisara Chaikittiratana [17] studied the
problems of linear and nonlinear free vibrations of stepped
beams using the Adomian modified decomposition method.
None of the articles mentioned above have investigated the
geometrically nonlinear dynamic response of forced stepped
beams.

(is study presents an extension of the works previously
initiated by Benamar et al. [18–20], with the aim to con-
tribute to the modal analysis of the geometrically nonlinear
vibrations of straight thin structures, such as beams, plates,
and circular cylindrical shells. Azrar et al. [21] presented an
analysis of the geometrically nonlinear forced vibrations of
uniform beams based on the multimode model. El Kadiri
et al. [22] developed a simplified multimode approach
(MMA), which is, according to the authors, easy to use for
the study of the geometrically nonlinear forced vibrations of
clamped-clamped and simply supported-clamped beams at
both sides. El Kadiri and Benamar [23] extended this method
to investigate the case of rectangular plates. Merrimi et al.
[24] studied a cracked beam excited by a harmonic con-
centrated force, using both multimode and single-mode
approaches. Fakhreddine et al. [25] investigated using the
same method the geometrically nonlinear vibrations of
beams resting on multiple supports and subjected to con-
centrated and uniformly distributed harmonic forces.
Fakhreddine et al. [26] also extended this method to the case
of nonlinear forced vibration of beams carrying concentric
masses of different magnitudes and for vibration amplitudes.

(e main objective of this work was to present a con-
tribution to the geometrically nonlinear free and forced
vibration of beams with multiple steps based on the
Euler–Bernoulli and von Karman theories. First, the natural
frequencies are calculated by the Newton–Raphson

algorithm leading to the determination of linear modes. (e
discretized expressions for the bending strain energy, the
axial strain energy due to the nonlinear stretching forces,
and the kinetic energy are then derived. (e problem is
reduced to a nonlinear algebraic system using Hamilton’s
principle and then solved by the so-called second formu-
lation reported in [22]. (e numerical method convergence
study has been carried out in the free and forced vibrations.
(e effects of the changes in cross section, inertia, and length
ratios are analyzed and then illustrated. Considering a
uniformly distributed excitation, the forced vibration case is
studied on the basis of a multimode approach.(e nonlinear
frequency response functions are calculated and presented
in the neighborhood of the predominant mode. (e effects
of the variation in the excitation level, the type of cross
section, and the length ratio of stepped beams are investi-
gated and illustrated. (e presented method can also be
extended for other types of beams including nano-/micro-
beams, previously investigated in [27] using the modified
strain gradient and hyperbolic shear deformation beam
theories and in [28] using the Euler–Bernoulli beam theory
via the enhanced Eringen differential model. It can also be
extended for the case of free vibration nanotubes, earlier
studied in [29], using the discrete singular convolution
technique.

2. General Formulation

2.1. Linear Formulation. (is study concerns nonuniform
homogeneous beams of the Euler–Bernoulli type, corre-
sponding to the three configurations shown in Figure 1,
characterized by n different steps at various points. (e first
case is a beam with a rectangular cross-section variation in
the width (a), the second in the height (b), and the third in
both (c). In all cases, the beams are vibrating transversely.

Figure 2 shows that each of the multistepped beams
considered is divided into n different steps of uniform cross
section and is supported by linear and rotational springs at
both ends.

According to Taleb and Suppiger [1], the transverse free
vibration of any segment i of the beam with a uniform cross
section is governed by the following equation:

d4w(x)

dx
4 − β4 w(x) � 0 ; x ϵ 0 Lj  (for j � 1, 2, . . . , N + 1),

(1)

where

β4ij � ω2
i

ρj Sj

Ej Ij

,

Sj � ejHj,

Ij �
ej Hj 

3

12
,

for i � 1, 2, . . . , 10.

(2)
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Each step of the stepped beams has a specified length,
thickness, width, Young’s modulus, area of cross section,
moment of inertia, mass per unit length, and eigenvalue
parameter (Lj, Hj, ej, Ej,, Sj, Ij, ρj, and βij). (e variation of
each step is presented by the ratios of the cross sections,
moments of inertia, step, length, and eigenvalue parameters
( uj, vj, λj, Rj, and zj).

x
∗
j �

xj

L
,

R
∗
j �

Lj

L
,

zij �
βij

βi1
,

z
∗
ij �

βij

βi(j−1)

,

uj �
Sj

S1
,

vj �
Ij

I1
,

v
∗
j �

Ij

I(j−1)

.

(3)

(e ‘active’ dimension denoted by ( dj) of beams (a), (b),
and (c) is, respectively, the width, the height, and both of
them, which allow one to write the ratio of steps and mo-
ments of inertia as follows.

For beam (a),

λj �
dj

d1
,

vj �
dj

d1
.

(4)

For beam (b),

λj �
dj

d1
,

vj �
dj

d1
 

3

.

(5)

For beam (c),

λj �
dj

d1
 

2

,

vj �
dj

d1
 

4

.

(6)

Beam (a) Beam (b) Beam (c)

Figure 1: (ree representative cases of stepped beams.
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Figure 2: (e coordinate system for a multistepped beam.
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(e general solution of equation (1) leads to the linear
mode shapes, which will be used as basic functions in the
nonlinear theory detailed in the following. (e transverse
displacement function of the multistepped beam, shown in
Figure 2, can be expressed in each span as given by [25]

wi x
∗

(  �

wi j x
∗

( ⟶ 0, x
∗
1 

wi j x
∗

( ⟶ x
∗
j , x
∗
j+1 

. . .

. . .

wi j x
∗

( ⟶ x
∗
N, 1 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (7)

where x∗j−1 ≤x∗ ≤x∗j , and also,

wi j x
∗

(  � Ajcosh βi jL x
∗

− x
∗
j−1   + Bj sinh βi jL x

∗
− x
∗
j−1  

+ Cj cos βi jL x
∗

− x
∗
j−1   + Dj sin βi jL x

∗
− x
∗
j−1  .

(8)

By varying indices i from (1) to (7) and j from 1 to N+ 1,
the satisfaction of the boundary conditions together with the
compatibility conditions and the transfer matrix leads to a
homogeneous system. (e boundary conditions for a beam
segment supported by linear and rotational springs at both
sides are given in [25].

At the left side,

d3wi1 x∗( )

dx∗3

x∗�0
� − kt1wi1 x

∗
( 

x∗�0
,

d2wi1 x∗( )

dx∗2

x∗�0
� kθ1

dwi1 x∗( )

dx∗

x∗�0
.

