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In this paper, a vehicle-bridge coupling dynamic model is established considering the vertical wheel-rail tight contact and the
lateral simplifed wheel-rail creeping.Trough the site test and the numerical calculation, the dynamic defections and the stresses
of the U-shaped girder in the Nanjing S6 Urban Rail Transit in China are obtained, and the efectiveness of the established
numerical model is verifed. By changing the vehicle types and speeds, the dynamic amplifcation coefcients (DAFs) of the vertical
defections and the biaxial stresses at the girder bottom including the key points at the plate and section intersections are calculated.
Te research shows that the distribution of the lateral stresses is more complex than that of the defection and the longitudinal
stresses. Based on the calculation results considering various vehicle types, it is suggested that the DAFs of the vertical defections and
the longitudinal stresses are taken as 1.30, and the DAF of the lateral stresses remains at 1.40 as stipulated by the code.Te research of
this paper is to provide a reference for the structural design and size optimization of the U-shaped girders for urban rail transit.

1. Introduction

As an open thin-walled structure, a U-shaped girder com-
prises a bottom plate carrying the track slab, two webs on
both sides, and two fange plates above the webs, and all of
these structural components form a “U-shape” from the
cross-sectional view [1]. Te structure has the advantages of
low building height, good noise-reduction efect, high uti-
lization of sectional space, fne driving safety, and beautiful
appearance. As a novel type of bridge structure suitable for
urban rail transit, U-shaped girder has been increasing
widely used in recent years.

In the past decades, many scholars carried out research
works on the static and dynamic performance of U-shaped
girders. Xu et al. [2] studied the behaviour of the U-shaped
thin-walled girders under the combined actions of bending,
shear, and torsion and developed a method to predict the
failure modes and the ultimate loads. Li et al. [3] compared
the vibration and noise characteristics of the concrete

bridges with diferent sections by using a 3D vibroacoustic
fnite element method and found that the U-shaped girder
generally leads to slightly lower total noise levels than the
box girders. Zhang et al. [4] carried out a full-scale test to
examine the ultimate bearing capacity of the U-shaped
girder and developed a refned numerical model to simu-
late the damage evolution and the failure process. Teir
study shows a fexural failure occurs on the structure under
the vertical loads. Xu et al. [5] observed the temperature
stress of a U-shaped girder for a 48-hour period during the
winter, and the research found the web, and bottom plates
have signifcant longitudinal tensile stresses which should be
considered in the design.

To design a bridge structure including the U-shaped
girder, it is necessary to determine the dynamic efect of the
moving vehicles on the structure [6]. In the design codes
[7–9], this dynamic efect is always considered by multi-
plying the static live load by the dynamic amplifcation factor
(1 + μ), in which μ is termed as the dynamic coefcient.
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Generally, the DAF (1 + μ) is represented by using the ratio
of dynamic response to static response. To meet the re-
quirements of structural stifness and cracking resistance,
both the deformation and stress characteristics of the bridge
structure should be considered. Ma et al. [10] investigated
the DAFs of the continuous bridges by selecting 15 con-
tinuous bridges and conducting a vehicle-bridge interaction
analysis, and the research indicates that the DAFs of the
continuous bridges increase dramatically when resonance
phenomena occur. Zhang et al. [11] analyzed the DAFs and
the equivalent uniform distribution load of the bridges
under the random trafc fows and adopted the Monte Carlo
simulations to obtain the results of some given bridge spans.
Mensinger et al. [12] studied the variations of the analytical
and experimental observations on the dynamic responses of
the steel railway bridge and compared the measured stresses
of a locomotive passing through a historical steel railway
bridge with the calculated stresses contemplating the dy-
namic factor proposed by EN1991-2.

