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It has been realized that the in�uence of system parameter uncertainties may be very signi�cant, even dominant, in stochastic
response evaluation. Nevertheless, in reality, this evaluation process may be di�cult to conduct due to these parameter variables
(viz. structural property parameters, such as sti�ness, damping, and strength, and excitation characteristics parameters, such as
frequency content and duration) that are usually correlated with each other. erefore, this study devotes to develop a method for
evaluating stochastic response uncertainty involving correlated system parameter variables. In this method, the evaluation
expression for the mean and standard deviation of the maximum response including uncertainty parameter variables are provided
�rst; subsequently, a third-moment pseudo-correlation normal transformation is able to be performed for converting the
correlated and non-normal system parameter variables with unknown joint probability density function (PDF) or marginal PDF
into the mutually independent standard normal ones; ultimately, a point estimate procedure (PEP) based on univariate dimension
reduction integration can be carried out for evaluating the structural stochastic response including uncertainty system parameters.
Several numerical examples with an engineering background involving correlated system parameter variables are analyzed and
discussed under stochastic excitation, and their results are compared with those yielded byMonte Carlo simulation (MCS) so as to
demonstrate the e�ectiveness of the approach proposed. It indicated that the method proposed, in this study, provides an e�ective
path to deal with uncertainty evaluation of stochastic structural response involving correlated random variables.

1. Introduction

Stochastic response analysis is crucially signi�cant for
structural performance evaluation and probabilistic risk
assessment [1–6]. Nevertheless, to get a structural realistic
and accurate evaluation in practical engineering is always
challenging due to the uncertainties that are generally
considered primarily to be limited to stochastic excitation, in
fact, the e�ect of uncertainty system parameters, which
include structural property parameters (such as sti�ness,
mass, and intensity) and excitation characteristic parameters
(such as spectrum and duration) on response evaluation that
is equally important, even dominate [7–12]. Besides, it also
makes evaluation di�cult owing to these parameters that

usually are mutually correlated in reality [13–16].us, what
the present study mainly attempts is to evaluate stochastic
uncertainty response involving correlated random variables.

To evaluate structural stochastic uncertainty response, a
lot of e�ort has been put into it by scholars and many
celebrated works are able to be traced toward this topic.
Generally, the uncertainty response evaluation can be
classi�ed into two categories: the time-domain analysis and
the frequency-domain analysis [17–19]. In the frequency-
domain analysis, the direct integration method and Monte
Carlo simulation, two accurate evaluation methods, are
adopted by some scholars in a linear single degree of
freedom; however, when the dynamic system is complex or
high safety, those methods are di�cult to repeatedly apply
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on account of that plenty of complicated analysis, such as
eigenvalue analysis, computation of participation factor, and
solution of linear equations, which are necessary, especially
nonlinear system [20, 21]. Additionally, the response surface
method is also capable to be performed to evaluate the
uncertainty response for avoiding the difficulties in the
computation of derivatives; however, some studies found
that accurate results yielded by this approximation method
are mainly depending on the location of the fitting points
[10, 15, 22]. Other scholars [23, 24] found the first-order
approximate of mean response for uncertain linear systems,
which is obtained by applying Taylor series expansion, which
is coincident with the given result; thus, this mean solution is
treated to equivalent uncertain stochastic response. How-
ever, other research studies [3, 10, 25] are realizing the
greater the coefficient of variance, the greater the error
between the mean and truth value of uncertainty response;
therefore, the variance of response is taken into account for
improving the mean result. In the time-domain analysis,
their analysis procedure and conclusion of applying these
methods mentioned above are fundamentally similar to the
frequency domain except that the first two moments of the
response are obtained by statistic counting all the response
results, which are obtained by multiple time-dependent
inputs acting on the structure [26].

In summary, no matter what domain is used, the un-
certainty response expressions are capable to be approxi-
mated with respect to themean values of parameter variables
by utilizing Taylor series expansion [1, 2]. Nevertheless, the
Taylor series expansion method is requiring sensitivity
analyses of response, which involves several complex cal-
culation procedures, such as eigenvalue analysis, the com-
putation of participation factor and spectral moment, and
inverse distribution function; besides, the result is also not
ideal when this method has been applied in the nonlinear
system; what’s more, the method only considers the influ-
ence of structural property parameters on the uncertain
response under determinate multiple inputs; however, the
effect of excitation characteristic parameters on the uncer-
tainty response is equally significant [10, 25].

Specifically, Zhao et al. [10] propose a point estimation
procedure (PEP), which is evaluating random response
related to system uncertainty parameter by several repeti-
tions of random response analysis under determination
parameters, to directly evaluate the first two order moments
of the structural maximum response distribution including
uncertainty system parameters without any sensitivity anal-
ysis. ,e stochastic response of a 15-floor nonlinear structure,
considering four structural property parameters and three
characteristic parameters, in his paper, is steadily evaluated.
What their result reveals is that PEP, a conceptually more
straightforward and computationally effective method, can
avoid the three main difficulties mentioned above form the
series expansion method. However, in his paper, while ap-
plying the PEP, the system parameter variables are viewed as
mutually independent ones. As a matter of fact, most of the

system parameter variables, in actual engineering, are usually
involving correlation [27, 28].,erefore, prior to adopting the
PEP, it is necessary to convert partially correlated system
parameter variables into independent ones.

In response to this difficulty, in general, the Rosenblatt
transformation is a classical method to implement the
aforementioned correlated transformation process [29];
however, different results may be yielded if the integral order
with respect to system parameters variables is exchanged;
furthermore, the premise of this method applied is that the
information for joint PDF of system parameter variables
needs to remain completeness [30]. ,us, the Rosenblatt
transformation, in a certain situation, is just an ideal method
that is not easy to be implemented. On the other hand, if
partial information about joint PDF of system parameter
variables is capable to be acquired, the Nataf transformation,
which just requires the marginal PDFs and correlation
matrix of system parameter variables, is a useful alternative
approach available to handle those variables related to
correlation [16, 30–32]. Nevertheless, in engineering prac-
tice, both the methods above may not be achieved, if en-
countering the entire information for PDF of system
parameter variables can scarcely be obtained except their
statistical moments and correlation matrix. Under the cir-
cumstances, Lu et al. [33] recently provided a third-moment
pseudo-correlation normal transformation, with the aid of
the first three statistic moments (mean, standard deviation,
and skewness) and correlation matrix of system parameter
variables, for realizing the conversion process about cor-
related and non-normal system parameter variables with
unknown joint PDF and marginal PDFs to mutual inde-
pendent standard normal ones. However, at present, ap-
plying this effective transformation technique for evaluating
stochastic uncertainty response involving correlated system
parameter variables has not been investigated yet.

In this study, based on the studies above, the main
objective is to extend the point estimation procedure based
on a third-moment pseudo-correlation normal transfor-
mation for evaluating stochastic uncertainty response in-
volving correlated system parameter variables. ,e
remainder of this study is organized as follows: in Section 2,
the statistical analytical expression of stochastic response
evaluations with determination parameters is reviewed first;
on this basis, stochastic response with independent system
parameters can be evaluated utilizing the PEP. In Section 3, a
third-moment pseudo-correlation normal transformation is
introduced into PEP, for solving the correlated and non-
normal system parameter variables to mutual independent
and standard normal ones. In Section 4, the flowchart and
main calculative procedure for evaluating stochastic re-
sponse with uncertainty parameters are illustrated. It is then
followed by Section 5, in which several examples, which
involve the response uncertainty evaluation with correlated
system parameter variables, are analyzed and discussed
utilizing the presented approach. Eventually, the conclusions
of this study are presented in Section 6.
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2. Stochastic Response Evaluation with
Uncertainty Parameters

To evaluate the structural uncertainty response, in general, is
not easy on account of the structural stochastic response R(t)
cannot be explicitly descripted. From another perspective, its
maximum response value, i.e., Rmax, is a random variable;
then, the structural uncertainty response can be conve-
niently evaluated on the condition that the statistical
characteristic values of Rmax, several concrete analytical
expressions, are able to be known.