(9)

At the right side,

d3wi(N+1) x∗( )

dx∗3
|x∗�1 � kt2wi(N+1) x

∗
( |x∗�1,

d2wi(N+1) x∗( )

dx∗2
|x∗�1 � − kθ1

dwi(N+1) x∗( )

dx∗
|x∗�1.

(10)

(e stiffness values of the transverse and rotary springs
at both ends of the beam are denoted as (kt1, kt2, kθ1, kθ2).
(e compatibility conditions for each beam step are
expressed as shown in [13]:

wij x
∗

( 

x∗�xj ∗
� wij+1 x

∗
( 

x∗�xj ∗
,

dwij x∗( )

dx∗

x∗�x∗
j

�
dwij+1 x∗( )

dx∗

x∗�x∗
j

,

EIj
d2wij x∗( )

dx∗2

x∗�x∗
j

� EIj+1
d2wij+1 x∗( )

dx∗2

x∗�x∗
j

,

EIj
d3wij x∗( )

dx∗3

x∗�x∗
j

� EIj+1
d3wij+1 x∗( )

dx∗3

x∗�x∗
j

.

(11)

2.2. =e Transfer Matrix Method. Passing through the
compatibility conditions, it is found that the constants
(Aj , Bj , Cj, and Dj ) in the jth step depend on those of the
(j − 1)th step (Aj−1 , Bj−1 , Cj−1, and Dj−1 ), which can be
presented in a matrix form as in [30]:

[H]j ηj  � [G]j−1 ηj−1 , (12)

with

ηj  �

Aj

Bj

Cj

Dj

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

;

ηj−1  �

Aj−1

Bj−1

Cj−1

Dj−1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

,

[G]j−1 �

cosh βi(j−1)Lj−1  sinh βi(j−1)Lj−1  cos βi(j−1)Lj−1  sin βi(j−1)Lj−1 

sinh βi(j−1)Lj−1  cosh βi(j−1)Lj−1  −sin βi(j−1)Lj−1  cos βi(j−1)Lj−1 

cosh βi(j−1)Lj−1  sinh βi(j−1)Lj−1  −cos βi(j−1)Lj−1  −sin βi(j−1)Lj−1 

sinh βi(j−1)Lj−1  cosh βi(j−1)Lj−1  sin βi(j−1)Lj−1  −cos βi(j−1)Lj−1 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

[H]j �

1 0 1 0

0 z
∗
ij 0 z

∗
ij

z
∗
ij 

2
v
∗
j 0 − z

∗
ij 

2
v
∗
j 0

0 z
∗
ij 

3
v
∗
j 0 − z

∗
ij 

3
v
∗
j

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(13)
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From equation (12), one obtains

ηj  � [H]
−1
j [G]j−1 ηj−1 , (14)

where ([H]−1
j ; [G]j−1) are 4 × 4 matrices, which form the

transfer matrix [Q] expressed by

[Q]j−1 � [H]
−1
j [G]j−1. (15)

Equations (17) and (18) lead to

ηj  � [Q]j−1 ηj−1 . (16)

Under successive repetition of equation (12), the four
constants of the first segment (A1, B1, C1, and D1 ) appear to
be related with those of the final segment (AN+1, BN+1, CN+1,

and DN+1 ), which decreases the number of independent
constants to four.

AN+1

BN+1

CN+1

DN+1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� [Q]N × · · · ×[Q]2 ×[Q]1

A1

B1

C1

D1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

. (17)

(e four constants (Aj, Bj, Cj, and Dj) are determined
when the boundary conditions are fully satisfied and
expressed as given by Chajdi et al. [31], but in this case, the
eigenvalue parameter βij differs from one span to another.
(e boundary conditions at the right side lead to the fol-
lowing expressions:

AN+1 βi(N+1) 
3
sinh βi(N+1)LN+1  − kt2cosh βi(N+1)LN+1   + BN+1 βi(N+1) 

3
cosh βi(N+1)LN+1  − kt2sinh βi(N+1)LN+1  

+ CN+1 βi(N+1) 
3
sin βi(N+1)LN+1  − kt2 cos βi(N+1)LN+1   − DN+1 βi(N+1) 

3
cos βi(N+1)LN+1  + kt2 sin βi(N+1)LN+1   � 0,

(18)

AN+1 βi(N+1) cosh βi(N+1)LN+1  + kθ2sinh βi(N+1)LN+1   + BN+1 βi(N+1) sinh βi(N+1)LN+1  + kθ2cosh βi(N+1)LN+1  

− CN+1 βi(N+1) cos βi(N+1)LN+1  + kθ2 sin βi(N+1)LN+1   − DN+1 βi(N+1) sin βi(N+1)LN+1  − kθ2 cos βi(N+1)LN+1   � 0.

(19)

Equations (18) and (19) can be expressed in a matrix
form as follows:

D ×

AN+1

BN+1

CN+1

DN+1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

�

D11 D21

D12 D22

D13 D23

D14 D24

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

×

AN+1

BN+1

CN+1

DN+1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

�
0

0
 

(20)

such as

D11 � βi(N+1) 
3
sinh βi(N+1)LN+1  − kt2cosh βi(N+1)LN+1  ,

D12 � βi(N+1) 
3
cosh βi(N+1)LN+1  − kt2sinh βi(N+1)LN+1  ,

D13 � βi(N+1) 
3
sin βi(N+1)LN+1  − kt2 cos βi(N+1)LN+1  ,

D14 � − βi(N+1) 
3
cos βi(N+1)LN+1  − kt2 sin βi(N+1)LN+1  ,

D21 � βi(N+1) cosh βi(N+1)LN+1  + kθ2sinh βi(N+1)LN+1  ,

D22 � βi(N+1) sinh βi(N+1)LN+1  + kθ2cosh βi(N+1)LN+1  ,

D23 � − βi(N+1) cos βi(N+1)LN+1  − kθ2 sin βi(N+1)LN+1  ,

D24 � − βi(N+1) sin βi(N+1)LN+1  + kθ2 cos βi(N+1)LN+1  .



(21)

Substitution of (17) into equation (20) leads to

D ×

AN+1

BN+1

CN+1

DN+1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� D × QN × · · · × Q2 × Q1

A1

B1

C1

D1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

�
0

0
 .

(22)

(e boundary conditions at the left side can be for-
mulated in a matrix form as given in [31]:

kt1

β3i
kt1

−β3i

−βi

kθ1

βi

kθ1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

×

A1

B1

C1

D1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� R ×

A1

B1

C1

D1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

�
0

0
 . (23)

Equations (22) and (23) lead to

D × QN × · · · × Q2 × Q1 

[R]
  ×

A1

B1

C1

D1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

� Y ×

A1

B1

C1

D1

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

�

0

0

0

0

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

,

(24)

where

Y �
D × QN × · · · × Q2 × Q1 

[R]
 . (25)

(e homogeneous system is solved by the New-
ton–Raphson algorithm, where the determinant of matrix Y
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is assigned to be equal to zero in order to allow nontrivial
solutions to exist:

det(Y) � |Y| � 0. (26)

After determining the natural frequencies from equation
(26), the constants (Aj, Bj, Cj and Dj) are calculated by the
boundary and continuity conditions written above.