Te mechanical characteristics of a U-shaped girder are
quite diferent from those of ordinary box girders. Under
a vertical load, the bottom plate of a U-shaped girder not
only carries the longitudinal bending moments but also has
the transverse bending moments, thus producing a biaxial
defection. In 2011, Wu et al. [13, 14] carried out a feld test
and vehicle-bridge coupling vibration analysis to study the
dynamic responses of a single-track simply supported U-
shaped girder. By calculating the longitudinal and transverse
stresses at the bottom plates, Wu pointed out that the dif-
ferences between the DAFs of the longitudinal and trans-
verse stresses should be considered in the design. Normally,
it is convenient to use a single dynamic coefcient in
structural strength and stifness design. In China, according
to the Code for Design of Urban Rail Transit Bridges
(GBT51234-2017) [9], the DAF (1 + μ) is recommended to
value 1.40 for the single-track U-shaped girder. However,
due to the complex and diferent mechanical characteristics
of U-shaped girder in spanning and transverse directions,
using a single and conservative DAF value as done in the
ordinary girder design may lead to a waste of building
materials. Furthermore, the present research calculated the
DAFs at only a few structural positions, and some key points
at complex local positions were neglected. For the U-shaped
girders, an accurate study is required considering the key
points as more as possible, such as the ones at the in-
tersection of the strengthened and unstrengthened sections
in the spanning direction and at the intersections of the web
and bottom plates in the transverse direction. In addition,
various vehicle types with diferent vehicle lengths, axle
weights, wheelbase, and bogie spacing are adopted on the

U-shaped girders in reality, but the existing research did not
investigate the infuence of vehicle types on the DAFs. In-
sufcient selection of the key points at complex structural
local positions and overlooking the diversity of vehicle types
may cause an inaccurate calculation of the DAFs. Terefore,
it is necessary to conduct a thorough research on the DAFs
of the U-shaped girders considering more structural posi-
tions, more vehicle types, and more study cases.

In this paper, a vehicle-bridge coupling model is
established, and its efectiveness is verifed through a site test.
By selecting more key points at the plate and section in-
tersections, the dynamic responses of the bridge under
diferent vehicle types and speeds are calculated, and the
DAFs of the biaxial stresses and defections are obtained. A
comprehensive analysis in this research indicates the dis-
tribution of the DAFs considering diferent structural po-
sitions and vehicle parameters and discusses the rationality
to separate the DAF values of the defections and the lon-
gitudinal and lateral stresses in the U-shaped girder design.

2. Vehicle-Bridge Coupling Dynamic Model

2.1. Model Description. In recent years, many research
achievements have been made in the study of vehicle-bridge
coupling vibration [15–17]. Based on the classical analysis
methods [18], many researchers developed a series of so-
lution methods and calculation models [19–25].

In general, a vehicle-bridge coupling model consists of
the vehicle subsystem and the bridge subsystem, and they are
connected by the wheel-rail interaction force. In this paper,
it assumes that the wheel and rail are in a tight contact state
in the vertical direction to save the calculation time. A
simplifed creep theory [26] is adopted to simulate the
wheel-rail contact in the lateral direction, and the creep
forces in the forward and swing movements of the wheel set
are ignored. Only the creep force in the yaw movement of
the wheel set is considered, and it equals to the product of the
relative wheel-rail deformation and the creep coefcient. In
this study, the creep coefcient could be obtained using the
following equation:

cw−r � −
S22r

2/3

V
N

2/3
, (1)

where V is the vehicle speed, N is the static axle load of the
vehicle, and the parameter S22r2/3 could be determined by
the wheel-set radius [26].

Te dynamic equation of the vehicle-bridge coupling
system is
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where the subscripts “v” and “b” represent the vehicle and
the bridge.

Te advantage of this method is that the motions of the
vehicles and the bridge are coupled directly, and the dy-
namic responses of the system at each time step could be
solved without any iteration to guarantee the calculation
convergence.

2.1.1. Matrices of the Vehicles. Tere are Nv vehicles on the
bridge, and their displacements could be expressed as
follows:

Xv � Xv1 Xv2 · · · XvNv 
T
, (3)

where Xvi � Xci Xti1 Xti2 Xwi11 Xwi12 Xwi21 Xwi22 
T,

(i � 1, 2, . . . , Nv).
Te displacements of the ith car body and its two bogies

are written as follows:

Xci � Yci θci ψci Zci φci 
T
,

Xtij � Ytij θtij ψtij Ztij φtij 
T
,

Xwijl � Ywijl 
T
.

(4)

Te mass and stifness matrices (subscript “v”) of the
vehicles are

Mv �

Mv1 0 0 0

0 Mv2 0 0

0 0 ⋱ 0

0 0 0 MvNv
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Kv �

Kv1 0 0 0

0 Kv2 0 0

0 0 ⋱ 0

0 0 0 KvNv

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(5)

where
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. (6)

Te mass matrices of the ith car body, its jth bogie, and
the lth wheel set are
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 .

