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Engineering practices indicate that narrow braced excavation exhibits a clear size effect. However, the slip circle method in the
design codes fails to consider the effect of excavation width on basal heave stability, causing waste for narrow excavation. In this
paper, numerical simulation for basal heave failure of excavation with different widths was performed by FEM with SSRT (shear
strength reduction technique).*e results revealed that the failure mechanism of narrow excavation is different from the complete
slip circle mode. In addition, the safety factor decreases increasingly slowly as the excavation widens and stabilizes when
approaching the critical width. Subsequently, the corresponding computation model was presented, and an improved SCM (slip
circle method) was further developed. Finally, the engineering case illustrated that it can effectively optimize the design, which
exhibits clear superiority.

1. Introduction

In recent years, the construction of urban underground space
in China has rapidly developed, and the proportion of narrow
excavations, such as underground integrated pipe galleries, has
been increasing sharply. *is type of excavation shows an
obvious size effect, with smaller deformation and better sta-
bility [1–7]. Tan andWei [4] attributed this phenomenon to the
narrow geometry, while the numerical simulation results in-
dicated that narrower excavation has better support system
stiffness [6]. Moreover, studies [5, 7] have suggested that with
increasing excavation width, the deformations caused by ex-
cavation and pre-excavation dewatering first increase and
subsequently tend to be stable. Logically, for narrow excava-
tions, the support system can decrease accordingly [5]. Hos-
seinzadeh and Joosse [3] proposed a new design optimization
method by quantifying the effect of overlapping passive zones.

Estimating the basal heave stability of braced excavation
is quite significant for design. Up to the present, it can be
performed by using the limit equilibrium method (LEM)

[2, 8–19], limit analysis method [9, 20–24], probabilistic
method [2, 10, 25–32], and finite element method (FEM)
with shear strength reduction technique (SSRT)
[2, 10, 15, 20, 33–40].

*e limit equilibrium method can be divided into two
categories [15, 19, 21, 24]: the bearing capacity method
[8, 9, 13, 16, 17] and the slip circle method (SCM)
[11, 16, 18, 19]. *e stability models proposed by Terzaghi
[17] and Bjerrum and Eide [8] are based on bearing capacity
theory [2, 15, 19, 32, 40]. For these two types of methods,
factors of safety (Fs) are both defined as the ratio of the
resistance over the load [15, 34]. In principle, ‘‘failure’’ (the
occurrence of excessive basal heave) is said to occur if Fs< 1.
In practice, a minimum Fs is often required and is generally
specified in design codes [12, 14, 16, 18].

Compared to the limit equilibrium method, the limit
analysis method employs a plastic theory basis and can give
strict upper and lower bounds for the ultimate load. *us, its
result ismuchmore accurate than the former inmany cases [9].
According to upper bound theory, Chang [9] revised Terzaghi’s
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method. Ukritchon et al. [22] summarized the formulation of
numerical limit analyses that compute rigorous upper and
lower bounds on the exact stability number. *e results of the
limit analyses provided an independent check on the accuracy
of long-established empirical equations for computing the
stability number of braced excavations.

*e above two methods belong to deterministic ap-
proaches, where the soil parameters are generally taken as
constant. Actually, because of the inherent variability of soil
parameters (such as undrained shear strength and unit weight),
which may lead to a slight difference between the actual cir-
cumstances and the theoretical assumptions, failure may still
occur [28–29], even though the factors of safety (Fs) is greater
than 1 or the minimum value specified in the design codes,
such as undrained shear strength and unit weight [29]. To this
end, probabilistic approaches have been developed based on
the limit equilibrium method and limit analysis method. Re-
liability theory logically considers the uncertainty in the soil
parameters [15], where the design variables are considered
random in nature [25]. Many studies on reliability analysis
[26, 28–32] have been carried out using the slip circle model
[19] on account of its simplicity and suitability for modeling
random fields [28]. Above all, it does not assume homogeneity
[32]. Goh et al. [27] introduced basic structural reliability
concepts to reflect the degree of uncertainty of the underlying
random variables. Luo et al. [29] presented a simplified ap-
proach to consider the effect of spatial variability in a two-
dimensional random field. Wu et al. [31] adopted a nonsta-
tionary random field to model the spatial variability of un-
drained shear strength.

