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-e swing behaviour of tower cranes under compound working conditions is closely related to construction safety and structural
health. -is paper presents dynamic models and simulated them for parameter analysis to understand tower cranes’ dynamic
characteristics and vibration features under compound working conditions. -e parameters contain payload mass, rope length,
lifting acceleration, slewing acceleration, luffing acceleration, and initial angle. For the lifting-luffing couplingmotion (LLCM) and
lifting-slewing coupling motion (LSCM) of the tower crane, the D’Alembert principle provides a theoretical basis for the
derivation of system dynamics equations. -e spatial swing angle description of the crane payload includes the time-domain
response and frequency-domain response, which uses a dynamic model. -e result shows that the mass has little effect on the
spatial swing angle.-e value of the lifting acceleration is stable at 0.004m/s2 to 0.01m/s2. Peak value (PV), root mean square value
(RMS), root mean square frequency (RMSF), and frequency standard deviation (RVF) present the best sensitivity to changes in the
spatial swing angle response. When PV of angles θ and β increases by tens of thousands of times in the LLCM, PV can reflect the
phenomenon of angle divergence. -e skewness value (SV) increases by 3422% at the severe swing angle performance in the
LSCM. -e swing angle regularity with the compound working conditions can provide theoretical guidance for eliminating
structural vibration.

1. Introduction

Tower cranes are essential equipment for large and heavy
objects transportation in many industries. Although end-
less new products have created improvements in efficiency
and reliability, their basic structure and technology have
not changed. -e large-scale, rapid, and modular devel-
opment of tower cranes has brought considerable chal-
lenges to construction safety under compound working
conditions. It may increase the shaking of the tower crane,
which is not conducive to the positioning of the tower
crane and brings safety hazards to goods and staff.
-erefore, it is necessary to investigate the vibration fea-
tures of the crane payload with the compound working
conditions to provide practical guidance for applying vi-
bration elimination techniques.

-e research of tower cranes mainly focuses on the
mechanical properties of the structural components, the
response of the swing angle, and the performance control
under some working conditions. In addition, many studies
consider the only slewing, only lifting, or only luffingmotion
that produces the spatial motion of the pendulum.-e study
also obtained the dynamic performance of the mechanical
moment under the acceleration and the deceleration of the
slewing movement [1]. Yao et al. studied the dynamic
process of a dual-trolley overhead crane transshipping rigid-
body cargo with degrees of spatial freedom [2]. -e flexible
model of crane luffing motion is established, indicating that
the crane’s dynamic responses are more sensitive to the
luffing acceleration than the luffing velocity [3]. -e study
found that the horizontal inertial forces in the radial di-
rection are of no less importance than the forces in the
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tangential direction in the slewing motion [4]. Neupert et al.
set up the mobile port crane’s dynamic swing model during
the luffing motion [5]. Feng et al. investigated the influence
of dynamic parameters such as the velocity and acceleration
of the trolley motion, payload mass, cable length on jib
vibration, and payload swing during the luffing motion [6].
Jerman and Hribar drew the horizontal inertial forces factor
of a swinging payload mass during the slewing motion [7].
Augustaitis et al. used the original software package to
develop the model of the lift mechanism and then found the
dynamic load during the lifting motion [8]. By calculating
tipping loads at various load radius for a particular boom
length, Shaikh and Kumar analyzed the stability factor
during the luffing motion [9]. Trabka developed the nu-
merically efficient telescopic crane model with the use of the
finite element method during the luffing motion [10].

