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*e prevention of environmental vibration pollution induced by train operation is one of the inevitable problems in the
construction of urban rail transit. With the advantage of flexible adjustment, phononic crystals (PCs) have a broad application
prospect in suppressing elastic wave propagation of rail transit. In this paper, a damped rail with two-dimensional honeycomb PCs
was proposed, and its band structure was analysed with FEM. *en, a parametric study was used to investigate the influences of
design parameters of the honeycomb PCs on its band gap property. Furthermore, with a 3D half-track model, the vibration
reduction property of the damped rail with honeycomb PCs was discussed.*e results show that the damped rail with honeycomb
PCs has an absolute band gap in the frequency range of 877.3–1501.7Hz, which includes the pinned-pinned resonance frequency
of the rail internally. Reducing the filling fraction and elastic modulus of the matrix can obtain an absolute band gap in a lower
frequency range but also bring a narrower bandwidth.*e decrease of scatterer density leads to higher boundary frequencies of the
absolute band gap and descends the bandwidth. In order to obtain an absolute band gap which can suppress the pinned-pinned
resonance of the rail and keep a wider bandwidth, the filling fraction is suitable to be about 0.5, and the elastic modulus of the
matrix is proposed to be not more than 0.6MPa. Metals with heavy density can be used as the scatterer to obtain a better vibration
reduction effect. It is hoped that the research results can provide a reference for the application of PCs in track vibration reduction.

1. Introduction

Urban rail transit provides an efficient and low-cost way for
residents to travel in the city. In recent years, the con-
struction scale of urban rail transit has even become an
indicator to estimate the prosperity of a city. However, as the
density of urban rail transit network increases, the envi-
ronmental vibration induced by train operation grows
sharply, which has considerable effects on the safety of the
protected ancient buildings, as well as the routine life and
work of residents living along traffic-lines. *e vibration
reduction of urban rail transit has become an imperative
problem in the construction of urban rail transit, whichmust
be resolved promptly and properly.

*e track vibration caused by the huge wheel/rail in-
teraction force, which propagates along the foundation
under track (subgrade, tunnel, or viaduct) and surrounding
soil to adjacent buildings, is the fundamental source of

environment vibration of urban rail transit. *e essence of
this process is the propagation of elastic waves in solid
structures. Phononic crystals (PCs), composed of two or
more different types of materials with different mechanical
properties and mass densities, may exhibit band gaps, within
which the propagation of elastic waves is prohibited [1]. As
most of the PCs are artificial structures, they have flexible
adjustment in the attenuation of elastic waves. *erefore,
PCs may have potential applications in the control of noise
or vibration in railway.

At present, the advantages of PCs in vibration and noise
reduction have gradually attracted the attention of scholars
in the field of rail transit, and some researches on the track
vibration reduction with PCs have also been conducted.
Considering the dynamic vibration absorbers (DVAs) as
periodic devices installed on the rail, Xiao et al. discussed the
influences of this passive vibration reduction method on the
dispersion and vibration properties of the CRTS II slab track
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[2]. Wang et al. attached locally resonant units on the rail
periodically and explicated the formation mechanism of the
new wider band gap of the track in high-speed railway [3].
*e introduction of PCs into floating slab track (FST) system
can improve its vibration isolation effect effectively. Based
on the local resonance mechanism, Sheng et al. [4] and Nong
et al. [5] designed vibration isolators with locally resonant
PCs to replace the steel springs in the FST, respectively. *e
new FST using PCs can get an improvement in overall vi-
bration mitigation performance with their band gap prop-
erties. Zhao et al. developed a kind of locally resonant
damping pad composed of cubic steel scatterers sandwiched
between two soft rubber coatings [6], and the test results
proved that the new damping pad can get a better effect with
a vibration reduction of 10 dB. Jiang et al. proposed a two-
dimensional ternary locally resonant periodic row-pile
structure with hexagonal lattice to prohibit the propagation
of the environmental vibration in low-frequency range, and
the vibration reduction effect is related to the soil property
around the row-piles [7]. By adding 22% light polymer
particles evenly into ordinary concrete, Miao et al. developed
a composite track bed with two band gaps in the frequency of
0∼30Hz and 45∼135Hz, which can be used for low-fre-
quency vibration reduction of ballastless tracks [8]. Yi et al.
proposed an air-solid periodic noise barrier for rail transit
on subgrade or viaduct [9], which can improve the noise
reduction effect by 2∼3 dB compared with the ordinary erect
sound barrier of the same mass.

