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.is paper deals with a four-wheel-steering four-wheel-driving (4WS4WD) vehicle under the path-following control. Focuses are
placed on the motion control of the vehicle, and the drive forces and steering angles for achieving accurate path-following by the
vehicle are determined. In this research, a nonlinear vehicle model of three degrees of freedom (DOFs) is used. .e vehicle path-
following dynamics are modeled using the classical mass-damper-spring vibration theory, which is described by three ordinary
differential equations of second order with lateral, heading and velocity deviations, and control parameters. Combined with the
vehicle path-following dynamic model, the nonlinear vehicle dynamic model is decoupled in generalized coordinate space. .e
required drive forces and steering angles for the vehicle path-following controllers are thus calculated and control models are
obtained. .eoretical analysis for steering and driving control models is also carried out. It discloses that control models can
maintain good performance against uncertainties. .e vehicle path-following control is exhibited by dynamic simulation in
CarSim with consideration of a complex vehicle model and a variable-curvature planned path. Numerical results obtained are
analyzed and show control models have capable of dealing with a complex path-following problem. .is paper provides a new
insight into understanding path-following control of a 4WS4WD vehicle at the generalized vibration level.

1. Introduction

.e demand for good acceleration and maneuvering per-
formances of a road vehicle is ever increasing in the modern
automotive industry. To meet this demand, novel vehicles
such as four-wheel-steering (4WS) vehicles [1–4] and four-
wheel-driving (4WD) vehicles [5–9] have thus been devel-
oped. Compared with conventional road vehicles, these
vehicles are often equipped with multiple steering and/or
driving devices so that they have the advantages of smaller
turning radius, higher maneuverability, and better traction.
During the past several years, the 4WS vehicles and 4WD
vehicles have been received extensive researches and rich
achievements are obtained. Li [1] proposed a new LVP
control strategy with robustness for 4WS vehicles under
velocity-varying motion. Chen [2] investigated nonlinear

input-output decoupling control for 4WS vehicles with an
observer. Marlene Kreutz [3] presented two design strategies
for an active rear-wheel steering control system to improve
the maneuverability and stability of four-wheel steering
vehicles. In Ref. [5], Chen considered modeling errors and
complex driving scenarios, and further studied the path-
following control of autonomous four-wheel-independent-
drive electric vehicles by means of second-order sliding
mode and nonlinear disturbance observer techniques.
Zhang [7] discussed the actuator fault detector design
problem for an electric ground vehicle equipped with an
active 4WS system. Nguyen [8] aimed at the shared lateral
control between the human driver and lane-keeping assist
system and developed a driver-automation cooperative
control approach for intelligent vehicles that may be
equipped with multiwheel steering and/or driving systems.
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In Ref. [9], this researcher also investigated the path-fol-
lowing control problem of autonomous intelligent vehicles
and proposed a fuzzy static output feedback control method.

In recent years, another promising vehicle has been
received considerable attention from researchers and en-
gineers, namely, the four-wheel-steering four-wheel-driving
(4WS4WD) vehicles [10, 11] with excellent maneuverability
and strong traction. .e 4WS4WD vehicle is an over-ac-
tuated system where each of the four wheels can indepen-
dently steer and drive. It can, therefore, combine with the
benefits of 4WS vehicles and 4WD vehicles and have su-
periority over conventional road vehicles, 4WS vehicles, and
4WD vehicles in engineering applications. In particular, a
4WS4WD vehicle under the path-following control can be
used to perform various tasks or missions. For example, a
path-following vehicle is able to be an autonomous mobile
carrier for heavy goods and human transportation. It can
even carry out scientific research activities in outer space due
to excellent performances and complex space conditions.
Hence, it is of great significance for studying the path-fol-
lowing 4WS4WD vehicle, both theoretically and practically.

.is paper deals with the path-following control of the
4WD4WS vehicle. .is topic has been studied by some
researchers and engineers. Representative studies could be
found in the literature [12–23]. Majura F. [12] investigated
the path-following control of ground robotic vehicles with
four independently steered and driven wheels. Closed-loop
kinematic constraints of the vehicle were established using
the path geometry and the vehicle speed only. With
established constraints, steering angles and speeds of indi-
vidual wheels of the vehicle were determined, and then, a
path-tracking controller was developed. Elie Maalouf [13]
designed a fuzzy logic path-following controller for a
wheeled-mobile robot. .is controller is highly robust and
flexible. Moreover, it can control the robot at a higher level
and automatically follow a sequence of discrete waypoints.
No interpolation of the waypoints was needed to generate a
continuous reference trajectory in controller design. Martin
Udengaard [14] presented a kinematic analysis and control
method for an omnidirectional mobile robot, whose average
isotropy was analyzed as a function of wheel module ge-
ometry on both flat and rough terrain. A simple kinematic
controller with the effects of terrain unevenness was pre-
sented, and the performance of the presented algorithm
was studied by simulation in Ref. [14]. Reza Oftadeh [15]
provided a motion control law that can make the base
follow a given smooth path and heading profile. .is law
was successfully used to solve the problem of motion
control for a mobile robot with four individual steers and
drive wheels.

