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+e elastic vibration of the wheelset is a potential factor inducing wheel-rail defects. It is important to understand the natural
vibration characteristics of the flexible wheelset for slowing down the defect growth. To estimate the elastic free vibration of the
railway wheelset with the multidiameter axle, the transfer matrix method (TMM) is applied. +e transfer matrices of four types of
elastic beam models are derived including the Euler–Bernoulli beam, Timoshenko beam, elastic beam without mass and shearing
stiffness, and massless elastic beam with shearing stiffness. For each type, the simplified model and detailed models of the flexible
wheelset are developed. Both bending and torsional modes are compared with that of the finite element (FE) model. For the
wheelset bendingmodes, if the wheel axle is modelled as the Euler–Bernoulli beam and Timoshenko beam, the natural frequencies
can be reflected accurately, especially for the latter one. Due to the lower solving accuracy, the massless beam models are not
applicable for the analysis of natural characteristics of the wheelset. +e increase of the dividing segment number of the flexible
axle is helpful to improve the modal solving accuracy, while the computation effort is almost kept in the same level. For the
torsional vibration mode, it mainly depends on the axle torsional stiffness and wheel inertia rather than axle torsional inertia.

1. Introduction

Wheelsets are key moving components in the railway vehicle
systems. Conventional rigid-body modeling methods only
evaluate wheelset vibration characteristics in low frequency.
However, many practical problems induced by wheel axle
bending and torsional vibrations in the mid-high frequency
domain have occurred frequently. +ese vibrations can be
observed in all sorts of railway systems such as high-speed
railways, subways, and heavy-haul railways. Some researchers
have indicated that the rail corrugation, wheel-rail stick-slip
vibration, and even wheel polygon wear are closely associated
with wheelset elastic vibrations and track vibrations [1, 2], as
shown in Figure 1.+erefore, it is very important to obtain the
natural vibration characteristics of wheelsets so that the

corresponding vibration isolation or control measures from
the aspect of the railway vehicle can be proposed to alleviate
the abnormal defects induced by the wheelset elastic vibration.

A number of methods can be used to solve the natural
vibrating characteristics for elastic structures. Typical solving
methods include finite element (FE) method and elastic vi-
bration theory. Both of them have been widely used. To study
the wheel-rail stick-slip problem in freight wagon systems,
Sun and Simson [3] considered the three-directional trans-
lational degrees of freedom (DOF) of the wagon wheelset,
when the roll, pitch, and yaw DOFs for each wheel were
independent. Shen et al. [4] simplified the wheelset as two
asymmetric parts connected by equivalent stiffness of the
flexible wheel axle. +e model then was applied to study the
relations between rail corrugation and wheel-rail stick-slip
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vibration. Chen et al. [5, 6] developed a wheelset-track
coupled FE model and found that self-excited vibrations
induced by the dynamic friction coefficient as well as the
spring stiffness and damping of the sleeper supports both had
important influences on rail corrugation formation and wheel
polygonalization. Mart́ınez-Casas et al. [7] combined a tra-
jectory coordinate set with Eulerian modal coordinates to
develop a model for a flexible wheelset running on a flexible
curved track, which could be used to analyze the problems of
rail corrugation or wheel polygonization. Guiral et al. [8]
presented the formulation of a flexible rotating wheelset
derived within the framework of a noninertial vehicle moving
reference frame. Kaiser et al. [9] developed a vehicle-track
model considering a FE submodel for a flexible wheelset and a
wheel-rail contact model to research wheel-rail wear. Peng
et al. [10] imported a FE model into a MBS (Multibody
System) environment and found that, in some cases, the wheel
polygonization order would be closely related to wheelset
torsional modal frequency and vehicle speed. By investigating
the harmonic response of wheelsets based on the FE analysis
method, Cruceanu and Sorohan [11] identified how wheel-
rail system parameters affected the levels of vibrations and
rolling noise. Based on an Eulerian approach and FE method,
Baeza et al. [12] proposed three formulations which were then
proved to be suitable for researching the coupled dynamics
between wheelset (elastic) and track. As the first-order
asymmetric bending mode of the wheelset occurred, Fourie
et al. [13] found that the mode-coupling instability of traction
motor pitching mode and wheelset torsion might induce the
railhead corrugation. Ding et al. [14] established a FEmodel of
a wheelset to study the relations between mode-coupling and
falling-friction mechanisms. +e model could be used to
assess the curve squeal phenomenon in the railway system.
Giner-Navarro et al. [15] also considered the interaction
between a single-flexible-rotatory wheelset and elastic track to
investigate the influence of wheel-rail stick-slip vibration on
wheel squeal. Also, the linear vibration theory was applied to
establish the flexible wheelset model with concentrated mass
and moment of inertia [16]. Recently, the transfer matrix
method has been widely used to solve the vibrations of pipe
structure [17], tapered beam [18], masonry walls [19], and
even missile systems [20]. +e relevant method for flexible
body vibration simulation could be introduced into the
railway vehicle system and even the vehicle-track coupled
model [21] or train-track dynamic model [22].

