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Determination of the directional wave spectrum which offshore structures actually encounter is essential for multiple applications
including wave-induced load and vibration evaluation, and hence becomes a fundamental task in ocean engineering. Due to the
wave diffraction effect, wave field around an offshore structure is the mixture of incident wave components and diffracted wave
components. Estimating directional wave spectrum in diffracted wave field significantly differs from the occasion in undisturbed
waves since the amplitude and phase relationship between the incident and diffracted waves are coupled, and therefore making the
conventional approach not applicable. In this study, the diffraction wave theory is introduced into the estimation of directional
wave spectrum to consider the effect of diffracted waves using array pressure data from existing pressure gauges on structures.
Considering the performance of the presented approach under scenarios with various gauge arrays, different directions, and
spreading coefficients, multiple levels of background noise are evaluated and discussed, respectively. -e presented approach is
also deployed into an in-situ measurement application on a marine structure and compared with wave observation data to test its
feasibility in engineering practice. In general, the presented approach can reasonably estimate the directional wave spectrum and
show advantages over the conventional approach in which the diffraction effect is excluded.

1. Introduction

-e three-dimensional wave spectrum, i.e., directional wave
spectrum, providing the basic information including energy
and direction distributions for stochastic waves, is one of the
most fundamental properties in offshore engineering.
Measurement and determination of the directional wave
spectrum for the offshore structures is an engineering
premise of multiple applications, including the evaluation of
hydrodynamic loads [1], wave-induced vibration [2], etc.,
and hence becomes a primary task in the health monitoring
and maintenance of offshore structures. Conventionally,
estimation of directional wave spectrum is usually per-
formed using measurement data collected by spatial array or
pitch-and-roll buoys. However, after the structure is built in
place, the local wave field is disturbed by the presence of
structure due to the wave diffraction effect [3]. Wave

diffraction refers to a particular phenomenon when prop-
agating waves encounter obstacles, and the obstacle surface
may, depending on the obstacle size, induce diffracted
waves. Conventional methods using measurement data such
as array wave elevations [4] or array wave pressures [5] to
estimate the directional wave spectrum are based on the
assumption that the wave field is an undisturbed condition,
and therefore all wave components are independent and
random. However, the disturbed wave field, containing the
incident and diffracted wave components, brings challenges
to the estimation of directional wave spectrum because the
relationship between diffracted and incident waves is syn-
chronized and coupled. Some previous studies [6–8] that
investigated the disturbed wave field due to wave reflection
effect in the laboratory shows that the disturbed wave
components may impose significant deviations in the
spectral density and direction results and hence the
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conventional methods for undisturbed wave field are not
applicable. Accurate estimation of the actually encountering
directional wave spectrum for offshore structures in the
incident and diffracted wave field could benefit the scientific
and engineering practice including real-time load evaluation
[9], structural monitoring [10], motion control, etc., and
therefore, is essential to study. However, limited literature
focuses on this issue and still lacks in-depth investigation.

Wave spectra are usually present in either two-dimen-
sion or three-dimension forms. A two-dimension wave
spectrum only contains energy distribution in the frequency
domain and is easily estimated by using measurement data
from single-point gauges. Stochastic waves have an inherent
nature of multidirections. A three-dimension wave spec-
trum could provide energy and directional distributions
while it is usually more difficult to obtain. In order to capture
the directional information in stochastic waves, researchers
spend efforts on improving both measurement techniques
[11, 12] and estimation methods [5, 13]. In general, two
mainstream approaches exist to obtain the directional wave
spectrum. One way is to deploy single-point devices such as
multifunctional buoys, which can collect velocity, pressure,
motion data, and use various algorithms to analyze the
cross-spectral relationship between them to approximate the
directional wave spectrum [14]. -is approach is direct and
convenient, but the withdraws are also obvious that the costs
on the devices and installation are usually considerable.
Furthermore, these single-point devices still lack the ability
to separate the incident wave components from the dis-
turbed wave field due to insufficient information onmultiple
locations. Another way is to use multiple array gauges, e.g.,
array wave gauges and array pressure gauges, to synchro-
nously record data and estimate the directional wave
pressure by analyzing the cross-spectral information be-
tween them [5, 6]. While less convenient compared with the
first approach, this way is easier to implement and widely
used by researchers. Studies [6, 15] show that by utilizing
appropriate modifications, this technique also has the ability
to separate reflected wave components in disturbed wave
fields and gives appreciable estimated results. Another ad-
vantage of using array gauge measurement is that in present
time, the array gauges are usually a part of structural health
monitoring (SHM) system, such as pressure gauges em-
bedded on structures to observe the hydrodynamic load and
hence there is no need to spend additional efforts and ex-
pense on devices and their installation. In light of this
statement, this study focuses on utilizing array pressure data
from existing pressure gauges embedded on structures to
estimate the directional wave spectra.