Farbod Fahimi [16] proposed a 3DOFs dynamic model-
based controller for four-wheel-steer and all-wheel-drive
vehicles with consideration of considered parameter un-
certainty. .e controller proposed was capable of regulating
longitudinal, lateral, and yaw motions of the vehicle si-
multaneously. Simulation results showed that the controller
was robust. By integrating sliding mode control and particle
swarm optimization, Dai [17] presented a novel control
method for the path following a 4WS4WD vehicle. .is

control method had the ability to resist nonlinear, highly
coupled and overactuated characteristics of the 4WS4WD
vehicle. .e robustness of this method was demonstrated by
simulations. Liang [18] proposed a comprehensive control
method for the 4WS4WD vehicle, which integrated active
steering and direct yaw moment control systems. .e
proposed integrated control method can effectively improve
the lateral dynamics performance of the vehicle at high
speeds as compared to previous methods. Peng [19] pre-
sented an approach of wheel slip constraint to control an
autonomous 4WS4WD vehicle. An integral compensation
with a low-and-high gain technique was exploited to si-
multaneously eliminate the steady-state error of the path
tracking and enhance the utilization of the constrained
wheel slip. Simulation results showed that the proposed
scheme was effective. Ramprasad Potluri [20] studied the
path-tracking control of an autonomous 4WS4WD electric
vehicle using its natural feedback loops. A trajectory tracking
control scheme is developed for a four-wheel-independent
steering and four-wheel-independent driving mobile robot
by Yang [21], where both nonlinear kinematic control and
dynamic sliding-mode control are designed. Lee [22] in-
vestigated the path-tracking problem for 4WS4WD electric
vehicles with input constraints, actuator faults, and external
resistance. A hybrid fault-tolerant control approach was
proposed, which combines the linear-quadratic control
method and the control Lyapunov function technique. .is
method can not only maintain the vehicle’s tracking per-
formance in spite of faults, input constraints, and external
resistance but also reduce the cost of the fault-tolerant
process. Li [23] investigated the path-tracking control
problem of 4WS4WD road vehicles. An adaptive and fault-
tolerant tracking control scheme was proposed in [23],
which had capable of compensating vehicle uncertain dy-
namics/disturbances and actuation failures.

.ough great efforts were made and some achievements
were obtained in previous studies [12–23], the path-fol-
lowing control of the 4WS4WD vehicle may be worthy of
further studying because of its complexity and unsolved
problems. As well known, the 4WS4WD vehicle is an over-
actuated system with six or eight control inputs. To maintain
the good handling performance of the vehicle, all controls
need to be accurate and cooperative at the high level. As for
the path-following controllers [12–23] as concerned, some
[12–15] are designed based on kinematic vehicle models
while the others [16–23] are developed in vehicle dynamics.
In general, kinematics-based control models [12–15] are
simple and easy to be implemented. However, they are
usually unable to afford dynamic disturbances and valid at
low vehicle velocities. By contrast, dynamics-based control
models [16–23] are often complex and may cause expensive
computations despite that they are more accurate.