Many papers have studied the motion of the pendulum
angle and related parameters. Some studies [11–13] in-
vestigated carrying pendulum systems and assumed these
systems as a crane moving in the horizontal plane. De
Angelis derived an observation model from the equation of
motion of the coupled slung load system. -e analysis of
the swing angle plays a vital role in the antisway methods
[14]. Ebrahimi et al. developed a method to estimate the
swing angle using load cell sensors [15]. -e performance
evaluation experiment used a laboratory tower crane with
cable length variations and under simultaneous tangential
and radial crane motions [16]. Fatehi et al. developed a
dynamic model that includes both the flexible cable’s
transverse vibrations and large swing angles while the
trolley moves horizontally [17]. Fatehi et al. proposed a
second-order singular perturbation formulation. -e for-
mulation can divide the crane dynamics into two one-
degree actuated fast and slow subsystems [18]. Chin et al.
modelled a boom crane as a spherical pendulum and a rigid
system with two degrees of freedom. -e research assumes
that the influence comes from the platform motion [19].
Oguamanam et al. studied the dynamic of the overhead
crane system, which uses a beam model to display the
flexibility of the crane structure [20]. Also, Ghigliazza and
Holmes regarded the crane structure as rigid bodies with
discrete springs [21]. Ju and Choo considered the tower
crane system’s natural vibration and dynamic response due
to the acceleration or deceleration of the payload.-e study
involved the vertical direction of the payload movement
[22]. Gasic et al. discussed the two-dimensional inertial
effects of the trolley, hoist, and payload masses [23]. An-
other study developed a mathematical model of crawler
cranes for heavy tasks. It activated the payload-lifting and
boom-hoisting motions simultaneously [24]. Liu et al.
found that increasing the mass of the payloads leads to a
larger deflection of the beam [25]. Marinovic et al. pre-
sented a multimass model of a slewing crane, which
considered the crane’s slewing motion that produces the
payload’s spatial oscillation [26].

According to the model of the underactuated tower
crane swing angle, most studies investigated combine the
feedforward compensation and online estimation. A robust
control technique based on adaptive fuzzy control is

investigated for trajectory tracking of multi-input multi-
output (MIMO) underactuated system, subject not only to
system uncertainties but also to the unknown actuator dead-
zone band nonlinearities in the motors of the MIMO
underactuated system [27]. -e feedforward solution is
made robust by an augmentation with LQR as well as a
sliding mode controller [28]. -is article presents an output
feedback controller, which can simultaneously solve the
problems of saturation constraints and velocity signal un-
availability [29]. A new model-free robust control scheme
for payload swing angle attenuation of two-dimensional
crane systems with varying rope length is introduced in this
work [30].

Many research studies only have established and ana-
lyzed a slewing condition model, a lifting condition model, a
luffing condition model, or a slewing-luffing compound
condition model of the tower crane. Notably, tower cranes
have worked for a long time under LLCMs and LSCMs.
However, the current research rarely conducts quantitative
analysis under these two conditions.

-is paper introduces two mathematical models by
D’Alembert’s principle and corresponding model verifica-
tion. After that, the following sections illustrate angular
response and then discuss the simulation results. -e final
section proposes the main conclusion.

2. Dynamics System and Model

2.1. Lifting-Luffing Motion Model. Figure 1 shows the
schematic diagram of lifting and luffing under the com-
pound working conditions. -ere is an orthogonal coor-
dinate system in the model. -e space model of the lifting-
luffing condition is projected to the x-y plane and the y-z
plane, respectively, at a specific time. Tower cranes generally
include rope, trolley, tower arms, tower bodies, and base.
-e model uses the tower body, the tower arm, and the
trolley as rigid bodies to explore the vibration characteristics
of the swing angle of the payload.

-e angle θ rotates around the z-axis, and the angle β
rotates around the x-axis. Ly represents the rope length from
the trolley to the object. -e line length changes continu-
ously during the motion. Moreover, the line length changes
during acceleration, constant speed, and deceleration are
different. -e experimental process set a certain initial angle
to validate the simulation. -e experiment ignores the in-
fluence of wind speed on the swing angle because the ex-
periment is indoors.

Furthermore, the sign J1 is the crane payload moment of
inertia around the z-axis in Figure 1. -e sign J2 is the
moment of inertia around the x-axis. -e symbols e, w, and
m, respectively, represent the acceleration of the lifting
motor, the acceleration of the luffing motor, and the mass of
the payload. -e derivation of the equation of motion uses
the D’Alembert principle in the following form.