2.1. Stochastic Response Evaluation under Deterministic
Parameters. ,e PDF of maximum peak value for zero-
mean normal stationary random process R(t), in time period
T, does not exceed a certain threshold that is considered to
approximately obey the Poisson distribution [34]. According
to Davenport’s equation, its mean value and standard de-
viation can be obtained as follows:

μm �
�����
2In]T

√
+

0.5772
�����
2In]T

√ σR. (1)

σm �
π

��������
12In(]T)

 σR, (2)

where µm and σm denote the mean value and standard de-
viation of the maximum response, respectively; Tdenotes the
duration of stochastic excitation; v denotes the mean cross
ratio; and it can be calculated by the following equation:

] �
1
2π

σ _R

σR

. (3)

In equations (1)–(3), σR denotes the standard deviation
of the stochastic response, which can be acquired from the
state-of-the-art techniques, e.g., those based on random
process and vibration theory, and σ _R is corresponding de-
rivative. For a linear single or multiple degrees of freedom
system, σR is capable to be obtained based on the mode
decomposition method, in which its main calculation
principles are as follows [1, 2]:

Syy(ω)  � [H(ω)]
∗

Sxx(ω) [H(ω)]
T
. (4)

Syx(ω)  � [H(ω)]
∗

Sxx(ω) . (5)

Sxy(ω)  � Sxx(ω) [H(ω)]
T
. (6)

Equations (4)-(6) represent when the linear system is
subjected to the stationary random excitation {x(t)}, whose
power spectrummatrix is [Sxx(ω)]; then, the power spectrum
matrix of system response {y(t)} can be expressed as [Syy(ω)],
and its mutual power spectrummatrix is able to be expressed
as [Syx(ω)] and [Sxy(ω)], respectively. [H(ω)] denotes the
response matrix in the frequency domain. In addition, for a
nonlinear single or multiple degrees of freedom system, the
equivalent linearization method is recommended to calcu-
late response standard deviation σR [3–5].

2.2. Stochastic Response Evaluation under System Parameter
Uncertainties. In the structural stochastic response evalu-
ation described in the previous section, these system pa-
rameters, including structural property parameters and
excitation characteristics parameters, are premised to be
given. While these system parameters are considered to treat
as a group of random variables X, then, the maximum
uncertainty response of the structure, Rmax, can be described
as a function of X:

Rmax � Rm(X). (7)

Generally, the maximum response variable Rmax cannot
be explicitly descripted by random vibration theory, except it
is the mean μm and standard deviation σm. ,erefore, this
study’s primary aim is to evaluate structural uncertainty
response by adopting the statistics of maximum response
variable Rmax, i.e., equations (1)-(2).

While the uncertainty system parameters are described
by random variables X, the expression of mean μm and
standard deviation σm become a function aboutX, i.e., µm(X)
and σm(X), respectively. For a group of determination values
of X� x, the conditional mean and standard deviation of
maximum response variables can be evaluated by directly
substituting equations (1)-(2), i.e., µm(X� x) and σm(X� x).
Subsequently, when system parameters X are considered as
uncertainty random variables, the overall uncertainty re-
sponse, i.e, mean µM and standard deviation σM, can be
evaluated by integrating over the whole area of X. ,e entire
evaluation procedure mentioned above is shown in the
following equations.

In the first step, the conditional mean of maximum
response µm(X) and its standard deviation σm(X) can be
evaluated as follows [35]:

μm(X) �  Rm(X)f Rm|X( dRm. (8)

σ2m(X) �  Rm(X) − μm(X) 
2
f Rm|X( dRm. (9)

Subsequently, integrating over the whole area of system
parameter variables X, the overall mean of maximum re-
sponse µM and its standard deviation σM can be obtained
[10]:

μM �  μm(X)f(X)dX � E μm(X) . (10)

σ2M �  Rm(X) − μM(X) 
2
f Rm|X( f(X)dRmdX

� E μ2m(X)  + E σ2m(X)  − μ2M.

(11)

It is worth noting that the result of E[μ2m(X)] is not equal
to μ2M owing to different integral variables; similarly, the
result of E[σ2m(X)] is not equal to σ2M; in addition, the
conditional probability density function f(Rm|X) in equa-
tions (8)-(11) is no need to be evaluated due to it is just
facilitating description about the whole assessment process.

As long as the results of E[µm(X)], E[μ2m(X)] and E
[σ2m(X)] can be obtained, the structural uncertainty
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response, in terms of equations (8)-(11), is able to be stably
evaluated. Based on this view, in order to facilitate de-
scription and comprehension of PEP to be applied for
uncertainty response evaluation in subsequent studies,
supposing R is just a symbol, and R represents any one of µm,
µm2, and σm2. ,en, while E[µm(X)], E[μ2m(X)] and E[σ2m(X)]
are capable to be written in an uniform form as shown in
equation (12).

E[R(X)] �  R(X)f(X)dX. (12)

in which R(X) denotes conditional maximum response
statistics, i.e., any one of µm(X), µm2(X), and σm2(X); X
denotes a set of arbitrary system parameter variables.

2.3. Point Estimation Procedure Based on Univariate Di-
mension Reduction Integration. In this section, the PEP can
be conducted for evaluating stochastic uncertainty response.
By observing equation (12), it can be found that the essence
of assessing the uncertain stochastic response is to evaluate
the expectation of R(X), in which X represents a set of
arbitrary system parameter vectors.

In general, evaluating this expectation process based on
PEP is capable to be divided into two steps [36, 37]: To begin
with, in order to avoid a large number of calculations, the
univariate dimension reduction integration is first per-
formed for approximating conditional maximum response
statistics R(X) as a series of sum functions, in which function
R(X) just includes one random variable Xi as follows:

R(X) � 
n

i�1
Ri − (n − 1) Rμ, (13)

where

Ri � R Xi(  � R T
− 1

Ui(  . (14)

Rμ � R(μ). (15)

in which Xi � (μX
1 , . . . , μX

i− 1, Xi, μX
i+1, . . . , μX

n )T; μX
i denotes

the mean of the ith term of R(X) in the original space. Note
that standard vertical character Xi represents a vector, in
which this vector is consisted of an independent random
variable, i.e., italic character Xi and the mean of all the
remaining arbitrary variables; similarly,
Ui � (μU

1 , . . . , μU
i− 1, Ui, μU

i+1, . . . , μU
n )T; μU

i denotes the mean of
the ith term of R(U) in the standard normal space; and
standard vertical character Ui represents a vector, in which
this vector is consisted of an independent standard normal
random variable, i.e., italic character Ui and the mean of all
the remaining standard normal variables. T− 1 denotes the
inverse of the standard normal space; μ denotes the vector
whose system parameter variables take their corresponding
mean value.

In the second place, the mean of conditional maximum
response statistics R(X), i.e., overall maximum response
statistics E[R(X)], can be evaluated by using direct PEP with
regard to Ri in equation (14). It can be formulated as follows:

E[R(X)] � 
n

i�1
μRi

− (n − 1) R(μ), (16)

in which μRi
represents a function of R(X) with only one

system parameter variable Xi, in which ith term of R(X) is
independent parameter variable Xi, and the remaining terms
of R(X) take the corresponding mean of parameter variables.
R(μ) represents all system parameter variables of R(X) that
take their corresponding mean values; then, μRi

in equation
(16) can be steadily directly evaluated by using PEP as
follows:

μRi
� E R Xi(   � E R T

− 1
Ui(    � 

m

k�1
PkR T

− 1
ui,k  ,

(17)

where ui,k denotes the estimation value for adopting k-point
estimation at the ith coordinate position in the standard
normal space, and Pk is their corresponding weight.,ey can
be readily obtained by using the following equation (38):

ui,k �
�
2

√
xk,

Pk �
wk��
π

√ .
(18)

in which xk and wk are the abscissas and weights for Hermite
integration with the weight function exp(− x2) that can be
found in Abramowitz and Stegum. In particular, five-point
and seven-point estimates in standard normal space are
commonly used in practice; thus, their corresponding es-
timating point and weight are given in Tables 1 and 2
respectively.