Motivated by mentioned-above problems, this paper
aims at developing a dynamics-based method for fast de-
termining steering angles and driving forces for achieving
accurate path-following by a 4WS4WD vehicle. In this re-
search, a 3DOFs nonlinear coupled dynamic model is used
to describe the vehicle motions. .e path-following problem
of the vehicle is characterized using lateral, heading, and
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velocity deviations. .e mass-damper-spring model is
adopted to form self-adaptive and self-stable zero-conver-
gences of lateral, heading, and velocity deviations. .e ve-
hicle path-following dynamics are then modeled by three
second-order ordinary differential equations of lateral,
heading, and velocity deviations. Combined with the vehicle
path-following dynamics model, the nonlinear motion
model of the vehicle is decoupled by common approxi-
mation techniques. Linear equations with steering angles
and driving forces of vehicle wheels are obtained and control
input variables are thus determined. Compared with pre-
vious methods, the present method can maintain the main
advantages of kinematics- and dynamics-based path-fol-
lowing control models. It is fast and robust with the non-
linear effects of vehicle dynamics. Original contributions of
this paper are as follows: (1) the path-following dynamics of
the vehicle are ascribed to the classical mass-damper-spring
vibration problem. In this way, coupled nonlinear motion
equations of the vehicle are successfully decoupled in
generalized coordinate space. (2) A fast and robust method
for determining all control input variables of a path-fol-
lowing 4WS4WD vehicle is proposed..e proposed method
is analytical with nonlinear effects of vehicle dynamics and
can be implemented in controllers without expensive
computations. (3) Steering and driving control models of the
vehicle obtained are examined and validated by means of
dynamic simulation in CarSimwith a complex vehicle model
and planned path.

.e rest part of this paper is organized as follows: after a
brief description of a 4WS4WD vehicle system considered in
Section 2, a 3DOFs nonlinear motion model of the vehicle is
presented, and the vehicle path-following dynamics are
modeled subsequently. .e path-following problem is
addressed using three uncoupled mass-damper-spring sys-
tems of single DOF with lateral, heading, and velocity de-
viations of the vehicle. In Section 3, a decoupling method is
presented to determine steering angles and driving forces for
the path-following vehicle from the nonlinear motion model
of the vehicle. Important theoretical analysis for control
models is carried out in this section. In Section 4, control
models are examined and validated by using dynamic
simulation in CarSim with consideration of a variable-
curvature planned path and a complex vehicle model, in-
stead of 3DOFs simple vehicle model used for the controller
design. Dynamic results are obtained and analyzed. Con-
clusions are given finally.

2. Dynamic Modeling

A 4WS4WD vehicle system considered is shown in Figure 1.
It is mainly composed of a vehicle body, four in-wheel
motors, and two steering systems. Each motor can be driven
independently. Each steering system consists of a steering
servo motor and a mechanical device, which connects the
wheels on the left and right sides of the vehicle. In this
section, the modeling of the considered vehicle is presented
first and the path-following dynamics of the vehicle are
described next. Relevant details are provided below.

2.1. Vehicle Motion Model. For the sake of studying the
motion control of the vehicle, the vehicle is routinely treated
as a rigid body in a plane motion. Hence, the vehicle system
can be modeled using three degrees of freedom represented
by the coordinates XC, YC, and θ. Note that the coordinates
XC, YC, and θ denote the X and Y components of dis-
placement of the vehicle mass center and the yaw angle of the
vehicle, respectively, which are defined in a global coordinate
system OXY. Using Newton’s second law of motion, motion
equations of the vehicle can be established in terms of the
mentioned-above coordinates. .ey are as follows:

the motion equation of the vehicle in the horizontal
direction can be expressed as

m €XC � Fx δi, F
i
s, F

i
l, Fw, Ff, θ , (1)

where m is the mass of the vehicle and Fx is the resultant of
all forces exerted on the vehicle along with the horizontal
direction. In classical vehicle dynamics, the force Fx asso-
ciates with the steering angle δi, the lateral force Fi

s, and the
longitudinal force Fi

l of the ith wheel, in which a subscript
i� fl, fr, rl, and rr, respectively, denotes the left and right
wheels at front and rear axles of the vehicle, as well as the
aerodynamic resistance Fw and the rolling resistance Ff of
the vehicle. Note that these forces are formulated in the
following text. .e force Fx can be thus calculated as

Fx � fx cos θ − fy sin θ, (2)

where the forces fx and fy are, respectively, defined as

fx � F
f

l cos δf − F
f
s sin δf + F

r
l cos δr − F

r
s sin δr − Fw − Ff, (3)

fy � F
f

l sin δf + F
f
s cos δf + F

r
l sin δr + F

r
s cos δr, (4)

in which there are [17]

δf � δfl � δfr, δr � δrl � δrr, (5)

and
F

f

l � F
fl

l + F
fr

l ,

F
f
s � F

fl
s + F

fr
s ,

F
r
l � F

rl
l + F

rr
l ,

F
r
s � F

rl
s + F

rr
s .