Naturally, with the continuous development of com-
puter and numerical methods, FEM with SSRT has been
widely applied to geotechnical engineering and has gradually
become the mainstream numerical method and effective
means for the analysis of complex engineering problems. In
this way, many scholars [2, 10, 20, 33, 35–39] evaluated the
basal heave factors of safety for excavations and analyzed the
influence of various factors.

*e current design codes [13, 16] consider that exca-
vations with different widths have the same basal heave
factors of safety, resulting in huge design waste. *erefore,
FEM with SSRTwas used to simulate the basal heave failure
of excavations with different widths in this paper.*e factors
of safety and the failure surfaces were obtained. Further-
more, an improved approach based on the slip circle mode
was presented. Eventually, it was verified by engineering case
analysis.

2. Basal Heave Analysis for Narrow Excavations

SCM has been widely adopted by building codes in Japan
[12], mainland China [13, 14, 16], and Taiwan [18] for a long
period and has proven to be reliable based on past expe-
riences [11]. As shown in Figure 1, it assumes a circular
failure arc with a prescribed trajectory extending from a
point at the base of the excavation in front of the pile to a
point at the lowest strut level (point O) behind the pile [26].
In this method, Fs can be expressed by taking moments
about the lowest strut level [2, 10, 11, 28]:

Fs �
Mr

Md

, (1)

where Mr is the resisting moment and Md is the driving
moment. As revealed in Figure 1, H is the excavation depth,
D is the penetration depth, R is the radius of the failure circle,
q is the surcharge, and W is the total weight of the soil mass
behind the pile and above the excavation level. *e failure
circle is fixed with a center at the lowest strut and passes
through the end of the pile.

For a general wide excavation, the failure surface of the
slip circle in Figure 1 largely conforms to the actual situation.
However, when the excavation is narrow enough (width B
less than [D(D+ 2d)]1/2), the development of the slip circle
will be restrained by the support piles on the other side. In
terms of symmetry, the damaged soil wedge in the passive
zone changes from sector MSQ to trapezoidal with a curved
sideMNPQ, and the support piles on both sides interact with
each other. *e horizontal reaction on side PN makes the
soil wedge tight and difficult to slip; accordingly, the passive
earth pressure increases, and the basal heave stability is
improved to some extent. When the excavation is wider, the
constraint effect produced by the support piles on the other
side becomes increasingly weaker until B� [D(D+ 2d)]1/2, at
which point it completely disappears. In this way, if the
algorithms in current design codes continue to be employed,
only taking the retaining structure on one side with the soil
in active and passive zones as the research objects would
certainly cause waste. Consequently, it is essential to con-
sider the effect of excavation width.

3. Numerical Simulation

3.1. Basic Principle. *e FEM with SSRT was proposed by
Zienkiewicz et al. [41] for the initial purpose of calculating
the stability of slopes. Later, it was successfully introduced
into studies of the basal heave stability of excavation.

In essence, when the pressure difference between the
inside and outside of the excavation exceeds the ultimate
bearing capacity, the excavation will be unstable. *erefore,
the damage can be attributed to excessive load or insufficient
shear strength. *e FEM with SSRT exactly simulates the
failure process by reducing the strength parameters (cohe-
sion c and tangent value of the internal friction angle φ) of
the soil. *e basic principle is that after c and tanφ are
divided by the same reduction coefficient Fr [34], they are
resubstituted into the numerical model as a new set of
strength parameters for calculation to determine whether
the excavation has reached the ultimate failure state, and the
process is repeated until the excavation is in the limit
equilibrium. At this time, the reduction coefficient Fr is the
basal heave factor of safety Fs [2, 20, 33, 36].

cr �
c

Fr

,

φr � tan− 1 tan φ
Fr

 ,

(2)
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where c and tanφ are the original shear strength parameters
of soils, cr and φr are reduced shear strength parameters, and
Fr is the reduction coefficient.

Specifically, the key point of employing the FEM with
SSRT to evaluate basal heave stability is to judge when the
excavation reaches the ultimate failure state. *e nodal
displacement method as an evaluation criterion has been
widely employed [20, 26, 33, 34, 36–38] for a long time, and
it has good engineering applicability [34]. Its principle is as
follows: through numerical calculation, the variation char-
acteristics of the relationship between nodal displacement
and the reduction coefficient are obtained. When the re-
duction coefficient increases to a certain value, the nodal
displacement increases sharply, and it is considered that the
excavation is unstable at this time. *e physical meaning of
the criterion is clear, and the solution is definite. Conse-
quently, it was adopted in the present study.