3. The Third-Moment Pseudo-Correlation
Normal Transformation for Correlated and
Non-Normal Variables into Independent
Normal Ones

In Section 2.3, while PEP is conducted, the system parameter
variables X require to be treated as a set of mutually in-
dependent variables. However, in reality, most of these are
regarded as correlated variables with unknown joint and
marginal PDFs [13–16]. ,us, the third-moment pseudo-
correlated normal transformation is introduced to resolve
the difficulty procedure of transforming correlated variables
into the mutually independent ones [33]. ,is transfor-
mation procedure mainly includes the following two steps.

3.1. :e :ird-Moment Transformation for Correlated Non-
Normal SystemParameterVariables intoCorrelated Standard
Normal Ones. Without loss of generality, an arbitrary sys-
tem parameter variable Xi is able to be standardized into Xis,
whose mean and variance are 0 and 1, respectively.
Meanwhile, according to third-moment transformation
technology, Xis can be approximated by a second-order
polynomial normal function. ,e whole process above can
be expressed in the following equation [39, 40]:
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Xis �
Xi − μXi

σXi

� Su Ui(  � ai + biUi + ciU
2
i , (19)

where µXi and sXi represent the mean and standard deviation
of a set of system parameter variables X, respectively. Su(Ui)
is a second-order polynomial aboutUi; ai, bi, and ci represent
polynomial relevant coefficients of Su(Ui), and these poly-
nomial coefficients, in which their expression include the
skewness α3X of Xi, can be formulated by equations (23)-(26)
in detail.

For the sake of facilitating derivation and comprehen-
sion hereinafter, the equation (19) is rewritten so as to reflect
the relationship between Xi and Ui as follows:

Xi � μXi
+ σXi

ai + biUi + ciU
2
i . (20)

Observing the equation (20), the independent non-
normal random variables Xi with unknown joint PDF and
marginal PDFs, on the basis of the third-moment trans-
formation, have been converted into the standard normal
ones Ui.

3.2. :e Cholesky Decomposition for Correlated Standard
Normal System Parameter Variable into Independent Ones.
According to third-moment transformation technology, i.e.,
equation (19), in view of the correlation effect between
system parameter variables Xi and Xj, in which their cor-
relative coefficient is ρij, then, their corresponding stan-
dardized variables Xis and Xjs, respectively, can be expressed
as follows:

Xis � ai + biZi + ciZ
2
i � ai, bi, ci(  · 1, Zi, Z

2
i 

T
. (21)

Xjs � aj + bjZj + cjZ
2
j � 1, Zj, Z

2
j  · aj, bj, cj 

T
. (22)

in which the superscript T denotes the vector transpose; Zi
and Zj, as those described hereinabove, are two correlated
standard normal variables, and Zi and Zj, corresponding
coefficients of ai, bi, and ci in equation (21) and aj, bj, and cj in
(22) are capable to be determined as follows:

ci � − ai � Sgn α3Xi
 

�
2

√
cos

Sgn α3Xi
 θi − π

3
⎡⎣ ⎤⎦. (23)

bi �

������

1 − 2c
2
i



; θi � arctan −

�������
8 − α23Xi



α3Xi

⎛⎜⎜⎝ ⎞⎟⎟⎠. (24)

cj � − aj � Sgn α3Xj
 

�
2

√
cos

Sgn α3Xj
 θj − π

3
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (25)

bj �

������

1 − 2c
2
j



; θj � arctan −

�������
8 − α23Xj



α3Xj

⎛⎜⎜⎝ ⎞⎟⎟⎠, (26)

in which α3Xi
and α3Xj

denote skewness of Xi (or Xis) and Xj
(or Xjs), respectively, and by observing the equations (24)

and (26), the range of α3X should be restricted in the efficient
interval, i.e., − 2

�
2

√
≤ α3X ≤ 2

�
2

√
. Fortunately, this bound is

not restricted to general engineering applications.
Let ρ0ij be the correlation coefficient between Zi and Zj,

after to relevantly convert and derivate, ρ0ij and ρij are able to
be determined as [33].

ρ0ij �
−

���������������
1 − 2c

2
i  1 − 2c

2
j 


+

�����������������������
1 − 2c

2
i  1 − 2c

2
j  + 8cicjρij



4cicj

.

(27)

When obtained the equation (27), two correlated vari-
ables with known statistical moments and correlation co-
efficient can be converted into two correlated standard
normal variables. Meanwhile, this procedure can be easily
extended to n variables with known statistical moments and
correlationmatrix, and their equivalent correlationmatrix of
standard normal variables, Cz, can be summarized as
follows:

CZ �

1 ρ012 · · · ρ012
ρ012 1 · · · ρ02n

⋮ ⋮ ⋱ ⋮

ρ012 ρ0n2 · · · 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (28)

in which ρ0ij represents the correlative coefficient of Zi and
Zj, i, j� 1, 2, . . ., n. By utilizing Cholesky decomposition, Cz
can be rewritten as follows [41]:

CZ � L0L
T
0 , (29)

where L0 denotes the lower triangular matrix acquired from
Cholesky decomposition, and LT0 is its transpose matrix.
,en, the correlated standard normal random vector Z can
be transformed into the independent standard normal
vector U� (U1, U2, . . ., Un) adopting the lower triangular
matrix L0 as follows:

U � L− 1
0 Z, (30)

where L− 1
0 is the corresponding inverse matrix of L0, which

can be expressed as follows:

Table 1: Five-point estimate corresponding the estimating point
and weight.

Estimation point Weights

Five-point
estimate

u0 � 0 p0 � 0.53333
u1+ � − u1− � 1.35563 p1+ � p1− � 0.22208
u2+ � − u2− � 2.85697 p2+ � p2− �1.12574×10–2

Table 2: Seven-point estimate corresponding the estimating point
and weight.

Estimation point Weights

Seven-point
estimate

u0 � 0 p0 � 0.45714
u1+ � − u1− � 1.15441 p1+ � p1− � 0.24012
u2+ � − u2− � 2.36676 p2+ � p2− � 0.03076
u3+ � − u3− � 3.75044 p3+ � p3− � 5.48269×10–4
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L0 �

l11 0 · · · 0

l21 l22 · · · 0

⋮ ⋮ ⋱ ⋮

ln1 ln2 · · · lnn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (31)

After relevant transforming the equation (30), Zi can be
formulated by substituting the equation (31) into equation
(30) as follows:

Zi � 
i

k�1
likUk, (i � 1, 2, . . . , n). (32)

Combining the equation (20), then, the correlated and
non-normal system parameter variables Xi can be expressed
by the independent standard normal ones Ui as follows:

Xi � μXi
+ σXi

ai + bi 

i

k�1
likUk + cj 

i

k�1
likUk

⎛⎝ ⎞⎠

2
⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦, (i � 1, 2, . . . , n). (33)

Substituting this equation above into the expression of
conditional maximum response statistics R(X), the ex-
pression comes from equation (14) in Section 2.3. ,en,

evaluating uncertainty stochastic response is able to be
expressed as follows:

E[R(X)] � E R X1, X2, . . . , Xn(   � E R U1, U2, . . . , Un(   � E[R(U)]. (34)

in which X� (X1, X2, . . ., Xn)T is a system parameter vector
involving the correlated and non-normal coefficient matrix
CX; E[R(U)] denotes the overall maximum response sta-
tistics, which includes independent standard normal system
parameter variables, i.e., U� (U1, U2, . . ., Un).