(6)

Similarly, the motion equation of the vehicle in the
vertical direction can be expressed as

m €YC � Fy δi, F
i
s, F

i
l, Fw, Ff, θ , (7)

where Fy is the resultant of all forces exerted on the vehicle
along with the vertical direction and can be defined as

Fy � fx sin θ + fy cos θ. (8)

Moreover, the equation of the yaw motion of the vehicle
can be expressed as

J€θ � Mz δi, F
i
s, F

i
l, Fw, Ff, θ , (9)

Shock and Vibration 3



where J is the inertia moment of the yaw motion of the
vehicle and the resultant moment Mz is defined as

Mz � F
f

l sin δf + F
f
s cos δf a + F

r
l sin δr + F

r
s cos δr( b, (10)

in which a and b denote half of the front and rear track
widths, respectively.

For a general purpose, equations (1), (7), and (9) are
rewritten in the matrix form as

M €X � F, (11)

where the coordinate vector X� [XC, YC, and θ]T, in which a
superscript “T” denotes the transpose of a vector or matrix,
and the mass matrix M and the force vector F are, re-
spectively, expressed as

M �

m 0 0

0 m 0

0 0 J

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (12)

F �

fx cos θ − fy sin θ
fx sin θ + fy cos θ

Mz

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (13)

It is remarkably noted that the vehicle model in equation
(11) is described in the global coordinate system OXY. It can
be identical with the same one used in Ref. [16, 24] by means
of a coordinate transformation.

2.1.1. Tire Model. .e dynamic performance of a road ve-
hicle largely depends on the characteristics of the tire.
Various tire models are developed for the vehicle dynamics
analysis and available in the literature, e.g., simple linear
model [16–18, 24, 25] and complex magic formula [26, 27].
A classical linear tire model [16, 17] is adopted here for
controller design routinely. In Refs. [18, 24], the lateral force
Fs of the tire is calculated as

Fs � Cαα, (14)

where Cα is the cornering stiffness of the tire and α is the slip
angle of the tire. According to classical tire dynamics, the slip
angle α is defined as

α � ζ − δ, (15)

where δ is the tire steering angle and ζ is the tire velocity
angle. .e tire velocity angle ζ is expressed as

ζ � tan− 1 vy

vx

 , (16)

where vx and vy are two components of the velocity of the
wheel center defined in the vehicle-body coordinate system oxy.

2.1.2. Resistances to the Vehicle Motion. .e aerodynamic
and rolling resistances are included in the vehicle model. In
general, the aerodynamic resistance Fw depends on the air
density ρ, the drag coefficient Cd, the frontal cross-sectional
area A of the vehicle, and the longitudinal velocity Vd of the
vehicle. In Refs. [1, 16, 24, 28], the aerodynamic resistance
Fw is calculated as

Fw � Cd AρV
2
d. (17)

Rolling resistance mainly results from tire deformation.
.e tire rolling resistance Ff can be simply calculated as
[28, 29]

Ff � Cfmg, (18)

where Cf is the rolling drag coefficient and g is the gravi-
tational acceleration constant.

2.2. Vehicle Path-Following Dynamics. Sometimes, the ve-
hicle is expected to follow a planned path. But, it inevitably
deviates from the planned path due to some reasons, e.g.,
road disturbances. In this section, the vehicle path-following
problem is addressed based on vehicle deviation dynamics
together with the classical mass-damper-spring model.
Important details are presented below.

2.2.1. Vehicle Path-Following Deviations. .e path-follow-
ing deviations of the vehicle in the current state from its
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Figure 1: Schematic of a 4WS4WD vehicle system considered.
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desired state can be measured using the lateral deviation εd,
the heading deviation εθ, and the velocity deviation εv, as
illustrated in Figure 2. .e lateral deviation εd is defined as a
minimal distance from a control point in the vehicle, e.g., the
mass center C, to the planned path. .e heading deviation εθ
actually represents the angle between the vehicle centerline
and the road tangent line. .e velocity deviation εv is a
difference between the instantaneous and planned velocities
of the vehicle in the vehicle longitudinal direction.

2.2.2. Vehicle Deviation Dynamics. .ere is no doubt that
the vehicle is in a state of three zero-deviations defined above
when it accurately follows the planned path as expected. In
that sense, the path-following of the vehicle is such a process
that three-vehicle deviations converge zeros. Zero-conver-
gence dynamics of lateral, heading, and velocity deviations
of the vehicle are characterized in the following text.