Various methods are proposed to estimate the direc-
tional spectrum from array measurement data. A pioneering
attempt was presented in the literature [13] by using Direct
Fourier Transform method to analyze the spectral infor-
mation and give a direct approximation of the incident wave
spectrum. Howell and Gary [5] invented a measurement
equipment by embedding six pressure gauges on a hexagonal
frame to simultaneously measure wave pressure and make
estimations from array pressure data. To make the esti-
mation more robust, MLM (Maximum Likelihood Method)

[16] and parametric method [17] were proposed and aimed
to improve the overall accuracy in the final guess of the
spectra from cross-spectral results. Literature [18] investi-
gated the directional spectra using a eight-wave-probe array
and presented the computational routine and preliminary
validation. To sum up, the studies above only consider the
estimation in the undisturbed wave field. Literature [6, 7]
pointed out that influenced by reflected or refracted waves,
the wave field may contain different wave components and
the standard method cannot separate these phase-related
components and therefore causes errors in spectrum esti-
mation. Isobe [15] proposed a modified MLM method to
consider the reflected waves from vertical walls by adding a
phase-related term in the governing equations for spectrum
estimation. Later, based on this study, some researchers
[7, 19] further isolated the reflected components and used
the approach to determinate the reflection coefficients. Study
[20] proposed a newmethod to isolate incident and reflected
spectra using a gauge array in a multidirectional wave basin.
-is series of studies indicate that separating the wave
components in disturbed wave field is essential in spectrum
estimation and provide a basic methodology for a relative
problem. Another practical mainstream for spectra esti-
mation is to build the relationship between the incident wave
and global structural responses [21–23]. However, regarding
estimating the direction wave spectrum of wave field with
the incident and diffracted waves around offshore structures,
until now, there is very limited literature addressing this
issue and lacks useful solutions.

In the present study, the diffraction wave theory is in-
troduced into the estimation of directional wave spectrum to
consider the effect of diffracted waves using array pressure
data from existing pressure gauges on structures. Two nu-
merical experiments are conducted as proof-of-concept
studies to test and evaluate the feasibility of the presented
approach under various structures and wave scenarios. -e
performance of presented approach using various gauge
arrays, different wave directions and spreading coefficients
and multiple levels of background noise are evaluated and
discussed, respectively. -e presented approach is also
deployed into an in-situ measurement application and
compared with wave observation data to test its validity in
engineering practice. In the end, some main conclusions
associated with limitations and further works regarding the
presented approach are drawn.

2. Methodology

2.1. Fundamentals. Stochastic waves are usually presented as
a sum of infinite cosine waves and the stochastic wave
surface elevation η at location coordinate x can be written in
the form of spectral presentation:

η(x, t) � 

σ



k
→

e
i( k

→
x−ωt)

Z(d k
→

, dω),
(1)

where k is the wave number vector and ω is the wave fre-
quency. Z(d k

→
, dσ) denotes the wave energy within the wave
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[ω,ω + dω] and is a complex number of which absolute
value is the wave amplitude and argument is the wave phase.
-e cross-energy wave spectrum Φmn at location coordinate
x
→

m x
→

n can be expressed as the Fourier transform of the
product between wave components as follows:

Φmn � 
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0
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→

n( 
E(ω, θ)dθ, (2)

where E(ω, θ) denotes the directional wave spectrum. In
order to separate the direction and energy information, the
directional wave spectrum E(ω, θ) is usually expressed as the
product of spreading function D(ω, θ) and spectral density
S(ω) as follows:

Φmn � S(ω) 
2π

0
e

− i k
→

x
→

m− x
→

n( 
D(ω, θ)dθ. (3)

-e equation above describes the basic mathematical
relationship between wave cross-spectrum, wave spectral
density, and spreading function, which is the foundational
formulation for spectrum estimation. Furthermore, if the
given data is wave pressure instead of wave surface elevation,
by inserting the relationship between wave pressure and
surface elevation of Airy wave theory, the cross-energy wave
pressure spectrum Φmn,p becomes as follows:

Φmn,p � S(ω) 
2π
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(4)

Howell [5] uses (4) as the basic formulation to estimate
the undisturbed incident wave field using array pressure
gauges fixed on a hexagonal frame.-e theories above have a
tacit assumption that all the wave components are inde-
pendent and random. However, when the wave field consists
of both incident and diffracted waves, the relationship be-
tween the incident and diffracted components is determined
and therefore, (4) is invalid and needs modification.