4. Point Estimation Procedure for Uncertainty
Response Evaluation Involving Correlated
System Parameter Variables Based on the
Third-Moment Pseudo-Correlation
Normal Transformation

Combining the PEP with the third-moment pseudo-corre-
lation transformation, as those are described hereinabove,
uncertainty evaluation of stochastic structural response
involving correlated system parameter variables is capable to
be readily conducted. ,e entire procedure is illustrated in
Figure 1, and its corresponding explanatory items are able to
be described as follows:

(1) ,e analytical expression is acquired for uncertainty
evaluation of mean and standard deviation of
maximum stochastic response, i.e., equations (1) and
(2), involving correlated system parameter variables
X with unknown joint PDF and marginal PDFs.

(2) ,e expressions of E[µm(X)], E[μ2m (X)] and E
[σ2m(X)] are unified, which can be derived by utilizing
equations (8) and (9) into an integration form for
easy describing conditional maximum response
statistics R(X) with regard to arbitrary system pa-
rameter variables, i.e., equation (12).

(3) ,e expression of E[R(X)], in which X is a set of
arbitrary system parameter vectors, is converted to

the expression of E[R(U)], in which U is a group of
mutually independent ones, based on the third-
moment pseudo-correlation normal transformation.

(4) Conditional maximum response statistics R(U) are
approximated as a series of sum functions, in which
these functions just include one standard normal
random variable Ui, based on the univariate di-
mension reduction integration.

(5) ,e ultimate overall maximum response statistics E
[R(X)] are obtained, i.e., the mean of conditional
statistics of maximum response R(X), by directly
utilizing PEP.

5. Numerical Examples and Investigations

To verify the simplicity, efficiency, and accuracy of the
proposed method for uncertainty evaluation of stochastic
response involving correlated system parameter variables,
two numerical cases are presented. In example 1, a nonlinear
single degree of freedom system, with known marginal PDF
and correlation matrix of system parameter variables,
subject to Gaussian white noise excitation is investigated,
and their evaluation process of uncertainty response in-
volving two correlated parameters by the presented method
is illustrated step by step; in example 2, the third-moment
pseudo-correlation normal transformation for a two degree
of freedom linear simply isolated bridge, just known the first
three moments of system parameter variables instead of joint
PDF and marginal PDF, taking into account uncertainties of
three correlated structural property parameters and two
correlated excitation characteristic parameters, subjected to
dynamic excitation, is first applied, and then, the effects of
correlation and uncertainties are evaluated and discussed in
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detail. In these examples, a comparative analysis and dis-
cussion are, respectively, conducted between given param-
eter variables and uncertainty ones, and correlated
parameter variables and independent ones. Meanwhile,
MCS, a supplement approach, is used to investigate the
accuracy of the presented method.

5.1. Example 1: A Nonlinear SDOF Subject to GaussianWhite
Noise Excitation. Considering an example of a nonlinear
SDOF system under dynamic excitation, the excitation is
modeled as Gaussian white noise, in which its intensity S0, the
duration T, the natural frequency f, and damping ratio ξ are
uncertain. ,eir probability models are known as marginal
PDFs as shown in Table 3. Assuming that the correlation
coefficient between the intensity S0 and the duration T is 0.3,
the remaining variables are mutually independent.

5.1.1. Response Evaluation under Determination Parameters.
When system uncertainty just is considered to be limited to
stochastic excitation, to evaluate the uncertainty response is
needed to substitute the means of these parameter variables
into equations (1)-(2), respectively; then, the response
evaluation results under given parameters can be obtained as
equations (35)-(36). Noting v, in equations (1)-(2), repre-
sents the average number of times that threshold limit is
exceeded per unit time, i.e., v is equivalent to natural fre-
quency f:

μm �

�������

2In(fT)



+
0.5772
�������
2In(fT)

 σR � 2.683σR. (35)

σm �
π

��������
12In(fT)

 σR � 0.524σR, (36)

where σR denotes the system displacement response stan-
dard deviation. While ignoring the higher-order terms of
nonlinearity coefficient ε, its analytical expression can be
approximately obtained based on the perturbation method,
a nonlinear analysis method of random vibration theory, as
follows:

σR ≈
πS0

2(2πf)
3ξ

����������������

1 − 3ε
πS0

2(2πf)3ξ
 

2




. (37)

Supposing nonlinearity coefficient ε is taken as 0.01;
equation (37) is substituted into equations (35) and (36),
respectively; then, the mean and standard deviation of
maximum response, under the given parameter, are obtained
as follows: μMdet � 4.602×10− 2 and σMdet � 8.986×10− 3.

5.1.2. Response Evaluation with Uncertainty Independent
Parameters. When uncertainties in system parameters S0, f,
ξ, and Tare considered, on condition that they will be treated
as mutually independent random variables, then, the overall

Begin

Unify into E[R(X)] = ∫ R(X)f (X)dX 

Convert E[R(X)] to E[R(U)]

Overall maximum response E[R(X)]

End

Directly point estimation procedure

Univariate-dimension reduction integration

Third-moment pseudo correlation
normal transformation technology

Correlated system parameter variables X
with unknown joint PDF and marginal PDFs

Analytical expression of μm(X), σm(X)

E[μm(X)], E[μm
2(X)], E[σm

2(X)]

ApproximateE[R(U)] = ∑n
i=1 μRi –(n–1)R(μ)

Figure 1: Flowchart for uncertainty evaluation of stochastic response with correlated system parameter variables.
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mean of the maximum response analytical expression, μΜ,
can be expressed as follows:

μM �  μm S0, f, ξ, T( f S0, f, ξ, T( dS0dfdξdT. (38)

in which

μm S0, f, ξ, T(  �
0.088S0

����
InT

√

π2f5/2ξ
+

0.025S0

π2
f
3ξ

�����

InfT

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠

������������

1 −
0.03S

2
0

256π4
f
6ξ2




. (39)

Univariate dimension reduction integration can be di-
rectly used for equation (39); then, the conditional mean of
maximum response µm(X) can be expressed as follows:

μm(X) � 
4

i�1
μmi − (4 − 1) μmμ, (40)

where

μm1 � μm S0(  � 0.071S0

�������������

1 − 2.0 × 10− 5
S
2



,

μm2 � μm(f) � 0.053f
− 3

������������������

1 − 8.355 × 10− 5
f

− 6
 

 0.406
�������
In(10f)

 +
�
2

√ �������

In(10f)



 ,

μm3 � μm(ξ) � 5.311 × 10− 4ξ− 2
��������������

ξ2 − 1.175 × 10− 9


,

μm4 � μm(T) �
9.156 × 10− 3

+ 9.329 × 10− 3In(T)
������
In(2T)

 ,

μmμ � μm(μ) � 1.770 × 10− 2
.

(41)

In this example, a five-point estimation in standard
normal space is selected as given in Table 1. For mutually
independent system parameters, corresponding coordinates
of estimation point μµmi in original space can be readily
calculated by the Rosenblatt transformation. ,e result is
shown in Table 4.

Substituting the estimation point coordinates in original
space from Table 4 and its weight (see Table 1) into the (17),
the evaluated result of univariate conditional mean response
µmi(X) and its result from the corresponding five estimation
points can be obtained in Table 5.

Eventually, combining Table 5 and equation (16), the
overall mean of maximum response is able to be evaluated as
follows:

μIndM � E μm(X)  � 
4

i�1
μmi − (4 − 1) μm(μ) � 6.463 × 10− 2

.

(42)

According to equations (9) and (11), the analytical
overall variance expression of the maximum response, σM2,
in this example, can be expressed as follows:

Table 3: Marginal PDFs and correlation matrix of system parameter variables.

Parameter Distribution Mean COV Skewness Correlation matrix
T Lognormal 10 s 0.3 0.93 1 0.6

0.6 1 S0 Type II extreme value 0.65 dm2/s3 0.6 1.14
ξ Lognormal 0.03 0.3 0.93
f Normal 2Hz 0.2 0
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σ2M � T1 + T2 − T3,

T1 � E μ2m(X)  �  μ2m S0, f, ξ, T( f S0, f, ξ, T( dS0dfdξdT,

T2 � E σ2m(X)  �  σ2m S0, f, ξ, T( f S0, f, ξ, T( dS0dfdξdT,

T3 � μ2M.