3. Nonlinear Formulation

3.1. Free Vibration. (e dynamic behaviour of the structure
is determined by Hamilton’s principle which is formally
expressed as follows:

δ
(2ω/t)

0
(V − T) dt � 0. (27)

T is the beam kinetic energy. V is the total strain energy
of the multistep beam, expressed as the sum of the energy
due to the bendingVf and the energyVa due to the nonlinear
stretching forces induced by the large deflections.

Setting W
·

� (zW/zt), the kinetic energy can be
expressed as in [32]:

T �
1
2


L

0
ρS(x)(W

•

)
2dx. (28)

Setting W″ � (d2W/dx2), the deformation energy due
to bending can be expressed as in [32]:

Vf �
1
2


L

0
EI (x) W″( 

2dx . (29)

Equations (28) and (29) can be developed as the fol-
lowing form:

T �
ρ
2


x1

0
S 1 W

•

1 
2
dx + 

x1

x2

S 2 W
•

2 
2
dx + · · · + 

L

xN

S N+1 W
•

N+1 
2
dx , (30)

Vf �
E

2


x1

0
I1 W1″( 

2dx + 
x2

x1

I2 W2″( 
2dx + · · · + 

L

xN

IN+1 WN+1″( 
2dx . (31)

(emultistep beam has a variable cross section that leads
to a variable moment of inertia, which changes from step to
step. (e axial deformation energy due to the nonlinear
stretching forces is calculated as follows:

Va �
1
2


L

0
εsNxdx. (32)

(e normal load Nx induced by the nonlinear stretching
force of the beam is assumed, when the axial inertia forces
are negligible, to be constant along the whole beam span as
in [33].

Setting W′ � (dW/dx), the nonlinear stretching force
can be given as

Nx �
E

2
.


L

0 W′( 
2 dx


L

0(dx/S(x))
, (33)

where


L

0

dx

S(x)
�

L

S1
C,

C �
R1

u1
+

R2

u2
+ · · · +

RN+1

uN+1
 .

(34)

(e nonlinear axial strain εS is expressed as

εs �
Nx

ES
. (35)

Substituting equations (33) and (35) in equation (32)
gives the following equation:

Va �
ES1

8L
.


L

0 W′( 
2dx 

2

C
.

(36)

By assuming a harmonic motion and expanding the
transverse displacement as a finite series of basic spatial
functions, it is possible to write

W(x, t) � ai wi (x)sin(ωt), (37)

where wi (x) and ai are the multistepped beam ith linear
mode and basic function contribution coefficient, respec-
tively. (e replacement of the new w form in equations (30),
(31), and (36) and the discretization lead to the following
expressions for the kinetic energy, the axial strain energy due
to nonlinear stretching forces, and the strain energy due to
bending as in [22]:

T �
1
2
ω2

ai ai ( cos(ωt))
2
mij, (38)

Va �
1
2

ai aj ak al (sin(ωt))
4
bijkl , (39)

Vf �
1
2

ai ai (sin(ωt))
2
kij, (40)

in which mij, kij, and bijkl are the mass matrix due to T, the
rigidity matrix due to Vf, and the nonlinearity tensor due to
Va, expressed by
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mij �
ρS1

2


x1

0
u1wi1wj1 dx + · · · + 

xN+1

xN

u(N+1)wi(N+1)wj(N+1)dx ,

kij �
EI1
2


x1

0
v1wi1″wj1″ dx + · · · + 

xN+1

xN

v(N+1)wi(N+1)
″ wj(N+1)

″ dx ,

bijkl �
ES1

4 . C


L

0
wi
′wj
′dx  

L

0
wk
′wl
′dx .

(41)

Using equations (38)–(40) and applying Hamilton’s
principle lead to

2 aikir + 3 aiajakbijkr − 2ω2
aimir � 0 , r � 1, . . . , n.

(42)

According to El Kadiri et al. [22], the above equation can
be expressed in a matrix form as follows:

2 [K] A{ } + 3 [B( A{ })] A{ } − 2ω2
[M] A{ } � 0, (43)

where (kir), (mir), (ajakbijkl) , and (ai) are the general
terms of [K], [M], [B( A{ })], and A{ }. (e column vector of
the contribution coefficients A{ } and the frequency (ω) are
the unknowns. Before they are determined, equation (43) is
put in a dimensionless form by replacing the dimensional
parameters by the corresponding nondimensional ones:

wi x
∗

( 

w
∗
i x
∗

( 
� H1, (44)

ω2

ω∗2
�

EI1

ρ S1L
4, (45)

Mij

M
∗
ij

� ρ S1H
2
1L, (46)

Kij �
EI1H

2
1

L
3 K
∗
ij, (47)

Bijkl �
EI1H

2
1

L
3 B
∗
ijkl. (48)

Replacing equations (44)–(48) in equation (42) or (43)
results in the following equation:

K
∗

  A{ } +
3
2

B
∗
( A{ })  A{ } − ω∗2 M

∗
  A{ } � 0, (49)

which can also be written as

2 aik
∗
ir + 3 aiajakb

∗
ijkr − 2ω∗2 aim

∗
ir � 0 . (50)

(e determination of the unknowns is based on the so-
called second formulation developed previously in [22],
where it was shown that the contribution of the fundamental
mode (a1) remains predominant for the full range of the
vibration amplitudes considered. (e other contributions,
which are small in comparison with (a1), are denoted by
ε2, . . . , εn. Consequently, following [22], one can write

aiajakb∗ijkr � a3
1b111r + a2

1εib11ir, which allows equation (50)
to become, in the vicinity of the rth mode,

K∗r R − ω∗2 M
∗
r R  Ar R +

3
2

α∗r  Ar R � −
3
2
a
3
rb
∗
iiir ,

(51)

where

α∗r  � a
3
rb
∗
ijrr for r � 1, . . . , n. (52)

(is approximate linear system, given in [22], makes it
very easy to calculate the contribution coefficients.