-e incident wave pressure pi(x, t) of the stochastic
wave series described in (1) reads as follows:

pi(x, t) � 

ω



k
→

ρg
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(d + z)]

ch( k
→

d)
e

i( k
→

x−ωt)
Z(d k

→
, dω). (5)

Wave diffraction theory of the first order is introduced to
mathematically describe the diffraction effect. According to
wave diffraction theory [3], as demonstrated in Figure 1, the
actual wave field around the structure (Figure 1(c)) is the
superposition of the incident wave field (Figure 1(a)) and the
diffracted wave field (Figure 1(b)). -erefore, the actual
disturbed wave pressure on the structure is the combination
of incident wave pressure and diffracted wave pressure
which reads as follows:

pi(x, t) + pd(x, t) � 

ω
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(6)

where the subscript i and d denote the incident and dif-
fracted components. In principle, any signals related to
waves, i.e., elevation, pressure, response, etc., may be utilized
as the product of the incident component and a complex-
valued transfer function. -erefore, by substituting (6) into
(4), the cross-energy spectrum of wave pressure on the
structure becomes as follows:

Φmn,p � E(ω) 
2π

0
HmH

∗
n e

− i k
→

x
→

m− x
→

n( 
D(ω, θ)dθ, (7)

H is the complex-valued transfer function which reads as
follows:

H( k
→

,ω) � 1 +
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A prior task in the calculation of (7) is the determination
of the transfer function H. -is transfer function, of which
physical definition is the mapping from incident wave el-
evation to wave pressure on the structure, can be directly
investigated by either analytical solutions for structures with
regular geometry such as circular cylinders [3], or numerical
approaches such as the boundary element method (BEM)
[24].-e details in the determination of transfer function for
specific structures will be described in the following sections.

By using (7) as the governing formulation and appropriate
numerical method, the directional spectrum can be ap-
proximated by using a finite number of pressure data on the
offshore structure.

2.2. Numerical Solution. -eoretically speaking, the calcu-
lation of directional spectrum using (7) requires pressure
data at infinite locations around the structures, which is very
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difficult in practice. Researchers developed various nu-
merical solutions to approximate the accurate spectra using
data from an only a finite number of locations, such as
Maximum Likelihood Method (MLM), Maximum Entropy
Method (MEM) [25], and Bayesian approach (BDM) [4].
-ese methods may deviate in accuracy and have their
specific requirements on array pattern, gauge quantity, etc.
According to previous studies [4, 20], by employing a

Bayesian approach to approximate the sample data by amost
reasonable model, BDM can give the direction spectrum
results with appreciable accuracy and has an inherent good
ability to resist signal noise. -erefore, the Bayesian ap-
proach BDM is employed in this study. A brief description of
using the Bayesian procedure to approximate the direction
spectrum is introduced. In BDM, the basic formulation of
the cross-energy spectrum is rewritten as follows:

φi � 
2π

0
Hi(ω, θ)G(θ|ω)dθ, (i � 1, 2, . . . , N),

Hi(ω, θ) � Hm(ω, θ)Hn ∗ (ω, θ)
cos kxmn cos θ + kymn sin θ(  − i sin kxmn cos θ + kymn sin θ(  

�������������
φmm(f)φnn(f)

 ,

G(θ|ω) �
S(ω, θ)

S(ω)
s,

(9)

whereN�M(M+1)/2 andM is the number of wave signals. θ
is the wave direction. Assuming the directional spreading
function G(θ|ω) is divided into K partitions and is ap-
proximated as follows:

G θk|ω(  � 

K

k�1
exp xk(ω) Ik(θ), (k � 1, 2, . . . , K),

Ik(θ) �
1, (k − 1)Δθ≤ θ≤ kΔθ

0
.

(10)

Substituting (12) into (9), after some mathematical
manipulations and inserting an error term εi, the cross-
energy spectrum becomes as follows:

φi � 
K

k�1
αik exp xk(  + εi, (i � 1, 2, . . . , 2N). (11)

-e subscripts i� 1 to N and N+1 to 2N represent real
parts and imaginary parts of the complex cross-energy
spectrum φi and αik, respectively. -e error term εi is as-
sumed to have the probability of their occurrence expressed
by the normal distribution having the mean value of 0 and
the variance σ2. -e likelihood function of xk and σ2 is given
by the following:

L x1, x2, ..., xk; σ2  �
1

2πσ2 
N
exp −

1
2σ2



2N

i�1
φi − 

K

k�1
αik exp xk( 

2⎡⎣ ⎤⎦}.
⎧⎨

⎩ (12)

(a) (b) (c)

Figure 1: Wave field around a cylinder: (a) incident wave field; (b) diffracted wave field due to the presence of cylinder; (c) actual wave field
around a cylinder as the superposition of (a) and (b).
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With a basic assumption that the wave component is
independent of each other in the frequency domain and the
directional function is a continuous and smooth one, it
yields a limiting condition of xk which reads as follows:

xk − 2xk−1 + xk−2 ≈ 0 (13)

To make the directional function smoother, (13) is
equivalent to minimizing the following equation:



K

k�1
xk − 2xk− 1 + xk− 2( 

2
. (14)

-erefore, the estimation of directional spreading
function should maximize the likelihood of (12) and min-
imize that of (14) at the same time, which is equivalent to
maximizing the following equation:


2N

i�1
φi − 

K

k�1
αik exp xk( 

2⎡⎣ ⎤⎦ + u
2



K

k�1
xk − 2xk− 1 + xk− 2( 

2⎡⎣ ⎤⎦,

(15)

where u2 is an additional hyperparameter. -e introduction
of this hyperparameter aims to meet the requirement of
maximizing the likelihood (12) and minimizing that of (14)
simultaneously. -e optimal solution of u2 and σ2 should
minimize Akaike’s Bayesian Information Criterion (ABIC)
to achieve the most suitable balance between smoothness
and continuousness. Consequently, the resultant directional
function is the potentially most suitable one.-e ABIC reads
as follows:

ABIC � −2 ln L x, σ2 p x|u
2
, σ2 dx , (16)

where p(x|u2, σ2) is the prior distribution of
x � (x1, x2, . . . , xk):

p x | u
2
, σ2  �

u
���
2π

√
σ

 

K

exp −
u
2

2σ2


K

k�1
xk − 2xk− 1 + xk− 2( 

2⎡⎣ ⎤⎦.

(17)

-e hyperparameter u and σ2 can be numerically solved
so that the approximation of directional spreading function
and spectral density is determined. A flowchart demon-
strating the procedure of the proposed approach is shown in
Figure 2.

3. Numerical Validation and Application

-e most convenient and valid way to test the estimation
method of wave spectrum is via numerical experiments and
is widely adopted for validation purposes in spectrum es-
timation [6, 25, 26]. -erefore, two numerical experiments
are conducted on structures with various geometries to test
the performance of the proposed approach on directional
spectrum estimation.

3.1. Numerical Experiment 1: Circular Cylinder. Circular
cylinder is one of the most common offshore structures
either in aspect of scientific research or engineering practice
and is one of the very few geometries with analytical so-
lutions for wave diffraction problems. First, the analytical
solution of the diffraction problem for the circular cylinder is
introduced. As demonstrated in Figure 3(a), regarding a
bottom-fixed circular cylinder in regular wave field with a
wave height of H, frequency ω, the incident wave surface
elevation reads as follows:

η(x, t) �
Hw

2
e

ikx− iωt
. (18)

-e disturbed wave field, i.e., superposition of incident
and diffracted waves, is written in the polar coordinate
system as follows:

η(r, θ, t) �
Hw

2


∞

m�0
βm Jm(kr) −

Jm
′(ka)

Hm
′(ka)

Hm(kr) cos(mθ)e
− iωt

⎧⎨

⎩

⎫⎬

⎭. (19)

Using relationship between wave pressure p and surface
elevation η described by Airy wave theory, (19) becomes as
follows:

p(r, θ, z, t) � ρg
Hw

2
cosh(kz)

cosh(k d)


∞

m�0
βm Jm(kr) −

Jm
′(ka)

Hm
′(ka)

Hm(kr) cos(mθ)e
− iωt

⎧⎨

⎩

⎫⎬

⎭. (20)
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Assuming a pressure gauge is installed at location (x, y, z)
in the Cartesian coordinate system and is converted to the
polar coordinate system as (r, θ′, z). If the incident wave

direction is θ, the transfer function H of wave pressure at the
gauge reads as follows:

H(θ, k) � ρg
cosh(kz)

cosh(k d)


∞
m�0 βm Jm(ka) − Jm

′(ka)/Hm
′(ka)Hm(ka) cos m π − θ − θ′( (   

e
iacos θ−θ′( )

. (21)

Wave number k can be directly determined by fre-
quency ω using dispersion relation and hence transfer
function is also the function of wave frequency and di-
rection, i.e., H(θ,ω). Once the transfer function H is
given, the directional wave spectrum can be estimated
using (7) associated with the numerical procedure of
BDM.

In the numerical experiment, the stochastic incident
waves are determined by a JONSWAP spectrum associated
with the cos2s-type directional spreading function. -e
spreading function writes as follows:

D(θ) � G0cos
2s θ − θ0

2
  �

Γ2(s + 1)

Γ(2s + 1)
cos2s θ − θ0

2
 , (22)

Array pressure signals 

Cross-spectrum Фmn Hydrodynamic model

Complex pressure
transfer function H

Governing
formulations

Spectrum estimation
(BDM)

Energy spectrum
E (ω,θ)

Spreading functions
D (θ)

Cutting, smoothing
and fitting

Directional spectrum
S (ω,θ)=E (ω,θ)D (θ)

Figure 2: Flowchart of the proposed approach for wave spectrum estimation.
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where s is the spreading parameter and θ0 is the main wave
direction. -e input spectral parameters in the numerical
experiment are significant wave height of Hs � 3.5m，peak
wave period Tp � 9s，peak enhancement factorc � 3.3,
which represents an observed extreme wave condition in
nearshore area [27]. Main wave direction θ0 � 0° and
spreading parameter s� 15. Twelve pressure gauges are
evenly deployed at the depth of -10m around the cylinder, of
which radius is 15m and the water depth is 15m, as illus-
trated in Figure 3.