Compared with other methods, the TMM has the ad-
vantages of simple programming, modularized establish-
ment of vibration equation, and fast numerical calculation.
However, the application of TMM in wheelset dynamics for
different elastic-beam models has not been reported. How
about the modal solving accuracy of wheelset models with
different elastic beams? Is it necessary to consider the axle
rotational inertia in wheelset torsional vibration? What are
the influences of the vibration mass, shear stiffness, and
number of wheel axle dividing segments on the natural
vibration characteristics? Solving the above problems is of
great significance for putting forward a scientific modeling
scheme for the axle-disc system similar to the wheelset. In
this paper, wheelsets with the multidiameter axle will be
studied. +ey can be regarded as combination systems
composed by rigid wheels and flexible axles. Axle bending
vibration can be solved using various methods including the
Timoshenko beam, Euler–Bernoulli beam, and massless
elastic beam with or without shearing stiffness. +e torsional
vibration can also be solved by the elastic axle models with or
without mass. Another point investigated in this paper is
that what are the differences among various axle modeling
methods in analyzing wheelset natural vibrations? A typical
freight wagon wheelset will be used as an example. +e
transfer matrices for different elastic beam models are de-
rived and then applied to calculate wheelset natural vibration
characteristics. +e corresponding FE models are also de-
veloped to verify the theoretical analysis results and examine
the solving accuracies of different transfer matrix models.

2. Transfer Matrix of Flexible Axle with
Mass for Wheelset

For an actual wagon wheelset, as shown in Figure 2, it in-
cludes a multidiameter axle and two wheels with S shape
wheel disk. +ese three parts are assembled by interference
fit. From the perspective of the construct composition, the
multidiameter axle can be regarded as axle segments with
different diameters and lengths, as shown in Figure 3, where
the main structure parameters are also given according to
the railway standard of [23].+e wheels and axles are mainly
applied in heavy-haul railway vehicles with 27 t and 30 t axle
load in China. Comparatively, the wheels are more rigid with
heavier masses so that they can be treated as the non-
deformable rigid bodies in simulations. +en, the main task
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Figure 1: Potential influence of wheelset natural vibration on wheel-rail damage.
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for the study is to define the transfer matrix of the elastic axle
segment.

For an axle with mass, the transfer matrix can be ob-
tained by solving the vibration equations of an elastic beam.
+ere are two typical beam theories for this case, i.e.,
Euler–Bernoulli beam and Timoshenko beam. +e former
does not consider the influence of rotational inertia and
shear deformation whilst the latter does. Taking an infini-
tesimal axle segment as example (Figure 4), its rotational
angle θ includes the components of α (induced by moment)
and β (induced by shearing force). In the Euler–Bernoulli
beam, only the angle α is considered, which neglects the
effect of rotational inertial Irot. In the Timoshenko beam
theory, the factor Irot and both the deflection angles of α and
β are considered. Introducing the linear density ρ of the axle
and inertial radius rg, the inertial Irot can then be defined as
Irot � ρrg2. +e force states of the bending moment M and
shearing force Q in the left and right sides of the element are
also displayed in Figure 4(b).

