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Stochastic medium (SM) theory is a practical method in ground settlement prediction, while its nonintegrable double integral
form makes the solution process complicated. A simpliﬁed analytical solution based on the SM theory is developed to predict the
ground movement in tunneling excavation. With the simpliﬁed solution, the ground movement for single tunnel and twin tunnels
could be predicted based on the gap parameter G and inﬂuence angle β. A feasible approach is developed to estimate these two
parameters using the maximum ground settlement Smax and tunnel design parameters, including tunnel depth H and diameter R.
The proposed approach can be used to predict the ground movement curve for both circular and noncircular cross section tunnels.
To validate its accuracy, the results predicted by the simpliﬁed procedure are compared with those obtained by the SM theory and
measured in situ. The comparisons show that the current results agree well with those obtained by the SM theory and measured in
situ. The comparison of ﬁve tunnels in literature illustrates that the simpliﬁed method can provide a more reasonable prediction
for the ground movement induced by tunneling.

1. Introduction
In current urban areas, shallow-buried tunnel such as the
subway has become much more popular as it can provide the
largest traﬃc volume and the fastest transportation speed to
solve the traﬃc congestion [1]. Ground movement induced
by tunneling is inevitable [2, 3]. Tunneling-induced ground
movement could damage surrounding buildings or infrastructures and result in serious environmental problems. It
is, therefore, necessary to predict tunneling-induced ground

movement by engineers. Much research has been carried out
regarding this issue throughout empirical equation method
[4, 5], analytical solution method [6, 7], numerical simulation method [8, 9], and model test method [10]. Besides,
the machine learning method provides new solutions for
tunneling-induced ground settlement, including the artiﬁcial neural network [11–13], support vector machine
[14–16], and random forest [17, 18].
Among these methods, the analytical solution method
is widely used in practice to predict the ground surface
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settlement. Some attempts, which are subjected to limitations, have been made to obtain a closed solution of
ground surface settlement. For instance, Verruijt and
Booker and Loganathan and Poulos assumed that ground
materials behave linearly elastic to derive the ground
movement formulas [6, 19]. In practice, the strength
envelopes of geomaterials are nonlinear, and the linear
relationship is just a special case [20–23]. Consequently,
the predicted ground movement diﬀers from the in situ or
experimental observed values. As the overlying strata
behave in a complex manner, and the ground movement
is governed by a series of known and unknown factors,
such as tunnel construction method, tunnel-driving
details, tunnel depth, and diameter, initial stress state,
and stress-strain behavior of the soil around tunnel, the
stochastic medium (SM) theory was proposed to predict
the tunneling-induced ground movement [6, 24]. Furthermore, Liu et al. developed the SM theory to estimate
the ground surface movement and deformation caused by
tunneling [25]. Meanwhile, for the more actual situation,
the nonuniform convergence of the tunnel deformation
model was introduced to establish ground settlement
prediction model [26–29].
For SM theory, because its formula is a nonintegrable
double integral, the solution process is rather complicated. Therefore, the SM theory is simpliﬁed to predict the
ground surface movement [7]. However, how to determine the uniform convergence value of the tunnel cross
section as input parameters is not stated clearly, which
would aﬀect the accuracy of the predicted results. A more
accurate result was achieved using the gap parameter G
considering the nonuniform convergence and the main
inﬂuence angle β. According to the suggestion by Lee
et al., the gap parameter G consists of three parts: the
physical gap, the equivalent three-dimensional (3D)
elastoplastic deformation at the tunnel face, and workmanship factors [30]. The calculation method for the gap
parameter G suggested by Lee requires a few parameters,
and the process is relatively complicated. When the in situ
information is not enough, the parameter G could be
obtained by another simpliﬁed approach. The main inﬂuence angle β is another primary factor that inﬂuences
the settlement proﬁle of the ground surface. Although the
range of inﬂuence zone is related to many factors, the
geological environment, the physical properties of overlying strata, and the depth of tunnel should be concerned
mainly.
Therefore, a simpliﬁed analytical solution in the current
study is introduced to predict the ground movement in