 M
�→

O F
→

i  +  M
�→

O F
→

Ni  +  M
�→

O F
→

Ii  � 0. (1)

Here, F
→

Ii represents the inertial force of i’th particle,
which is a virtual force. F

→
i represents the constraining force
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of i’th particle. w represents the active force of i’th particle.
-e forces of the crane payload are as follows:

F
→

2 � mg,

F
→

I1 � mLyθ
··

,

F
→

I2 � mLyβ
··

,

F
→

I3 � mLyθ
· 2

,

F
→

I4 � mLyβ
··2

,

F
→

N1 � wm,

F
→

N2 � me,

M
�→

01 � J1θ
··

,

M
�→

O2 � J2β
··

.

(2)

-e force of the system around point P has three parts:
the active force, the inertial force, and the constraining force.
-e crane payload is in an equilibrium state of rotating
around the point P.

F
→

1 − F
→

N2 − F
→

2(cos θ + cos β) − F
→

N1 sin θ − F
→

I3 − F
→

I4 � 0,

Fx � F
→

2 sin θ cos β − F
→

N1 + F
→

N2 sin θ − F
→

I1 cos θ,

Fy � −2F
→

2 cos θ cos β − F
→

N2(cos θ + cos β) − F
→

I1 sin θ − F
→

I2 sin β,

Fz � F
→

2 cos θ sin β + F
→

N2 sin β − F
→

I2 cos β.

(3)

F
→

1 represents the pulling force of the object to the tower
arm. -e moments of inertia J1 and J2 are rotating with
angular speeds _θ and _β. When the axis of rotation passes over
the end of the rod and is perpendicular to the rod, the
moments of inertia equation is as follows:

J �
mL

2

3
. (4)

-e symbolm represents the mass of the rod.-e symbol
L represents the rod length. Point P in Figure 1 is the center
of rotation. -e crane payload is considered as the length of
the section at the end of a thin rod, whose length is bi. -e
equation for themoments of inertia of the crane payload is as
follows:

Ji �
m L

2
yi − Lyi − bi 

2
 

3
.

(5)
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Figure 1: Force analysis of LLCM.
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2.2. Lifting-Slewing Motion Model. Figure 2 shows a sche-
matic diagram of the lifting and slewing working conditions.
An orthogonal coordinate system is inside the schematic
diagram. -e space model of the lifting-slewing condition is
projected to the x-y plane and the y-z plane, respectively, at a
specific time. To study the vibration characteristics of the
swing angle of payload, tower cranes generally include rope,
trolley, tower arms, tower bodies, and base. Tower body,
tower arm, and trolley are regarded as rigid bodies.

-e angle θ rotates around the z-axis, and the angle β
rotates around the x-axis. Ly represents the rope length from
the trolley to the object. -e line length changes continu-
ously during the motion. Moreover, the line length changes
during acceleration, constant speed, and deceleration are
different. -e experimental process set a certain initial angle
to validate the simulation. -e experiment ignores the in-
fluence of wind speed on the swing angle because the ex-
periment is indoors. J3 represents the moment of inertia of
the crane payload around the z-axis. Also, J4 is the moment
of inertia of the crane payload around the x-axis.

Furthermore, the symbols a, e, and m represent the
acceleration of the lifting motor, the acceleration of the
luffing motor, and the object’s mass, respectively.

-e derivation of the equation of motion uses the
D’Alembert principle in the following form. As is shown in
Figure 3, the space model of the lifting-slewing condition is
projected to the x-z plane. Point O represents the tower
mast. Point Q represents the crane payload. -e R0 repre-
sents the distance from point O to point P. -e crane
payload has Coriolis acceleration. -e forces of crane
payload are as follows:

F
→

I5 � m(k
.

)
2
R1,

F
→

I6 � 2mk
.

θ
.

Ly cos θ,

F
→

N3 � mk
··

R1.

(6)

-e symbol k denotes the rotational angle of the tower
crane arm. R0 represents the distance from the tower to the
trolley R1 � R0 + Ly sin θ. -e symbol F

→
3 represents the

pulling force of the payload to the tower arm.-e total force
around point P has three components. -ey are the active
force, inertial force, and constraining force. -e corre-
sponding equations are as follows:

Fx � F
→

2 sin θ cos β − F
→

I5 + F
→

N2 sin θ − F
→

I1 cos θ,

Fy � −2F
→

2 cos θ cos β − F
→

N2(cos θ + cos β) − F
→

I1 sin θ − F
→

I2 sin β,

Fz � − F
→

2 cos θ sin β − F
→

N2 sin β + F
→

N3 − F
→

I2 cos β + F
→

I6,

F
→

3 − F
→

N2 − F
→

2(cos θ + cos β) − F
→

I3 − F
→

I4 + F
→

I5 sin θ − F
→

N3 sin β − F
→

I6 sin β � 0.