For the axle segment, the vibration differential equation
and force equilibrium relations can be deduced easily, which
will not be explained in this paper. On this basis, the vi-
bration equations of Euler–Bernoulli beam and Timoshenko

beam can be expressed as equations (1) and (2), respectively,
according to the vibration theory [24]:
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where y and x are the deflection and length, E and G rep-
resent the elastic modulus and shearing modulus, and I and
A denote the inertia moment and the cross-sectional area,
which are the functions of the sectional dimensions.

Introduce the mathematic expression of deflection y(x, t)
in modal coordinates as

y(x, t) � Y(x)e
iωt

, (3)

where Y(x) and ω are mode shape and angular frequency,
respectively.

+en, equations (1) and (2) can be rewritten as
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Figure 2: Freight wagon wheelset with the multidiameter axle.
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Figure 3: Wheelset structure and dimensions of the heavy-haul freight wagon.
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+e general solution of equation (4) for the
Euler–Bernoulli beam is expressed as [24]

Y(x) � A coshcx + B sinhcx + C coscx + D sincx,
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Correspondingly, the general solution of equation (5) for
the Timoshenko beam can be expressed as [24]

Y(x) � A coshλ1x + B sinhλ1x + C cosλ2x + D sin λ2x,
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(7)

In the modal coordinates, the state parameters of Θ, M,
Q, and Y satisfy the relations given below:
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+e next key point is to determine the unknown coef-
ficients A, B, C, and D for equations (6) and (7). Taking the
Timoshenko beam as an example, combining equations (7)
and (8), the state vector Z(x) in the axle segment can be
expressed as

Z(x) � Y Θ M Q 
T
x � Aa,

a � A B C D 
T
,

⎧⎨

⎩ (9)

whereA is the transitional matrix which has the formation as
given below:
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Figure 4: Force state of the flexible axle segment for the wheelset axle. (a) Flexible axle segment. (b) Force state.
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where P1 � κ + λ21 and P2 � κ − λ22.
In free boundary conditions, the sate vector for x� 0 can
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where H � Ax�1A−1
x�0 represents the transfer matrix of the

Timoshenko beam. +e transfer matrix is expressed as [25]
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For equations (6) and (8), the derivations follow the
same calculation procedures as above. +e transfer matrix of
the Euler–Bernoulli beam can be expressed as
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3. TransferMatrix of FlexibleAxlewithoutMass

In some axle-disc type components, the axle can also be
assumed as a massless elastic axle.+emassless axle provides
the main deformation energy but little inertial energy. If the
axle vibrating mass is not taken into account, the force and
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displacement states at the input and output ends of the
massless elastic beam have the relations, as shown in Fig-
ure 5, where i denotes the ith axle segment.

+e elastic deformation and force conditions can be
described by structural mechanics according to the defor-
mation compatibility principle. +e transfer relations can be
expressed as
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Changing the formation of equation (17) to a matrix
form, the transfer matrix of the massless flexible axle is then
obtained as given in equation (18). On this basis, if the
shearing stiffness of the axle is considered, equation (18) will
be rewritten as equation (19):
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. (19)

+erefore, equations (14), (15), (18), and (19), respec-
tively, represent the transfer matrices of the (a)
Euler–Bernoulli beam, (b) Timoshenko beam, (c) elastic
beam without mass and shearing stiffness, and (d) the
massless elastic beam with shearing stiffness.

4. Wheelset Bending Vibration Model Based on
Transfer Matrix

For the modeling of a flexible wheelset, the model can be
divided into the elastically deformable part of axle segments
and the nondeformable part of wheels. +e rigid wheels are

connected by the flexible axle with or without the vibrating
mass. For the rigid wheel, its force and displacement state
parameters at both sides are shown in Figure 6. +e vertical
displacements and rotation angle at the left side of the
lumped mass are in accordance with those at the wheel right
side, as expressed in equation (20).+e transferring relations
of bending moment and shearing force should consider the
influence of inertia effect. According to the dynamic equi-
librium relation, the vibration differential equations can be
expressed as equation (21).

yi,i+1 � yi,i−1,

θi,i+1 � θi,i−1,
 (20)

Mzi,i+1 � Mzi,i−1 + Jwθ � Mzi,i−1 − Jwω
2Θ,

Qi,i+1 � Qi,i−1 − mwy � Qi,i−1 + mwω
2
Y,

⎧⎨

⎩

(21)

where Jw and mw are the rotational inertia and mass of the
wheel, respectively. By changing equations (20) and (21) into
the matrix in the modal coordinate frame as below, the
transfer matrix of the wheel can then be calculated by Hw:
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i,i−1

.