*e damped rail is an effective control method for
mitigating railway vibration and noise at the source [10].
*erefore, a kind of damped rail with two-dimensional
honeycomb PCs is proposed in this paper, and its band
structure is calculated with finite element method (FEM).
*en, the influences of structural and material parameters of
the honeycomb PCs on its band gap property are analysed.
With a 3D half-track model, the vibration reduction effect of
the damped rail with honeycomb PCs is discussed. It is
hoped that the research results can provide a reference for
the application of PCs in track vibration reduction.

1.1. Proposed Damped Rail with PCs. *e proposed damped
rail with two-dimensional honeycomb PCs is composed of
hexagonal metal scatterers and the matrix made of vulca-
nized rubber, which can be bonded to the rail web, as shown
in Figure 1(a). *e scatterers are embedded in the rubber
matrix with triangular lattice. *e band gaps of the two-
dimensional honeycomb PCs are generated based on the
Bragg scattering mechanism.*e unit cells and basic vectors
in direct lattices are shown in Figure 1(b). *e first Brillouin
zone and irreducible Brillouin zone are shown in Figure 1(c).

Considering the limit of the geometric space of the rail
web, the lattice constant a and side length of hexagonal metal
scatterer e of the unit cell in damped rail with PCs can be
given as follows: a� 11.29mm; e� 4.5mm. *e material
parameters of the matrix and the scatterer are listed in
Table 1.

*e damped rail with two-dimensional honeycomb PCs
can not only control the rail vibration propagation through

the band gap theory but also retain the energy dissipation
principle of the traditional damped rail. When the hexagonal
metal scatterers vibrate with the rail, the relative motion
between adjacent scatterers will bring compression and
shear to the matrix rubber, which can further dissipate the
vibration energy through the damping deformation.

1.2. BandGap Property. When an ideal elastic body deforms
slightly, the governing equation of motion without the body
force is expressed as [11]

ρ€u (r, t) � (λ + μ)∇∇ · u(r, t) + μ∇2u(r, t), (1)

where u(r, t) is the displacement function vector; r is the
coordinate vector corresponding to x, y, z directions; t is the
time; ρ is the density; λ and μ are the Lamé constants; and ∇
is the Hamilton differential operator.

In the case of two-dimensional systems, the scatterers are
supposed to be parallel to z-axis with the wave vector lying in
the xy-plane. *en, the terms of partial derivative of z in
equation (1) are all zero, and uz is independent. *erefore,
equation (1) can be decoupled into two groups of equations
of motion in xy-plane and z direction, which are called wave
equation of in-plane (xy-) mode (equation (2)) and wave
equation of antiplane (z-) mode (equation (3)), respectively,

ρ(r)€uxy(r, t) �(λ(r) + μ(r))∇∇ · uxy(r, t) + μ(r)∇2uxy(r, t),

(2)

ρ(r)€uz(r, t) � μ(r)∇2uz(r, t), (3)

where ρ(r), λ(r), and μ(r) are periodic functions of coor-
dinate vector r.

*e elastic wave in phononic crystal structure is a kind of
Bloch wave. *us, the solution of equation (1) satisfies the
Bloch theorem [12]:

u(r, t) � v(r)ei(k·r−wt)
, (4)

where k is the wave vector of the reciprocal space; ω is the
angular frequency; and v(r) is the wave amplitude. Con-
sidering the periodicity of the structure, v(r) can be
expressed as

v r + Rn(  � v(r), (5)

where Rn is the periodic constant vector. *e periodic
boundary conditions can be obtained by substituting
equation (5) into equation (4):

u r + Rn, t(  � u(r, t)e
ik·Rn . (6)

As the two-dimensional honeycomb PCs attached to
the damped rail are Bragg scattering PCs, the rubber
matrix only acts as a mass block [13]. *erefore, the
coupling between the matrix and the scatterer can be
neglected during the calculation of the band structure. By
applying equation (6) to the wave equations, the eigen-
value problem involving the relationship between wave
frequency and wave vector can be obtained. Taking the
wave vector along the boundaries of the irreducible
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Brillouin zone (M-Γ-X-M) shown in Figure 1(c), the band
structure of elastic waves in PCs can be solved.