(43)

in which

μ2m S0, f, ξ, T(  �
0.088S0

����
InT

√

π2f5/2ξ
+

0.025S0

π2f3ξ
�����
InfT

 

������������

1 −
0.03S20

256π4f6ξ2



⎡⎣ ⎤⎦

2

,

σ2m S0, f, ξ, T(  �
S0

32
�
3

√
πf3ξ

�������
In(fT)



������������

1 −
0.03S40

256π4f6ξ2


⎧⎨

⎩

⎫⎬

⎭

2

.

(44)

,e entire evaluation process is similar as the overall
mean of maximum response μM above is analyzed; thus, the
evaluation results of μ2mi(X) and σ2mi(X), hereafter, are di-
rectly provided in Table 6.

Combining Table 6 and equation (16), the overall mean
square of maximum response is able to be evaluated as
follows:

E μ2m(X)  � 
4

i�1
μ2mi − (4 − 1) μ2m(μ) � 8.360 × 10− 3

. (45)

Combining Table 7 and equation (16), the overall
standard deviation square of maximum response is able to be
evaluated as follows:

E σ2m(X)  � 
4

i�1
σ2mi − (4 − 1) σ2m(μ) � 4.373 × 10− 4

. (46)

,en, substituting the result of E[μ2m(X)] and E[σ2m(X)]
into equation (11), the overall standard deviation square of
maximum response can be evaluated as follows:

σIndM �

��������������������������

E μ2m(X)  + E σ2m(X)  − μindM 
2



� 6.797 × 10− 2
.

(47)

To investigate the evaluation process of response un-
certainty in detail, the uncertainties of four cases, i.e., given
parameters, structural property parameters (ξ, f ), excitation
characteristics parameters (T, S0), and all parameters (T, S0,
ξ, f ), are considered, respectively. Meanwhile, the accuracy
of their results is able to be confirmed by utilizing the MCS
with a size of 106. ,e results of these cases are listed in
Table 8.

From Table 8, some conclusions, in this example, can be
revealed: (I) the parameter uncertainties have a great in-

Table 4: Five estimation point coordinates in original space for example 1.

Parameter variables
,e original coordinates corresponding to five estimated points

X2− X1− X0 X1+ X2+

T 4.140 6.434 9.578 1.426×101 2.216×101

S0 2.804×10− 1 3.741× 10− 1 5.553×10− 1 1.039 3.349
ξ 1.242×10− 2 1.930×10− 2 2.873×10− 2 4.278×10− 2 6.665×10− 2

f 8.572×10− 1 1.458 2.000 2.542 3.142

Table 5: Estimation results for μmi(X) in original space.

Parameter variables μmi
,e estimation results corresponding to five estimated points

X2+ X1+ X0 X1+ X2+

T 4.571× 10− 2 4.001× 10− 2 4.315×10− 2 4.575×10− 2 4.822×10− 2 5.082×10− 2

S0 4.601× 10− 2 1.985×10− 2 2.649×10− 2 3.918×10− 2 7.358×10− 2 2.371× 10− 1

ξ 5.017×10− 2 1.111× 10− 1 7.153×10− 2 4.799×10− 2 3.228×10− 2 2.077×10− 2

f 6.081× 10− 2 5.118×10− 1 1.136×10− 1 4.602×10− 2 2.313×10− 2 1.257×10− 2
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fluence on response evaluation relative to determination
parameters, and the effect of structural parameters on the
overall mean evaluation of maximum response is more
obvious than that of excitation parameters. (II) All uncer-
tainty parameters are simultaneously considered, and these
uncertainties, relative to other cases, have the greatest effect
on the response evaluation. (III) ,e results from PEP are
basically in agreement with those acquired using MCS, in
which the maximum error between them is just 5.016%.

5.1.3. Response Evaluation Involving Uncertainty Correlated
Parameters. To investigate the evaluation process of re-
sponse uncertainty involving correlated parameter variables,
the example, hereinabove, considering all uncertainty pa-
rameters (T, S0, ξ, and f ), will be further analyzed.

While considering the correlation between the duration
Tand the intensity S0, the third-moment pseudo-correlation
transformation is applied first, so as to convert their cor-
related variables into independent standard normal vari-
ables. ,e correlated matrix including all parameters can be
written as follows:

ρ �

1 0.6 0 0

0.6 1 0 0

0 0 1 0

0 0 0 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (48)

According to equations (23)-(30), the polynomial co-
efficients of each parameter can be calculated, and the result
is provided in Table 9.

Combining equations (27)-(29) and Cholesky decom-
position, the lower triangular matrix L0 can be obtained as
follows:

L0 �

1 0 0 0

0.615 0.788 0 0

0 0 1 0

0 0 0 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (49)

Substituting the lower triangular matrix L0 into equation
(33), these correlation variables, utilizing the five-point
estimation, were transferred as mutually independent esti-
mation point coordinates Xi in the original space. ,ese
transformation results are shown in Table 10.

Substituting the estimation point coordinates in original
space from Table 10 and their weight (see Table 1) into
equation (17), the evaluated result of univariate conditional
mean, conditional mean square, and conditional standard
variance square of response, i.e., μmi(X), μ2mi(X), and σ2mi(X),
and their function value corresponding five estimation point
in original space can be obtained in Tables 11-13.

Having taken into account the effect of correlation of
duration Tand spectral S0 of the excitation, the overall mean
and standard deviation of maximum response, combing
Tables 11–13 and equation (16), are able to be evaluated as
follows:

Table 6: Estimation results for μ2mi(X) in original space.

Parameter variables μ2mi

,e estimation results corresponding to five estimated points
X2+ X1+ X0 X1+ X2+

T 2.093×10− 3 1.606×10− 3 1.861× 10− 3 2.093×10− 3 2.325×10− 3 2.582×10− 3

S0 2.815×10− 3 3.941× 10− 4 7.018×10− 4 1.535×10− 3 5.414×10− 3 5.625×10− 2

Ξ 2.743×10− 3 1.236×10− 2 5.118×10− 3 2.309×10− 3 1.041× 10− 3 4.315×10− 4

F 7.063×10− 3 2.620×10− 1 1.290×10− 2 2.118×10− 3 5.353×10− 4 1.582×10− 4

Table 7: Estimation results for σ2mi(X) in original space.

Parameter variables σ2mi

,e estimation results corresponding to five estimated points
X2+ X1+ X0 X1+ X2+

T 8.277×10− 5 1.144×10− 4 9.470×10− 5 8.193×10− 5 7.220×10− 5 6.381× 10− 5

S0 1.073×10− 4 1.502×10− 5 2.676×10− 5 5.853×10− 5 2.064×10− 4 2.141× 10− 3

ξ 1.046×10− 4 4.710×10− 4 1.951× 10− 4 8.802×10− 5 3.971× 10− 5 1.644×10− 5

f 3.851× 10− 4 1.813×10− 2 6.021× 10− 4 8.076×10− 5 1.773×10− 5 4.661× 10− 6

Table 8: Comparison between the MCS and the presented method under different parameter cases.

Considered cases
PEP method MCS Method error (%)

μIndM σIndM μMCS
M σMCS

M ΕμM ΕσΜ
Given parameters 4.602×10− 2 8.986×10− 3 — — — —
Structure parameters 2.498×10− 2 7.473×10− 3 2.630×10− 2 7.120×10− 3 5.016 4.957
Excitation parameters 4.570×10− 2 8.001× 10− 4 4.792×10− 2 7.777×10− 4 4.632 2.880
All parameters 6.463×10− 2 6.797×10− 2 6.221× 10− 2 7.151× 10− 2 3.890 4.950
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μCorM � EE μm(X)  � 
4

i�1
μmi − (4 − 1)μm(μ) � 7.606 × 10− 2

,

σCorM �

��������������������������

E μ2m(X)  + E σ2m(X)  − μcorM( 
2



� 0.869.