W(x) � WΩ (x) − Wω (x) � B

tunneling excavation based on the SM theory. With the
simpliﬁed solution, the ground movement for single tunnel
and twin tunnels could be predicted based on the gap parameter G and inﬂuence angle. A feasible approach is developed to estimate these two parameters using the
maximum ground settlement Smax and tunnel design parameters, including tunnel depth H and diameter R. To
validate its accuracy, the predicted results using the simpliﬁed procedure are compared with the SM theory and in
situ measured values.

2. Basic Stochastic Model for Tunnel Excavation
A stochastic model is a tool to estimate probability
distributions of potential outcomes by allowing random
variation in one or more inputs over time. To calculate the
movement of a surface point using the stochastic model,
an extraction block can be divided into inﬁnitesimal
extraction elements. According to the principle of the
combined subsidence eﬀect of the blocks under extraction, the consequence for the extraction block would be
equal to the sum of the eﬀects caused by those inﬁnitesimal extraction elements. For an element system, the
stratum corresponds to the global coordinate (x, y, z),
while the excavation adopts the local coordinate (ξ, ζ, η),
as shown in Figure 1. The elemental excavation dimension is deﬁned as dξ, dζ, and dη. The tunnel excavation
problem could be simpliﬁed as a plane-strain problem. By
assuming that each element of excavation collapse
completely in the whole excavation zone Ω, the ground
surface settlement is obtained by applying the superposition principle, which is [31]
tan β
π tan2 β
(x − ξ)2 dξdη,
exp−
Ω η
η2

W(x) � B

(1)

where W(x) is the ground surface settlement and β is the
inﬂuence angle of ground settlement.
Generally, the displacement at tunnel wall would be
converged by itself or by artiﬁcial support. Suppose the
initial tunnel section is Ω and the radial region of the
convergence section is ω, as shown in Figure 1. The ground
movement is induced by the diﬀerence, Ω−ω, between the
initial excavation and the convergence section. Hence, the
ground surface settlement W(x) and the horizontal displacement of ground surface U(x) are expressed as follows
[31]:

tan β
π tan2 β
(x − ξ)2 dξdη,
exp−
Ω−ω η
η2
(2)

(x − ξ)tan β
π tan2 β
U(x) � UΩ (x) − Uω (x) � B
exp−
(x − ξ)2 dξdη.
η
Ω−ω
η2
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Figure 1: Ground loss of single tunnel excavation [7].

To obtain the magnitude of the ground surface settlement, the parameter values of β and the diﬀerence of tunnel
section induced by convergence should be determined ﬁrst.
Previous research indicated that the diﬀerence of the calculated results between the uniform mode and the nonuniform convergence mode would become larger with a
much shallower tunnel, resulting from the deformation of
the tunnel lining itself with a shallower buried depth [26].
Therefore, the value of Ω−ω is very important for calculating
surface settlement in shallow tunnels and can aﬀect the
accuracy of the predicted values.

3. Nonuniform Radial Displacement Boundary
Condition of Shallow Tunnel
The excavation section of the tunnel has various shapes in
construction. It is often simpliﬁed as a circular one for
convenience. Considering the nonhydrostatic pressure of
the ground, the shape of the tunnel section would become an
ellipse after convergence. Therefore, an initial elliptical
tunnel section is adopted for discussion in this study. The
circular tunnel section would be a special case here. It is
assumed that the radial displacement at the tunnel wall is
nonuniform, and the tunnel section would still be an ellipse
even after convergence.
S-3 mode is suitable for predicting ground surface
subsidence and horizontal deformation [32]. The displacement of tunneling openings could be estimated by following
the fundamental modes, as shown in Figure 2. They assumed