(7)

Te stifness matrix of the ith vehicle is
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, (8)
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,

(9)

where k
y
1ijl, kz

1ijl, c
y
1ijl, and cz1ijl are the lateral and vertical

stifness, as well as the lateral and vertical damping ratios of
the primary suspension on the lth wheel set of the jth bogie
of the ith vehicle. k

y
2ij, kz

2ij, c
y
2ij, and cz2ij are the lateral and

vertical stifness, as well as the lateral and vertical damping
ratios of the secondary suspension of the jth bogie of the ith
vehicle. h1i, h2i, and h3i are the vertical distances between the
center of the car body, the axle center of the secondary
suspension, and the axle center of the wheel sets of the ith
car, respectively; ai and bi are half of the transverse distances
of the primary and secondary suspension systems, and di and
si are half of the longitudinal distances between the bogie
centers and the bogie wheelbase of the ith car.

Te damping submatrices of the vehicle could be ob-
tained by replacing “K” with “C,” and the only diference

between the “Kvi” and “Cvi” is the submatrices of the wheel
set:

Kwijlwijl
� k

y

1ij ,

Cwijlwijl
� c

y
1ij + cw−r .

(10)

2.1.2. Matrices of the Bridge. Te number of the mode
shapes considered in the calculation is Nb, and the gener-
alized displacements can be expressed as follows:

Xb � q1 q2 · · · qNb 
T
. (11)

Te mass, stifness, and damping submatrices of the
bridge (subscript “bb”) are

4 Shock and Vibration



Mbb �

1 + M
11
b M
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b · · · M
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b · · · M
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· · · · · · ⋱ · · · ,
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b
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m
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y
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zijlϕ
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z
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b C
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1Nb

b

C
21
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22
b · · · C

2Nb

b

· · · · · · ⋱ · · · ,

C
Nb1
b C

Nb2
b · · · 2ξωNb

+C
NbNb

b
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(14)

where Cnm
b � 

Nv

i�1
2
j�1

2
l�1[(ϕ
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θijl)(ϕ
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m
θijl)

cw−r + ϕn
θijlϕ

m
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y
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2.1.3. Matrices of Vehicle-Bridge Interaction. Te stifness
matrices coupling the vehicles and the bridge (subscripts
“vb” and “bv”) could be expressed as follows:

Kvb � K
T
bv �

Kv1b

Kv2b

· · · ,

KvNvb

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Kvib
�

0 0 · · · 0

Kti1q1
Kti1q2

· · · Kti1qNb

Kti2q1
Kti2q2

· · · Kti2qNb

Kwi11q1
Kwi11q2

· · · Kwi11qNb

Kwi12q1
Kwi12q2

· · · Kwi12qNb

Kwi21q1
Kwi21q2

· · · Kwi21qNb

Kwi22q1
Kwi22q2

· · · Kwi22qNb
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(15)

where the submatrices coupling the jth bogie of the ith
vehicle and the generalized displacement of the nth mode of
the bridge are

Ktijqn
� K

T
tijqn

� − 
2

l�1

0

ϕnm
θijla

2
i k

y
1ij

0

ϕnm
zijl + eϕnm

θijl k
z
1ij.

ηijldiϕ
nm
zijlk

z
1ij

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (16)

Similarly, the damping submatrix of the vehicle could
also be obtained from equations (19)–(22) by replacing the
“K” with “C.”

Kwijlqn
� Kqnwijl

� [0],

Cwijlqn
� Cqnwijl

� − ϕnm
zijl + h4iϕ

nm
θijl c

y
1ij ,

(17)

where i� 1, 2, . . ., Nv; n� 1,2, . . ., Nb; j� 1,2.

2.1.4. Forces on the Vehicle-Bridge System

(1) Forces on the vehicles

Fv � Fv1
Fv2

· · · FvNv 
T
, (18)

where

Fvi
� 0 Fti1

Fti2
Fwi11

Fwi12
Fwi21

Fwi22 
T
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0
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2
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1ij
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0

k
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z
1ij
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ηijldi k
z
1ijZs xijl  + c

z
1ij

_Zs xijl  .

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Fwijl
� cw−r

_Ys xijl  .

(19)

(2) Forces on the bridge

Fb � Fq1
Fq2

· · · FqNb 
T
, (20)

where

Fqn
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Nv

i�1


2

j�1


2

l�1
− ϕn

θijla
2
i k

z
1ijθS xijl  + ϕn

zijl + eϕn
θijl k

z
1ijZS xijl  ,
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1ij
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z
1ij
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n
θijl cw−r

_YS xijl   + ϕn
zijl 0.25Mci

+ 0.5Mtij
+ Mwijl

 .

