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In general, bending waves transfer the largest portion of shock energy in a plate-like structure. +is study proposes a new shock
reduction method using an elastic patch designed to defocus the bending waves through the refraction of the waves so that it is
possible to effectively reduce the propagating shock for a certain target area. Elastic patches of three different shapes were
considered. +e shock reduction performance of these patches was analytically, numerically, and experimentally investigated and
compared. All results consistently showed that attached patches can effectively reduce passing waves for areas behind patches.
+erefore, utilizing the proposed methods, we can reduce the transient shock response at certain target areas of various practical
structures without degradation of structural stiffness or strength simply by bonding with an elastic patch.

1. Introduction

+ere have been many efforts to reduce structural shocks
propagating as elastic waves in various engineering appli-
cations, including aerospace structures in which thin plate-
like structures are often used as basic elements. +e appli-
cation of shock absorbers is the most common method to
reduce shock propagation. A shock absorber is installed at
the interface of a structure mounted on a base plate to at-
tenuate the shock transmitted along the plate. An acoustic
absorber made of various foams is applied to the surface to
reduce acoustic noise generated from the plate structure.
Acoustic noise induced by plate structures tends to be
dominated by bending waves [1]. In general, the antisym-
metric mode of Lamb waves, also called bending waves,
transfers the largest portion of energy. Over much of the
audio-frequency range, bending waves in thin plates have
the lowest mechanical impedance of the structure-borne
waves; as a result, they tend to be most strongly excited by
transient forces [1].

Shock isolators and absorbers have been investigated and
widely used to attenuate shock transmission to subsystems.
Jeong et al. [2, 3] developed a frequency tunable vibration

and shock isolator using a shape memory alloy (SMA) wire
actuator for the application of pyroshock attenuation in
launch vehicles and satellites. Youn et al. [4] introduced a
three-axis hybrid mesh isolator using the pseudoelasticity of
an SMA wire to attenuate pyroshock and vibration trans-
mitted to electronic components.+ey proved that there was
significant shock energy absorption by the pseudoelastic
effect of the SMA wire. Park et al. [5] proposed a sandwich
panel insert to achieve enhanced shock attenuation without
a shock isolator, with potential applications including
connecting parts or mounting devices on panels.

Since 2000, many investigations have been conducted to
manipulate elastic waves in plates. +ere are various wave
manipulation methods, such as the use of an acoustic black
hole (ABH) or of metastructures. +e acoustic black hole
effect, introduced byMironov [6], can achieve almost perfect
absorption of the incident wave energy. +e main principle
is a linear or higher-order power-law decrease in the velocity
of the incident wave. +e ABH effect has been investigated
mainly for bending waves in thin plates [7]. +e ABH
technique shows good performance in absorbing wave en-
ergy; however, there is a difficulty in that the already thin-
plate structure needs to be made thinner or needs cut-out
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holes, which cause degradation of the structural stiffness and
strength for some practical applications. Several studies on
the wave manipulation method based onmetamaterials have
also been conducted. Zhu et al. [8] presented an elastic
metamaterial with chiral microstructures to achieve negative
refraction of elastic waves. Dubois et al. [9] demonstrated
broadband focusing of elastic waves at 10 kHz in a thin plate
with a 45-degree tilted square array of circular air holes,
which cause a negative refraction effect by changing the
relative thickness. Li et al. [10] proposed a sharp bending
scheme for acoustic waves by truncating the sonic crystals.
In this study, an all-angle and wide-band 90° bending
waveguide was demonstrated at a wide range of incident
angles.

Recently, there have been a few efforts to control bending
wave and noise in a thin plate-like structure without cut
holes. Darabi et al. [11] and Zareei et al. [12] proposed a
wave-bending structure in a thin plate by smoothly varying
the bending stiffness of the plate and phase velocity. +e
proposed structure does not require bandgaps; therefore, it is
frequency-independent and able to guide bending waves
along arbitrary curvy trajectories or effectively focusing the
bending waves. Li et al. [13] and Qi et al. [14] investigated the
internal noise reduction of cylindrical shell structure using
the noise control method of laying melamine-foam layer to
reduce the harsh mid-low frequency noise of rocket fairing.
+ey conducted experiments and numerical analysis on
aluminium and aluminium/melamine-foam cylindrical
shells and obtained corresponding internal noise response
spectrograms.