b

d

W(x) �  
a

c

b

d

U(x) �  
a

c

the deformation of the excavation surface mainly consists of
(1) uniform radial displacement or deformation u0 induced
by ground loss, (2) ovalization deformation uθ of the tunnel
section without ground loss, such as the upheaved deformation at the tunnel bottom induced by stress release and a
lateral elongation of the circular section, and (3) rigid
vertical settlement uz of the whole tunnel because of gravity.
Figure 3 illustrates the calculation model for single and
twin tunnels before and after convergence. For simpliﬁcation, the tunnel section in the twin-tunnel model is assumed
to be an ellipse, and the geometry size of the twin tunnels is
the same. The major axis of the ellipse is deﬁned as A, and the
minor axis is deﬁned as B correspondingly. In case of a circle
tunnel section, the major axis of the ellipse equals the minor
axis. The ground cover of the initial tunnel section is assumed to be H. For twin tunnels, the distance between the
two tunnel centers is L. Considering the rigid vertical settlement of the tunnel uz, the location of the tunnel center
after convergence would be H + uz. The major axis of the
ellipse becomes A-uo + uθ, and the minor axis becomes B-uouθ. In case of the S-3 convergence mode, the rigid vertical
settlement uz will be uo/2, and the ovalization deformation
of tunnel section because of stress release uθ will also be uo/2
correspondingly.
The ground surface settlement W(x) and the horizontal
displacement of ground surface U(x) could be rewritten as
follows:

f h tan β
tan β
π tan2 β
π tan2 β
exp−
exp−
(x − ξ)2 dξ dη −  
(x − ξ)2 dξdη,
2
2
η
η
e
g
η
η

(3)

f h (x − ξ)tan β
(x − ξ)tan β
π tan2 β
π tan2 β
exp−
(x − ξ)2 dξ dη −  
exp−
(x − ξ)2 dξdη,
2
2
2
e g
η
η
η
η2

(4)
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Figure 2: Sketch of asymmetrical convergence deformation mode (u0 denotes the uniform radial displacement; uθ denotes the ovalized
deformation, and uz denotes the rigid vertical settlement).

O

O

X
u0

H

uz

u0

uθ

B
A
A-u0+uθ

O
O′

X

B
uz

O

H

uθ
A
A-u0+uθ

O′

O′
B-u0-uθ

B-u0-uθ

A-u0+uθ

B-u0-uθ
L/2

L/2
Z

Z
(a)

(b)

Figure 3: Calculation model for single and twin tunnels before and after convergence. (a) Model for single tunnel. (b) Model for twin
tunnels (modiﬁed after Yang’s solution [7]).

where a, b, c, and d are the boundary parameters of the initial
cross section Ω and e, f, g, and h are the boundary parameters of the tunnel cross section ω after convergence. To
obtain the solution of equation (7), the boundary conditions
along axis Z and axis X have to be divided into subsections.
Those boundary parameters considering the nonuniform
boundary condition for single and twin tunnels are presented in Appendices A and B.
Determination of the parameters uo and β is required to
obtain the solution to this problem. According to the former
studies, the radial displacement uo could be estimated by a
gap parameter G [33]. The gap parameter is inﬂuenced by
multiple factors such as the diameter of the tunneling
machine, ground condition, and workmanship. The parameter β is the angle of inﬂuence zone of ground settlement. The details about the gap parameter G and angle β will
be discussed later. Once the parameters are determined, the
problem could be solved by combining equation (3) and the
boundary condition.