(7)

After substituting corresponding expressions into
equation (1), the matrix below shows the derivation result
for the differential equations of motion of the mathematical
model.

A11 A12
A21 A22
A31 A32
A41 A42

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

θ
··

β
··⎡⎢⎣ ⎤⎥⎦ �

B1
B2
B3
B4

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (8)
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Figure 2: Force analysis of LSCM.
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-e elements Aij and Bi are defined in Appendix.
Equation (8) represents four second-order nonlinear dif-
ferential equations with nonconstant coefficients. -e ele-
ments B1 and B2 are in the LLCM. -e elements B3 and B4
are in the LSCM.

2.3. Model Verification. It is not easy to test, verify, and
collect data due to the large size of the tower crane.
-erefore, the laboratory uses a scaled-down tower crane.
-e design needs to follow the requirements of structure and
materials in Figure 4.-e validation of the LSCM and LLCM

Table 1: Time-domain indicators.

Abbreviation Mathematical expression

RMS Xrms �

������������

(1/N) 
N
i�1 x2

i



PV Xpv � (Nmax|xi|)/(
N
i�1 |xi|)

KV Xkv � (1/N)
N
i�1((xi − x)/σ)4

SV Xsv � (1/N)
N
i�1((xi − x)/σ)3

Table 2: Frequency-domain indicators.

Abbreviation Mathematical expression

FC Xfc � (1/N) 
N
i�1 fi

RVF Xrvf �
�������������������
(1/N) 

N
i�1 (fi − xfc)

2


RMSF Xrmsf �

������������

(1/N) 
N
i�1 fi

2
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models applies the comparison between the experiment and
simulation results. Both the experiment and the simulation
process experience from accelerating to a constant speed and
then decelerating. -e mass is 1.45 kg, 2.4 kg, and 6.6 kg,
respectively, in the experiment. -e lifting, luffing, and
slewing acceleration are 0.003m/s2, 0.001m/s2, and 0.02m/
s2, respectively. -e rope length is 1.5m. -e lifting-luffing
motion and the lifting-slewing motion are the two primary
components of the experiment. Figure 5 shows the results of
the two movement states. -e experiment and simulation
under the two working conditions start from the maximum
value of swing angle θ and β. -e simulation data are slightly
larger than the experiment when they decelerate from the
10th second, which may be due to other components’ vi-
bration. In the lifting and luffing conditions, when the initial
angle of the angles θ and β is 0.01 rad, the swing variation of
the angles θ and β is similar. -us, on the whole, the
nonlinear simulation is a good predictor of crane
performance.

3. Motion Response and Analysis

3.1. Indicator Analysis. -is paper uses four time-domain
indicators to analyze the influence of parameter changes on
the spatial angle signal waveform. -ey are the root mean
square value (RMS), peak value (PV), kurtosis value (KV),

and skewness value (SV). In addition, there are also three
frequency-domain indicators. -ey are the frequency center
(FC), root mean square frequency (RMSF), and frequency
standard deviation (RVF) [31]. Table 1 shows the time-
domain indicators. Table 2 shows the frequency-domain
indicators.

3.2. Lifting-Luffing Motion Response. As shown in Figure 6,
the lifting acceleration e is, respectively, taken as 0.004m/s2,
0.007m/s2, 0.01m/s2, 0.013m/s2, and 0.016m/s2. -e luffing
acceleration w is 0.001m/s2, 0.006m/s2, 0.011m/s2, 0.017m/
s2, and 0.022m/s2, respectively, in the LLCM. -e dynamic
response of the angles θ and β can have a divergence
phenomenon when the lifting acceleration is 0.016m/s2.
Also, the significant acceleration leads to a rapid increase of
the swing angle, which seriously reduces the stability of the
tower crane. -e angle θ rises with the increase of the luffing
acceleration, and the angle β does not change significantly.
Maximum angular responses are during acceleration with
varying luffing acceleration. -e angle response cycles are
constantly changing with varying lifting acceleration e.
However, the angle response cycles are constant with
varying acceleration w.