(21)
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In the previous equation, the values of ϕn
yijl(xijl),

ϕn
θijl(xijl), and ϕn

zijl(xijl) represent, in the nth mode shape,
the lateral, torsional, and vertical modal displacements at the
location xijl, where the lth wheel set of the jth bogie of the ith
vehicle arrives. θs(xijl) and Zs(xijl) are the rotational and
vertical track irregularities at the wheel-set location xijl.
_YS(xijl), _θS(xijl), and _ZS(xijl) are the velocities of the lateral,
rotational, and vertical irregularities at xijl, and they are equal
to the slopes of the relative irregularities divided by the
vehicle speed. Tese modal displacements and irregularities
change when the vehicle moves on the bridge, so that the
dynamic equation of the vehicle-bridge system becomes
linear diferential equations with time-varying coefcients.
In this study, the equations are solved by using the
Newmark-β method.

2.2. Model Verifcation

2.2.1. Project Introduction. Taking the 30m prestressed
concrete (PC) simply supported U-shaped girder in Nanjing
S6 Urban Rail Transit as a study case, a series of site tests and
numerical simulations was carried out. Te height of the
girder is 1.80m, and the bottom width is 3.91m. Te
thicknesses of the bottom plates at the midspan and the
girder end are 260mm and 400mm, respectively. Te key
cross sections of the girder are shown in Figure 1.

To consider the stress difusion on the track slab as well
as the spatial mechanical characteristics of the U-shaped
girder, a 3D fnite element model of the U-shaped girder
including the track slab is established using the ANSYS
software, as shown in Figure 2.

By the eigenvalue calculation, the frequencies and the
mode shapes of the 1st∼5th modes are obtained and shown
in Table 1.

Te train formation is “motor + trailer + trailer +motor,”
and the running speed during the test is 110 km/h. Due to
the data lack of the track irregularities, the US six-level
spectrum is used to generate the irregularities in lateral
(alignment), rotational (cross level), and vertical (longitu-
dinal level) directions, as shown in Figure 3.

Te key cross sections at the 1/4, 1/2, and 3/4 spans of the
girder where the maximum responses may usually appear are
considered in the calculation. Moreover, the responses of the
cross sections near the movable and fxed ends should also be
checked. To take a more accurate analysis than the previous
work, hundreds of key points are selected along the girder. A
local rectangular coordinate system is created, by which all of
the key points could be expressed more clearly, as shown in
Figure 4(a). In the transverse direction, there are 13 sets of
lateral coordinates (y1∼y13) including the intersections of the
web and bottom plates, as shown in Figure 4(b). In the
spanning direction, there are 17 sets of longitudinal

coordinates (x1∼x17) including the intersections of the
strengthened sections near midspan and unstrengthened
sections near girder end, as shown in Figure 4(c).

2.2.2. Results Comparison. To verify the established vehicle-
bridge analysis model, a site test was carried out on a U-
shaped girder in Nanjing S6 Urban Rail Transit. Due to the
limitation on the number of measuring points in the test, only
a few of the key points with the x-coordinate of x1, x7, x9, x11,
x17 and with the y-coordinate of y1, y4, y7, y10, x13 in Figure 4
are selected as the measuring points. In the site test, the
vehicles are type-B metro trains with empty loaded, and the
weights of the empty motor and trailer cars are 9.0t and 8.25t,
respectively. To record the dynamic vertical defections of the
girder, themultipoint video detection system of HPQN-Xwas
adopted in the test site, as shown in Figure 5(a).

At the same time, using the INV3062V high-precision
acquisition instrument shown in Figure 5(b) as the dynamic
strain collecting tool, combined with the INV2312N wireless
static strain measuring instrument shown in Figure 5(c) to
eliminate the additional static strains such as the thermal
strain, the vehicle-induced strains at the girder bottom were
obtained.

(1) Vertical Defection. Te time histories of the vertical
defections dz at the transverse centers of the bottom plate as
well as the intersections of the web and the bottom plates at
the 1/4, 1/2, and 3/4 spans are calculated and compared with
the test data, as shown in Figure 6.

By comparing the previous fgures, it can be observed
that the vertical defections at the midspan are the largest,
and those at the 1/4 span are the smallest. On the same cross
section, the defections at the intersections on both sides are
almost equivalent to those at the transverse center. Te
comparison demonstrates that the calculated and measured
time histories are in good agreement.