As with the ABH technique, however, the metamaterials
or machining on a thin plate have limitations in terms of
degradation of structural rigidity and strength of the plate
structures. Recently, a few studies have been conducted on a
technique of refracting bending waves simply by attaching a
metal slice to the plate without indentation or hole pro-
cessing. +e velocity of waves in a thin plate structure is
determined by the material properties and the thickness of
the plate. In wave theory, waves propagating from one
medium to the other are refracted by the propagation ve-
locity difference, and this refraction phenomenon is also
applicable to bending waves on plates [15]. A numerical and
experimental study conducted by Tian and Yu [16] showed
that an A0-mode wavefront could be focused on the desired
focal point using a planoconcave aspherical lens by changing
the effective plate thickness using lenses bonded on plates.
Kudela and Ostachowicz [17] also showed that a plano-
concave aspherical lens attached to the plate can change the
effective plate thickness and can be used to focus the A0
mode of Lamb waves. Tol et al. [18] introduced a study on
3D-printed Gradient-Index Phononic Crystal Lens bonded
on a metallic host plate in order to enhance energy har-
vesting by focusing the elastic wave. +e gradient refractive
index was achieved by designing stub heights with the
hyperbolic distribution. Darabi et al. [19] studied Broadband
cloaking of bending waves by a flexural cloaking structure
using only a single material composed of homogeneous and
isotropic layers and experimentally showed the near-ideal
broadband cloak in thin plates.

In this study, a shock reduction method is investigated
using various shapes of elastic patches to defocus the
bending waves through the refraction of the waves. Elastic
patches of three different shapes were considered to refract
and reduce the transient bending waves; the shock reduction
performances of those patches were investigated analytically,
numerically, and experimentally. +e proposed method uses
elastic patches, which can be easily applied to practical
structures to refract the bending waves, reducing them at
selected regions without any degradation of the structural
stiffness or strength. +e proposed method has potential
applications in protecting sensitive components such as
sensors from intensive shock and noise in plate-like
structures, in aerospace, automobiles, and constructions.

2. Refraction of Bending Waves

According to the Kirchhoff–Love plate theory (classical plate
theory), the deflection of the middle plane of a plate
w(x, y, t) for an isotropic plate is governed by [20]

D∇4w(x, y, t) + ρh
z
2
w(x, y, t)

zt
2 � 0, (1)

where D is the bending stiffness of the plate, ρ is the volume
mass density, h is the thickness of the plate, and ∇ is the
Laplacian for x and y. +e propagation velocity of bending
waves “c” in the thin uniform plate is given by [1, 20]

c �
��
ω

√ D

m
 

1/4
, (2)

where ω is the phase frequency of bending waves and m
(� ρh) is mass per unit area.

When an elastic wave propagates from one solid to
another solid, the following four quantities must be equal on
both sides of the boundary [15]: the normal displacement,
the tangential displacements, the normal stress, and the
tangential stress. As shown in Figure 1, when vibrations of
an incident bending wave are in the xy-plane with the in-
cident angle of β1, the wave reflects with the same angle and
refracts at an angle of β3. +e deviation angle with respect to
the direction of incident waves is defined as c. In an infinite
flat plate, bending waves generated by a concentrated
transverse force spread out cylindrically from a source point
[1]. According to Huygens’s principle, the wavefront at any
moment is on the envelope of a series of spherical wavelets
spread out from points on the wavefront at a previous
moment, and this principle is used to derive the sine law
(Snell’s law) relation [1, 15]

sin β1( 

cA

�
sin β2( 

cA

�
sin β3( 

cB

, (3)

where cA and cB are the propagation velocities of the bending
waves in the first plate and the second plate, respectively.
+at is to say, for a given pair of media, how much a wave is
refracted is determined by the change in wave speed and the
initial direction of the incident wavefronts.