4. Simplified Solution of Ground
Movement Prediction
4.1. Simpliﬁed Solution for Single Tunnel. The tunnel excavation problem can be simpliﬁed as a plane-strain problem.
The element excavation is inﬁnite on the y-axis, which is
along the direction of the tunnel. The ﬁnal ground surface
settlement We(x) caused by element excavation in an isotropic medium is [31]
We (x) �

tan β
π tan2 β
(x − ξ)2 dξdη,
exp−
η
η2

(5)

where dξdη is the area of an element. According to equation
(4), the ground surface settlement caused by element excavation is obtained for the plain-strain condition. Converting the dξdη in equation (5) into the area of initial
excavation face, the ground surface settlement, due to the
complete collapse of the tunnel section Ω, is expressed as [7]
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WΩ (x) � SΩ

5
tan β
π tan2 β 2
exp−
x ,
H
H2

(6)

where SΩ is the area of the initial tunnel section and can be
deﬁned as SΩ � πR2 in case of a circular initial tunnel section
and R is the radius of a circular tunnel section. In case of an
ellipse section, the radius could be expressed as
R � (A + B)/2.
Similarly, for the nonuniform convergence displacement
in S-3 mode, the ground surface settlement due to the
complete collapse of the tunnel cross section ω could be
written as

W(x) � WΩ (x) − Wω (x) �

Correspondingly,
expressed as

the

horizontal

Wω (x) � Sω

tan β
π tan2 β 2
exp−
x ,
H
H2

where Sω is the area of the ellipse section after convergence,
obtained by Sω � π(R − 3/4G) × (R − 1/4G).
In the S-3 mode, the rigid settlement of tunnel section is
G/4. According to the superposition principle, the total
ground surface settlement due to the convergence from
region Ω to region ω by tunnel excavation can be expressed
as follows:

2
πGR − 3/16πG tan β
π tan2 β 2
exp−
x .
(H + G/4)
(H + G/4)2

displacement

is

2
πGR − 3/16πG tan β × x
π tan2 β 2
U(x) �
exp−
x .
(H + G/4)
(H + G/4)2

(7)

(8)

4.2. Simpliﬁed Formula for Twin Tunnel. The ground surface
settlement and the horizontal displacement caused by the
left tunnel, as illustrated in Figure 3(b), are expressed as

(9)

2
πGR − 3/16πG tan β
π tan2 β
L 2
WI (x) �
exp−
2 x +  ,
(H + G/4)
2
(H + G/4)

(10)
UI (x) �

2
πGR − 3/16πG tan β ×(x + L/2)

(H + G/4)2

2

exp−

π tan β
(x + L/2)2 .
(H + G/4)2

Similarly, the ground surface settlement and the horizontal displacement of the right tunnel are written as

2
πGR − 3/16πG tan β
π tan2 β
L 2
WII (x) �
exp−
x
−

 ,
(H + G/4)
2
(H + G/4)2

(11)
UII (x) �

2
πGR − 3/16πG tan β ×(x − L/2)

(H + G/4)2

According to the superposition theory, the settlement
and horizontal displacement of the ground surface in case of
twin tunnel can be written as
W(x) � WI (x) + WII (x),
U(x) � UI (x) + UII (x).

(12)

2

exp−

2

π tan β
L
x −  .
2
(H + G/4)2

4.3. Determination of the Gap Parameter G. Supposing that
the ground loss ratio is V l, which is deﬁned as the
percentage of the surface subsidence volume to that of
the tunnel excavation in unit length, the relationship
between Vl and the gap parameter G could be expressed
as follows [6]:
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Vl �

π(R + G/2)2 − πR2 G2 + 4GR
�
.
πR2
4R2

(13)

Hence, the gap parameter G can be obtained from
equation (13) as follows:
�����
G � 2R 1 + Vl − 1.
(14)
According to Peck’s study [4], the parameter of the
ground loss ratio Vl can be obtained by the maximum
ground surface settlement Smax above the center of the
tunnel. The relationship between the maximum ground
settlement and ground loss is as follows:
√� 2
πR V
(15)
Smax � √� l ,
2i
where i is the width of the surface settlement trough. Based
on equation (12), the expression of Vl and Smax can be
obtained as
√�
2iS
Vl � √� max
.
(16)
π R2
For the width of the surface settlement trough, Peck also
suggested another formula as shown in equation (17) using
the measured data including the radius of tunnel R, the
ground cover H, and the soil conditions.
n

i � R

H
 ,
(2R)

n � 0.8 ∼ 1.