(2) Strain at Girder Bottom. On the cross sections at the 1/4,
1/2, and 3/4 spans and near the girder ends, the longitudinal
strains εX and the lateral strains εY at the measuring points
are plotted with the test values, as shown in Figure 7.

From the calculation results, it is clear that the stresses at
the transverse centers of the bottom plate gradually increase
from the girder ends to the midspan, and the increasing
trend slows near themidspan. Inmost cases, the longitudinal
stresses are greater than the lateral ones.

By comparing the test and calculation results, it can be
found that they are close, which proves that the vehicle-
bridge coupling dynamic model established in this paper
could be used to predict the structural defections and
stresses under diferent vehicle speeds. Te stress distribu-
tion on the U-shaped girder is very complex, and a detailed
analysis of the DAF is always required.
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Figure 1: Cross sections of the 30m U-shaped girder (unit: mm): (a) midspan and (b) girder end.

Figure 2: Finite element model of the U-shaped girder.

Table 1: Dynamic characteristics of the U-shaped girder.

No. Frequencies (Hz) Mode shapes Descriptions

1 3.971 Te 1st vertical bending

2 6.680 Te 1st lateral bending

3 12.670 Te 2nd vertical bending

4 12.797 Te 1st rotation

5 17.006 Te 2nd lateral bending
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Figure 3: Track irregularities: (a) alignment, (b) cross level, and (c) longitudinal level.
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Figure 4: Key-point locations along the U-shaped girder: (a) the local rectangular coordinate system defned in the study, (b) transverse
direction, and (c) spanning direction.
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Figure 5: Measuring instruments used in the site test: (a) displacement detection system of HPQN-X, (b) acquisition instrument of
INV3062V, and (c) strain measuring instrument of INV2312N.
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Figure 6: Continued.
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Figure 6: Time histories of themeasured and calculated defections: (a) dZ at the location of (x7, y7), (b) dZ at the location of (x7, y13), (c) dZ at
the location of (x9, y7), (d) dZ at the location of (x9, y1), (e) dZ at the location of (x11, y7), and (f) dZ at the location of (x11, y13).
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Figure 7: Continued.
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Figure 7: Time histories of the measured and calculated strains: (a) εX at the location of (x9, y13), (b) εX at the location of (x9, y1), (c) εX at the
location of (x9, y7), (d) εY at the location of (x9, y7), (e) εY at the location of (x1, y7), (f ) εY at the location of (x7, y7), (g) εY at the location of (x9,
y1), (h) εY at the location of (x11, y13), (i) εY at the location of (x17, y13), and (j) εY at the location of (x17, y1).
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3. Case Study

3.1. Dynamic Responses

(1) Vertical Defection. For railway and metro bridges, an
excessive structural deformation will cause severe vibration
or even vehicle derailment on the bridge, and the structural
deformation caused by the live load should be limited. Te
time histories of the vertical defections at the key points are
calculated, and the results when the type-B vehicle runs at
the operation speed of 120 km/h are listed in Figure 8.

By comparing the time histories in Figure 8, it is clear
that the closer the midspan, the greater the defection. At the
midspan, the defections exceed 6.0mm. For the defections
on the same cross sections, their diference is not obvious.

(2) Longitudinal Stress. For most girder structures, the
longitudinal stresses at the girder bottom are normally
greater than the lateral ones, and it is generally necessary to
consider the longitudinal stresses when determining the
DAF. Te time histories of the longitudinal stresses σX when
the type-B vehicle runs at 120 km/h are listed in Figure 9.

From the time histories in Figure 9, it can be found that
the bottom of the girder carries longitudinal tensile stresses
at the 1/4, 1/2, and 3/4 spans during the vehicle passing
through. Te maximum tensile stress is close to 2.0MPa,
appearing at the midspan. Te girder bottom is mainly in
compression near the girder ends, and the maximum stress
near the fxed end is greater than that near the movable end.

(3) Lateral Stress. Te lateral stresses are mainly caused by
the transverse bending of the girder, and the analysis of these
stresses is essential to determine the DAF of the U-shaped
girder. When the speed of the type-B vehicle is 120 km/h, the
time histories of the lateral stresses σY are listed in Figure 10.