3.2. Forced Vibration. (e study of nonlinear forced vi-
brations is made in the three configurations, which differ by
the type of the cross section. In all cases, the beam is sub-
jected to a distributed force, which excites the modes of the
structure through a series of generalized forces. (e dis-
tributed harmonic force is denoted by Fd

i and depends on
the expression for Fd, the portion of the beam in which the
excitation is applied, and the mode considered. (e ex-
pressions for the distributed harmonic force are extracted
from [20] and written as follows:

F
d
i � F

d sin(ωt) 
L

0
wi x0( dx � f

d
i sin(ωt). (53)

To investigate the dynamic behaviour of the conservative
system, Hamilton principle, in which the forcing term has
been introduced, has been applied as in [26]:

δ
(2ω/t)

0
V − T + WF(  dt � 0. (54)

(e kinetic energy, the total strain energy, and the work
done by the external loads of the multistep beam are denoted
by T, V, and WF. After calculations, one gets

2 [K] A{ } + 3 [B( A{ })] A{ } − 2ω2
[M] A{ } � F{ }. (55)

(e dimensionless generalized distributed forces are
denoted by fd∗

i :

f
d∗
i �

L
4

EI1H1
F

d

1

0
w
∗
i x
∗

( dx
∗
. (56)

Equation (57) is made dimensionless by using the di-
mensionless parameters in equation (55) to get

K
∗

  − ω∗2 M
∗

   A{ } +
3
2

B
∗
( A{ })  A{ } � F

∗
 . (57)

According to El Kadiri et al. [22], an approximate linear
system has been obtained as in the nonlinear free vibration
case developed above, which permits equation (57) to be
expressed as follows:

K∗r R − ω∗2 M
∗
r R  Ar R +

3
2

α∗r  Ar R � F
∗

−
3
2
a
3
rb
∗
iiir .

(58)
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(e necessary use of the multimode approach in the
neighborhood of the predominant mode makes it very easy
to calculate the contribution coefficients, as in [22].

4. Convergence Study

(e purpose of this section is to investigate the convergence
of the series expansion used to solve the nonlinear vibration
problem via the amplitude equation obtained in the nu-
merical approach exposed above. (ese analyses deal with a
two-step fully clamped beam of type (b), where
R∗1 � R∗3 � 0.5 × R∗2 , u1 � u3, and u2 � 0.6 × u1, subjected to
a free and forced vibration.

4.1. Free Vibration. In order to solve equation (51), the
assumptions stated by El Kadiri et al. were used to simplify
the nonlinear algebraic system obtained. (e contribution
coefficients have been calculated as well as the associated
nonlinear frequency. (e normalized first nonlinear mode
W∗nl(x, a1), for a given value of a1, is obtained as a series of
basic functions involving the beam modal parameters
depending on w∗1 , . . . , w∗10 and given as follows:

W
∗
nl x, a1(  � a1w

∗
1 + · · · + ε10w

∗
10. (59)

(e predominant term, relative to the first linear mode
shape, is a1 w∗1 , while the other terms proportional to the
symmetric and antisymmetric higher modes

ε2w∗2 , ε3w∗3 , . . . , ε10w∗10 present the corrections due to the
geometrical nonlinearity.

Table 1 shows the result of contribution coefficients
obtained using equation (51); these contribution coefficients
are included in equation (59) in order to calculate the
normalized first nonlinear mode W∗nl(x, a1). Its maximal
value is denoted byWmax and is located at the middle of the
beam. From Table 1, some observations can be clearly made:

(i) (e contribution of the fundamental mode a1 re-
mains predominant for the full range of the vi-
bration amplitudes considered. (e other
contributions denoted by ε2, . . . , εn remain small
with respect to a1.

(ii) (e contribution coefficients of the modes decrease
as i indices increase.

(iii) (e contribution coefficients increased according to
the maximum nondimensional amplitude W∗max.

From these observations, it is quite interesting to verify
the convergence of the nonlinear beam deflection equation,
which is obtained as a series of basic functions. (e increase
of these basic functions added in equation (59) enhanced the
correction due to geometrical nonlinearity. (e effect of
varying the number of basic function series on the con-
vergence of the numerical method has been investigated by
comparing the results of a nonlinear frequency estimated
ω∗e(N). (is latter can be expressed as in [26]:

ω∗e(N) �
A{ }

T
K
∗

  A{ } +(2/3) A{ }
T

B
∗
( A{ })  A{ }

A{ }
T

M
∗

  A{ }
, for A{ } � a1, ε2w

∗
2 , . . . , εNw

∗
N . (60)

(e nonlinear frequency estimated ω∗e(N) can be
extracted from equation (60), where A{ } presents the con-
tribution coefficient vector already obtained from the second
formulation, using N basic functions. For a1 � 0.5, the
nonlinear frequency ω∗e(N) is calculated for different cases, in
which the number of basic functions N increased from 7 to
10. (e same test is repeated for different values of a1,
varying from 0.5 to 0.8. (e differences between ω∗e(N) and
ω∗e(N-1) are calculated, as well as the residual of each test, and
summarized hereafter in Table 2.

Diff(N) � ω∗(N−1) − ω∗(N)



,

residual �

���������



10

i�7
Diff2(N)




.
(61)

(e numerical results presented in Table 2 show that the
differences Diff(N) for the four tests decrease by increasing
the number of basic functions, while the residual increases
by increasing the a1 value. (e difference Diff(7) of the first
test is equal to 1.45 × 10− 05, and after increasing the number
of basic functions to 10, this difference decreases to a low
value of 1 × 10− 08, meaning that

(i) (e use of 6 basic functions induces an error of 1.5 ×

10− 05 with respect to ω∗e(10)

(ii) (e use of 7 basic functions induces an error of 4.8 ×

10− 07 with respect to ω∗e(10)

(iii) (e use of 8 basic functions induces an error of 3 ×

10− 07 with respect to ω∗e(10)

(iv) (e use of 9 basic functions induces an error of 1 ×

10− 08 with respect to ω∗e(10)

Also, at a1 � 0.8, the difference for 7 basic functions
increases from 1.45 × 10− 05 to 4.42 × 10− 04, and by adding 3
other terms, the difference decreased to Diff(10) � 1 × 10− 06.
In other terms,

(i) (e use of 6 basic functions induces an error of
4.91 × 10− 04 with respect to ω∗e(10)

(ii) (e use of 7 basic functions induces an error of
4.90 × 10− 05 with respect to ω∗e(10)

(iii) (e use of 8 basic functions induces an error of
3.00 × 10− 05 with respect to ω∗e(10)

(iv) (e use of 9 basic functions induces an error of 1 ×

10− 06 with respect to ω∗e(10)
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When the basic functions’ number increases and exceeds
ten, the difference between the final iteration of ω∗e(N) and its
precedent decreases by value less than 1 × 10− 08 for the first
test and less than 1 × 10− 06 for the last one, whereas the
residual will be increased by less than these values. (ese
corrections are almost negligible compared to ω∗e . (ese
results are considered to be tightly convergent in the
nonlinear free vibration case using ten or more basic
functions.