(50)

In order to further investigate the uncertainty effect on
stochastic response involving correlated parameter variables
in detail, four cases involving correlated parameter variables,
i.e., given parameters, structure parameters (ξ and f ), ex-
citation parameters (T and S0), and all parameters (T, S0, ξ,
and f), are considered, respectively. Meanwhile, the accuracy
of their results is able to be confirmed by utilizing the MCS
with a size of 106. ,e results of these cases are listed in
Table 14.

From Table 14, some conclusions, in this example, can be
revealed: (I) the correlation in this example has a great
influence on response evaluation relative to the independent
situation: if ignored the effect of correlation, the evaluation
result in overall mean of maximum response will be
underestimated, especially for structural property parame-
ters and all parameters. When considering the excitation
characteristic parameter, the overall standard deviation of
the maximum result will be overestimated; when consid-
ering all parameters, the opposite conclusion will be ob-
tained. (II)While the correlation is taken into account, the
effect of excitation characteristic parameters on the overall
mean of maximum response and the overall standard de-
viation is more obvious than in other cases. (III) ,e

calculation results including correlation are basically in
agreement with those obtained using MCS, in which the
maximum error between them is just 4.124%.

5.2. Example 2: 2-DOFLinear Simply IsolatedBridge Subjected
to Dynamic Excitation. Figure 2 shows a 2-DOF linear
isolated bridge in which one of the masses is subjected to
dynamic vertical excitation P(t).

Assuming their structure-property parameters, that is,
mass m, elastic modulus E, and initial moment I, are the
same, the natural frequency ωi of the simply supported
isolated bridge, based on linear vibration theory, can be
provided as follows:

ω1 � 5.69

����
EI

mL
3



,

ω2 � 22

����
EI

mL
3



,

(51)

where E, I, and L are the elastic modulus, initial moment,
and span of the bridge, respectively.

Table 10: Five-point estimated coordinates in original space after correlation transformation.

Parameter variables
,e original space coordinates corresponding to five estimated points

X2+ X1+ X0 X1+ X2+

T 1.429 5.933 10.000 14.070 18.571
S0 − 9.13×10− 1 − 9.208×10− 2 6.500×10− 1 1.392 2.213
ξ 4.287×10− 3 1.180×10− 2 3.000×10− 2 4.220×10− 2 5.571× 10− 2

f 8.572×10− 1 1.458 2.000 2.542 3.143

Table 11: Estimation results for μmi(X) in original space after correlation transformation.

Parameter variables μmi
,e estimation results corresponding to five estimated points

X2+ X1+ X0 X1+ X2+

T 4.561× 10− 2 3.169×10− 2 4.260×10− 2 4.602×10− 2 4.814×10− 2 4.979×10− 2

S0 4.602×10− 2 − 6.464×10− 2 − 6.519×10− 3 4.602×10− 2 9.856×10− 2 1.566×10− 1

ξ 6.170×10− 2 3.220×10− 1 1.170×10− 1 4.602×10− 2 3.272×10− 2 2.578×10− 2

f 6.079×10− 2 5.118×10− 1 1.135×10− 1 4.602×10− 2 2.314×10− 2 1.257×10− 2

Table 9: Polynomial coefficients of each parameter.

Variables ai bi ci
T − 0.156 0.975 0.156
S0 − 0.675 0.296 0.675
ξ − 0.156 0.975 0.156
f 0 1 0
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In the frequency domain, the standard deviation of the
displacement responses, based on the random vibration
theory, is obtained as follows:

σ2y1 �
πS0

4m
2

1
2ξ1ω

3
1

+
1

2ξ2ω
3
2

+
8 ξ1ω1 + ξ2ω2( 

ω2
1 − ω2

2 
2

+ 4 ξ1ξ2ω1ω2 ω2
1 + ω2

2  + ξ21 + ξ22 ω2
1ω

2
2 

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
,

σ2y2 �
πS0

4m
2

1
2ξ1ω

3
1

+
1

2ξ2ω
3
2

−
8 ξ1ω1 + ξ2ω2( 

ω2
1 − ω2

2 
2

+ 4 ξ1ξ2ω1ω2 ω2
1 + ω2

2  + ξ21 + ξ22 ω2
1ω

2
2 

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
,

(52)

where σyi is the standard deviation of the displacement
responses of each mass, S0 is the spectral intensity of the
excitation, which is modeled as Gaussian white noise, and T
is its corresponding duration ]i ≈ 2π/ωi is approximately the
mean cross ratio corresponding to ith mass, and both masses
have the same damping ratio ξ. ,e joint and marginal PDFs
of these uncertainty system parameters are unknown, except
for the first three moments and the correlation matrix, as
listed in Table 15.

To investigate the evaluation influence of both masses on
response uncertainty involving correlated parameter vari-
ables, the mean and standard deviation of the maximum
response evaluation under the given parameters are con-
trasted with the correlation parameters. Meanwhile, for the
uncertainty response evaluation, the following three cases
were analyzed:

Case 1. Considering only uncertainties contained in exci-
tation parameters, S0 and T.

Case 2. Considering only uncertainties contained in the
structural parameters L, I, E, m, and ξ.

Case 3. Considering uncertainties of all uncertainty pa-
rameters, S0, T, L, I, E, m, and ξ.

Partial calculation results with regard to the correla-
tion transformation process (third-moment pseudo-
correlation normal transformation technology) are given,
such as polynomial coefficients of each parameter (see
Table 16), the lower triangular matrix L0, and five esti-
mation point coordinates, in the original space (see
Table 17).

Table 12: Estimation results for μ2mi(X) in original space after correlation transformation.

Parameter variables μ2mi

,e estimation results corresponding to five estimated points
X2+ X1+ X0 X1+ X2+

T 2.086×10− 3 1.004×10− 3 1.815×10− 3 2.118×10− 3 2.317×10− 3 2.479×10− 3

S0 3.620×10− 3 4.179×10− 3 4.251× 10− 5 2.118×10− 3 9.714×10− 3 2.455×10− 2

ξ 5.582×10− 3 1.037×10− 1 1.369×10− 2 2.118×10− 3 1.071× 10− 3 6.143×10− 4

f 7.062×10− 3 2.620×10− 1 1.289×10− 2 2.118×10− 3 5.356×10− 4 1.582×10− 4

Table 13: Estimation results for σ2mi(X) in original space after correlation transformation.

Parameter variables σ2mi

,e estimation results corresponding to five estimated points
X2+ X1+ X0 X1+ X2+

T 8.523×10− 5 2.303×10− 4 9.779×10− 5 8.076×10− 5 7.249×10− 5 6.693×10− 5

S0 1.380×10− 4 1.593×10− 4 1.621× 10− 6 8.075×10− 5 3.704×10− 4 9.360×10− 4

ξ 2.128×10− 4 3.953×10− 3 5.220×10− 4 8.076×10− 5 4.081× 10− 5 2.342×10− 5

f 3.850×10− 4 1.181× 10− 2 6.015×10− 4 8.076×10− 5 1.773×10− 5 4.659×10− 6

Table 14: Result comparison between independent variables and correlation variables.

Considered cases μIndM σIndM μCovM σCovM

Error with MCS (%)
EμCovM EσCovM

Given parameters 4.602×10− 2 8.986×10− 3 — —
Structural parameters 2.498×10− 2 7.473×10− 3 7.647×10− 2 7.202×10− 2 3.730 3.311
Excitation parameters 4.570×10− 2 8.001× 10− 4 4.561× 10− 2 4.061× 10− 2 4.124 2.895
All parameters 6.463×10− 2 6.797×10− 2 7.606×10− 2 8.238×10− 2 2.578 3.193
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Table 15: Statistic moments and correlation matrix of uncertain system parameters.

Parameter Mean COV Skewness Correlation matrix
T 15 s 0.4 0.431 1.0 0.5

0.5 1.0 S0 780 cm2/s3 0.6 1.608
ξ1 0.043 0.3 0.431
ξ2 0.069 0.3 0.431
m 4.616×105 kg 0.1 0.301
L 1.500×104mm 0.1 0.301 1.0 0.3 0.2

0.3 1.0 0.1
0.2 0.1 1.0

⎛⎜⎝ ⎞⎟⎠I 7.087×1011mm4 0.1 0.301
E 3.150×104MPa 0.1 0

Table 16: Polynomial coefficients of each parameter.