Comparing Figure 10 with Figure 9, it can be observed
that the distribution of the lateral stresses is more compli-
cated than that of the longitudinal stresses, although the
amplitudes of the lateral stresses are lower than the longi-
tudinal ones in most cases. In most cases, the girder ex-
periences both tensile and compressive stresses. At the 1/4,
1/2, and 3/4 spans, the key points with y3, y4, y10, and y11
coordinates have the greatest lateral tensile stress, meaning
that the most unfavourable positions are near the transverse
midspan of the bottom plate. Near the girder ends, the key
points with y1∼y4 and y10∼y13 coordinates near the in-
tersection areas are in compression, and the ones near the
transverse center of the bottom plate are mainly in tension.

3.2. Te DAFs. In this study, the DAF is defned as follows:

DAF � 1 + μ �
Ddy

Dst
, (22)

where Ddy is the structural dynamic response caused by the
moving vehicle and Dst is the structural static response
caused by the design live load of the vehicle.

Te quasistatic loading is taken by moving the vehicle at
a low speed of 1.0 km/h, and the corresponding responses
are set to be Dst. By using the vehicle-bridge coupling model
introduced in Section 2, the calculated dynamic responses
Ddy could be obtained. To conduct a thorough study of the
DAFs, the vehicles including the type-A, type-B, and type-D
subway trains are considered, and all of them are widely used
in China [9]. Due to the diference between the lengths, the
wheelbases, the bogie spacings, and the axle weights of the
vehicles, the structural dimensions of the girders for various
vehicle types are diferent. Te information on the vehicles
and girders is shown in Table 2.

Where, the intervals of y3∼y11 are 8× 368.25mm and
8× 393.25mm, for the girders designed for the type-A and
type-D trains, respectively.

Trough a series of calculations, the DAFs of the U-
shaped girder under diferent cases can be obtained. Table 3
shows the distribution of the DAFs of the girder designed for
the type-A vehicle at speeds of 80 km/h, 100 km/h, 120 km/h,
140 km/h, and 160 km/h.

From Table 3, it is clear that the DAFs of the defections
are all lower than 1.10 in all listed cases. Similarly, most of
the DAFs of the longitudinal stresses do not exceed 1.10,
except for those at the strengthened section close to the fxed
end. For the DAFs of the lateral stresses, the values are
greater than 1.10 at many key points along the girder, and the
maximum DAF of 1.320 appears at the left plate intersection
of the 1/4 span when V� 120 km/h.

Table 4 shows the distribution of the DAFs of the girder
designed for the type-B vehicle at the speeds of 80 km/h,
100 km/h, 120 km/h, 140 km/h, and 160 km/h.

By observing Table 4, it is found that the DAFs of the
defections and the longitudinal stresses are around 1.20
when the vehicle speed V> 120 km/h. From the distribution
trend in the fgures, the average DAFs of the lateral stresses
increase with the vehicle speed, and the values at some
positions exceed 1.20 when V≥ 120 km/h. At the left plate
intersection of the 1/4 span, the maximum DAF
reaches 1.385.

Table 5 shows the distribution of the DAFs of the girder
designed for the type-D vehicle at the speeds of 120 km/h,
140 km/h, 160 km/h, 180 km/h, and 200 km/h.

It is clearly seen from Table 5 that the DAFs of the
defections and the longitudinal stresses are greater than the
cases of type-A and type-B because of the higher speed range
for the type-D train. At the listed speeds, the DAFs greater
than 1.20 are mainly at the strengthened section close to the
fxed end. Although the operation speed of the type-D train
is clearly higher than others, the DAFs of the lateral stresses
are still less than the stipulated value of 1.40 in the code.
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Figure 8: Continued.
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Figure 8: Time histories of the vertical defections at the bottom plate (V� 120 km/h): (a) dZ at the locations of (x1, y1∼y7), (b) dZ at the
locations of (x1, y7∼y13), (c) dZ at the locations of (x7, y1∼y7) (d) dZ at the locations of (x7, y7∼y13), (e) dZ at the locations of (x9, y1∼y7), (f ) dZ at
the locations of (x9, y7∼y13), (g) dZ at the locations of (x11, y1∼y7), (h) dZ at the locations of (x11, y7∼y13), (i) dZ at the locations of (x17, y1∼y7),
and (j) dZ at the locations of (x17, y7∼y13).
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Figure 9: Continued.
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Figure 9: Time histories of the longitudinal stresses at the bottom plate (V� 120 km/h): (a) σX at the locations of (x1, y1∼y7), (b) σX at the
locations of (x1, y7∼y13), (c) σX at the locations of (x7, y1∼y7), (d) σX at the locations of (x7, y7∼y13), (e) σX at the locations of (x9, y1∼y7), (f ) σX
at the locations of (x9, y7∼y13), (g) σX at the locations of (x11, y1∼y7), (h) σX at the locations of (x11, y7∼y13), (i) σX at the locations of (x17,
y1∼y7), and (j) σX at the locations of (x17, y7∼y13).
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Figure 10: Continued.
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Figure 10: Time histories of the lateral stresses at the bottom plate (V� 120 km/h): (a) σY at the locations of (x1, y1∼y7), (b) σY at the locations
of (x1, y7∼y13), (c) σY at the locations of (x7, y1∼y7), (d) σY at the locations of (x7, y7∼y13), (e) σY at the locations of (x9, y1∼y7), (f ) σY at the
locations of (x9, y7∼y13), (g) σY at the locations of (x11, y1∼y7), (h) σY at the locations of (x11, y7∼y13), (i) σY at the locations of (x17, y1∼y7), and
(j) σY at the locations of (x17, y7∼y13).
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Table 2: Dimensions of the vehicles and the corresponding girders.