In comparison to conventional methods, the most sig-
nificant advantage of FEM with SSRT is that the failure
surface and factor of safety emerge naturally without the user
hypothesizing a particular failure mechanism in advance
[15, 20, 33–36]. To explore the basal heave failure mecha-
nism of narrow excavation, this section will perform nu-
merical simulation through the FEM with SSRT.

3.2. Simulation Process. *e simulation was carried out
using the finite element software ABAQUS. Although it does
not have a built-in SSRT program, it is still easy to imple-
ment. *e essence of FEM with SSRT is to reduce the
strength of materials continuously, while in ABAQUS, the
parameters of materials can vary with field variables. Specific
steps are as follows.

Step 1. Define a field variable, which is usually taken as the
strength reduction coefficient Fr.

Step 2. Define material parameters that varied with the field
variable.

Step 3. Specify the initial value of the field variable and apply
a gravity load to the model to establish a stress balance state.

Step 4. In the subsequent analysis step, the field variable Fr
gradually increases; after the calculation terminates (the
numerical calculation does not converge), the results are
processed, and the factor of safety is determined.

To consider the effect of B, the whole braced excavation
was taken for analysis during the simulation, instead of only
half due to symmetry [2, 10, 15, 33, 34, 37, 39]. In this study,
plane strain analyses [10, 15, 37, 38, 40] were adopted to
explore the configuration of failure surfaces and evaluate the
basal heave factors of safety with different excavation widths.
H and D of all cases analyzed are 8m and 6m, respectively,
and B is the only variable. All excavations were retained by
bored piles with a diameter of 800mm and two inner struts.
*e first is a rectangular concrete strut with a length of
600mm and width of 400mm, and the second is a steel pipe
with an outer diameter of 609mm and a thickness of 12mm,
which were placed 0.4m and 2.9m below the ground, re-
spectively. Total stress analysis was performed by using the
Mohr–Coulomb model [2, 10, 20, 33, 36, 39]. *e strut and
pile elements were assumed to be linearly elastic. *e grid
was divided in an uneven way. *at is, the elements near the
excavation are denser, which can improve the calculation
accuracy. *e model consists of 1213 elements and 1218
nodes.*e soil was modeled by 4-noded bilinear plane strain
quadrangular elements, and the retaining structure (struts
and piles) was modeled by 2-noded plane linear beam el-
ements [42]. Tied constraints were adopted between the soil
and retaining structure.*e nodes along the side boundaries
of the mesh were constrained from displacing horizontally,
while the nodes along the bottom boundary were con-
strained from moving horizontally and vertically
[2, 10, 15, 39]. Reduced Gaussian integration was used to
avoid numerical difficulties, known widely as ‘‘locking’’
[20, 33, 36, 38]. *e reduction coefficient varied from 0.5 to
7, and the material parameters are shown in Table 1. In the
analyses, the stage-by-stage excavation of the soil and the
installation of the struts were simulated [37, 38].

B=

Excavation
depth H

Penetration
depth D

Failure surface

Radius R
S Q

M
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d

Surcharge qD (D + 2d)

Figure 1: SCM for basal heave analysis.
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3.3.Results andDiscussion. *e basal heave factor of safety Fs
is generally used to evaluate the stability of a braced exca-
vation. As previously mentioned, Fs determined by FEMwith
SSRT is the ratio of the original shear strength to the reduced
shear strength when large nodal deformation occurs.

Figure 2 shows the variation of nodal displacement with
the increase of shear strength reduction coefficient when
B� 6m. Due to the large safety reserve, at the beginning of
strength reduction, the nodal displacement is always very
small, almost zero. However, as the strength reduction
process continues, the shear strength begins to be insuffi-
cient to maintain the stability of the excavation. When Fr is
greater than 3.68, the nodal displacement increases sharply,
and basal heave failure occurs. Naturally, the basal heave
factor of safety is 3.68.