At present, the calculation methods for band structure
of PCs mainly include the transfer matrix method generally
applied to one-dimensional PCs [14], plane wave expansion
method commonly applied to two-dimensional PCs [15],
multiple scattering theory [16], finite difference time do-
main method [17], and FEM [18, 19], among which the
FEM has the best applicability for complex structures. *e
finite element model of the two-dimensional honeycomb
PC is divided using quadrilateral elements, and the degree
of freedom of the meshed model is 4256. *e Floquet
periodic boundary condition is applied to the finite element
model to deal with the Bloch wave. *e velocity of com-
pression waves (in xy-mode) cL �

����������
((λ + 2μ)/ρ)


, and the

velocity of shear waves (in z-mode) cT �
�����
(μ/ρ)


. *e

scanning range of wave vector kx is set as 0 ∼ 2π/3a, and ky
is set as 0 ∼ (2

�
3

√
π)/3a. *e band structure can be obtained

by solving the generalized eigenvalue problem including
the dispersion relation of elastic wave in the given range of
the wave vectors.

*e band structure for xy-mode and z-mode of the
damped rail with two-dimensional honeycomb PCs is
shown in Figures 2 and 3, respectively. It can be seen from
Figure 2 that within the concerned frequency range of rail
vibration, the proposed PCs structure has a complete band
gap in the frequency range of 877.3∼1704.2Hz for xy-mode.
Besides, there are six directional band gaps along the X-M
direction and a directional band gap in the frequency range
of 2242.7∼2742.7Hz along the Γ-X direction. Among the
directional band gaps along the X-M direction, the largest
bandwidth is 494.5Hz, which is in the frequency range of
1748.1∼2242.7Hz. Within the abovementioned band gaps,
the propagation of plane compression waves in the proposed
PCs structure will be inhibited.

In Figure 3, there are four complete band gaps for the z-
mode of the proposed two-dimensional honeycomb PCs
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Figure 1: Damped rail with two-dimensional honeycomb PCs. (a) Schematic illustration. (b) Unit cells. (c) *e first Brillouin zone.

Table 1: Material parameters of matrix and scatterer.

Material Density (kg/m3) Elastic modulus (N/m2) Poisson’s ratio
Matrix Vulcanized rubber 1300 5.00×105 0.470
Scatterer Pb 11600 4.08×1010 0.369
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Figure 2: Band structure for xy-mode of damped rail with two-
dimensional honeycomb PCs.
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Figure 3: Band structure for (z)-mode of damped rail with two-
dimensional honeycomb PCs.
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structure, which are in the frequency ranges of
317.3∼1501.7Hz, 1645.3∼1862.1Hz, 3047.9∼3208.2Hz, and
3663.3∼3740.6Hz, respectively. *e bandwidth decreases as
the boundary frequencies increase. Within the above-
mentioned band gaps, the propagation of shear waves in the
proposed PCs structure will be inhibited.

Integrating the complete band gap for xy-mode and z-
mode, it can be seen that there is an absolute band gap of the
damped rail with two-dimensional honeycomb PCs in the
frequency range of 877.3∼1501.7Hz, while the pinned-
pinned resonant frequency of the rail (about 1000Hz),
which plays an important role in rail noise radiation and
roughness growth [20], is also included in the band gap. It
could be expected that the damped rail with PCs can sup-
press the pinned-pinned resonance of the rail effectively,
which could improve the defect of traditional damped rails
in the limited attenuation of pinned-pinned resonance of the
rail [21].