In the numerical experiment, stochastic wave pressures
on the cylinder are generated using the following
formulation:

pi(x, y, z, t) � 
N

n�1
Hi ωn, θn, z( e

i kn x cos θn+y sin θn( )−ωn t+σn( ),

(23)

where H is the analytical pressure transfer function (24) and
i denotes the ith wave pressure gauge and n denotes the nth
random components adopted. -e sampling frequency is set
at 3Hz and the simulation duration is 600s. Afterward, the
generated pressure data are fed to the presented approach to
perform the spectrum estimation and the results are
discussed.

3.2. Numerical Experiment 2: Quasirectangle Cofferdam.
Cofferdam is a common facility to create a dry and safe
construction environment when the foundation of offshore
structures takes place below the water surface [27]. To
perform accurate evaluation of hydrodynamic loads and
structural safety, it is essential to estimate the wave spectra
which the cofferdam is actually encountering. A quasir-
ectangle cofferdam with rounded corners used for cross-sea
bridge foundation construction is taken as an example in this
study, as shown in Figure 4. -e dimensions of the cof-
ferdam are 23×14.8×12.3m.-e cofferdam bottom is set at
-4.4m and the water depth is 10m. Eleven pressure gauges,
which are a part of the structural health monitoring system,
are embedded on the surface to monitor the real-time hy-
drodynamic load of the cofferdam. Due to the large scale of
the structure, diffracted waves significantly affect the wave
field which brings challenges to the accurate estimation of
the directional wave spectrum.

Because of the complex geometry, the diffracted waves
are difficult to obtain analytically and the numerical method,
i.e., boundary element method (BEM), is hence employed to
calculate the transfer function of diffracted waves and
pressures. In BEM, a particular Green function that satisfies
the boundary conditions in wave diffraction problems is
introduced and the three-dimensional integration problem
is reduced to a two-dimensional integration problem. -e
body surface is discretized into finite quadrilateral elements
and the potentials and their derivations are calculated to
evaluate the wave pressure. -e details of employed BEM
can be found in authors’ previous article [24] and for the
sake of conciseness, the details are not listed here. -e BEM
model and panel mesh of the cofferdam is illustrated in

Figure 5(a). A total number of 11 complex pressure transfer
functions are calculated using the BEM model and the real
and imaginary part of the complex transfer function of wave
pressure at #4 gauge on the cofferdam are shown as an
example in Figures 5(c) and 5(d).

-e stochastic wave pressure signals are simulated using
(23) in Section 3.1 with the complex transfer function cal-
culated by the BEM model. -e still water level is +2.37m,
which represents a measured extreme wave condition. -e
input spectral parameters remain the same as employed in
Section 3.1 and different main wave directions of 30°, 45°,
and 60° are applied and tested. -e sampling frequency is
3Hz and the simulation time duration is 600s.-e generated
pressure data are fed to the presented approach to perform
the spectrum estimation and the results are discussed.

3.3. Engineering Application. -e real engineering practice
for the cofferdam described of the numerical experiment 2 in
Section 3.2 is taken as an engineering application. As il-
lustrated in Figure 6, the steel thin-walled cofferdam for
bridge foundation construction was set up at 25.72°N,
119.61°E in the China East Sea.-e cofferdamwas supported
by 13 steel-concrete composite piles, of which the diameter is
2.2m. -e piles were fully fixed on the seabed rocks. Wave
pressure was measured using 11 CSW560 flush type pressure
gauges, of which the measuring range is 0 to 200 kPa and the
measuring error is less than 0.5%. In addition, for validation
purposes, the wave elevations were also measured using a
single-point SBY 2–1 ultrasonic wave gauge deployed 80m
away from the cofferdam, of which the measuring accuracy
is ±0.2m for wave heights and ±0.25 s for wave periods. -e
field measurement of an extreme wave event was conducted
on the morning of September 29, 2015, when Typhoon
Dujuan was passing through the studied sea area. During the
measurement, the storm eye was around 119.40°E, 25.00°N,
which was about 80 km south from the tested cofferdam, as
shown in Figure 7. -e pressure at the storm center was
925 kPa and the maximum wind speed of the storm was
35m/s. Actual wave pressure data on the cofferdam were
successfully collected during the extreme wave events. More
information about configurations of the in-situ measure-
ment can also be found in a previous study [27]. -e
measured pressure time series were used to estimate the
directional wave spectrum using the presented approach.