Take zero-convergence dynamics of the vehicle lateral
deviation as an example for illustrative purposes. Consid-
ering the mass-damper-spring model in classical vibration
theory, the zero-convergence of the vehicle lateral deviation
εd can be governed by

€εd + cd _εd + kdεd � 0, (19)
where constants cd and kd are control parameters intro-
duced. It is obvious that nonzero lateral deviation εd in the
system of equation (19) can quickly converge to nearly zero
in classical vibration theory. In a similar way, zero-con-
vergence dynamics for the vehicle heading and velocity
deviations are addressed as

€εθ + cθ _εθ + kθεθ � 0, (20)

_εv + cvεv � 0, (21)

where constants cθ, kθ, and cv are control parameters.
Next, equations (19)–(21) are rewritten in terms of ve-

hicle coordinates. Considering a smooth planned path,

φ(X, Y) � 0, (22)
where the curve φ is assumed to be continuous and dif-
ferentiable to at least second order and knowing the vehicle
state at any time, the deviations εd, εθ, and εv can be specified
as follows. Let P be the projection point of the mass center C
onto the curve φ. Without loss of generality, the position (XP
and YP) of point P can be expressed in an implicit form as

XP � f( XC, YC ),

YP � g( XC, YC ),

⎧⎨

⎩ (23)

where the functions f and g are relation to the curve φ and
the mass center C (XC andYC). In terms of the differential
geometry theory, the normal vector n and the tangential
vector τ of the curve at projection point P (XP, YP) are,
respectively, expressed as

n � φX,φY 
T
, (24)

τ � − φY,φX 
T
, (25)

where φX and φY denote partial derivatives of the equation
of the curve φ with respect to coordinates X and Y, re-
spectively. .e normalization of equation (25) leads to

nτ �
τ

‖τ‖
�

1
�������

φ2
X + φ2

Y

 − φY,φX 
T
, (26)

where nτ is an unit vector. Let h be a unit vector that in-
dicates the longitudinal direction of the vehicle. Considering
the definition of the vehicle yaw angle θ, the unit vector h is
then given as

h � [cos θ, sin θ]
T
. (27)

Let Vd and Vt be the instantaneous and planned ve-
locities of the vehicle in the longitudinal direction, re-
spectively. .e longitudinal velocity Vd can be expressed as

Vd � _XC cos θ + _YC sin θ. (28)

.us, the lateral deviation, the heading deviation, and
the velocity deviation are, respectively, given by

εd �

���������������������

XC − XP( 
2

+ YC − YP( 
2



� fd XC, YC, θ( , (29)

εθ � cos− 1 hTnτ  � fθ XC, YC, θ( , (30)

εv � Vd − Vt � _XC cos θ + _YC sin θ − Vt � fv
_XC, _YC, θ, t .

(31)

Substituting equations (29)–(31) into equations
(19)–(21) and rearranging them in terms of vehicle coor-
dinates XC, YC, and θ, the vehicle path-following dynamics
can be described as

M €X � F, (32)

where the matrix M is defined as

M �

zfv

z _XC

zfv

z _YC

0

zfd

zXC

zfd

zYC

zfd

zθ

zfθ

zXC

zfθ

zYC

zfθ

zθ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (33)

and the force vector F is defined as

F � −

zfv

zθ
_θ + cvεv + _Vt

_X
THd

_X + cd _εd + kdεd

_X
THθ

_X + cθ _εθ + kθεθ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (34)

in which Hd and Hθ, respectively, have forms of
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Hd �

z
2
fd

zX
2
C

z
2
fd

zYCzXC

z
2
fd

zθ zXC

z
2
fd

zXCzYC

z
2
fd

zY
2
C

z
2
fd

zθ zYC

z
2
fd

zXCzθ
z
2
fd

zYCzθ
z
2
fd

zθ2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Hθ �
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (35)

3. Steering and Driving Control Models

.e current vehicle system steers by two servo motors and
drives by four in-wheel motors. .ere are, therefore, six
control inputs and redundant controls exist. For the sake of
simplicity, it is assumed that longitudinal forces of tires on
the front and rear vehicle axes have a proportional rela-
tionship of the constant ratio kfr. .e following equation is
then obtained as

F
f

l � kfrF
r
l . (36)

.us, four control inputs are required in the vehicle
motion control. .ey are steering angles δf and δr and
longitudinal tire forces F

f

l and Fr
l . A decoupling method is

presented below to determine these control variables from
the nonlinear vehicle model in equation (11).