(22)

Two modeling schemes are proposed for the wheelset, as
shown in Figure 7. +e numbers denote the sequence of
wheelset components. Scheme A is amodel that includes two
wheels connected by three segments of flexible axles. In this
model, the diameters of all axle segments are assumed to be
the same. +e other one, i.e., scheme B, is a detailed model
with two rigid wheels connected by 9 segments of non-
uniform flexible axles. In scheme B, the wheels are treated as

y

x

M
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i
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y i–
1,
i

li

Qi–1,i

Qi,i+1
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y i,
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1
M

i,i
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Figure 5: Force and deformation states of the massless beam
element.
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a lumped mass located at the center of the wheel hub. 0
represents the left boundary, while 6 and 12 denote the right
boundaries in schemes A and B, respectively.

For the modeling schemes A and B, the corresponding
transfer relations of state vectors from the left boundary to
the right boundary can be calculated, respectively, by the
following equations:

Z6,5 � HTZ0,1 � H5H4H3H2H1Z0,1, (23)

Z12,11 � HTZ0,1 � H11H10H9H8H7H6H5H4H3H2H1Z0,1,

(24)

whereHT is the global transfer matrix.H2 andH4 in equation
(23) andH4 andH8 in equation (24) refer to the matrixHw in
equation (22). +e other matrices can be selected uniformly
within equations (14), (15), (18), and (19) according to dif-
ferent elastic beam assumptions. It should be noted that, if the
wheelset symmetries are taken into account, the computa-
tional efficiency is hopeful to be improved further. But the
wheelset in the locomotive or motor vehicle has the asym-
metric structures due to the gearbox. +e mentioned
wheelsets have the similar problem size and solving process.
In this paper, the wagon wheelset is just taken as a typical
example of railway wheelsets to examine the effectiveness and
efficiency of TMM in the solution of natural vibration.

Using the assumption of free boundary condition, the
shearing force and moments at left and right ends can be
regarded as zero. Equation (24) can be further transformed
as

Y
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0,1

. (25)

From equation (25), a homogeneous equation can be
found, which has the formation as

0

0
 

11,12
�

h31 h32

h41 h42
 

Y

Θ
 

0,1
. (26)

For a vibration system, there should be nonzero solu-
tions in equation (26), which means the determinant of the
coefficient matrix equals zero. +erefore, the frequency
equations f(ω) can be expressed as

f(ω)�
h31 h32

h41 h42




� 0. (27)

+e zero solutions of equation (27) correspond to the
natural frequencies of the vibration system. +e next task is
to analyze the mode shapes. In the free boundary condition,
if the vertical displacement of the left end is defined as
Y0,1 � 1 in equation (26), then the other state parameter of
rotation angle Θ can be calculated by

Θ0,1 � −
h31

h32
� −

h41

h42
. (28)

+en, the boundary condition can be expressed as

Z0,1 � 1,Θ0,1, 0, 0 
T
. (29)

Finally, introducingZ0,1 into equations (23) and (24), the
state vectors of any point in the wheelset can be calculated by
the their corresponding transfer matrices.

5. Wheelset Torsional Vibration Model

Following the modeling principle of TMM, the wheelset
torsion vibration model can be simplified as a combined
system of rigid wheels and torsional flexible axles, as shown
in Figure 8, where ϕi-1,i and Ti-1,i are the torsion angle and
torque in the left side of ith element.+e external torque and
inertia moment determine the system dynamic
characteristics.