4.2. Forced Vibration. (ese analyses deal with a two-step
fully clamped beam of type (b), where
R1
∗ � R3

∗ � 0.5 × R2
∗, u1 � u3, and u2 � 0.6 × u1), sub-

jected to a uniformly distributed force over an interval of
[0.4, 0.6]. Firstly, the contribution coefficients are obtained
using multimode approach (58) and then summarized in
Table 3.

Afterwards, these contribution coefficients are included
in equation (59) in order to calculate the normalized first
nonlinear mode W∗nl(x, a1). Its maximal value is denoted by
Wmax and is located at the middle of the beam. (e same
observations can be concluded from Table 3. Furthermore, it
can be clearly seen that, in the forced case, the contribution
coefficients of the even modes have very low values.
However, a test has been carried out to predict the effect of
neglecting the antisymmetric terms in equation (59) on the
normalized first nonlinear mode. Two first normalized
nonlinear modes have been calculated: the first one is ob-
tained as shown in equation (59), and the second is also
obtained as a series of basic functions involving only the
symmetrical terms ε3w∗3 , . . . , ε9w∗9 and denoted by
W∗nlSymmetric

. (e results are summarized in Table 4.
(e numerical results presented in Table 4 prove that, by

neglecting the antisymmetric modes, the use of equation
(59) leads to the same results. (e normalized first nonlinear
mode can also be written as

W
∗
nl x, a1(  � a1w

∗
1 + ε3w

∗
3 + ε5w

∗
5 + ε7w

∗
7 + ε9w

∗
9 . (62)

(e effect of varying the basic functions’ number on the
convergence of equation (62) has been investigated by

comparing the normalized first nonlinear mode obtained for
five basic functions W∗nl for three scenarios.

Scenario 1. (e nonlinear beam deflection assumes the use
of one basic function:

W
∗
nl3 x, a1(  � a1w

∗
1 + ε3w

∗
3 . (63)

Scenario 2. (e nonlinear beam deflection assumes the use
of two basic functions:

W
∗
nl5 x, a1(  � a1w

∗
1 + ε3w

∗
3 + ε5w

∗
5 . (64)

Scenario 3. (e nonlinear beam deflection assumes the use
of three basic functions:

W
∗
nl7 x, a1(  � a1w

∗
1 + ε3w

∗
3 + ε5w

∗
5 + ε7w

∗
7 . (65)

(e convergence between W∗nl and W∗nl3, W∗nl5, andW∗nl7
has been examined by calculating the integral of these
nonlinear modes over an interval of [0, 1] using the Simpson
numerical integration method. (e results are obtained for
different values of (ω∗nl/ω

∗
l ) in the case where Fd is equal to

100, 200, and 300. (e comparison was performed and is
summarized in Table 5.

In Table 5, the final normalized first nonlinear mode W∗nl

(62) was compared with the three other scenarios of non-
linear modes as shown in equations (63)–(65). (e com-
parison was performed by varying the frequency ratio for
each excitation. (e results obtained for the scenario where
Fd � 100 and (ω∗nl/ω

∗
l ) � 1 show a small difference of

Diff(3) � 1.724 × 10− 5 for the first scenario, and it decreases
to Diff(7) � 4.5 × 10− 7 for the last one, in other terms:

(i) (e use of Scenario 1 induces an error of 1.98 ×

10− 05 with respect to 
1
0 W∗nl

(ii) (e use of Scenario 2 induces an error of 2.59 ×

10− 06 with respect to 
1
0 W∗nl

(iii) (e use of Scenario 3 induces an error of 4.5023 ×

10− 07 with respect to 
1
0 W∗nl

Table 1: (e linear and nonlinear frequency ratio and the contribution coefficients of stepped beam (b) subjected to a free vibration.

Wmax a1 (ω∗nl/ω
∗
l ) ε2 ε3 ε4 ε5 ε6 ε7 ε8 ε9 ε10

0.968 0.5 1.23 3.43E−03 −4.21E03 1.42E−04 −4.52E−04 −2.912E−05 −1.04E−04 −2.77E−05 −2.96E−05 1.39E−05
1.166 0.6 1.32 5.64E−03 −7.01E−03 2.69E−04 −7.74E−04 −4.449E−05 −1.79E−04 −4.61E−05 −5.07E−05 2.36E−05
1.365 0.7 1.42 8.48E−2 −1.06E−02 4.65E−03 −1.21E−03 −6.058E−05 −2.83E−04 −7.03E−05 −7.98E−05 3.66E−05
1.566 0.8 1.53 1.19E−2 1.51E−02 7.48E−04 −1.78E−03 −7.46E−05 −4.19E−03 −1.00E−04 1.17E−04 5.32E−05

Table 2: (e frequency differences and residual for each value of a1 and at different numbers of basic functions.

Basic function numbers
Test a1 ω∗nl/ω

∗
l 7 8 9 10 Residual

1 0.5 1.23 1.45E−05 1.80E−07 2.90E−07 1.00E−08 1.452E−05
2 0.6 1.32 1.08E−04 4.50E−06 7.00E−06 4.00E−07 1.079E−04
3 0.7 1.42 2.30E−04 9.60E−06 1.50E−05 9.00E−07 2.305E−04
4 0.8 1.53 4.42E−04 1.90E−05 2.90E−05 1.00E−06 4.433−04
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Also, for the same excitation, if (ω∗nl/ω
∗
l ) � 1.8, Diff(3)

increases until reaching 1.11 × 10− 3 for the first scenario,
and Diff(7) increases to 6.7609 × 10− 5 for the last one,
meaning that

(i) (e use of Scenario 1 induces an error of 1.39 ×

10− 03 with respect to 
1
0 W∗nl

(ii) (e use of Scenario 2 induces an error of 2.78 ×

10− 04 with respect to 
1
0 W∗nl

(iii) (e use of Scenario 3 induces an error of 6.76 ×

10− 05 with respect to 
1
0 W∗nl

It can be noticed that the change in the excitation level
from 100 to 400 with (ω∗nl/ω

∗
l ) � 1.8 increases the error

involved between W∗nl and W∗nl7 by a small variation. For
Fd � 100 , this error is equal to 6.7609 × 10− 5, and for
Fd � 400, this error increases to 7.148 × 10− 5. Indeed, the
effect of the frequency ratio variation is more remarkable

than the force variation effect on the convergence of the
normalized first nonlinear mode. (e differences between
W∗nl and W∗nl7 for the value of the frequency ratio and for the
three excitations considered remain small. However, the
increase in the number of basic functions exceeding five
symmetric terms in equation (62) provides a correction,
due to the geometric nonlinearity, less than 7.148 × 10− 5.
(is correction is almost negligible compared to W∗nlmax;
hence, the numerical method proposed is well converged.