Train types Vehicle
dimensions (unit: m)

Structural dimensions (unit:
mm)

A

24.4

2.5 2.513.2

(a) Motor car (axle weight: 16.00t) 532532

510

260

5310

4010

18
00

2946

3750 670890

2946

510

(a) Midspan

22.8

2.5 2.513.2

(b) Trailer car (axle weight: 15.40t)
757

5310

4460

19
40 2946

3750 670890

400

2946 757

510 510

(b) Girder end

B

2.2 2.210.3

20.9

(a) Motor car (axle weight: 14.00t) 532532

510

260

5210

3910

18
00

2846

3650 670890

2846

510

(a) Midspan

2.2 2.210.3

19.52

(b) Trailer car (axle weight: 13.83t)
757

5210

4360

19
40 2846

3650 670890

400

2846 757

510 510

(b) Girder end
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To follow the conservative principles in structural de-
sign, the maximum calculated speeds of the vehicles in this
study are set to be 40 km/h higher than the operation speeds.
In the calculation, the vehicle speed is increased gradually
from half of the operation speed to the maximum calculated
speed (with an increment of 10 km/h). Tables 6–8 list the
maximum DAFs of all study cases.

From the summarized results in Tables 6–8, it can be
concluded that the maximum DAFs of diferent responses
occur at the girder designed for diferent vehicle types;
thus, the vehicle types should not be neglected in the DAF
calculation. For the maximum calculated speeds in this
study, the maximum DAFs of the vertical defections and
the longitudinal stresses are 1.251 and 1.262, appearing in
the study cases of the type-D train. Te maximum DAF of
the lateral stresses is 1.385, and it occurs in the study case

of the type-A train. For the operation speeds, the related
maximum DAFs of these three responses are 1.127, 1.164,
and 1.302, respectively. As it is known, a lower DAF
means a smaller live load applied on the girder, thus may
lead to a reduction of the girder dimensions, especially
a reduction in the thickness of the bottom plate. Con-
sidering the redundancy in vehicle speed and structural
design, the DAFs of the vertical defections and longi-
tudinal stresses representing the longitudinal mechanical
characteristics are suggested as 1.30, and the DAF of the
lateral stresses is still taken as 1.40. As suggested, a sep-
arate defnition of the DAFs in longitudinal and lateral
directions may cause a lower live load when checking the
longitudinal stresses, and it will be benefcial in reason-
able dimension optimization and efective material
saving.

Table 2: Continued.

Train types Vehicle
dimensions (unit: m)

Structural dimensions (unit:
mm)

D

25.0

2.5 2.514.875

(a) Motor car (axle weight: 17.00t) 532532

510

260

5510

4210

18
00

3146

3950 670890

3146

510

(a) Midspan

25.0

2.5 2.514.875

(b) Trailer car (axle weight: 16.25t) 757

5510

4660

19
40 3146

3950 670890

400

3146 757

510 510

(b) Girder end
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Table 3: Distribution of the DAFs of the U-shaped girder designed for the type-A vehicle.

V Vertical defection Longitudinal stress Lateral stress

80

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17

100

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17

120

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17

140

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17

160

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17

( 1.0∼1.1; 1.1∼1.2; 1.2∼1.3; 1.3∼1.4).
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Table 4: Distribution of the DAFs of the U-shaped girder designed for the type-B vehicle.