By utilizing the refraction phenomenon of bending
waves, it is possible to reduce the shock response propagated
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in a certain target area. Effective refraction of bending waves
can be achieved simply by attaching a thin elastic patch to
the host plate to change the bending stiffness. Figure 2 shows
the concept of the shock reduction method proposed in this
study. Numerical and experimental investigations to identify
the shock reduction performance will be discussed in the
next section.

3. Effect of Patch Thickness on the Bending
Wave Propagation

3.1. Evaluation of the Bending Stiffness of Multilayered Beam
Structure. As a preliminary study on the wave refraction by
the elastic patch, theoretical, numerical, and experimental
studies were conducted to identify the effect of patch
thickness on the bending wave propagation in the laminated
plates combined by adhesives.

+e deformation of a plate assembly shown in Figure 3
consists of two parts: deformations due to bending mo-
ments, wb, and deformations due to transverse forces, ws.
+erefore, a total deformation is a summation of those two
deformations as w � wb +ws.

+e location of the neutral axis, e, from the bottom
surface of the host plate defined as z� 0, is given by the
coordinate system for which the first moment of area is zero
when integrated over the entire cross section [21]:

e �
Eptpzp + Eataza + Ehthzh

Eptp + Eata + Ehth

, (4)

where E and ] are Young’s modulus and Poisson’s ratio. +e
subscripts p, a, and h, respectively, denote the patch, the
adhesive, and the host plate. zp, za, and zh are the locations
of the neutral axis of the patch, adhesive, and host plate,
respectively. +e effective bending stiffness of the plate as-
sembly shown in Figure 3 can be explained using the
sandwich plate theory [21].

First, the constitutive relations for 2D orthotropic linear
elastic materials are given as follows [21]:
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where three assumptions with bending of thin face sheets
can be considered as follows: (i) the thickness of each layer
in the z-direction does not change; (ii) the in-plane
normal stiffness of the core is small compared to that of
the face sheet; that is, the core does not lengthen or
compress in the x-direction; and (iii) the face sheet (the
patch and the host-plate) follows the Euler–Bernoulli
assumptions so that there is no xz-shear deformation in
the face sheet, but the xz-shear deformation in the core is
not neglected. Equations (6) and (7) summarize the de-
scribed assumptions:

σp
zz � σp

zx � σh
zz � σh

zx � σh
zx � 0, (6)

εp
zz � εh

zz � εa
zz � εp

zx � εh
zx � 0, (7)

where the superscripts p, a, and h, respectively, denote the
patch, the adhesive, and the host plate. Based on the
kinematics of the plate assembly shown in Figure 3 and the
assumptions of the sandwich plate theory in equations (6)
and (7), the stress-displacement relations of the patch, the
host plate, and the adhesive can be derived as follows:
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Figure 1: Reflection and refraction of incident distortion wave at
the plane interface.
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Figure 2: Conceptual diagram of proposed shock reduction
method.
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Figure 3: Deformation of a plate assembly with adhesive layer.
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+e resultant forces and moment relationships are given
as
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From the definition of bending stiffness, given in
equation (10), assuming that the shear deformation of the
plate is negligibly small and the moduli of the patch and host
plate are sufficiently greater than that of the adhesive, the
bending stiffness of the plate assembly is derived as equation
(11):

D � −
M

d2w/dx
2, (10)
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where zp
′ and zh

′ are the location of the neutral axis of the
patch and host plate with respect to the neutral axis of the
assembly, respectively.+erefore, when a patch is attached to
the host plate, the bending stiffness increases and the wave
propagation speed tends to increase, as explained in equa-
tion (11).

3.2. Numerical Simulation on the Propagation Speed of the
Bending Wave. To numerically validate the effect of the
patch, a finite element model of a 2D plain-strain beam as
shown in Figure 4 with a total length of 600mm was
established and analysis for the propagation of bending wave
was performed. Figure 4 shows the magnified section of the
beam. In order to generate a bending wave, a 10 kHz

sinusoidal velocity boundary condition of 4-cycles in the
vertical direction was applied to one end of the beam. +e
linear element with a size of 0.5mm in length and 4-ele-
ments in thickness direction for each layer was used. It is
known that the linear element has a shear locking phe-
nomenon. However, the shear locking can be prevented by
using at least 3 elements over the thickness, and also three
layers of linear elements across the thickness are sufficient
for bending analysis [22].