Diff(i) � 
1

0
W
∗
nl(i) − 

1

0
W
∗
nl(i+2)




,

residual �

����������


9

i�3
Diff(i) 

2




.

(66)

Table 3: (e linear and nonlinear frequency ratio and the contribution coefficients of stepped beam (b) subjected to a forced vibration.

Wmax ω∗nl/ω
∗
l a1 ε2 ε3 ε4 ε5 ε6 ε7 ε8 ε9 ε10

0.096 0.299 0.0517 3.986E−18 5.258E−04 3.117E−19 4.381E−05 2.534E−19 1.175E−05 1.781E−18 4.455E−06 2.281E−18
0.748 1.099 0.3998 1.049E−15 3.6292E−3 −1.027E−16 −3.855E−04 4.186E−17 −5.581E−05 −7.892E−17 −1.487E−05 4.443E−17
1.13 1.3 0.6131 3.271E−15 1.092E−2 −3.642e−16 −1.479E−3 1.369E−16 −2.332E−04 −2.810E−16 −6.657E−05 1.459E−16

Table 4: Comparison between normalized first nonlinear modes W∗nl and W∗nlSymmetric
for (ω∗nl/ω

∗
l ) � 1.8.

W∗ | 
1
0 W∗| |(d2W∗/dx∗2)|x∗�0.5| | 

1
0(d

2W∗/dx∗2)dx|

W∗nl 1.95307055960 0.995041432592128 31.9292939558 0.005546040320137
W∗nlSymmetric

1.95307055960 0.9950414325921284 31.9292939558 0.005546040320142
Difference — 4.4408E−16 — 5.381E−15

Table 5:(e convergence test of the normalized first nonlinear modes with different numbers of basic functions in the forced vibration case.

Fd W∗nlmax
(ω∗nl/ω

∗
l ) 

1
0 W∗nl 

1
0 W∗nl3 

1
0 W∗nl5 

1
0 W∗nl7 Residual

100

0.536 1 0.2580741 0.258094 0.258076 0.2580746 1.738E−05Diff(i) 1.724E−05 2.135E−06 4.5023E−07
1.135 1.3 0.556627 0.55690 0.556679 0.556639 2.302E−04Diff(i) 2.265E−04 3.934E−05 1.201E−06
1.46 1.5 0.729168 0.72978 0.7292869 0.7291965 5.09E−04Diff(i) 5.010E−04 9.033E−05 2.826E−05
1.9 1.8 0.96722 0.9686168 0.9675064 0.967296 1.132E−03Diff(i) 1.11E−03 2.10E−04 6.7609E−05

200

0.673 1 0.325504 0.32554426 0.3255096 0.325505 3.489E−05Diff(i) 3.46E−05 4.321E−06 9.229E−07
1.184 1.3 0.5820689 0.58237815 0.5821253 0.58208203 2.568E−04Diff(i) 2527E−04 4.333E−05 1.308E−05
1.496 1.5 0.745124 0.7457758 0.7452482 0.745153 5.367E−04Diff(i) 5.275E−04 9.460E−05 2.947E−05
1.921 1.8 0.976748 0.978167 0.977032 0.9768179 1.157E−03Diff(i) 1.13E−03 2.143E−04 6.891E−05

400

0.843 1 0.4107732 0.4108534 0.4107839 0.4107751 7.01E−05Diff(i) 6.952E−05 8.795E−06 1.913E−07
1.266 1.3 0.625555 0.625923 0.625621 0.625570 3.071E−04Diff(i) 30251E−04 5/087E−05 1.511E−05
1.549 1.5 0.774468 0.775181 0.774603 0.774500 5.886–04Diff(i) 5.787E−04 1.028E−04 3.179E−05
1.953 1.8 0.995041 0.996520 0.995335 0.995112 1.207E−03Diff(i) 1.184E−03 2.229E−04 7.14E−05
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5. Numerical Results and Discussion

5.1. Linear Free Vibration. A computer program has been
performed using MATLAB software, which analyses the
effects of the number and position of each step of the
multiple-stepped beam, as well as the change in the ratios
of the step cross sections and moments of inertia on the
vibration frequencies and mode shapes of the beam. To
verify the validity and precision of this analysis, three
cases are examined first, named beam (a), beam (b), and
beam (c), in which the beam cross sections vary in width,
in depth, and in both. Secondly, the three beams are
assumed to be fixed on both sides; for this purpose, an
infinite value is adopted for the value of the stiffness of the
linear and rotary springs at both ends
(kt1 �∞, kt2 �∞, kθ1 �∞, and kθ2 �∞). (irdly, the
values of the vibration frequencies for the first four vi-
bration modes are calculated and compared with those
available in [6, 13, 14] as shown in Tables 6 and 7.

Finally, the program developed for the case of tapered
beams is validated by modelling the tapered beam with a 12-
step beam as shown in Figure 3, maintaining the same taper
ratio and the same angle of inclination.

(e results obtained are compared in Table 8 with those
of [34] and show an excellent agreement, with a relative
difference not exceeding 0.0094% for the whole range of
frequencies considered. (e increase in the number of steps
is expected to further reduce this difference.

5.2. Nonlinear Free Vibration. (e nonlinear vibration of
tapered beams similar to that of [33–35] is now investigated
in the same way, and a comparison is made between the
results obtained here, based on the second formulation and
summarized in Table 9, and those of [33–35].

An excellent agreement can be noticed since the relative
difference does not exceed 0.2% for beam (a) and 1.8% for
beam (b). Increasing the number of steps is expected to
further reduce this error.

5.3. =e Effect of the Section Ratio. (e effect of the cross-
section ratio and the vibration amplitude on the beam
nonlinear behaviour is illustrated in Figures 4–6 by means of
the backbone curves associated to the first nonlinear mode
shape of a fully fixed beam with two steps
(R1
∗ � R3

∗ � 0.6 × R2
∗, u1 � u3, and u2 � m × u1), where

the value ofm is increasing for the three beams (a, b, and c).
It is clear that the nonlinearity remains of the hardening

type and that the increase in the section ratio (u2) leads to an
increase in the frequency ratio.