4. Result and Discussion

4.1. Numerical Experiment 1: Circular Cylinder

4.1.1. Effect of Gauge Arrays. Previous studies show that the
success of spectrum estimation heavily depends on the
appropriate choice of gauge array and therefore, it is nec-
essary to investigate the effect of the array on the estimations.
Four different plans with a various number of gauges and
array patterns are tested, as shown in Table 1. Estimation of
directional spectra contains two aspects, i.e., estimation of
spreading function D(θ) and estimation of spectral density
S(f). S(f) representing the energy distribution is relatively
easy to estimate while D(θ) containing directional

Shock and Vibration 7



information is trickier and more important and hence draws
more attention in previous studies [4, 6, 28]. -erefore, the
estimation of D(θ) is a priority in this study and will be put
more discussions. -e corresponding estimated spreading

functions D(θ) are illustrated in Figure 8. It can be observed
that Plan 1, which employs 7 gauges, gives the most plausible
result. -ough Plans 2 and 3 reasonably predict the shape of
the target spreading function, they slightly underestimate the
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peaks. Plan 4 deviates significantly from the target and is not
applicable. It is worthwhile to notice that in Plan 1, compared
with the target directional function, the estimated spreading
function has two small ‘wings’ in directions of -180° to -90°
and 90° to 180°. -is phenomenon is due to the fact that the
diffracted waves are a series of cylindrical waves which are
scattered from the cylinder surface in all directions, as

demonstrated in Figure 9(a) and Figure 1(b). -e proposed
approach separates all wave components and the side “wings”
represent the diffracted wave components. Since we are only
interested in the incident waves, the spreading function is cut
off at the tails and only the main peak which represents the
incident waves is retained, as explained in Figure 8(b). -is
cutting action is conducted in all the following results to
manually eliminate the diffracted components.

To enhance the advantage of the proposed approach, the
estimated results are compared with the conventional ap-
proach [5] (4), i.e., using pressure signals to estimate the
directional spectrum without considering the diffraction
effect, and the comparison is shown in Figure 10. It can be
seen that the proposed approach successfully estimates the
spreading function while the conventional approach

Figure 7: Location of the typhoon during the measurement.

80 m

Land

Tested cofferdam
(seabed: -10 m)

ultrasonic wave gauge

Main wave direction

China East Sea

N

Trestle
(temporary passge for
bridge construction)

Figure 6: Layout of the measurement site.

Table 1: Different plans to test the effect of array pattern.

Array pattern Gauge no. Number of employed gauges
Array 1 4, 3, 2, 1, 12, 11, 10 7
Array 2 4, 2, 1, 12, 10 5
Array 3 3, 1, 11 3
Array 4 5, 6, 7, 8, 9 5
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underestimates the peak and overestimates the width of the
spreading function because it cannot separate the coupled
incident and diffracted wave components. With respect to
the estimated spectral density S(f), Figure 10(b) shows that
the conventional approach significantly overestimates the
spectral density while the presented approach aligns with the
target well. Figure 11 illustrates the estimated three-di-
mensional directional spectra and shows that the conven-
tional approach poses significant discrepancies of the
direction and energy distribution in the estimated spectrum
and overestimates the significant wave height andmain wave
direction.-e presented approach agrees well with the target
spectrum. It again proves that it is necessary to consider the
diffraction effect in spectrum estimation and the conven-
tional approach may lead to significant errors.

4.1.2. Effect of Spreading Coefficient. -e spreading coeffi-
cient s in the spreading function D(θ) dominates the width
of wave direction distribution and represents different types
of sea states. To test the ability of the proposed approach on
spectrum estimation with different spreading coefficients s,
stochastic wave pressure data with s� 10, 25, and 75 are
generated and used to perform the spectrum estimation.
According to Goda [29], these three typical spreading co-
efficients represent sea states of wind wave (s� 10), short-
distance decaying swell (s� 25), and long-distance decaying
swell (s� 75). -e estimated spectra are compared with the
target and presented in Figure 12. Note that all estimations
are performed using Array 1 validated in the previous
section, and diffracted components are eliminated. All
spectra are normalized by the maximal value in the target
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spectra, i.e., E(θ, f)/E(θ, f)max in order to have a better view
for comparison. It shows that the proposed approach esti-
mates reasonable directional spectra for all spreading co-
efficients, though it seems to slightly underestimate the
width of directional spreading for scenario s� 10, and some
slight deviations in the peak estimations. Nevertheless, it
shows that the presented approach can give plausible di-
rectional estimations under various sea states.