(17)

Softer groundmass will lead to a greater value of n.
When there are multiple ground layers above the tunnel
opening, it is suggested to use the weight mean method to
calculate the parameter n. Incorporating equation (13)
into equation (16), the ground loss ratio could be obtained
as follows:
√�
2[H/(2R)]n Smax
(18)
√�
Vl �
, n � 0.8 ∼ 1.
πR
Substituting equation (18) into equation (14), the gap
parameter G can be expressed as follows:
�
�����������������
√�
2[H/(2R)]n Smax
(19)
√�
G � 2R 1 +
− 1, n � 0.8 ∼ 1.
πR

4.4. Determination of the Inﬂuence Angle β. For Knothe [34],
the main inﬂuence range is expressed with r(H), and β is also
called the main inﬂuence angle on the surface, as illustrated
in Figure 4. Their relationship could be expressed as follows:
r(H) �

H
,
tan β

(20)

where H is the depth of excavation. Another formula after
comparing their study with Peck formula and stochastic
medium theory is suggested as follows [26]:
√���
r(H) � 2π × i,
(21)

where i is the distance from the tunnel center. Substituting
equation (21) into equation (20), tanβ could be expressed as
shown in
H
H
tan β � √���
�
.
2π × i 2.5i

(22)

Substitute equation (17) into equation (22). The formula
of tanβ is obtained as follows:
tan β �

H
.
2.5R[H/(2R)]n

(23)

In case of an elliptical tunnel section, the average radius
R can be obtained using the major and minor axis aforementioned. With the gap parameter G and the tangential
value of the inﬂuence angle β discussed above, the surface
settlement and horizontal displacement could be obtained
using the simpliﬁed procedure.

5. Validation of the Simplified Solution
To validate the accuracy of the simpliﬁed solution, the results
predicted by the simpliﬁed procedure for ﬁve cases are
compared with those obtained by the SM theory and
measured in situ. The ﬁve tunnel cases are the Urumqi City
Metro Line 1 Tunnel in China, Heathrow Express Trial
Tunnel in London, Barcelona Subway Tunnel in Spain, LIU
Yanghe Tunnel in China, and Pushan Subway 1st Line tunnel
in South Korea. Table 1 lists the calculation parameters of the
tunnel for ﬁve cases.
The former four tunnels in Table 1 are for a single tunnel
case. The maximum ground settlement observed in situ is
60.8 mm, 40 mm, 25 mm, and 37 mm for the Urumqi City
Metro Line 1 Tunnel, Heathrow Express Trial Tunnel,
Barcelona Subway Tunnel, LIU Yanghe Tunnel. Using
equations (16) and (20) according to the measured data, the
corresponding gap parameter G could be obtained as 38 mm,
58 mm, 31 mm, 81 mm, and 29 mm. Using equation (20)
according to the measured data, the value of tanβ is calculated to be 0.75, 0.929, 0.82, 0.84, and 0.8. The predicted
maximum ground settlements by the simpliﬁed procedure
are 60.59 mm, 38.14 mm, 31.87 mm, and 37.20 mm for the
four tunnels using equation (7). The predicted maximum
ground settlements predicted by the SM theory are
55.03 mm, 39.29 mm, 33.27 mm, and 40.73 mm. The difference between the simpliﬁed solution and the measured
data is 0.35%, 4.65%, 27.48%, and 0.54%. The diﬀerence
between the results predicted by the SM theory and the
measured data is 9.49%, 1.78%, 33.08%, and 10.08%. The
ground settlement curve predicted by the SM theory and the
simpliﬁed procedure is plotted in Figure 5 together with the
measured data. It can be seen that the predicted ground
settlement curve agrees well with those predicted by the SM
theory and measured in situ even though the maximum
ground settlements are slightly underpredicted by the
simpliﬁed procedure.
Pushan Subway 1st Line Tunnel is considered an example
of a twin tunnel case. The tunnel is located in South Korea
with a length of 5.3 km. The NATM was adopted in its
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Figure 4: Inﬂuence zone of ground settlement and inﬂuence angle β.