In Figure 7, the rope length L is 1m, 1.5m, 2m, 2.5m,
and 3m, respectively, under the lifting-luffing condition.
-e initial angle is, respectively, taken as 0.005 rad, 0.01 rad,
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0.02 rad, 0.04 rad, and 0.08 rad. As the rope length changes,
the dynamic response of the angle θ fluctuates greatly
during the deceleration phase. -e swing angle θ gradually
decreases with the increase of the rope length. -e swing
angle θ rises among the positive half axis when the rope
length L is 1m. -e angle θ tends to diverge with the 3m
rope length. -e angle β response does not change much.
-e angles θ and β response cycle keep changing with
adjusting the rope length. With the increase of the initial
angles, the angles θ and β response also have an upward
trend. -e maximum angle is the initial angle during the
response. -e angle response cycles are constant with
varying initial angles.

3.3. Lifting-LuffingMotion Analysis. Figure 8 shows that the
KV of angle is stable with the change of the lifting accel-
eration e. However, the RMSF and RVF of the angle is
sensitive to changes. -e PV and RMS can characterize the
state change of the angle θ well in the later stage, but their
stability is worse than the RMS. -e FC of the angle θ is
stable. -e RMSF and RVF experience decrease, increase,
and decrease successively.-e changes of the RMS and PV of
the angle β are the same as that of the angle θ. -e KV has
similar changes. -e KV, RMS, and PV appear in the later
stage. -e FC of the angle β has good stability. -e RMSF
and RVF increase in the early stage and hugely decrease in

the later stage.-e above analysis shows that when PV level 5
increases by tens of thousands of times, PV can reflect the
phenomenon of angle divergence. RMSF and RVF have
dropped by 100%, showing that the acceleration has di-
vergence at level 5. -e lift-luffing angle is stable when the
lifting acceleration is in the range from 0.004m/s2 to 0.01m/
s2. FC can monitor the parameter change. PV from level 4 to
level 5 increases by tens of thousands of times; PV can reflect
the phenomenon of large angle growth. PV, RMS, FC, and
RMSF are more sensitive among them.

Figure 9 indicates the effect of the parameter w variation.
KV of the angle θ is stable.-e PV and RMS in the early stage
are more stable than in the later stage. -e PV and RMS
change in the later stage, which can better characterize the
changes in response. -e FC of the angle θ is stable. -e
RMSF and RV decrease successively. -ey can better
characterize the changes in response. Furthermore, the four
indicators of the angle β time-domain increase in the later
stage. -e three indicators of the angle β frequency-domain
are stable. -e RMSF and RVF decrease first and then in-
crease. And their change is small. According to the analysis
above, the lift-luffing angle is stable when the luffing ac-
celeration is in the range from 0.001m/s2 to 0.017m/s2. PV,
RMS, FC, and RMSF are more sensitive among them.

As shown in Figure 10, when the rope length L is
changed, KV and SV first increase and then decrease. RMS
and PV first decrease and then increase. -e SV can
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Figure 10: Effect of the rope length on the lift-luffing angle.
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characterize changes in response. -e RMSF and RVF of the
angle θ first decrease, then increase, and finally decrease. For
the four indicators of the angle β time-domain, SV presents
the best sensitivity while the PV, KV, and RMS exhibit
nonmonotonic characteristics, which are not suitable for
construction safety describing. -e RMSF and RVF of the
angle β first increase, then decrease, and finally increase. -e
above analysis shows that the higher the tower crane is, the
stronger the swing angle fluctuation is for the same lifting
height. SV, FC, and RMSF are more sensitive among them.

As shown in Figure 11, the initial angle of the parameter
is adjusted. -e KV, PV, RMS, and SV of the angle θ are
monotonic. On the other hand, the RMSF and RVF of the
angle θ have been decreasing. -e time-domain and fre-
quency-domain indicator changes of the angle β are similar
to the angle θ. -e above analysis indicates that the initial
angle change can monitor the angle response change
through PV, RMS, RMSF, and RVF.