4.1.3. Effect of Background Noise. In engineering practice,
measurement data inevitably contain background noise, and
therefore is necessary to investigate the effect of noise on
estimating performance. Noise level is usually measured by
signal-noise-ratio (SNR), which is defined as the ratio of
signal power to noise power:

SNR �
PSignal

PNoise
. (24)

-e unit of SNR is dB and a large value of SNR indicates
good quality signals. In this study, artificial Gaussian white
noise is mixed into the simulated pressure signals to generate
pressure data with noise, and pressure data with various
levels of noise (SNR� 100, 50, 20, and 10) are fed to the
estimation approach to test its performance against noise.
-e estimated directional spectra are normalized and shown
in Figure 13. Note that to illustrate the original estimations,
the diffraction components, i.e., the side wings, are not cut
off in the results. It indicates that the estimated results have a
reasonable agreement with the target when SNR� 100, 50,
and 20, while it underestimates the peak value and over-
estimates the width of spreading function when SNR� 10.
With the increasing background noise, the accuracy of es-
timated spectra drops and leads to deviations in directional
spreading. However, in general, the results reveal that the

presented method performs well against background noise
which should attribute to the good noise resistance of the
BDM itself. (11) shows that BDM has considered a Gaussian
error term in its governing formulations and hence can, to a
considerable degree, eliminate the background noise and
gives favorable estimation. -e good performance in noise
resistance of the method provides a basis for further ap-
plication into field measurement.

4.2. Numerical Experiment 2: Quasirectangle Cofferdam.
-is numerical experiment is used as a proof-of-concept
study and aims to further deploy into a real in-situ
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Figure 12: Estimated spreading function under various sea states: (a) spreading coefficient (s)� 10; (b) spreading coefficient (s)� 25; (c)
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application. By performing the same procedure in Section
4.1, the effect of gauge array, spreading coefficients and
background noise can be tested to choose the best array and
validate the presented approach. For the sake of conciseness,
the similar results are not illustrated and discussed again.
-is section will pay more attentions to the effect of wave
direction on spectrum estimation. Since the cofferdam is a
noncentrosymmetric geometry and the effect of incident
wave directions on spectrum estimation should be carefully
discussed. In this case, 5 gauges including #1, #2, #4, #5, and
#6 are taken as the estimation array. -e input simulated
pressure signals are mixed with Gaussian white noise with
SNR� 20. -e estimated spreading function D(θ) and
spectral density S(f) regarding various incident wave di-
rections of 30°, 45°, and 60° are illustrated in Figures 14 to 17,
respectively. Note that according to the long-term in-site

observation, the main wave directions at the studied cof-
ferdam concentrate in a relative narrow range about 30°–60°
due to the local seabed topography and opening direction of
the strait, as shown in Figures 6 and 7. -erefore, only wave
directions of 30°, 45°, and 60° are tested and discussed. -e
estimated results using the presented approach are also
compared with the conventional approach to enhance the
effect of diffracted waves. Figure 14 shows that, in general,
the presented approach reasonably estimates most of the
spreading functions and main wave directions, while some
slight discrepancies in main directions are still observed in
case θ � 30° and θ � 60° and the presented approach un-
derestimates the width of directional functions in case θ
� 30°. Nevertheless, the presented approach still shows
advantages over the conventional approach, which obviously
underestimates the width of the spreading function and
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Figure 14: Estimated spreading functions under various wave directions: (a) θ � 30°; (b) θ � 45°; (c) θ � 60°.
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predicts inaccurate main directions due to a lack of ability to
separate incident and diffracted wave components. In Fig-
ure 15, it reveals that the conventional approach significantly
underestimates the peak energy and spectral width. -e
conventional approach also causes some unnecessary high
frequency components, which could impose errors in wave
spectra for real engineering applications. Compared with
conventional approach, the presented approach obviously
improves the spectral density estimation by considering the
coupled relationship between incident and diffracted waves.
It indicates that the presented approach can yield

appreciable spectrum estimations for various wave direc-
tions and provides basis for further application into in-situ
measurement.

4.3. Application: Field Measurement Data Analysis. A series
of wave pressure measurement data during typhoon Dujuan
in 2015 on an actual quasirectangle cofferdam, which has
been discussed in Section 4.3, is applied to estimate the
directional wave spectrum. Figure 16 shows four samples of
estimated three-dimensional directional spectra collected at
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Shock and Vibration 15



0.08

Directional Spectrum

0.06

0.04

0.02

0
180

135 90 45 0 -45-90
-135-180 0

0.1
0.2

0.3
Wave directions (deg) Frequency [Hz]

S 
(f,
θ)

 [m
2 

s/
de

gr
ee

]

(a)

0.08

0.06

0.04

0.02

0
180

135 90 45 0 -45-90
-135-180 0

0.1
0.2

0.3
Wave directions (deg) Frequency [Hz]

S 
(f,
θ)

 [m
2 

s/
de

gr
ee

]

Directional Spectrum

(b)

0.1

0.05

0
180

135 90 45 0 -45-90
-135-180 0

0.1
0.2

0.3
Wave directions (deg) Frequency [Hz]

S 
(f,
θ)

 [m
2 

s/
de

gr
ee

]

Directional Spectrum

(c)

0.08

0.1

0.06

0.04

0.02

0
180

135 90 45 0 -45-90
-135-180 0

0.1
0.2

0.3
Wave directions (deg) Frequency [Hz]

S 
(f,
θ)

 [m
2 

s/
de

gr
ee

]