3.1. Dynamic Decoupling and Determination of Control
Inputs. Multiplying equation (12) by an inverse matrixM− 1

leads to

€X � M− 1F. (37)

Substituting equation (37) into equation (32) yields

MM− 1F � F. (38)

Equation (32) is useful in the sense that it provides
dynamic constraints on control input variables. .e com-
bination of equation (36) with equation (38) leads to

Ax � b, (39)

where x � [F
f

l , δf, Fr
l , δr]

T and a four by four matrix A is
expressed as
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Figure 2: Path following deviations of the vehicle in current state from its desired state.
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A �

cos θ cos δf − sin θ sin δf cos θC
f
α sin δf + sin θC

f
α cos δf cos θ cos δr − sin θ sin δr cos θC

r
α sin δr + sin θC

r
α cos δr

sin θ cos δf + cos θ sin δf sin θC
f
α sin δf − cos θC

f
α cos δf sin θ cos δr + cos θ sin δr sin θC

r
α sin δr − cos θC

r
α cos δr

lf sin δf − lfC
f
α cos δf − lr sin δr lrC

r
α cos δr

1 0 − kfr 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(40)

and the four by one vector b is expressed as

b �

cos θC
f
α ζf sin δf + sin θC

f
α ζf cos δf + cos θC

r
αζr sin δr

+sin θC
r
αζr cos δr + cos θ Fw + Ff 

⎛⎝ ⎞⎠

sin θC
f
α ζf sin δf − cos θC

f
α ζf cos δf + sin θC

r
αζr sin δr

− cos θC
r
αζr cos δr + Fw + Ff sin θ

⎛⎝ ⎞⎠

− lfC
f
α ζf cos δf + lrC

r
αζr cos δr

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
η

0
 , (41)

in which the three by one vector η has the form of

η � MM
− 1

F, (42)

where M
− 1 is the inverse matrix of M.

It is importantly noted that matrix A is highly nonlinear
and is relation to the yaw angle θ , steering angles δf and δr,
and tire velocity angles ζf and ζr, as well as constants C

f
α , Cr

α,
a,b, and kfr. .e yaw angle θ at each time step can be
determined by the sensor measurement. For a small sample
of time, steering angles δf and δr at the current time step can
be approximated by those at a previous time step in con-
troller design. In this way, the matrix A can be calculated in
equation (40) without effort. Similarly, the vector b can be
calculated in equation (41) at the current time step. Control
input variables x at the current time step are thus determined
as

x � A− 1b, (43)

where A− 1 is the inverse matrix of matrix A. Note that the
inverse matrix of matrix A does not exist in the case that the
vehicle heads towards the tangent of the path curve. Singular
problems in current control models will be discussed in
other research, for the sake of conciseness. Knowing the
above variables, other variables in motor controllers can be
determined. For example, the motor driving or braking
torque is used as control input in some controllers. For this
case, they can be obtained in Refs. [18, 21].

Now, steering and driving control models in equation
(43) are understood. Since equation (43) results from the
vehicle motion model in equation (11) and the vehicle
path-following dynamic model in equation (32), control
models in this research inherit main properties from both
the vehicle model and vehicle path-following model. It
means that equation (43) builds a bridge between vehicle
dynamics and vehicle path-following dynamics. Clearly,
the vehicle dynamics in equation (11) are nonlinearly

coupled with control variables in physical coordinate
space while the vehicle path-following dynamics in
equation (19)–(21) or equation (32) are uncoupled in
generalized coordinate space of εd, εθ, and εv. In that sense,
the vehicle physical motions can be projected and
decoupled in a generalized coordinate space. .us,
steering angles and driving forces of all wheels for
achieving the path-following of the vehicle can be de-
termined from the coupled vehicle dynamic model in this
way. Moreover, the inverse matrix A− 1 can be analytically
expressed with the analysis of matrix A. .us, the four-
dimensional linear equations, namely, equation (43), have
the analytical expression. In other words, control input
variables can be fast determined in equation (43).

3.2. ?eoretical Analysis and Discussion on Control Models.
As described above, some approximations are taken into
account to determine control input variables, e.g., the
approximation of matrix A in equation (40) at the pre-
vious time step. Here, the effects of approximations taken
on the vehicle path-following control are analyzed.

Corresponding problems caused by approximations
taken are solved by the perturbation analysis of equations
(19)–(21). To perform the analysis, equation (11) is rewritten
to

M €X � F + ΔF, (44)

where ΔF denotes an increment caused by approximations
taken. .us, the acceleration term €X is obtained from
equation (44) as

€X � M− 1F + M− 1ΔF. (45)

Considering equation (45), the perturbation of equation
(32) reads
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(M + ΔM) M− 1F + M− 1ΔF  − (F + ΔF) � MM− 1F − F + ΔF

� M €X − F + ΔF � 0.