Table 1: Calculation parameters of case studies [6, 29, 35–37].
Pushan Subway
1st Line, South
Korea
Sandy clay with
gravel and silty
sand

Tunnel name

Urumqi City Metro
Line 1, Xinjiang

Heathrow Express Trial
Tunnel, London

Barcelona Subway
Liu Yanghe Tunnel
Tunnel, Spain
DK1569 + 300, Changsha

Strata condition

Soft soil with
thickness of 5–15 m

0–2 m ﬁll ground, 2–4 m
terrace gravel, >4 m stiﬀ
London clay

Red and brown clay
with some gravel

Grade V surrounding
strata with gravel

8.1

19

10

20

16

6.39

4.25

4

4

5

4.6

4.25

4

3

3

60.8
38
0.75
Undercutting
method

40
58
0.929

25
31
0.82

6.20
29
0.8

Open Shield

Shield

37
81
0.84
Benching Tunneling
Method

Tunnel depth H
(m)
Main axis A (m)
Minor axis B
(m)
Smax (mm)
G (mm)
tanβ
Construction
method

-30

-20

Horizontal distance (m)
-10
0
10
0

20

30

40

-40

-30

-20

Horizontal distance (m)
-10
0
10
0

-10

-5

-20

-10

-30

-15

-40

-20

-50

-25

-60

-30

-70

Settlement (mm)

Settlement (mm)

-40

-35

-80

-40

SM theory
Simplified solution
Measured data

-45
SM theory
Simplified solution
Measured data
(a)

(b)

Figure 5: Continued.
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Horizontal distance (m)
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-12
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-18
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-24

-30
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-30
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-36

-45
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Simplified solution
Measured data

SM theory
Simplified solution
Measured data
(c)

(d)

Figure 5: Measured and analytical ground surface settlement. (a) Urumqi City Metro Line 1 Tunnel in China; (b) Heathrow Express Trial
Tunnel in London; (c) Barcelona Subway Tunnel in Spain; (d) Liu Yanghe Tunnel in China.

9
6
3
Horizontal distance (m)
0
-40

-30

-20

-10
Horizontal
displacements (mm)

construction, and excavation was carried out in two parts:
upper and lower parts [35]. According to the monitored
section, the twin circular tunnels have a diameter R of 10.0 m
and depth H of 16.0 m. This section was driven through the
ground composed of weathered rock, sand with gravel, and
sandy clay [35]. The observed maximum ground settlement
is 6.20 mm. Using equation (16) according to the measured
data, the corresponding gap parameter G could be obtained
to be 29 mm. Using equation (20) according to the measured
data, the value of tanβ is calculated to be 0.80. The ground
horizontal displacement for the twin tunnels is predicted by
the simpliﬁed procedure using equation (12). Due to measured data limitations in pieces of literature, the ground
displacements of the right tunnel are used in the current
study. The ground horizontal displacement predicted by the
SM theory and the simpliﬁed procedure is plotted in Figure 6
together with the measured data. The predicted ground
surface horizontal displacement curve predicted by the
simpliﬁed procedure agrees well with those predicted by the
SM theory and measured in situ.
The comparison for the ﬁve tunnels illustrates that the
simpliﬁed formula can provide a more reasonable prediction
for the ground movement induced by tunneling when the
gap parameter G and inﬂuence angle β are available. The
tunneling-induced ground movement for the single tunnel
with a circular cross section, which is the special case, could
be predicted accurately and reasonably by the simpliﬁed
procedure. For tunnels with noncircular cross sections, the
simpliﬁed procedure still has enough accuracy to predict
tunneling-induced ground movement. Besides, for the twintunnel case as shown in Figure 6, the tunneling-induced
ground movement could also be predicted with a high accuracy compared to those obtained by the SM theory and

0

10

20

30

40

-3
-6
-9

SM theory
Simplified solution
Measured data

Figure 6: Measured and analytical ground horizontal displacement
of Pushan Subway 1st Line Tunnel.

measured in situ. A feasible approach is developed to estimate these two parameters using the maximum ground
settlement Smax and tunnel design parameters, including
tunnel depth H and diameter R.