+e rigid wheel has only the torsional DOF. +e tor-
sional angle and torque at the left side of the lumped mass
are in accordance with those of wheel right side.+e effect of
wheel inertia should be taken into account in the torsional
vibration equation. Transforming the torsional displacement
into the form of modal coordinate as ϕ�Φeiωt, then the
transfer matrix Rw of the wheels can be deduced as follows:

Φ

T
 

i−1,i

�
1 0

−ω2
Iw 1

 
Φ

T
 

i−1,i

� Rw

Φ

T
 

i,i+1
. (30)

With the same solving procedure described in Section 2
and the assumption of free boundary conditions, it is not

Qi–1,i

y

x

Mi–1,i

mwy∙∙

Jwθ
∙∙

θi–1,i = θi,i+1

yi–1,i = yi,i+1 Qi,i+1

Mi,i+1

Figure 6: Force analysis of the rigid wheel.
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Figure 7: Wheelset and its dynamic model of the piecewise flexible
axle.
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difficult to develop the transfer relation for the flexible axle
with the mass [25]:

Φ

T

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦
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cosεl
1
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,

(31)

where Ip is the polar moment of inertia determined by the
axle cross-section dimensions.

From another perspective, in some applications, the axle
can be regarded as a massless flexible axle with the transfer
relations as

Φ

T

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦
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0 1
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i−1,i

� U
Φ

T

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

i−1,i

. (32)

In the torsional vibration simulations, S and U are the
transfer matrices of the flexible axle with and without the
distributing mass, respectively. Under the boundary con-
dition of X0,1 as given in equation (33), the corresponding
transfer matrices of the simplified and detailed models in
Figure 7 can be expressed as equations (34) and (35), re-
spectively. Different transfer relations of the torsional axle
with and without the mass can be developed by replacing Si
by Ui:

X0,1 � [1, 0]
T
, (33)

X6,5 � STX0,1 � S5S4S3S2S1X0,1, (34)

X12,11 � STX0,1 � S11S10S9S8S7S6S5S4S3S2S1X0,1, (35)

where ST is the global transfer matrix. S2 and S4 in equation
(34) and S4 and S8 in equation (35) refer to the matrix Rw in
equation (30). +e other matrices can be selected uniformly
within equations (31) and (32) according to different flexible
axle assumptions.

6. Solutions of Wheelset Natural Frequencies
and Vibration Modes

To solve the natural vibration characteristics of the wheelset
in Figure 3, the transfer methods are applied in its modeling
schemes. +e elastic beams of Euler–Bernoulli beam (EB),
Timoshenko beam (TB), elastic beam without mass and
shearing stiffness (Mless-B), and the massless elastic beam
with shearing stiffness (Mless-BwS) are used in the modal
analysis so that the influences of modeling schemes and
beam models on the simulated free-vibration characteristics
can be evaluated simultaneously. +e material property
parameters of the wheelset are given in Table 1.

6.1. Solution of Bending Vibration Modes. +e natural fre-
quencies of the flexible wheelset correspond to the nonzero
solutions of equation (27), which can be solved numerically
by the bisection method. In order to reveal the differences in
detail between the solution curves of different models, the
ω-f(ω) curve is drawn and compared, as shown in Figure 9,
by taking a search frequency with the step as small as
possible. What we focus on is the abscissa values of inter-
section points between the solution curve and zero axis. +e
intersection coordinate corresponds to the natural fre-
quencies. +e first solution of 0 Hertz represents the rigid
motion frequency. As the frequency rises, the frequency of
1st-order bending mode appears firstly. In the simplified
model, the natural frequencies of the 1st-order bending
mode for EB, Mless-B, Mless-BwS, and TB correspond to
126Hz, 163Hz, 163Hz, and 124Hz, respectively, while they
change to 123Hz, 163Hz, 163Hz, and 120Hz in the detailed
model. In the massless beam (Mless-B and Mless-BwS)
conditions, no difference of the natural frequencies can be
observed between the simplified and detailed models. +is
means that the pure shearing stiffness of the wheel axle has
the marginal effect on wheelset natural vibrations. Com-
pared with the results of the Euler–Bernoulli and Timo-
shenko beams, the bending frequencies of the massless beam
system may increase by about 40Hz, no matter in the
simplified model or the detailed model. +e natural fre-
quencies based on the Timoshenko beam decreases by 2-
3Hz relative to those calculated by the Euler–Bernoulli beam

Ti–1,i

ϕi–1,i

Iwϕ
··

ϕi,i+1

Ti,i+1

(a)