(46)

where ΔM and ΔF are dynamic terms caused by approxi-
mations taken, and the perturbation term ΔF is defined as

ΔF � MM− 1ΔF + ΔM M− 1F + M− 1ΔF  − ΔF. (47)

By contrast with equations (19)–(21), the separation of
equation (46) leads to

€εd + cd _εd + kdεd + Δfd � 0, (48)

€εθ + cθ _εθ + kθεθ + Δfθ � 0, (49)

_εv + cvεv + Δfv � 0, (50)

whereΔfd,Δfθ, andΔfv are nonlinear functions of εd, εθ, and
εv, as well as parameters and variables mentioned above. In the
classical vibration theory, lateral, heading, and velocity devia-
tions govern by equations. (48)–(50) may converge to nonzero
constant values εd, εθ, and εv at the steady state. .e values εd,
εθ, and εv can be calculated as

kdεd + Δfd � 0, (51)

kθεθ + Δfθ � 0, (52)

cvεv + Δfv � 0. (53)

Based on the above analysis, it can be concluded that
current control models have capable of achieving the path-
following motion of the vehicle against approximations
taken. However, the approximations taken have an active
influence on the vehicle path-following accuracy.

Equations (48)–(53) are reconsidered and further analyzed.
.e analysis may discover that the path-following accuracy of
the vehicle can be improved by means of adjusting control
parameters. For illustration purpose, the vehicle is assumed to
be in a stable state that it laterally deviates from a planned path.
A simple and feasible method for improving the path-following
accuracy of the vehicle is presented here according to equation
(51). Without loss of generality, the term Δfd in equation (51)
can be written as

Δfd � Δkdεd − Od, (54)

whereΔkd can be a constant and the truncation errorOd is close
to zero. Substituting equation (54) into equation (48) yields

€εd + cd _εd + kd + Δkd( εd � Od ≈ 0. (55)

It is thus concluded from equation (55) that the path-fol-
lowing accuracy of the vehicle can be improved by proper
control parameter kd+Δkd, to some extent. By considering
equations (52) and (53), similar conclusions are obtained.
Importantly note that dynamic term Δkdεd is caused by many
reasons, e.g., unknown road conditions, inaccuracy of vehicle

and tire models used, and even some uncertainties. In that
sense, current control models are robust and effective against
uncertainties.

4. Model Validation and Dynamic Results

Steering and driving control models in equation (43) are
examined by dynamic simulation in this section. .e vehicle
system shown in Figure 1 is modeled in CarSim using
simulation parameters listed in Table 1. A variable-curvature
path is considered and illustrated in Figure 3. As shown in
Figure 3, the planned path is composed of line-straight
segments and circular segments.

In simulation, control parameters are taken as: cd� 15.0,
kd� 5.0, cθ � 15.0, kθ � 5.0, and cv � 1.5..e vehicle is initially at
rest and deviates from the path with a lateral distance of 0.5m.
After starting, the vehicle experiences four distinct stages. In the
first stage, the longitudinal velocity of the vehicle increases from
zero to 5.0m/s with a constant acceleration of 1.0m/s2. .en,
the longitudinal velocity of the vehicle maintains constantly in
the second stage. After simulation time t� 30 s, the longitudinal
velocity of the vehicle decreases up to 3.0m/s with the accel-
eration of − 1.0m/s2 in the third stage. In the last stage, the
vehicle runs along the path at another constant velocity of
3.0m/s. Under the above conditions, the path-following dy-
namics of the vehicle are simulated. Dynamic results are ob-
tained and presented below.

Figure 4 shows time-domain variations of lateral, heading,
and velocity deviations of the vehicle under the path-following
control. Figure 5 shows comparisons of the trajectory of the
vehicle controlled with the planned path. It can be seen in
Figures 4 and 5 that control models take effect at the higher
level..e vehicle controlled quickly enters into the planned path
and then better runs along the path against with discontinuous
curvature variations of the path..emaximum lateral deviation
is about 0.077m, the maximum heading deviation is about 13
degrees, and themaximum velocity deviation is about 1.0 km/h.
As observed in Figure 5, the vehicle path-following deviations
may fluctuate slightly as the vehicle enters into or leaves off the
straight-curved/curved-straight sections of the path. .is phe-
nomenon is caused by discontinuous variations of the path
curvature at these regions. Control models are free from these
fluctuations and continuously effective.