5.4. =e Effect of the Moment of Inertia Ratio. A comparison
between the three beam configurations with the same section
ratio (u1 � u3 and u2 � 0.5 × u1) and length ratio
(R1
∗ � R3

∗ � 0.5 × R2
∗) but with a different inertia ratio is

performed and illustrated in Figures 7–9.
Figures 7–9 show the stress distributions along the beam

for each configuration, derived from the linear theory and

the nonlinear model. (e effect of geometric nonlinearity is
clearly shown in the figures. (e calculation of the per-
centage correction introduced by the nonlinear theory
compared to the linear theory shows that it can reach 36%
for beam (a), 23% for beam (b), and 59% for beam (c) as
summarized in Table 10.

In addition, it can be noticed that the maximum value of
the curvature for the linear and nonlinear cases for beam (a)
is located near the clamped ends, while it is located in the
middle for beam (b). For beam (c), the location of the
maximum curvature is not the same in the linear and
nonlinear cases: in the linear case, it is located in the middle
of the beam, while in the nonlinear case, it is located at its
end.

5.5. =e Effect of the Step Length Ratio. (e effect of the step
length ratio on the nonlinear behaviour of beam (b) is il-
lustrated in Figure 10 which gives the backbone curves
associated to the first nonlinear mode shape for four cases:
R1
∗ � R3

∗ ≠R2
∗, u1 � u3, and u2 � 0.5 × u1.

Figure 10 shows the effect of the length ratios on the
geometrically nonlinear beam behaviour. (e modification
of these ratios is obtained by increasing R2

∗, resulting in a
decrease in R1

∗ and R3
∗. It should be noted that, by in-

creasing the length ratio R2
∗, the frequency ratio increases

accordingly.

Table 6: (e first four eigenvalues for the three clamped-clamped
beams (a, b, and c) where ( λ1; λ2; λ3; λ4)� (1, 0; 0, 80; 0, 65; 0, 25)
and (R1; R2; R3; R4)� (0, 25; 0, 30; 0, 25; 0, 20).

Mode number
1 2 3 4

Beam (a) Present work 4.5405 7.6603 10.8088 14.0643
[6] 4.5405 7.6603 10.8088 —

Beam (b)
Present work 3.5419 5.8116 8.4818 11.2834

[14] 3.5419 5.8116 8.4818 11.2834
[6] 3.5419 5.8116 8.4818 —

Beam (c) Present work 3.3128 5.7316 8.5841 11.4491
[6] 3.3128 5.7316 8.5841 —

Table 7: (e first four eigenvalues for the three clamped-clamped
beams (a, b, and c) where ( λ1; λ2)� (1, 0; 0, 50) and (R1; R2)� (0, 25;
0, 75).

Mode number
1 2 3 4

Beam (a)
Present work 4.9579 7.9042 10.9708 14.1707

[6] 4.9579 7.9043 10.9708 —
[13] 4.9579 7.9043 10.9708 14.1717

Beam (b)
Present work 3.9906 6.1617 8.3053 10.7570

[6] 3.9906 6.1618 8.3054 —
[13] 3.9906 6.1618 8.3054 10.7577

Beam (c)
Present work 4.1766 6.3823 8.2154 10.6443

[6] 4.1766 6.3824 8.2155 —
[13] 4.1766 6.3824 8.2155 10.6448
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5.6. Nonlinear Forced Vibration. (e forced nonlinear dy-
namic behaviour is investigated for the three types of beams
(a, b, and c) with R1

∗ � R3
∗ � 0.5 × R2

∗, u1 � u3, and u2 �

0.6 × u1 and excited by a uniformly distributed force over an
interval of [0.4, 0.6]. In order to examine the forced case, and
as mentioned in the theoretical section, it is required to
determine the predominant mode corresponding to each
level of excitation in order to perform the study in its vi-
cinity. (e generalized forces have thereby been calculated
and listed in Table 11.

(e calculation of the generalized forces led to the
conclusion that the first mode is predominant. Figures 11–14

show the nonlinear frequency response functions in the
vicinity of the first vibration mode.

Figure 11 shows a comparison between the linear and
nonlinear frequency response functions of configuration 2,
where the beam is excited by a distributed force Fd � 100
uniformly distributed over an interval of [0.4, 0.6].

Figure 12 shows a comparison between the frequency
response curves obtained for the three beams considered,
having different inertias. (e comparison is conducted using
a multimodal approach for three beams subjected to a
uniformly distributed force over an interval of [0.4, 0.6], with
Fd � 100.

Figure 3: Clamped-clamped tapered beams with a taper ratio equal to 0.2.

Table 8: (e first four eigenvalues for clamped-clamped tapered beams varying in depth with a taper ratio denoted by α: α � 0.2 and
(S(x)/S1) � (1 − α(x/L)).

Mode index
1 2 3 4

Present work 4.4812 7.4397 10.4164 13.3922
[34] 4.4808 7.4390 10.4155 13.3911
Rel diff (%) 0.0094 0.009 0.008 0.007

Table 9: (ωNL/ω) for clamped-tapered beams in which beam (a) is varying in breadth and beam (b) is varying in depth, with a taper ratio
α � 0.4 and r �

�����
(I/S)


.

(Wmax/r) Present work [33] Rel diff [33] (%) [35] Rel diff [35] (%)

Beam (a)

0.2 1.0009 1.0009 0 1.0009 0
0.4 1.0036 1.0037 0.009 — —
0.6 1.008 1.0082 0.01 1.0079 0.009
0.8 1.0143 1.0146 0.02 — —
1 1.0223 1.0227 0.03 1.0218 0.04
2 1.0859 1.0879 0.18 1.0835 0.22

Beam (b)

0.2 1.0014 1.0017 0.02 1.0015 0.008
0.4 1.0056 1.0066 0.09 — —
0.6 1.0126 1.0149 0.22 1.0134 0.07
0.8 1.0223 1.0263 0.38 — —
1 1.0347 1.0408 0.58 1.0366 0.17
2 1.1336 1.1545 1.8 1.1366 0.25
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Figure 4: Backbone curves of beam (a) in the vicinity of the first mode for various values of m.
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Figure 5: Backbone curves of beam (b) in the vicinity of the first mode for various values of m.
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Figure 6: Backbone curves of beam (c) in the vicinity of the first mode for various values of m.
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Figure 7: (e curvature distribution of beam (a). Maximum nondimensional amplitudes (W∗max � 1.5).
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Figure 9: (e curvature distribution of beam (c). Maximum nondimensional amplitudes (W∗max � 1.5).
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Figure 8: (e curvature distribution of beam (b). Maximum nondimensional amplitudes (W∗max � 1.5).
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Table 10: (e percentage correction between the curvatures estimated via the linear and nonlinear theories. Maximum nondimensional
amplitudes (W∗max � 1.5).