V Vertical defection Longitudinal stress Lateral stress

80

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13

y1

y2

y3

y4

y5

y6

y7

y8

y9

y10

y11

y12

y13

x14 x15 x16 x17

100

x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13
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Table 5: Distribution of the DAFs of the U-shaped girder designed for the type-D vehicle.

V Vertical defection Longitudinal stress Lateral stress
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4. Conclusions

Based on the vehicle-bridge coupling dynamics theory, the
DAFs of the defections and stresses of the U-shaped girder
are analyzed by the feld test and numerical calculation.
Trough a comprehensive study considering the local po-
sitions at the web and plate intersections and the diversity of
the vehicle types, the distribution of the DAFs is studied.Te
results show the followings:

(1) Te girder bottom is in longitudinal tensile at the 1/4,
1/2, and 3/4 spans, and it is in longitudinal com-
pression near the girder ends. For the key points
along the transverse direction of the same cross
sections, the diference between the vertical de-
fections or the longitudinal stresses is small. Al-
though the amplitudes of the lateral stresses are
lower than the longitudinal ones, the stress distri-
bution is more complex, and there are both lateral
tensile and compressive stresses at the girder bottom.

(2) TemaximumDAFs considering the type-A, type-B,
and type-D vehicles are diferent, and the infuence
of the vehicle types could not be neglected in the
DAF calculation. After incorporating the results of
various vehicle types, the maximum DAFs of the

vertical defections and the longitudinal stresses
appear at the left plate intersection near the fxed
end, and the maximum one of the lateral stresses is at
the left plate intersection of the 1/4 span. As a key
position with the clear signifcant DAF values, the
intersection of the web and bottom plates should be
concerned carefully when checking cracking
resistance.

(3) For the operation vehicle speeds, the maximum
DAFs of the vertical defections, the longitudinal
stresses, and lateral stresses are 1.127, 1.164, and
1.302. For the maximum calculated speeds 40 km/h
higher than the operation ones, the maximum DAFs
of the related responses are 1.251, 1.262, and 1.385,
respectively. Considering the redundancy principle
in structural design, it is suggested that the DAFs of
the vertical defections and the longitudinal stresses
are taken as 1.30, and the DAF of the lateral stresses
remains 1.40 as stipulated by the code.

Data Availability

Te data used to support the fndings of this study are in-
cluded within the article.

Table 6: Te DAFs of the vertical defections.

Train speed (km/h)

Type-A 60 70 80 90 100 110 120 130 140 150 160
1.013 1.012 1.033 1.044 1.069 1.096 1.078 1.060 1.050 1.045 1.077

Type-B 60 70 80 90 100 110 120 130 140 150 160
1.009 1.015 1.023 1.051 1.084 1.062 1.069 1.125 1.201 1.182 1.119

Type-D 100 110 120 130 140 150 160 170 180 190 200
1.027 1.042 1.080 1.106 1.113 1.113 1.127 1.163 1.206 1.234 1.251

Max 1.251 (at the left plate intersection near the fxed end of the girder designed for type-D with V� 200 km/h)

Table 7: Te DAFs of the longitudinal stresses.

Train speed (km/h)

Type-A 60 70 80 90 100 110 120 130 140 150 160
1.028 1.022 1.040 1.060 1.105 1.118 1.092 1.065 1.067 1.085 1.123

Type-B 60 70 80 90 100 110 120 130 140 150 160
1.028 1.030 1.034 1.054 1.089 1.071 1.092 1.129 1.197 1.175 1.112

Type-D 100 110 120 130 140 150 160 170 180 190 200
1.038 1.045 1.087 1.108 1.114 1.146 1.164 1.191 1.215 1.222 1.263

Max 1.263 (at the transverse center near the fxed end of the girder designed for type-D with V� 200 km/h)

Table 8: Te DAFs of the lateral stresses.

Train speed (km/h)

Type-A 60 70 80 90 100 110 120 130 140 150 160
1.092 1.085 1.139 1.122 1.185 1.175 1.302 1.253 1.211 1.228 1.156

Type-B 60 70 80 90 100 110 120 130 140 150 160
1.094 1.104 1.106 1.098 1.142 1.160 1.208 1.225 1.385 1.347 1.292

Type-D 100 110 120 130 140 150 160 170 180 190 200
1.104 1.128 1.140 1.136 1.162 1.170 1.160 1.214 1.304 1.305 1.328

Max 1.385 (at the left plate intersection of the 1/4 span of the girder designed for type-B with V� 140 km/h)
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