3.4. Lifting-Slewing Motion Response. In Figure 12, the pa-
rameter lifting acceleration e is, respectively, taken as
0.004m/s2, 0.007m/s2, 0.01m/s2, 0.013m/s2, and 0.016m/s2,
and the parameter luffing acceleration a is, respectively,
taken as 0.01m/s2, 0.025m/s2, 0.04m/s2, 0.055m/s2, and
0.07m/s2 in the lifting-slewing condition. By changing the
lifting acceleration, the dynamic response of angles θ and β

diverges from 0.016m/s2, which seriously reduces the sta-
bility of the tower crane. -e angle response cycles reduce
with lifting accelerations increase. When the slewing ac-
celeration is changed, it is obvious that angles θ and β in-
crease as the slewing acceleration increases. -e dynamic
response of the angle β can have a divergence phenomenon
when the lifting acceleration starts from 0.04m/s2. -e angle
response cycles are constant with varying slewing
accelerations.

In Figure 13, the rope length L takes the values 1m,
1.5m, 2m, 2.5m, and 3m, respectively, under the lifting-
slewing condition. -e initial angle of the parameter is,
respectively, 0.005 rad, 0.01 rad, 0.02 rad, 0.04 rad, and
0.08 rad. When the parameter L is adjusted, there is a de-
creasing state about the dynamic response of angles θ and β
in the LSCM, and the angle β tends to increase with the 3m
rope length. -e angle response cycles keep changing by
adjusting the rope lengths. -e initial angle of the parameter
is changed. -e angle θ increases with the increase of the
initial angle. Although the angle β also increases with the
increase of the initial angle, the angle β starts to diverge from
0.01 rad. -e angle response cycles are constant with varying
initial angles.

3.5. Lifting-Slewing Motion Analysis. Figure 14 displays the
effect of the lifting acceleration variation. -e KV and SV of
the angle θ are stable, and the RMS and PV are less stable
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Figure 11: Effect of the initial angles on the lift-luffing angle.
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than the KV and SV.-e RMSF and RVF of the angle θ show
an overall downward trend. -eir lifting acceleration level 5
decreases by −58% and exhibits the best performance. -e
SV of the angle β first increases and then decreases. -e KV
of lifting acceleration level 5 increases by 3422%. -e RMSF
and RVF first increase, then decrease, and finally decrease.
-e above analysis shows that the value range of the lifting
acceleration is from 0.004m/s2 to 0.01m/s2, which is rela-
tively stable. -e dynamic response of angles θ and β di-
verges from 0.016m/s2. When the PV of lifting acceleration
level 5 increases by 7059% relative to the state, PV can reflect
the phenomenon of angle divergence. -e lifting accelera-
tion change can monitor the angle response change through
PV of angle θ, KV of angle β, RMSF, and RVF.

As shown in Figure 15, when the swing acceleration is
adjusted, the RMS and PV of the angle θ increase succes-
sively. KV and SV of the angle θ decrease successively. -e
FC of the angle θ frequency is nonmonotonic. -e RMSF
and RVF decrease successively. -e RMS, PV, RMSF, and
RVF are sensitive. -e four time-domain indicators of the
angle β are monotonic. RMS increases, and others decrease.
When the RMS of slewing acceleration level increases by
114%, angle β has a divergence phenomenon.-e RMSF and
RVF of the angle β continuously decrease.-e above analysis

shows that PV, SV, FC, and RMSF are more sensitive than
others.

Figure 16 shows the effect of the rope length L on the lift-
slewing angle. -e KV and SV of the angle θ first decrease,
then increase, and then decrease. -e KV and SV can
characterize the change response of the angle θ. -e RMSF
and RVF of the angle θ first increase, then decrease, and
finally increase. -e SV of the angle β first increases, then
decreases, and finally increases.-e SV fluctuates wildly.-e
RMSF and RVF of the angle β have the same changing trend,
from increase to decrease. It can be seen from the above
analysis that the rope length L fluctuates sharply between
1.5m and 2.5m.