Figure 3 reveals the relationship between the basal heave
factor of safety and excavation width. *ere are obvious
nonlinear characteristics: the narrower the excavation is, the
greater the factor of safety will be, and as the excavation
widens, Fs decreases increasingly slowly. When B� 10m
(very close to the theoretical critical width of 9.86m), Fs
tends to be stable, and the effect of B is small enough to be
ignored. *is result demonstrates that the theoretical
analysis above is comparatively reasonable, and neglecting
the influence of excavation width would certainly cause
considerable design waste.

*is study is focused on identifying the configuration of
a failure surface for the subsequent development of the new
limit equilibrium method for a narrow braced excavation.
For the FEM with SSRT, the failure surface is the connective
zone of plastic shear strain. *e failure surfaces obtained by
numerical simulations for various cases are shown in Fig-
ure 4. *ere is good symmetry, and the failure surfaces
approximately extend to the lowest strut level. For narrow
excavations, the shape is half of a circle whose size increases
linearly with excavation width (R�B/2) plus a vertical line
segment. Moreover, the centers of the arcs are always located
at the end of the support piles. Compared to the former, the
shape of failure surface of wide excavation is a nonstandard
semiarc, the intersection of the failure surfaces on both sides
in the middle of the excavation moves up obviously, the
interaction correspondingly weakens, and the centers of the
arcs are no longer located at the end of the support piles. *e
simplified computation model developed from the simula-
tion results is displayed in Figure 5. To describe the dif-
ference in passive earth pressure with various widths, the
function factor Kpf is presented, Kpf � 2B2/(D2+2Dd).

4. Improved SCM considering the
Excavation Width

4.1. Basic Assumptions. According to the basal heave failure
mechanism of narrow excavation, the basic assumptions are
as follows:

(1) Because of the large strength and stiffness of the
braced structure [20, 33, 36–38], the failure surface
passes under the support pile.

(2) *e shear strength of soil is analyzed by
Mohr–Coulomb theory and computed by
τ � σtanφ+c.

(3) Considering the stratification of the soil mass, the
moments are calculated separately first and then
superimposed.

(4) *e normal stress on the failure surface comprises
the component force of the soil weight and the
component force of the horizontal lateral pressure.
Given that it is difficult to determine the stress state
of soil after deformation occurs and that the hori-
zontal lateral pressure in the active zone is between
the active earth pressure and the earth pressure at
rest, its approximate value is taken as cztan2(45°-φ/2)
instead of subtracting 2ctan (45°-φ/2). Similarly, the
horizontal lateral pressure in the passive zone takes
cztan2(45°+φ/2), and the value does not include
2ctan (45°+φ/2).

(5) In practice, the contribution of the bending moment
of the pile to the safety factor is so small that it is
often neglected [35].

4.2. Formula Derivation. On the basis of the method in the
existing design code in Shanghai [16] and based on the
computation model developed from the numerical simu-
lation, the formula derivation is completed. As shown in
Figure 6, the soil body, which lies below the lowest strut level
and above the assumed surface (the PNMGFEQ area), is
taken for equilibrium analysis. *e failure surface consists of
vertical segment FG,NP, and arcGMN. *e driving moment
Md is caused by the weight of the soil and possible surcharge,
in which the weights within the areas GOM and NOM are
offset by each other. *e resisting moment Mr arises from
the shear strength along the failure surface. *us, the factor
of safety Fs can be defined as equation (1), and the details are
as follows:

Table 1: Physical and mechanical parameters of materials.

Materials
Properties

H (m) Γ (kN/m3) μ E (kPa) C (kPa) Φ (°)
Steel / 78 0.3 2.00E+ 08 / /
Concrete / 25 0.2 3.00E+ 07 / /
Miscellaneous fill 2.8 18 0.4 7.00E+03 10 12
Silty clay 11.2 19 0.3 1.30E+ 04 18 16
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Mr � MFG + MGM + MMN + MNP,

Md � MAC + MACFE + MEFGO − MNPQO,
(3)

where MACFE, MEFGO, and MNPQO are the moments caused
by the weight of the soil within the corresponding area.