Aluminium was considered for the material of the patch
and the host plate, and epoxy resin was considered as the
adhesive material. +e material properties are listed in
Table 1.

3.3. Experimental Validation on the Propagation Speed of the
Bending Wave. Figures 5 and 6 show a schematic diagram
and the actual experimental setup tomeasure the wavelength
depending on the patch thickness, respectively. +e com-
mon host plate was made of aluminium with dimensions of
1000mm× 50mm× 1mm. To simulate the free edge
boundary condition, the host plate was suspended by two
polypropylene wires. +e beam patches with various
thicknesses are made of the samematerial and dimensions as
the host plate. Tomeasure the out-of-plane velocity response
of the patch side, a Laser Doppler Vibrometer (LDV)
mounted on a 2D stage system was used. A piezoelectric disk
made of PIC255 [26] (piezoelectric ceramic material) with
10mm diameter and 0.5mm thickness was attached to the
host plate. +e waveform of the input voltage to the piezo
disk actuators was set to a Hanning-windowed sinusoidal
signal of three periods, with voltage amplitude from 0V to
300V, amplified using a Trek-623B [27] piezoelectric driver.
+e velocity histories at each sensing point were measured
with a sampling rate of 1MHz using a National Instruments
PXIe-6366 [28] DAQ board.

Figure 7 shows wavenumbers evaluated by the numerical
simulation, the analytical analysis, and the experiments; all
three (the analytical, the numerical, and the experimental)
results agree well.

4. ShockReductionbyWaveRefraction through
an Elastic Patch

4.1. Experimental Structure. Figure 8 shows schematics of
the configuration for the experimental object structure. +e
host plate is made of aluminium of dimensions
1200mm× 1200mm× 1mm (thickness). +e plane bending
waves are generated from an array of 15 piezoelectric disk

Patch

Adhesive

Host plate

0.5 mm

1 mm

0.1 mm

tp

Figure 4: Finite element model of a part of the beam assembly with
the adhesive layer.
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actuators attached to a thin host-plate made of aluminium;
the generated wavelets are refracted when passing through
the elastic patch.

In order to refract and defocus the plane wave to reduce
the response at the rear of the patch, three simple shaped
lenses were considered, as shown in Figure 9: a triangle
(prism), a circle (ball lens), and a double-convex lens (DCX
lens).+eDCX lens is one of themost commonly used lenses
in optics [29]. +e characteristic dimensions of the patches
are taken as the length of the direction perpendicular to the

Generate wavelet
analog signal

High-Voltage
AMP

Measure velocity Move to next
stage position

Repeat until the stage reach to the final position

Measurement point
Piezo disk
actuator

LDV

Host plate

Figure 5: Schematic diagram of the experimental setup to measure the wavelength.
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Figure 6: Experimental setup for the beam patch test.
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Figure 8: Schematic and dimensions of experimental structure.

Table 1: Material properties of aluminium [23] and epoxy resin [24, 25].

Material Host plate and patch Adhesive
Aluminium Epoxy resin

Density (kg/m3) 2770 1160
Young’s modulus (GPa) 71 3.78
Shear modulus (GPa) 26.7 1.4
Poisson’s ratio 0.33 0.35
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wave progress; the characteristic lengths of all three patches
are set equally to 200mm. All the patches are made of the
same material as the host plate and thickness and are of the
same thickness (1mm).