2. Parametric Study

2.1. Effect of Filling Fraction. Taking the filling fraction as
0.40, 0.48, 0.52, 0.57, 0.61, 0.67, and 0.73, respectively, the
boundary frequencies of the first complete band gaps for xy-
mode and z-mode with different filling fractions are plotted
in Figure 4. It can be observed that, with the decrease of the
filling fraction, the boundary frequencies of the first com-
plete band gaps for xy-mode and z-mode shift down and the
influence on the ending frequency is more significant. Al-
though a lower filling fraction is benefit for obtaining a band
gap in lower frequency range, it will also bring a certain
bandwidth loss. As the filling fraction varies from 0.73 to
0.40, the bandwidth of the absolute band gap (the shadow
zone) declines from 2131.2Hz to 449.0Hz. In order to obtain
an absolute band gap including the pinned-pinned resonant
frequency of the rail and ensure a larger bandwidth, the
filling fraction is suggested to be about 0.50.

2.2. Effect of Scatterer Density. Figure 5 shows the boundary
frequencies of the first complete band gaps as the material of
the scatterer is set to be Au, Pb, steel, and Al, respectively. It
can be seen that the decrease of scatterer density can lead to
the increase of the boundary frequencies of the first complete
band gaps, which has the greatest influence on the starting
frequency for xy-mode and the least effect on the ending
frequency for z-mode. When the lead scatterer is replaced
with aluminum, the bandwidth of the absolute band gap (the
shadow zone) descends from 812.6Hz to 116.1Hz. *e
decrease of scatterer density leads to higher boundary fre-
quencies and narrows the bandwidth. *erefore, the scat-
terer should bemade of metals with heavy density to obtain a
better vibration reduction effect.

2.3. Effect of Elastic Modulus of Matrix. Taking the elastic
modulus of the matrix as 0.3∼1.5MPa, the boundary fre-
quencies of the first complete band gaps for xy-mode and z-
mode with different elastic modulus of the matrix are il-
lustrated in Figure 6. It shows that increasing the elastic

modulus of the matrix will enlarge the boundary frequencies
of the first complete band gaps both for xy-mode and z-
mode. As the elastic modulus of the matrix varies from
0.3MPa to 1.5MPa, the starting frequency of the absolute
band gap (the shadow zone) increases from 679.6Hz to
1519.6Hz, and the ending frequency increases from
1163.0Hz to 2600.2Hz. *us, reducing the elastic modulus
of the matrix could obtain a lower band gap, while the
bandwidth will become narrow. In order to make the ab-
solute band gap include the pinned-pinned resonant fre-
quency of the rail, it is suggested that the elastic modulus of
the matrix should be not more than 0.6MPa.

3. Vibration Reduction Property

To discuss the vibration reduction property of the damped
rail with two-dimensional honeycomb PCs, a three-di-
mensional finite element model of a half-track is established.
*e track type is selected as the ordinary slab track used in
subways, without any vibration reduction measures. *e
parameters of the track are shown in Table 2.

As the track system is on the symmetry of its center line,
only half of the track system, including a rail and half of the
track slab, is established. Symmetry constraints are set on the
end faces and track slab center face of the model. Under-
surface of the model is fixed on the ground with fixed
constraint. A vertical harmonic excitation is applied to the
rail head. In order to eliminate the interference of the re-
flected vibration wave from the end of the rail, the length of
the model is set as 24m, which is 40 times the fastener span
length. Vibration finite models of the half-track, the stan-
dard rail, and the damped rail with honeycomb PCs are
shown in Figure 7.

Figure 8 shows the vertical displacement admittances of
the standard rail and the damped rail with PCs at the ex-
citation point. It can be seen that there are two vibration
peaks in the vertical displacement admittance curve of the
standard rail. *e first peak is at about 200Hz, which is
caused by the first vertical bending mode of the integral
track; the second peak is at about 1100Hz, which is caused
by the pinned-pinned resonance of the rail. As the pinned-
pinned resonance is a natural vibration property of the
periodically supported structure and the damped rail with
PCs does not provide a reaction force to the pinned-pinned
resonance like a DVA does, so the pinned-pinned resonance
still exists in the damped rail with PCs. However, with the
band gap property, the peak amplitude of the pinned-pinned
resonance decreases obviously. Besides, compression and
shear of the rubber matrix dissipate more vibration energy,
which effectively reduces the vibration amplitude of the rail.

*e vibration transmission losses along the standard rail
and the damped rail with PCs, calculated by equation (7)
[22], are shown in Figure 9.