Beam
Curvature

x∗ Nonlinear Linear Percentage correction (%)

(a)
0 45.555 38.667 8.88
0.2 4.499 7.074 36.39
0.5 −26.518 −29.478 10.04

(b)
0 30.594 27.536 11.107

0.25 27.956 36.778 23.988
0.5 −42.4 −44.314 4.3196

(c)
0 37.345 33.303 12.137

0.25 5.931 14.606 59.391
0.5 −32.104 −35.288 9.022
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Figure 10: Backbone curves of beam (b) in the vicinity of the first mode for various values of R2.

Table 11: Percentage of generalized forces exciting the first five symmetric modes of three types of beams excited by a uniformly distributed
force over an interval of [0.4, 0.6].

Beam
Modes

1 3 5 7 9

(
0.6
0.4 w∗i /

10
1 

0.6
0.4 w∗i )

(a) 53.2 16.6 8.42 11.4 10.1
(b) 52.5 18.1 8.92 9.82 10.5
(c) 52.7 17.2 8.75 10.3 10.9
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Figure 11: Linear and nonlinear frequency response functions’ comparison for beam (b).
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Figure 13 shows a comparison between the response
curves obtained for the three configurations:
R1
∗ � R3

∗ ≠R2
∗, u1 � u3 , and u2 � 0.6 × u1. (e beam is

subjected to a uniformly distributed force Fd � 100 in the
interval of [0.4, 0.6].

Figure 14 presents a comparison between the frequency
response curves of beam (b), excited by different levels of
uniformly distributed forces in the range [0.4, 0.6].(e effect
of geometrical nonlinearity can be seen with the multivalued
region in which the jump phenomenon commonly found in
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Figure 12: Nonlinear frequency response functions, based on a multimode approach, for the three different beams, which are excited by a
uniformly distributed harmonic force.
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Figure 13: Nonlinear frequency response functions, based on a multimode approach, for beam (b) with different R2 ∗ .
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Figure 14: Nonlinear frequency response functions, based on a multimode approach, for beam (b) excited by different levels of distributed
forces.
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nonlinear vibration systems can occur. (e hardening be-
haviour is also clearly visible, as shown in Figure 11. As the
vibration amplitude increases, the frequency ratio increases
accordingly. In addition, Figure 12 shows how the nonlinear
effect changes with the type of cross section when one moves
from one beam to another. It appears from this figure that
the hardening effect in beam (b) is stronger than in the other
two. Figure 13 shows the effect of the change in length ratio
on the geometrically nonlinear behaviour. (e increase in
the length ratio R2

∗ makes the hardening behaviour more
accentuated. Figure 14 illustrates the disproportionate in-
crease in the frequency response amplitude relative to the
increase in the intensity of the distributed excitation force.

6. Conclusion

(e geometrically nonlinear free and forced vibrations of
multistepped beams were examined, based on
Euler–Bernoulli’s beam theory and von Karman’s nonlin-
earity assumptions. (e solution of the linear problem was
obtained for different configurations of multistepped beams.
(e calculation of the frequencies was performed using the
Newton–Raphson algorithm, and the mode shapes were
determined afterwards. Discrete expressions of the strain
and kinetic energies were derived, and the problem was
reduced using Hamilton’s principle to a nonlinear algebraic
system solved by the second formulation. (e numerical
method convergence study was carried out in the free and
forced vibrations, in which the results showed a good
convergence.(e results obtained were compared with those
obtained using the Galerkin method in order to verify the
validity and precision of the proposed approach and showed
a good agreement since the relative difference does not
exceed 1.8% for W∗max � 2. (e effect of the geometrical
nonlinearity on the dynamic behaviour of multistepped
beams was illustrated, as well as the effects of the change in
the beam cross section, inertia, and length ratios. It was
clearly noticed that the nonlinearity remains of the hard-
ening type and that the increase in the section or the length
ratios leads to the increase of the frequency ratio. Fur-
thermore, it appears that the location of the maximum
curvature can differ from the linear to the nonlinear cases.
(e forced vibration was analyzed using the multimode
approach. (e effect of the excitation level, the type of
section, and the length ratio on the nonlinear forced be-
haviour of the beam was illustrated and discussed. Besides, it
can be clearly seen that the hardening effect is greatest when
the cross section of the beams increases in height or when
the second length ratio increases. Furthermore, a conver-
gence study was also presented to show how the results of the
numerical method are well convergent.
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Mécanique, vol. 339, no. 11, pp. 727–742, 2011.

[25] H. Fakhreddine, A. Adri, S. Rifai, and R. Benamar, “A
multimode approach to geometrically non-linear forced vi-
brations of euler-bernoulli multispan beams,” Journal of
Vibration Engineering & Technologies, vol. 8, no. 2, pp. 319–
326, 2020.

[26] H. Fakhreddine, A. Adri, M. Chajdi, S. Rifai, and R. Benamar,
“A multimode approach to geometrically non-linear forced
vibration of beams carrying point masses,” Diagnostyka,
vol. 21, no. 4, pp. 23–33, 2020.
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[29] Ç. Demir, Ö. Civalek, and B. Akgöz, “Free vibration analysis
of carbon nanotubes based on shear deformable beam theory
by Discrete singular convolution technique,” Mathematical
and Computational Applications, vol. 15, no. 1, pp. 57–65,
2010.

[30] K. Torabi, H. Afshari, and H. Najafi, “Vibration analysis of
multi-step bernoulli-euler and timoshenko beams carrying
concentrated masses,” Journal of Solid Mechanics, vol. 5, no. 4,
pp. 336–349, 2013.

[31] M. Chajdi, A. Adri, K. El Bikri, and R. Benamar, “Linear and
geometrically nonlinear free and forced vibrations of fully
clamped multi-cracked beams,” Diagnostyka, vol. 20, no. 1,
pp. 111–125, 2019.

[32] F. T. K. Au, D. Y. Zheng, and Y. K. Cheung, “Vibration and
stability of non-uniform beams with abrupt changes of cross-
section by using C1 modified beam vibration functions,”
Applied Mathematical Modelling, vol. 23, no. 1, pp. 19–34,
1999.

[33] L. S. Raju, G. V. Rao, and K. K. Raju, “Large amplitude free
vibrations of tapered beams,” AIAA Journal, vol. 14, no. 2,
pp. 280–282, 1976.

[34] J. R. Banerjee and A. Ananthapuvirajah, “Free flexural vi-
bration of tapered beams,” Computers & Structures, vol. 224,
Article ID 106106, 2019.

[35] K. K. Raju, B. P. Shastry, and G. V. Rao, “A finite element
formulation for the large amplitude vibrations of tapered
beams,” Journal of Sound and Vibration, vol. 47, no. 4,
pp. 595–598, 1976.

18 Shock and Vibration