Directional Spectrum

(d)

Figure 16: Estimated directional spectra at different moments during Typhoon Dujuan: (a) 2015/09/29 0 : 00; (b) 2015/09/29 0 :10; (c) 2015/
09/29 1 :10; (d) 2015/09/29 2 : 00.
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different moments during 2015/09/29 0 : 00 to 2015/09/29 02 :
00. It indicates that the presented approach works robustly on
the measurement samples. -e measured directional spectra
reveal that during this typhoon event, the main wave directions
are θ� 49°–61° and the fitting spreading coefficient
s� 22.5–28.8, representing sea states transiting fromwindwaves
to short distance decaying swells. To validate the results, the
estimated spectral density is compared with measured spectral
density, which is collected using a single-point style ultrasonic
wave gauge, as introduced in Section 3.3 and Figure 6. Note that
the wave gauge is only capable of analyzing two-dimensional
spectra because the elevation data at a single point is insufficient
for wave directional estimation.Nevertheless, the comparison of
spectral density can, to a certain extent, prove the consistency
and validity of the presented approach in spectrum estimation.
Figure 17 demonstrates the comparison of estimated and
measured spectral density. It indicates that the presented ap-
proach estimates the spectral density with a reasonable
agreement, though some deviations are found in low frequency
range. It should be noted that the wave gauge is about 80m away
from the cofferdam, and the spatial variability of wave spectral
characteristics may cause these deviations in estimated and
measured spectra, which is a reasonable explanation of devi-
ations in the comparison of spectral density in Figure 17. In
general, the presented approach works well in in-situ mea-
surement and can estimate the wave spectra with plausible
accuracy. It provides proof-of-concept evidence for potential
applications in more offshore engineering practice.

5. Conclusion

In the present study, the diffraction wave theory is intro-
duced into the estimation of directional wave spectrum to
consider the effect of diffracted waves using array pressure

data from existing pressure gauges on structures. Two nu-
merical experiments are conducted as proof-of-concept
studies to test and evaluate the feasibility of the presented
approach under various structures and wave scenarios. -e
performance of the presented approach using various gauge
arrays, different wave directions and spreading coefficients,
and multiple levels of background noise is evaluated and
discussed, respectively. -e presented approach is also
deployed into an in-situ measurement application and
compared with wave observation data to test its validity in
engineering practice.

-e numerical experiments show the validity of the
presented approach. By using the correct transfer function,
either analytical or numerically modeled, the presented
approach can estimate the directional spectra under various
wave scenarios with a plausible agreement. -e gauge array
significantly affects the spectrum estimation and a sensitive
test is necessary. A high level of background noise can lead to
deviations in estimated spectra while the presented approach
has a good noise resistance which should attribute to the
BDM method. -e presented approach shows apparent
advantages over the conventional approach in diffracted and
incident wave field, which indicates that considering the
diffraction effect in spectrum estimation is essential. -e
presented approach works well in in-situ applications and
can estimate the wave spectra with plausible accuracy. -e
estimated spectra during Typhoon Dujuan in 2015 show that
the sea states which the cofferdam was actually encountering
have the main wave directions of 49°–61° and the fitting
spreading coefficient s� 22.5–28.8, representing sea states
transiting fromwind waves to short distance decaying swells.
-e experiment results and engineering application provide
proof-of-concept evidence of the presented approach for
potential applications in more engineering practice.
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Figure 17: Estimated and measured spectral density at different moments during Typhoon Dujuan: (a) 2015/09/29 0 : 00; (b) 2015/09/29 0 :
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-e presented approach uses existing pressure gauges
which are a part of the structural health monitoring (SHM)
system, is a low-cost alternative for spectrum estimation, and
shows potentials and advantages for engineering practice.
However, this article aims at a proof-of-concept study and
some limitations should be pointed out. At present, only a
uni-modal incident wave situation is considered. If the
incident waves are bimodal, i.e., the superposition of two or
more sea states, the diffracted components may fall into the
incident directional range, and therefore, the spectral
components of the incident and diffracted waves are mixed
and cannot be manually eliminated. -is case requires
autorecognition and separation of diffracted and incident
components, which may call for a more advanced mathe-
matical model in spectrum estimation. Another inherent
difficulty in separating incident and diffracted waves is that
diffracted waves are usually cylindrical waves which means
they may distribute in all directions. When the incident
waves spread in a wide range, they inevitably overlap over
the diffracted waves and may affect the estimated spectrum.
Selection for the most suitable gauge array under these
scenarios should be very careful and requires further in-
vestigation and knowledge. Note that the diffraction effect is
only significant for large-scale structures and becomes
negligible for components like offshore structure legs. In the
future, more experimental or measured data should be
collected to further test the validity of the presented method
under more complex sea states. Some advanced methods
[30] are worthwhile to implement to further improve the
accuracy and smoothness in estimated spectra.
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