Δ �
20 log10 u0


/ ui


 

L
, (7)

where u0 is the vertical displacement of rail at the excitation
point; ui is the vertical displacement of rail at the response
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point; and L is the distance between the excitation point and
the response point. *e point on the center of the rail head
with five times the fastener span length from the excitation
point is taken as the response point.

In Figure 9, it can be observed that the vibration
transmission loss of the standard rail reaches the lowest
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Figure 4: Effect of filling fraction on boundary frequencies of the
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Table 2: Material parameters of components in ordinary slab track.

Components Material Parameters Values

Rail 60 kg/m
Density (kg/m3) 7830

Elastic modulus (Pa) 2.10×1011

Poisson’s ratio 0.3

Short sleeper C50
Density (kg/m3) 2500

Elastic modulus (Pa) 3.55×1010

Poisson’s ratio 0.2

Bed C35
Density (kg/m3) 2500

Elastic modulus (Pa) 3.30×1010

Poisson’s ratio 0.2

Fastener DTVI2 type

Vertical stiffness (N/m) 4.00×107

Lateral stiffness (N/m) 1.00×107

Vertical damping
(N·s/m) 1.00×104

Lateral damping
(N·s/m) 0.20×104
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point (point A in Figure 9) at the pinned-pinned resonant
frequency, while it could be improved effectively by adding
the damped rail with PCs (point B in Figure 9). Although
vibration transmission loss of damped rail with PCs is lower
than that of the standard rail in medium and low-frequency
ranges, it can be seen from Figure 10 that the rail vibration at
five times the fastener span length from the excitation point
is still significantly reduced after using a damped rail with
PCs, which shows that the damped rail with PCs has a good
attenuation effect on the rail vibration.

4. Conclusions

In this paper, a damped rail with two-dimensional honey-
comb PCs is proposed, and its band gap and vibration
properties are studied. *e following conclusions can be
drawn from this work:

(1) *e proposed damped rail with two-dimensional
honeycomb PCs can generate an absolute band gap

Standard rail Damped rail with PCs

Symmetry constraint

Excitation point

Figure 7: Vibration finite models of half-track, standard rail, and
damped rail with honeycomb PCs.

500 1000 1500 2000 2500 3000 3500 4000

10–11

10–10

10–9

10–8

A
dm

itt
an

ce
 (m

/N
)

Frequency (Hz)

Standard rail

Damped rail with PCs

Band gap

First pinned-pinned resonance

Figure 8: Vertical displacement admittances of standard rail and
damped rail with PCs at excitation point.

100 1000
0.1

1

10

A

Vi
br

at
io

n 
tr

an
sm

iss
io

n 
lo

ss
al

on
g 

th
e r

ai
l (

dB
/m

)

Frequency (Hz)

Standard rail

Damped rail with PCs

B

Figure 9: Vibration transmission losses of standard rail and
damped rail with PCs.
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in the frequency range of 877.3∼1501.7Hz, within
which the propagation of compression wave or shear
wave will be suppressed.

(2) Reducing the filling fraction and the elastic modulus
of the matrix can obtain a band gap in a lower
frequency range but also bring a narrower band-
width. *e decrease of the scatterer density will lead
to higher boundary frequencies of the absolute band
gap and descends the bandwidth. In order to obtain
an absolute band gap which can suppress the pinned-
pinned resonance of the rail and ensure a larger
bandwidth, the filling fraction is suitable to be about
0.5, and the elastic modulus of the matrix is sug-
gested to be not more than 0.6MPa. Scatterer should
be made of metals with heavy density to obtain a
better vibration reduction effect.

(3) *rough the comparison of vertical vibration dis-
placement admittances and transmission losses of
the standard rail and the damped rail with PCs, it
could be seen that the proposed damped rail with
PCs not only retains the advantage of dissipating
energy through compression and shear of the rubber
but also suppresses the vibration of pinned-pinned
resonance of the rail with its band gap property.
*us, the damped rail with PCs presents a good
performance in the attenuation of rail vibration,
which provides a new approach to improve the vi-
bration reduction performance and simplify the
design process of damped rails.
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