4.2. Prediction ofWave Refractionwith Ray Tracing. In order
to qualitatively predict and compare the shock reduction
characteristics at the rear region of each different type of
patch, as preliminary evaluation, the ray-tracing method was
used. If the incident wavefronts are perfectly plane wave,
refraction behaviors of the wavefronts at the boundary of the

patches can be effectively simulated by utilizing the ray-
tracing technique. +e ray-tracing technique is often used in
ocean acoustics and seismology, as well as optics. A common
assumption of the ray-tracing techniques in this study is that
the bending wave propagates in straight lines through the
structure [30].+erefore, interference and diffraction cannot
be calculated by ray tracing. However, the ray-tracing
technique is a convenient and powerful way to predict the
propagation path of the wavefronts. Figure 10 shows the
flowchart of the established ray-tracing algorithm. In the 2-
dimensional thickness field in XY-plane (see Figure 8), each
beam departs from the point source then travels straightly

20
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D200

(b)

R120

110

20
0

(c)

Figure 9: Dimensions of three different patches: (a) right-angled triangle, (b) circle, and (c) DCX lens.
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Figure 10: +e established ray-tracing algorithm.
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with discrete small steps which are sufficiently smaller than
the length of the patch so that the step size can be negligible.
In Figure 10, PN (i) is i-th point on the N-th beam, TN,i
denotes thickness at the i-th point on the N-th beam, and
Dbend is the bending stiffness. During travel, when the
thickness at the point of step “i” is different from step “i − 1,”
the beam direction is adjusted as much as the deviation angle
calculated based on the difference of the bending stiffness
and the phase velocity between step point “i − 1” and step
point “i.”

After completing the beam trajectory calculation, point
clouds are generated along each beam, and the density field

of the point clouds can be evaluated by the kernel density
estimation algorithm. +e kernel density estimation pro-
vides a simple way of finding structure in data sets without
imposing a parametric model [31]. From the calculated
density, the high response area and the low response area can
be predicted. As the kernel density function, the Epa-
nechnikov kernel [32] as equation (12) was used:

K(u) �
3
4

1 − u
2

 , |u|< 1{ }. (12)

+e kernel function,K (u), is the weighting function used
in nonparametric estimation techniques and also can be
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Figure 11: +e predicted path of wave transmission by ray-tracing technique.
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utilized for smoothing data by calculating a weighted av-
erage of neighboring observed data. In equation (12), u is the
normalized distance from the selected point to the neigh-
boring data, and the normalized distance is defined as

u �
XP − X

����
����

R
, (13)

where XP and X are coordinate of the selected point and its
neighboring data point, respectively, and R is the radius of
the window.

Figure 11 shows the calculated beam trajectories (see (a),
(c), and (e)) and the normalized density fields (see (b), (d),

and (f)) for the case of the triangle, the circle, and the DCX-
lens patch, respectively. For the area behind the patch, the
triangle patch refracts all incident beam with a consistent
high-refraction angle, and transmitted beam density is al-
most zero at this area. On the contrary, the circle patch and
lens patch refracts or reflects incident beams with various
angles depending on the incident angle of each beam.
Significantly, the transmitted beam density at the area be-
hind the lens patch is larger than that of the circle patch
because the incident angle of the same beams for the lens
patch is smaller than the circle patch, resulting in small
refraction angles.
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Figure 14: Numerical simulation of acceleration wavefield for circle patch.
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Figure 13: Numerical simulation of acceleration wavefield for triangle patch.
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4.3. Numerical Simulation. Wave propagation on a thin
plate can be effectively and accurately simulated using the
explicit time integration of the finite element method for the
Lagrangian approach [5, 33, 34]. A numerical simulation for
the wave propagation was conducted using ANSYS Explicit
dynamics. +e established finite element model using
symmetric geometry is shown in Figure 12. A total of
220,000 nodes and 150,000 elements was used. An epoxy
layer with an assumed thickness of 0.4mm was also con-
sidered between the host plate and the patch for the ad-
hesive. +e host plate is made of aluminium with 1mm
thickness; the elastic patch has a right-angled triangle shape

for this case and is made of the same material. A total of 15
thin disks with 0.5mm thickness and 10mm diameter are
modelled to mimic the piezo actuators. To generate bending
waves, Hanning-windowed Y-directional sinusoidal velocity
boundary condition with 100mm/s peak and 10 kHz fre-
quency was applied to the disks. +e material properties of
the aluminium (for the plate and the patch) and the epoxy
(for the adhesive) listed in Table 1 were used. An identical
analysis setup was applied to the cases of the circle, and DCX
lens patches.