Ti–1,i

ϕi–1,i ϕi,i+1

Ti,i+1

(b)

Figure 8: Wheelset torsional vibration models of the wheel and flexible axle. (a) Rigid wheel. (b) Flexible axle segment.
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theory. +e corresponding mode shapes are compared in
Figure 10.+e 1st-order mode shape presents as the bending
vibration relative to the wheelset geometric center. +e
vibration modes in all modeling schemes follow the same
shape, but the differences in the mode shape mainly depends
on whether the beam mass is considered. In the simplified
and detailed models, the mentioned differences reach about
14% and 10.5%, respectively.

As the frequency increases, the modal frequency of 2nd-
order bending can be found, as shown in Figure 11. +e
corresponding natural frequencies of EB, Mless-B, Mless-
BwS, and TB models obtained from the simplified scheme
are 267Hz, 298Hz, 292Hz, and 257Hz, respectively, which
will correspondingly change as 262Hz, 298Hz, 291Hz, and
252Hz in the detailed scheme. Generally, if the wheel axle is
regarded as an elastic Euler–Bernoulli beam, the natural
frequency is 10Hz higher than that of the Timoshenko beam
in both the simplified and detailed models. For the massless
beam model with or without shearing stiffness, the natural
frequencies increase by around 35∼40Hz with respect to
that of the Timoshenko beam model. An interesting phe-
nomenon also could be found that the axle shearing stiffness
has caused the reduction of 6∼7Hz in the natural frequency
by comparing the results from Mless-B and Mless-BwS
models. Focusing on the Euler–Bernoulli and Timoshenko
beams, the three-segment axle model (simplified scheme)
may lead to the natural frequency difference of 5Hz with
respect to the nine-segment axle model (detailed model). As
for the massless beams, the number of axle dividing seg-
ments has no effect on the natural frequencies. +e mode

shape is further solved and compared in Figure 12, which
can be regarded as the resultant motion of bending and
shearing motions. +e mode shapes have not changed
significantly for different modeling methods.

In the solution curve, the 3rd-order bending frequency is
tried to be searched in Figure 13. However, if the wheel axle
is simulated by the massless elastic beams, the fourth zero
solution cannot be found. On the contrary, the
Euler–Bernoulli and Timoshenko beams with the vibrating
mass can reflect a higher modal frequency. For instance, the
natural frequencies of the EB model in simplified and de-
tailed schemes reach 612Hz and 609Hz, respectively. For
the Timoshenko beammodel, the corresponding frequencies
decrease to 550Hz and 545Hz. Viewed from the mode
shape, as shown in Figure 14, both types of beams have the
similar mode shapes. In the simplified and detailed schemes,
the mode shapes of the Timoshenko beam model are 15%
and 11% lower than that of the Euler–Bernoulli beammodel,
respectively.

6.2. Solution of Torsional Vibration Modes. In addition, the
torsional vibration characteristics of the wheelset modelled
by flexible axles with and without the vibrating mass are
compared. Referring to equations (30)–(32), the transfer
matrix and corresponding eigen equations can be obtained
to solve the natural frequencies and vibration modes. Under
free boundary conditions, the solution curves are given in
Figure 15, where A(B)-mass and A(B)-mless represent the
flexible axle with and without the vibratingmass. A and B are

Table 1: Main material property parameters of wheelset.

Wheel type Axle type Material Elasticity modulus Shear modulus Density Poisson’s ratio
HFS RF2 Alloy steel 2.06e11N/m2 0.794e11N/m2 7800 kg/m3 0.3
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Figure 9: Solution curves of 1st-order bending for different modeling schemes. (a) Simplified model. (b) Detailed mode.
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Figure 10: Mode shapes of 1st-order bending for different modeling schemes. (a) Simplified model. (b) Detailed mode.
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Figure 11: Solution curves of 2nd-order bending for different modeling schemes. (a) Simplified model. (b) Detailed mode.
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Figure 12: Mode shapes of 2nd-order bending for different modeling schemes. (a) Simplified model. (b) Detailed mode.
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Figure 13: Solution curves of 3rd-order bending for different modeling schemes. (a) Simplified model. (b) Detailed mode.
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Figure 14: Mode shapes of 3rd-order bending for different modeling schemes. (a) Simplified model. (b) Detailed mode.
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Figure 15: Natural torsional vibration characteristics. (a) Solution curve. (b) Mode shape.
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the simplified and detailed schemes. +e natural frequencies
of different models are almost the same, around 95Hz. For
the mode shapes, the general deformations are present as the
relative reverse torsion between two wheels. Obviously, the
torsional modes for different models are almost coinciding
with each other. +erefore, the flexible property of the axle
mainly determines the natural vibration characteristics
rather than the axle vibrating mass.