Variables ai bi ci
T − 0.072 0.995 0.072
S0 − 0.283 0.916 0.283
ξ1 − 0.072 0.995 0.072
ξ2 − 0.072 0.995 0.072
E − 0.0503 0.997 0.050
m − 0.0503 0.997 0.050
L − 0.0503 0.997 0.050
I 0 1 0

P (t)

m1 m2

cc

L
3

L
3

L
3

Figure 2: ,e calculation diagrams of simply supported isolated bridges.

Table 17: Five estimation point coordinates in original space after correlation transformation.

Parameter variables
,e original space coordinates corresponding to five estimated points

X2+ X1+ X0 X1+ X2+

T 32.140 6.866 15.000 23.134 32.142
S0 2.625×105 − 9.557×103 7.800×104 1.656×105 2.625×105

ξ1 7.985×10− 2 2.551× 10− 2 4.310×10− 2 6.112×10− 2 7.985×10− 2

ξ2 12.811 4.093×10− 2 6.930×10− 2 9.710×10− 2 1.281× 10− 1

E 5.934×105 3.990×105 4.616×105 5.242×105 5.935×105

m 1.928×104 1.296×104 1.500×104 1.703×104 1.929×104

L 9.263×1011 5.882×1011 7.087×1011 8.292×1011 9.627×1011

I 4.249×104 2.629×104 3.150×104 3.671× 104 4.249×104

Table 18: Response evaluation result comparison between presented method and MCS for Mass.1.

Considered cases
Presented method MCS Method error (%)

μCovM σCovM μMCS
M σMCS

M EμM EσM
Given parameters 5.141× 10− 3 4.256×10− 3 — — — —
Structure parameters 3.952×10− 3 1.466×10− 2 3.767×10− 3 1.538×10− 2 4.911 4.681
Excitation parameters 3.657×10− 3 5.061× 10− 3 3.493×10− 3 5.327×10− 3 4.500 4.993
All parameters 2.466×10− 3 1.452×10− 2 2.553×10− 3 1.412×10− 2 3.416 2.832
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Combiningequations (27)–(29) and the Cholesky de-
composition, thelower triangular matrix L0 can be obtained
as follows:

L0 �

1

0.536 0.839

0 0 1

0 0 0 1

0 0 0 0 1

0 0 0 0 0 1

0 0 0 0 0 0.301 0.953

0 0 0 0 0 0.201 0.042 0.979

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (53)

Having been converted by the third-moment pseudo-
normal transformation technology, the five estimation point
coordinates in the original space are listed in Table 17.

Both masses’ calculation results of the response evalu-
ation, including correlated parameter variables, are provided
inTables 18 and 19. Meanwhile, the accuracy of their results
can be confirmed by utilizing an MCS with a size of 106,
which are listed in Tables 18 and 19 as well.

After observing and contrasting the results in Table 18,
some conclusions on Mass 1 can be drawn as follows: (I) To
consider the uncertain and correlated system parameter
variables, relative to the determination parameter situation,
the evaluation results of overall mean and standard deviation
of the maximum response have a great influence; for the
overall mean of maximum response, the evaluation results
will be overestimated; for the overall standard deviation of
maximum response, the evaluation result will be over-
estimated under considering structure-property and all
parameters, while the evaluation results, under excitation-
characteristics parameters considered, will be under-
estimated. (II) For the overall mean of maximum response,
the effect of the excitation-characteristic parameters was
more remarkable than structure-property parameters; for
the overall standard deviation of maximum response, the
opposite conclusion is obtained. (III) ,eir calculation re-
sults are in agreement with those obtained using MCS, in
which the maximum error between them is merely 4.993%.
Similarly, the conclusions of Mass.1 are suitable for Mass.2
inTable 19.

6. Conclusions

,is study focused on evaluating uncertainty response with
correlated random variables, the primary conclusion, on the
basis of two examples, which were able to be drawn:

(1) Without being any sensitivity analysis with regard to
the maximum response, the first two statistical
moments of the maximum response, including
correlated system parameter variables, were able to
be fast evaluated.

(2) With just needing the first three moments and
correlation matrix of system parameter variables
instead of knowing their joint PDF or marginal PDF,
the mean value and standard deviation of the
maximum response, including correlated system
parameter variables, were capable to be steadily
evaluated.

(3) While taking into account the correlated system
parameter variables, the overall mean and stan-
dard deviation’s evaluation results of maximum
response, relative to the determination parameter
situation, have a great influence: ignoring the
effect of these parameter variables will underes-
timate or overestimate the actual response
evaluation.

(4) When considering the effect of correlation among
system parameter variables, one can find the effect of
statistic maximum response evaluation with respect
to structural property parameters is relatively ob-
vious than excitation characteristic parameters in
example 1, whereas the opposite conclusion can be
obtained in example 2.

(5) Compared with the ones using MCS, the accuracy of
response evaluation by the presented method was
trustworthy.
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Table 19: Response evaluation result comparison between presented method and MCS for Mass.2.

Considered cases
Presented method MCS Method error (%)

μCovM σCovM μMCS
M σMCS

M EμM EσM
Given parameters 7.251× 10− 3 2.186×10− 3 — — — —
Structure parameters 1.808×10− 3 1.835×10− 2 1.886×10− 3 1.905×10− 2 4.136 3.675
Excitation parameters 6.403×10− 3 4.512×10− 3 6.379×10− 3 4.370×10− 3.762 3.249
All parameters 9.595×10− 4 1.850×10− 2 9.255×10− 4 1.768×10− 2 3.673 4.638

14 Shock and Vibration



Acknowledgments

,e research article was supported by the National Natural
Science Foundations of China, whose grant numbers are
U1134209 and U1434204, respectively, and the Natural
Science Foundation Project of Hunan Province in 2022,
which was named as “Research on the Influencing Factors of
Dynamic Stiffness of Cutting Machine-Foundation-Soil
System.” It was also supported by the Scientific Research
Project of Hengyang Science and Technology Bureau, grant
no. 2020jh012854, the Scientific Research Project of Hen-
gyang Science and Technology Bureau, grant no.
2019jhzx0639, and the Education and Science Research
Program for Fujian Middle Aged and Young Teachers, grant
no. JT180504. ,ese supports are gratefully acknowledged.

References

[1] A. Preumont, Random Vibration and Spectral Analysis,
Kluwer Academic Publishers, Lausanne, Switzerland, 1994.

[2] X. P. Zhang, Y. J. Jiang, Y. Cai, and S. S. Sugimoto, “Anti-plane
dynamic response of a shallow lined tunnel with imperfect
interface in anisotropic half-space medium,” Tunnelling and
Underground Space Technology, vol. 112, no. 1, Article ID
103906, 2021.

[3] Q. Fu, X. Li, Z. L Meng, Y. N. Liu, X. J. Cai, and H. W. Fu,
“Reliability assessment on pile foundation bearing capacity
based on the first four moments in high-order moment
method,” Shock and Vibration, vol. 2021, no. 1, 11 pages,
Article ID 2082021, 2021.

[4] Y. K. Wen, “Equivalent linearization for hysteretic systems
under random excitation,” Journal of Applied Mechanics,
vol. 47, no. 1, pp. 150–154, 1980.

[5] W. D. Iwan and N. C. Gates, “Estimating earthquake response
of simple hysteretic structures,” Journal of Engineering Me-
chanics-ASCE, vol. 105, no. 3, p. 10, 1979.

[6] P.-T. D. Spanos, D.W. Iwan, On the existence and uniqueness
of solutions generated by equivalent linearization,” Interna-
tional Journal of Non-linear Mechanics, vol. 13, no. 2,
pp. 71–78, 1979.