Figures 13 to 15 show the propagation and refraction of
incident waves by illustrating the normalized acceleration

0.5 ms

0.3 ms

0.7 ms

0.4 ms

0.6 ms

0.8 ms

–1 0 1

Figure 15: Numerical simulation of acceleration wavefield for DCX-lens patch.
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Figure 16: Schematic diagram of the experimental setup.
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with the triangle, circle, and DCX-lens-shaped patches,
respectively. All results show that the incident waves ef-
fectively refracted to the side of each patch; waves trans-
mitted to the area after the patch were significantly reduced.
+e refracted waves and plane waves on the side of the
patches exhibit constructive and destructive interference.
Waves generated from the multiple point source gather to
create the plane waves; thus, reflected and refracted waves
generated through the patch create complex interference
fringes. +e triangle patch shows lower transmittance than
those of other patches because its fixed incident angle of 45°
for the plane waves theoretically causes the largest deviation
angle for the boundary of thickness variation. +erefore, the
circle patches and the DCX-lens patches have lower re-
duction rates than those of the triangle patches. In particular,
since these two patches have low angles of incidence near the
center, which is nearly perpendicular, the waves are reduced
only by certain reflections, resulting in relatively high
transmission. +ese trends of the numerical simulation

results are consistent with the ray-tracing results discussed
in the previous section.

4.4. Experimental Demonstration. Experiments to measure
and visualize the wave propagation and refraction were
performed. Figure 16 shows a schematic diagram and the
built experimental setup. +e host plate was made of alu-
minium with dimensions of 1200mm× 1200mm× 1mm.
+e patches are made of the same material as the host plate,
with equal characteristic dimensions of 200mm length in the
Y-direction. A 1D array of 15-piezoelectric disks, made of
PIC255 with 10mm diameter and 0.5mm thickness, was
attached to the host plate. +e waveform of the input voltage
to the piezo disk actuators was set to a Hanning-windowed
sinusoidal signal of three periods, with voltage amplitude
from 0V to 300V, amplified using a Trek-623B piezoelectric
driver. +e velocity histories at each sensing point were
measured with a sampling rate of 1MHz using a National

Figure 17: Configuration of the built experimental setup.

0.3 ms

0.5 ms

0.7 ms

0.4 ms

0.6 ms

0.8 ms

-1 0 1
Normalized acceleration

-0.5 0.5

Figure 18: Experimentally measured acceleration wavefield for triangle patch.

10 Shock and Vibration



Instruments PXIe-6366 DAQ board. +e scanning area was
set as 550mm width× 200mm height with 3mm intervals; a
total of 12,328 points was measured. Figure 17 shows the
described experimental setup for the triangle patch.

Figures 18 to 20 illustrate the normalized acceleration
wavefield measured in the experiments. +e propagation
and the refraction patterns, which are very similar to those of
the analysis results, were confirmed. As also confirmed in the
numerical simulation results, in the case of the triangle
patch, at the incident interface with a critical angle of

incidence, some waves are reflected by total internal re-
flection, and some are refracted and proceed in parallel along
the boundary. In this case, the transmittance is low because
most waves are completely reflected or refracted across the
incident boundary. On the contrary, for the circle patches,
incident waves passing through the range of “Y> 70mm”
approach the patch boundary with a larger incident angle
than the critical angle, and so total internal reflection occurs,
some incident waves passing through the range of
“Y< 70mm” are reflected, and some are refracted.