7. Validation of Wheelset Natural
Vibration Characteristics

To verify the accuracy of the wheelset transfer matrix
models, a detailed FE model of the wheelset is established
with the solid element in ANSYS, as shown in Figure 16.+e
corresponding material properties are in accordance with
those in Table 1. +e element size is limited to 2 cm so that
the FE model has good accuracy to reflect the elastic modes.
+e Block Lanczos method is used to solve the vibration
modes. For the wheel-axle contact, the surface-to-surface
contact is simulated by the contact elements (contact174),
whilst the penalty function method is used to solve the
contact problem.

Using free boundary conditions, the modal parameters
are calculated. Within the frequency range of 500Hz, the
bending modes and torsional modes can be found. For
instance, 1st-, 2nd-, and 3rd-order bending vibration occur
at 116Hz, 245Hz, and 501Hz, respectively. +e mode
shapes agree well with the results calculated by transfer
matrices (Figures 9–15). In the same way, the displayed
reverse torsional vibration of two wheels represents the 1st-
order torsional mode of the wheelset, which is reflected at
the natural frequency of 98Hz.

According to the test and simulation results of the
similar wheelset in [26, 27], the 1st-order and 2nd-order
bending modes correspond to frequencies of around
120Hz and 260Hz, which validate the numerical solutions
to some extent. +e accuracy of natural frequencies for the
transfer matrix can be evaluated by comparing with the FE
results in Figure 17. +e results are presented in the forms
of frequency and difference percentages. For the 1st-order
bending vibration, the modeling method of the flexible axle
with the mass has higher precision in numerical solutions.
In the simplified model, the natural frequency error of the
Timoshenko beam and Euler–Bernoulli beam with respect
to the exact solutions can be limited to 6.9% and 8.6%,
respectively, whilst those in the detailed model reach 3.4%
and 6%, respectively. However, the modeling method of
the massless elastic beam may produce the frequency error
as high as 40.5%. Definitely, the reasonable simplification
of the wheelset model can obtain a higher solution
precision.

For the 2nd-order bending mode of the wheelset, it has
the same rule as reflected in Figure 18. +e numerical results

of the Timoshenko beam are most closest to the solution of
the FE model, with frequency errors of 4.9 and 2.5% for the
simplified and detailed models, respectively. Comparatively,
for the Euler–Bernoulli beam, the frequency differences
increase to 9% and 7%, respectively, for the simplified and
detailed models. In the massless beam system (Mless-B and
Mless-Bws), the frequency error could even reach 19%∼22%,
when the axle shearing stiffness could narrow the natural
frequency difference by 3%. For the 3rd-order bendingmode
frequency, as compared in Figure 19, the Timoshenko beam
models in the simplified and detailed schemes might
overestimate the main frequency by 9.8% and 8.8%, re-
spectively. +e frequency error of the Euler–Bernoulli beam
model reaches around 22%, no matter the model is estab-
lished in detail or simply.

As for the torsional mode shown in Figures 15 and 20(d),
the natural frequency difference between TMM and the FE
model is about 3%. In general, the combined model of the
massless beam and rigid wheel can result in a large frequency
error over 20%∼40% compared to FE solutions. On the
contrary, both the Timoshenko beam and Euler–Bernoulli
beam could achieve higher solving accuracy, and the natural
frequency difference for bending modes can always be kept
below 22%. Particularly for the Timoshenko beam, the
frequency error is less than 10%. +e wheel axle vibrating
mass has the more significant effect on wheelset bending
vibration than its shearing stiffness. +e more axle segments
of the wheel axle are divided, the higher the accuracy can be
obtained. From another perspective, the torsional shearing
stiffness of the wheel axle determines the torsional vibration
characteristics of the wheelset, while the vibrating mass of
the wheel axle has slight influence.