[7] Q. Fu, Z. Zhang, X. Zhao, M. Hong, and D. Niu, “Water
saturation effect on the dynamic mechanical behaviour and
scaling law effect on the dynamic strength of coral aggregate
concrete,” Cement and Concrete Composites, vol. 120, no. 1,
Article ID 104034, 2021.

[8] Q. Fu, M. Bu, D. Li, W. Xu, J. He, and D. Niu, “Resistance to
sulfate attack and chemo-damage-transport model of sulfate
ions for tunnel lining concrete under the action of loading and
flowing groundwater,” ACS Sustainable Chemistry & Engi-
neering, vol. 9, no. 42, Article ID 14307, 2021.

[9] X. W. Ji, G. Q. Huang, and Y. G. Zhao, “Probabilistic flutter
analysis of bridge considering aerodynamic and structural
parameter uncertainties,” Journal of Wind Engineering and
Industrial Aerodynamics, vol. 201, Article ID 104168, 2020.

[10] Y. G. Zhao, T. Ono, and H. Idota, “Response uncertainty and
time-variant reliability analysis for hysteretic MDF struc-
tures,” Earthquake Engineering & Structural Dynamics,
vol. 1999, no. 28, pp. 1187–1213, 1999.

[11] Y. G. Zhao, J. R. Jiang, and J. J. Chen, “A unified treatment of
uncertainties in structural reliability analysis,” Earthquake
Engineering and Engineering Vibration, vol. 15, no. 4, pp. 1–9,
1995, in Chinese.

[12] C. Pan, L. X. Xie, X. Li, K. Liu, P. F. Gao, and L. G. Tian,
“Numerical investigation of effect of eccentric decoupled
charge structure on blasting-induced rock damage,” Journal of
Central South University of Technology, vol. 29, no. 1,
pp. 663–679, 2022.

[13] T. Headrick and S. Sawilowsky, “Simulating correlated
multivariate nonnormal distributions: extending the fleish-
man power method,” Psychometrika, vol. 64, no. 2, pp. 71–78,
1999.

[14] X. Chen and Y. K. Tung, “Investigation of polynomial normal
transform,” Structural Safety, vol. 25, no. 4, pp. 423–445, 2003.

[15] D. Q. Li, S. B.Wu, C. B. Zhou, and K. K. Phoon, “Performance
of translation approach for modeling correlated non-normal
variables,” Structural Safety, vol. 39, no. 1, pp. 52–61, 2012.

[16] J. Liu, B. Yu, and L. Yang, “Influences of Orthogonal and
Nataf transformations on precision of first order reliability
method,” Chinese Journal of Applied Mechanics, vol. 32, no. 1,
pp. 125–131, 2015, in Chinese.

[17] R. Singh and C. Lee, “Frequency response of linear systems
with parameter uncertainties,” Journal of Sound and Vibra-
tion, vol. 168, no. 1, pp. 71–92, 1993.

[18] P. C. Chen and W. W. Soroka, “Impulse response of a dy-
namic system with statistical properties,” Journal of Sound
and Vibration, vol. 31, no. 3, pp. 309–314, 1973.

[19] J. Xu and D. C. Feng, “Seismic response analysis of nonlinear
structures with uncertain parameters under stochastic ground
motions,” Soil Dynamics and Earthquake Engineering,
vol. 111, pp. 149–159, 2018.

[20] H. Yu, B. Wang, Z. Gao, and Y. Li, “An efficient dimension-
adaptive numerical integration method for stochastic dy-
namic analysis of structures with uncertain parameters,”
International Journal of Structural Stability and Dynamics,
vol. 21, no. 3, Article ID 2150035, 2020.

[21] C. Zhiguo, D. Zhongmin, and B. Sifeng, “,e structural
dynamics model validation based on Monte Carlo method,”
Issue, vol. 32, no. 16, pp. 76–81, 2013.

[22] Z. Fengqi, “A new multiple-model analysis method consid-
ering structural uncertainty,” in Proceedings of the Interna-
tional Conference on Civil, Architecture and Environmental
Engineering (ICCAE), Taibei China, November 2016.

[23] D. Kiureghian, “Measures of structural safety under imperfect
states of knowledge,” Journal of Structural Engineering,
vol. 115, no. 5, pp. 1119–1140, 1989.

[24] M. Shinozuka, “Structural response variability,” Journal of
Engineering Mechanics, vol. 115, no. 6, pp. 825–842, 1989.

[25] A. R. Ibrahim, “Structural dynamics with parameter uncer-
tainties,” Applied Mechanics Reviews, vol. 40, no. 3,
pp. 309–314, 1987.

[26] G. Muscolino, G. Ricciardi, and N. Impollonia, “Improved
dynamic analysis of structures with mechanical uncertainties
under deterministic input,” Probabilistic Engineering Me-
chanics, no. 15, pp. 199–212, 2000.

[27] Z. H. Lu, C. H. Cai, Y. G. Zhao, Y. Leng, and Y. Dong,
“Normalization of correlated random variables in structural
reliability analysis using fourth-moment transformation,”
Structural Safety, vol. 82, Article ID 10188, 2020.

[28] C. H. Chang, Y. K. Tung, and J. C. Yang, “Monte Carlo
simulation for correlated variables with marginal distribu-
tions,” Journal of Hydraulic Engineering, vol. 121, no. 7, p. 10,
1995.

[29] M. Hohenbichler and R. Rackwitz, “Non-normal dependent
vectors in structural safety,” Journal of the Engineering Me-
chanics Division, vol. 107, no. 6, pp. 1227–1238, 1981.

Shock and Vibration 15



[30] Q. Xiao, “Evaluating correlation coefficient for Nataf trans-
formation,” Probabilistic Engineering Mechanics, vol. 37,
no. 7, pp. 1–6, 2014.

[31] M. A. A. P. D. Kiureghian, “Structural reliability under in-
complete probability information,” Journal of Engineering
Mechanics-ASCE, vol. 112, no. 1, p. 10, 1986.

[32] P. L. Liu and A. D. Kiureghian, “Multivariate distribution
models with prescribed marginals and covariances,” Proba-
bilistic Engineering Mechanics, vol. 1, no. 2, pp. 105–112, 1986.

[33] Z. H. Lu, C. H. Cai, and Y. G. Zhao, “Structural reliability
analysis including correlated random variables based on
third-moment transformation,” Journal of Structural Engi-
neeing, vol. 8, no. 143, pp. 1–10, 2017.

[34] R. G. Gallager, “Stochastic Processes: ,eory for Applica-
tions,” Stochastic Processes: :eory for Applications, Cam-
bridge university press, Cambridge, UK, 2013.

[35] Z. Sheng, S. Q. Xie, and C. Y. Pang, Probability and Math-
ematics Statistics, Higher Education Press, Beijing, China,
2008, in Chinese.

[36] Y. Zhao and Z. Lu, Structural Reliability: Approaches from
Perspectives of Statistical Moments, Wiley, New Jersey, NJ,
USA, 2021.

[37] Y. G. Zhao and T. Ono, “New point estimates for probability
moments,” Journal of Engineering Mechanics, vol. 126, no. 4,
pp. 433–436, 2000.

[38] M. Abramowitz and I. A. Stegun, Handbook of Mathematical
Functions with Formulas and Mathematical Tables, Wash-
ington.D.C: Superintendent of Documents, U.S. Government
Printing Office, Washington, DC, USA, 1967.

[39] Y. G. Zhao, Z. H. Lu, and T. Ono, “A simple third-moment
method for structural reliability,” Journal of Asian Architec-
ture and Building Engineering, vol. 5, no. 1, pp. 129–136, 2006.

[40] Y. G. Zhao, “,ird-moment standardization for structural
reliability analysis,” Journal of Structural Engineering, vol. 126,
no. 6, pp. 724–732, 2000.

[41] X. D. Zhang, Linear Algebra in Signal Processing, Science
press, Beijing, China, 1997, in Chinese.

16 Shock and Vibration