6. Conclusions
Comparing to the general approaches based on the stochastic medium theory, this study takes a simpliﬁed way to
predict the tunneling-induced ground movement. The
condition for this simpliﬁed approach application is the
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same as that for the SM method, which is for the shallow-buried
tunnel condition. With the simpliﬁed formulas, the ground
movement for single tunnel and twin tunnels could be predicted
based on the gap parameter G and inﬂuence angle β. A feasible
approach is developed to estimate these two parameters using
the maximum ground settlement Smax and tunnel design parameters, including tunnel depth H and diameter R.
To validate its accuracy, the ground movement predicted
by the simpliﬁed procedure is compared with that obtained
by the SM theory and measured in situ for ﬁve tunnel cases,
including the Urumqi City Metro Line 1 Tunnel in China,
Heathrow Express Trial Tunnel in London, Barcelona
Subway Tunnel in Spain, LIU Yanghe Tunnel in China, and
Pushan Subway 1st Line tunnel in South Korea. It can be
observed that the predicted tunneling-induced-ground
movement for single and twin-tunnel cases with circular and
noncircular cross sections agree well with those obtained by
the SM theory and measured in situ. It can be concluded that
the simpliﬁed formula can reduce the calculation work and
provide a more reasonable prediction for the ground
movement induced by tunneling.

B. The Boundary Parameters for the TwinTunnel Model
As the analysis process of the single tunnel, the boundary
parameters of the left tunnel could be expressed as
L
a1 � −A − ,
2
L
b1 � A − ,
2
�������������
x + L/2 2
c1 � H − B 1 − 
,
A
�������������
x + L/2 2
d1 � H + B 1 − 
,
A
L
e1 � − A − u0 + uθ  − ,
2

Appendix

L
f1 � A − u 0 + u θ − ,
2

A. The Boundary Parameters for Single
Tunnel Model

�����������������

2
x + L/2
g1 � H + uz − B − u0 + uθ  1 − 
,
A − u0 + uθ

Considering the nonuniform boundary condition, the
boundary parameters (a, b, c, d) of the initial tunnel cross
section Ω for a single tunnel are expressed as
a � −A,
b � A,
��������
x 2
c � H − B 1 −  ,
A
��������
x 2
d � H + B 1 −  ,
A

L
a11 � −A + ,
2
L
b11 � A + ,
2

(A.1)

where x is the distance from the center of the x axis, as shown
in Figure 3.
Furthermore, the boundary parameters (e, f, g, h) of the
tunnel cross section ω after convergence for single tunnel
could be expressed as

�������������
x − L/2 2
c11 � H − B 1 − 
,
A

d11

�������������
x − L/2 2
� H + B 1 −
,
A

L
e11 � − A − u0 + uθ  − ,
2

e � − A − u0 + uθ ,

L
f11 � A − u0 + uθ + ,
2

f � A − u0 + uθ ,

�����������������

2
x − L/2
g11 � H + uz − B − u0 + uθ  1 − 
,
A − u0 + uθ

����������������

2
x
g � H + uz − B − u0 + uθ  1 − 
,
A − u0 + uθ
����������������

2
x
h � H + uz + B − u 0 − u θ  1 − 
.
A − u0 + uθ

(A.2)

�����������������

2
x − L/2
h11 � H + uz − B − u0 − uθ  1 − 
.
A − u0 + uθ

(B.1)
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