Finally, the computational efforts are studied by com-
paring the computing times of different models, as shown in
Table 2. It can be found that, the FE model and TMMmodel,
respectively, may spend 12.5 minutes and 2.5∼3 s to calculate
the natural vibration characteristics. In the TMMmodel, the
global transfer matrix of the system is obtained by succes-
sively multiplying the transfer matrices of wheelset com-
ponents. +erefore, the matrix dimension has not been
changed with the number of components. +at is the reason
why the computing times of the simplified model and de-
tailed model are close to each other. By using the low-order
transfer matrices, the computational efficiency has been
improved greatly.

In summary, for the TMM model of the wheelset, the
computational time difference between different models is
only below 0.3∼0.4 s as compared in Table 2. +e com-
putational efforts for simplified and detailed models are
close to each other, so it is recommended that the wheelset
should be modelled in the detailed way to ensure the
solving accuracy. +e relevant transfer matrices can also be
used flexibly in research of the axle-type part vibration of
railway vehicles.
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Figure 17: Modal frequency comparison of the 1st-order bending mode between TMM and FE method.
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Figure 18: Modal frequency comparison of the 2nd-order bending mode between TMM and FEM.

Figure 16: FE model of the wheelset.

Shock and Vibration 13



8. Conclusions

+e elastic vibrating model and mode parameters of the
wheelset are solved based on the transfer matrix method.+e
wheel axle with multidiameters contributes to the main
elastic deformation, which is simulated by four types of
elastic beam models including the Euler–Bernoulli beam,
Timoshenko beam, elastic beam without mass and shearing
stiffness, and the massless elastic beam with shearing stiff-
ness.+emodes of both bending and torsional vibrations are
compared with the results of a FE model. Key conclusions
are drawn as follows:

(1) If the wheel axle is modelled by the Euler–Bernoulli
or Timoshenko beam, the natural frequencies of the
bending mode of the flexible wheelset can be re-
flected accurately. Generally, the frequency differ-
ence between the transfer matrix and FE results can
be limited below 22% and 10% for the
Euler–Bernoulli and Timoshenko beam models,
respectively. If the vibrating mass of the axle is not
considered, the frequency error can reach 20%∼40%,
no matter the axle shearing stiffness is considered or

not. Also, in this case, the bending mode with higher
order cannot be obtained.

(2) For the torsional vibration of the wheelset, there is a
slight difference between the results of flexible axle
models with and without the vibrating mass. +e
natural vibration frequency error between the
transfer matrix model and FE model is about 3%.
Both the torsional stiffness and wheel inertia influ-
ence its natural frequencies, while it has little rela-
tions with the rotational inertia of the axle.

(3) For the detailed and simplified modeling schemes,
the natural frequency solving accuracy of the former
is 3% higher than that of the latter. More flexible axle
segments divided means higher solving accuracy.
+e computational effort of the transfer matrix
model is much lower than that of the FE model,
which can be attributed to the low and invariant
dimension of transfer matrices, whether in the
simply or complex models.

(4) +e applicable conditions of different elastic beam
models in wheelset modal analysis are revealed. +e

(a) (b) (c) (d)

Figure 20: Bending and torsional modes of the wheelset solved by the FE model. (a) 1st-order bending: 116Hz. (b) 2nd-order bending:
245Hz. (c) 3rd-order bending: 501Hz. (d) Torsional: 98Hz.
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Figure 19: Modal frequency comparison of the 3rd-order bending mode between TMM and FE model.

Table 2: Computing times of different models.

FE model TMM simplified model TMM detailed model

12.5min EB Mless-B Mless-BwS TB EB Mless-B Mless-BwS TB
2.6 s 2.5 s 2.5 s 2.7 s 2.8 s 2.6 s 2.6 s 2.9 s
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TMM may provide a convenient solution for modal
analysis of the railway vehicle rigid-flexible coupling
system.
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