Figure 6 shows time-domain variations of steering
angles of wheels and longitudinal forces of tires of the
vehicle controlled. From the curves plotted in Figure 6(a),
one can see that the vehicle initially turns in such a way
that all wheels steer towards the same direction. .us, the
initial lateral deviation of the vehicle can be quickly
diminished. By contrast, the rear wheels steer the op-
posite direction of the front wheels in the case that the
vehicle stably runs along the circular sections of the path.
.ere are two distinct steering modes. .e phenomena
show that control models are able to autonomously de-
termine steering modes to fit into various circumstances.
It just demonstrates the excellent maneuvering perfor-
mance of the 4WS4WD vehicle. Moreover, it is inter-
esting to note that steering angles of the front and rear
wheels reversely vary with a decrease of the curvature
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Table 1: Vehicle parameters used in simulation.

Notation Value Unit
Vehicle mass m 1060 Kg
Inertia moment J 1523 kg·m2

Cornering stiffness of front tire Cf α − 61060 N/rad
Cornering stiffness of rear tire Cr α − 97920 N/rad
Half of front track width a 0.79 M
Half of rear track width b 0.84 M
.e distance from mass center of vehicle to front axles lf 1.539 M
.e distance from mass center of vehicle to rear axles lr 1.539 M
Air density ρ 1.2258 N/s2/m4

Air drag coefficient Cd 0.3 —
Frontal cross-sectional area A 2.5 m2

Tire rolling resistance Cf 0.01 —
Gravitational constant g 9.8 m/s2

Friction coefficient μ 0.8 —

L1 = 30 m L2 = 42 m

R1 = 25 m

R2 = 25 m

R3 = 20 m

R4 = 15 m

R5 = 10 m

R6 = 10 m

R7 = 10 m

X (m)

Y 
(m

)

Figure 3: Schematic of the planned path.
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Figure 4: Time histories of path-following deviations of the vehicle under control. (a) Lateral deviation (m). (b) Heading deviation (deg). (c)
Velocity deviation (km/h).
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radius of the path as the vehicle is stable in circular
sections of the path. It can be understood in this sense
that larger lateral forces of the vehicle are required as it
runs along the circular path with a smaller radius at the

same velocity, corresponding to larger steering angles of
wheels. Figure 6(b) shows several jumps in the curves of
longitudinal forces of tires. As observed in Figure 6(b),
these jumps mainly arise in the locations where the
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Figure 5: .e trajectory of the path-following vehicle against curvature variations of the path.
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Figure 6: Time histories for steering angles of wheels and longitudinal forces of tires during the vehicle path-following control. (a) Wheel
steering angle. (b) Longitudinal force of tire.
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vehicle is near straight-curved/curved-straight sections
of the path. .us, it can be included that these jumps are
caused by discontinuous curvature variations of the path
in the above locations. Figure 7 shows time-domain re-
sponses of longitudinal and lateral velocities and yaw rate
of the vehicle controlled. As clearly shown in Figure 7(a),
the vehicle controlled runs along the path with the de-
sired velocities as expected.

Steering and driving control models are further ex-
amined by considering variations of vehicle mass with an
increment of 65 kg. Figure 8 shows the change of max-
imum lateral deviation of the vehicle with vehicle mass
under different velocities. It can be seen in Figure 8 that
there is a trend towards an increased maximum lateral
deviation of one vehicle with the larger longitudinal
velocity of the vehicle. Moreover, the maximum lateral
deviation may become larger with an increase of vehicle
mass in the case of a certain longitudinal velocity of the

vehicle. Similar phenomena are found in the curves
plotted in Figure 9. Figure 9 shows the variations of root
mean square of lateral deviation of the vehicle against
vehicle mass under different vehicle velocities. From
Figures 8 and 9, one can conclude that the control models
of this paper are robust, to some extent [30].

5. Conclusions

.e path-following motion control of a 4WS4WD vehicle is
studied. A fast and robust method is developed to determine
control input variables for achieving an accurate path-fol-
lowing of the vehicle. Steering and driving control models
are validated both theoretically and numerically. Important
results obtained are as follows:

(1) Motion controls of the path-following vehicle can be
regarded as such a process that three deviations
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Figure 8: Variations of maximum lateral deviation of the vehicle controlled against vehicle mass under different vehicle velocities.
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converge to zeros. .e vehicle path-following dy-
namics can be modeled using the classical mass-
damper-spring vibration theory and characterized by
three second-order ordinary differential equations of
parameters kd, cd, kd, cθ, and cv.

(2) Control models of this paper have good quality.
.eoretical analysis shows that control models are
effective against uncertainties. Numerical studies
show that control models still take effect and afford
to a complex path-following problem in Sect. 4.
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