Figure 17 shows the effect of the initial angle change
under the lifting-slewing condition. -e KV, PV, RMS, and
SV of the angle θ are monotonic. -e KV decreases suc-
cessively, and others increase successively. -ey can char-
acterize changes in swing angle response. RMS is the most
sensitive among them. -e RMSF and RVF of angle θ are
more sensitive than FC.-e KV of angle β experiences rise to
fall. Others of angle β are monotonic. FC slightly increases.
RMSF and RVF continuously experience fall. According to
the analysis above, PV, RMS, RMSF, and RVF can char-
acterize the angle change.
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Figure 14: Effect of the lifting acceleration on the lifting-slewing angle.
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Figure 15: Effect of the swing acceleration on the lifting-swing angle.
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Figure 16: Effect of the rope length on the lift-slewing angle.
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4. Conclusion

-e analysis above indicates that the mass has little effect on
the spatial swing angle in the lifting-luffing coupling
motion. For the lifting acceleration, the value range that
makes the swing angle stable is from 0.004m/s2 to 0.01m/
s2. Under the same lifting height, the swing angle fluctu-
ation intensity in the lifting-luffing condition increases
with the increase of the tower crane height. PV and RMS
can reflect changes in the swing angle state. SV of angle β is
more sensitive to changes than SV of angle θ. Moreover,
frequency-domain and time-domain indicators are sensi-
tive to the swing angle response change when the initial
angle varies under the lifting-luffing working condition.
-e lifting acceleration, the luffing acceleration, and the
rope length have more influence on the θ angle than angle
β.-e initial angle has similar effects on angle θ and angle β.
PV, RMS, RMSF, and RVF present the best sensitivity to
changes in the tower crane’s spatial swing angle response
state in the LLCM.

-e mass has little effect on the spatial swing angle in the
lifting-slewing couplingmotion. For the lifting acceleration, the

value range that makes the swing angle stable is 0.004m/s2 to
0.01m/s2. -e dynamic response of angles θ and β diverges
from 0.016m/s2.When the rope length is between 1m and 2m,
the swing angle fluctuates greatly in the lifting-slewing con-
dition. Furthermore, when initial angle θ0 is smaller than initial
angle β0, the angle β is not divergent. PV and RMS can reflect
changes in the swing angle state, but the PV sensitivity is lower
than RMS.-e lifting acceleration, the slewing acceleration, the
rope length, and the initial angle have more influence on the β
angle than the θ angle. PV, RMS, RMSF, and RVF are sensitive
to changes in the tower crane’s spatial swing angle response
state in the LSCM.

According to the parameters of the tower crane in the
LSCM and LLCM, the swing angle changes are simulated.
-e PV, RMS, RMSF, and RVF can be utilized in the
controller design. It is conducive to the controllers sup-
pressing the change of the spatial swing angle.

In future work, how is suppressed vibration of tower
crane under compound working condition based on the
modelings? Which factors do have an effect on fatigue life of
tower crane? If do those, the tower crane system will be
stable so that it can be used with more safety.
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Appendix

-e elements Bi are as follows:

B1 � mwLy cos θ +
1
2

 mgLy cos β sin 2 θ + meLysinθsinβ,

B2 �
1
2

 mgLycosθsin2β − meLysinβcosθ,

B3 � meLy cos θ cos β +
1
2

 mgLy cos β sin 2 θ + m(k
.

)
2
RLy cos θ + m(k

.

)
2

Ly 
2
sin2θ,

B4 �
1
2

 mgLycosθsin2β + meLy cos βcosθ + 2mk
.

θ
.

L
2
y cos θ cos β + mwLyR cos β + mwL

2
ycosβsinθ.

(A.1)

-e elements Aij are as follows:

A11 � m
2bLy − 3L

2
y − b

2
 

3
,

A12 � −mL
2
ysinβsinθ,

A21 � m
2bLy − 3L

2
y − b

2
 

3
,

A21 � −mL
2
ysinβsinθ,

A31 � m
2bLy − 3L

2
y − b

2
 

3
,

A32 � −mL
2
ysinβsinθ

A41 � m
2bLy − 3L

2
y − b

2
 

3
,

A42 � −mL
2
ysinβsinθ.

(A.2)
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