MFG �  
HK

HI

τFGRdh,

τFG � (q + ch)Ka tan φ + c,

Ka � tan2 45° −
φ
2

 ,

MGM �  
αK

αI

τGMR
2
dα,

τGM � q1 + c R sin α + h0 − HI(  sin2 α tan φ

+ q1 + c R sin α + h0 − HI(  cos2 αKa tan φ + c,

αI � arctan
HI − h0�������������

R
2

− HI − h0( 
2


⎡⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎦,

αK � arctan
HK − h0��������������

R
2

− HK − h0( 
2


⎡⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎦,

h0 � H + D,

MMN �  
αK

αI

τMNR
2
dα,

τMN � q2 + c R sin α + h0 − HI(  sin2 α tan φ

+ q2 + c R sin α + h0 − HI(  cos2 αKp tan φ + c,

Kp � tan2 45° +
φ
2

 ,

MNP �  
HK

HI

τNPRdh,

τNP � chKpKpfμ + c,

Kpf � 2 −
B
2

D(D + 2 d)
,

MAC �
1
2
qR2

.

(4)

*e formula in area ACFE is identical to EFGO and
NPQO:

M �  
HK

HI

1
2

cR
2dh � 

1
2

cR
2

HK − HI( , (5)

where c, c, φ, and μ are the unit weight, cohesion, angle of
internal friction, and friction coefficient, respectively;
q� surcharge; q1 and q2 are the overlying pressures outside
and inside the excavation, respectively; h0 is the depth of the
center of the slip circle; HI and HK are the depths of the

Shock and Vibration 5



upper and lower surfaces of the soil layer; αI and αK are the
angles shown in the above figure; Ka and Kp are the active
and passive earth pressure coefficients; and Kpf is the play
factor of passive earth pressure for narrow excavation.

4.3. Verification. *e cross section of the excavation of an
underground integrated pipe gallery project in Jingzhou is
revealed in Figure 7.H� 12m, B� 6m,D� 8m, d� 4m, and
q� 20 kPa. Bored piles and inner struts were used to support.

*e pile was 800mm in diameter and 1200mm in spacing,
and a crown beam of 1000× 800mmwas set on the top of the
pile. *ree struts were adopted: the first concrete strut of
400× 600mm was poured with the crown beam, and the
second and third were both steel pipes with outside di-
ameters of 609mm and thicknesses of 12mm, which were at
depths of −4m and −8m, respectively. *e soils can be
divided into four layers: (1) fill layer; (2) mucky silty clay
layer; (3) silty clay layer; and (4) mucky silty clay layer. *e
properties of the soil layers are shown in Table 2.
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Figure 2: Basal heave factor of safety of excavation when B� 6m.
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B=20m

B=2m B=4m B=6m

Figure 4: Configuration of failure surfaces. (a) B� 2m. (b) B� 4m. (c) B� 6m. (d) B� 20m.
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Figure 5: Simplified computation model for basal heave analysis of narrow excavations.
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*e proposed method was employed to estimate the
basal heave stability of the narrow excavation above. *e
result is presented in Figure 8. *e trends of the curves well
reflect the size effect on the basal heave stability and are in
accordance with engineering experiences, which means that
narrower excavation tends to be more stable. When the
penetration depth of the support pile is 8m and the exca-
vation width decreases from 8m to 6m, the basal heave

factor of safety increases from 3.40 to 4.25, an increase of
25.0%. In contrast, to meet the requirement of a safety factor
of 4.25, compared with the excavation with a width of 8m,
the penetration depth can be reduced from 10m to 8mwhen
the width is 6m, resulting in savings of 20.0%. *is dem-
onstrates that the proposed method can realize design op-
timization for narrow excavation, further leading to good
economic and social benefits.
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5. Conclusions

In this paper, an improved SCM (slip circle method) is
proposed based on numerical simulation; it is applicable to
evaluate the basal heave stability of narrow braced exca-
vations. Subsequently, the approach has been tested by
engineering cases, and the following conclusions are drawn
on the basis of the presented results:

(1) To study the size effect of excavation, FEMwith SSRT
was adopted to simulate basal heave failure with
different widths, and the safety factors were esti-
mated according to the nodal displacement method.
It was found that there exists a critical excavation
width, and the safety factor increases nonlinearly
with the decrease in width within the range of critical
values.

(2) *e configuration of the failure surface of narrow
excavation exhibits half of a circle whose size in-
creases linearly with excavation width plus a vertical
line segment extending to the lowest strut level.
Moreover, the center of the arc is always located at
the end of the support pile.

(3) According to the simulation results, the computation
model of basal heave stability was presented, and the
improved SCM considering the effect of excavation
width was further derived. *is method can signif-
icantly improve the safety factor of narrow excava-
tion and optimize the design, which shows obvious
superiority.
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