0.3 ms 0.4 ms

0.7 ms 0.8 ms

0.5 ms 0.6 ms

-1 0 1
Normalized acceleration

-0.5 0.5

Figure 19: Experimentally measured acceleration wavefield for circle patch.
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Figure 20: Experimentally measured acceleration wavefield for DCX-lens patch.
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Figure 21 shows a comparison of the acceleration re-
sponse at the measurement points (marked in Figure 8)
where point-1 is at (10, 0) and point-2 at (300, 0). +e time
intervals between the two waveforms, measured at point-1
and point-2, are due to the travel time of the bending waves
from point-1 to point-2. +e shock reduction performance
can be evaluated by comparing the amplitude of the
waveforms at point-1 and point-2.+e triangle patch and the
circle patch show a similar amplitude of responses at point-
2, whereas the DCX-lens patch shows a significantly larger
response, thus confirming that the wave reduction effect is
relatively low. In order to quantitatively evaluate the re-
duction performance of each patch, the criterion of re-
duction ratio was defined and calculated using the root mean

square (RMS) value of the acceleration wavefield. Figure 22
displays the normalized root mean square value of the ac-
celeration wavefield for the three different shapes of patches.
+e triangle patch showed high reduction performance
along the central line, while the circle patch and DCX-lens
patch showed low reduction rates along the central line. In
particular, the DCX-lens patch was found to have low re-
duction performance overall. In Table 2, the mean RMS
value for the area before the patch (red dotted box in
Figure 22(a)) and that after the patch (white dotted box in
Figure 22(a)) were evaluated at the measurement points of
X� 0, 0≤Y≤ 100, and 250≤X≤ 550, 0≤Y≤ 100 (unit: mm),
respectively. +e comparison shows that the triangle patch
has better reduction performance than that of the circle and
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Figure 21: Acceleration response before and after the patch for cases of (a) triangle, (b) circle, and (c) DCX-lens patches.
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Figure 22: Normalized root mean square value of wavefield for (a) triangle, (b) circle, and (c) DCX-lens-shaped patch.
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the lens patches, like the results of ray tracing and FEA;
furthermore, the reduction per area value of the triangle
patch is also the highest. In some applications, such as
aerospace structures, the performance-to-weight efficiency
of a system is one of the most important specifications. In
order of efficiency in that respect, the triangle patch, the
DCX-lens patch, and the circle patch show good reduction
performances, as listed in Table 2.

5. Conclusion

+e reduction of structural shocks propagating as elastic
waves in thin plate-like structures is an important issue in
various engineering applications. In this study, a new shock
reduction method of using an elastic patch to defocus
bending waves through the refraction of the waves was
proposed. Elastic patches of three different shapes (triangle,
circle, and double-convex shapes) were considered to refract
and reduce transient bending waves.

As a preliminary experiment, the bending wave prop-
agation test on the thin beam assembly, consisting of the host
plate, the epoxy adhesive, the patch, was performed for
various thicknesses of the patch. +e analytically and nu-
merically predicted and experimentally confirmed wave-
number showed a good agreement. To predict shock
reduction performance of the patches, the ray tracing and
the density estimation algorithm were established. +e
numerical simulations and the experiments for elastic
patches of the three different shapes were performed to
identify the propagation and refraction behaviors of the
incident plane bending waves. All of the ray tracing, nu-
merical, and experimental results consistently showed that
attached patches could effectively reduce passing waves for
areas behind patches. +e reduction performances of each
different shape of the patch were quantitatively evaluated
and compared. +e reduction ratios, calculated from the
root mean square value of the acceleration wavefield, were
compared. +e triangle patch showed high reduction per-
formance along the central line, while the circle patch and
DCX-lens patch showed low reduction rates along the
central line. +e DCX-lens patch was found to have low
reduction performance overall because the incident waves
are the plane bending waves. +erefore, the triangle patch
can refract all the incident wavefronts with a high-refraction
angle. However, in the case of the circle and the DCX lenses,
the incident bending waves meet the front edge near the
center of those lenses with the low incident angle, almost
perpendicular. Comparing the circle and the DCX lenses, the
incident angle at the front edge of the DCX lens is lower than
the circle lens. +erefore, the reduction performance of the

circle patch is better accordingly. In summary, the triangle
patch has the best reduction performance; the reduction per-
area value of the triangle patch is also the highest. To
conclude, it is possible to reduce the transient shock re-
sponse at certain target areas on various practical structural
applications without any degradation of structural stiffness
and strength simply by bonding with an elastic patch.
+erefore, the proposed method has potential applications
in protecting sensitive components such as sensors from
intensive shock and noise in plate-like structures in aero-
space, automobiles, and constructions.
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