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Tis paper presents a thermal transfermodel and optimization of aV-beamdimension to improve the critical frequency fC (i.e., expanding
the efective working frequency range) of an electrothermal V-shaped actuator (EVA). Te obtained results are based on applying the
fnite diferencemodel, amethod for calculating the critical frequency, as well as conditions to ensure themechanical stability and thermal
safety of EVA. Te infuence of beam dimensions (i.e., length L, width w, and incline angle θ of the beam) on the variation of critical
frequency fC is investigated and evaluated. Moreover, the particle swarm optimization (PSO) algorithm is used to fgure out the optimal
beam dimensions aiming to increase the critical frequency while satisfying conditions such as mechanical stability, thermal safety, and
suitable displacement of EVA.With the optimal dimensions of V-beam (L� 679µm, w � 4µm, and θ� 1.8°), the critical frequency of the
V-shaped actuator can be achieved up to 136.22Hz at a voltage of 32V (average increment of fC is 33.1%with the driving voltage changing
from 16V to 32V) in comparison with the nonoptimal structure (fC is only 102.34Hz at 32V).

1. Introduction

Te electrothermal V-shaped actuator (EVA) is a type of
MEMS (microelectromechanical systems) device that plays
a role of driving microsystems such as microgripper [1],
micromotor [2], nanomaterial testing equipment [3], and
thermal safety equipment [4]. Tis actuator works on the
principle of converting electrical energy into heat and
thermal expansion. Te outstanding advantages of EVA are
large output force, low conduction voltage, and simple
structure. However, the drawback of the V-shaped actuator is
the long response time due to thermal hysteresis. Recently,
there have been many publications on EVA related to im-
provement/optimization issues such as developing accurate
heat transfer models [5], improving structure [6], working
frequency [7], or geometric optimization [8].

Studies on mathematical methods to describe the heat
transfer process of EVA have been a main topic in the last
decade. Te analytical methods have been used to model

steady-state heat transfer [9], or unstable heat transfer [10].
Te fnite diference heat transfer model was used to de-
termine the change and distribution of temperature on the
beam with time as shown in references [5, 11]. Tese are two
methods that are used quite commonly. In addition, there are
some others such as equivalent circuits [12] and the nodal
point method [13]. In these models, the fnite diference
model is simpler than the analytical method, but the non-
linearity of the material can be taken into account. In order to
increase the displacement of EVA, some new structures have
been proposed such as using the lever arm principle [14] or
combining with the U-shaped structure [15].

Determining the efective working frequency range of
EVA is important to design and apply the EVA in micro-
electromechanical systems. Regarding the thermal response of
the actuator, the time constant factor (time for the temperature
to reach a steady state) has been proposed in reference [16].
However, this quantity is determined by solving the ap-
proximation and taking the approximate value while treating
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the material parameters as constants. Te efective working
frequency range determined through the threshold frequency
has been suggested by the authors in reference [7].Te value of
the critical frequency has been determined based on the fnite
diference heat transfer model. Research on dimension opti-
mization of EVA has also been interested, in which GA
(genetic algorithm) and PSO (particle swarm optimization)
have been, respectively, applied for optimizing dimensions to
reduce stress concentration [8] and increase thermal
efciency [17].

Tese studies have made important contributions in
proposing appropriate and efcient mathematics models,
proposing reasonable structures to increase displacement,
determining thermal response time and frequency, or in-
troducing EVA’s optimal size. However, the infuence of the
dimension parameters on the critical frequency value and
increasing the efective working frequency range of EVA
while ensuring mechanical stability as well as safe working
requirements has not been mentioned in detail.

Tis paper describes the heat transfer process on V-beams
by using a fnite diference electrothermal-mechanical model,
which takes into account the change of thermal conduction
coefcient, resistivity, and thermal expansion coefcient with
temperature. Accordingly, a theoretical calculation is estab-
lished to investigate the dependence of the critical working
frequency on the beam dimensions.Te PSO algorithm is also
applied to determine the optimal dimensions for improving
the critical frequency, that is, for not only obtaining suitable
displacement but also for satisfying the axial stability of the
V-beam and thermal safety of EVA.

2. Configuration and the Heat Transfer Model

2.1. Confguration and Operation. Te structure of a typical
electrothermal V-shaped actuator is shown in Figure 1.

Te actuator consists of three main parts: the central
shuttle (1); V-shaped beams (2); and fxed electrodes (3). Te
shuttle (1) at the center is suspended by pairs of V-shaped
beams (2), and the other ends of the beams are attached to two
fxed electrodes (3). Te main dimensions and geometric
parameters include the following: L, w, and h are the length,
width, and thickness of the beam, respectively, θ is the incline
angle of the beam in the X-direction, ga is the air gap between
the structural layer and the substrate (i.e., the SiO2 bufer layer
of the silicon on insulator: SOI wafer), and n is the pair
number of V-beam. When voltage is applied on two fxed
electrodes (3), the current conducting through the V-beams
generates heat and expansion, causes a combined force, and
pushes the shuttle (1) moving in the Y-direction. If the voltage
goes to zero, the temperature on the beams decreases and the
beams will shrink and pull the shuttle back.

2.2. Heat Transfer Model and Termal Expansion Force.
Heat transfer in a thin beam is a very complicated process
and is infuenced by a few factors such as environment,
microactuator structure, and materials. To facilitate the
establishment of mathematical models, the following as-
sumptions are used: neglect heat loss from the shuttle, ignore

radiation and convection in the air, heat transfer in the beam
is unidirectional and along the beam axis, and heat is
transferred from electrodes to substrate and from the
substrate to air is ideal. According to reference [18], the fnite
diference heat transfer equation for the ith segment of the
thin beam at time stage j+ 1 has the following form:

T
j+1
i �

k

Cpd

∆t

∆x
2T

j

i−1 + 1 − 2
k

Cpd

∆t

∆x
2 −

kaS

hga

∆t

Cp · d
􏼠 􏼡T

j

i

+
k

Cpd

∆t

∆x
2T

j
i+1 +

kaS

hga

∆t

Cp · d
T0 +

U
2

4ρL
2
∆t

Cp · d
,

(1)

where k and ka are the thermal conductivity of silicon and air,
respectively, T

j

i is the temperature of the ith beam segment at
time stage j, T0 is the room temperature, S� S(h/w) is the
shape factor of the beam cross-section depending on the (h/
w) ratio, Cp, d, and ρ are the specifc heat, density, and re-
sistivity of silicon, respectively,U is the driving voltage, andΔt
is the time increment.

On the total length of 2L, a V-beam is divided into m
similar segments with a length of Δx and corresponding to
a system of m equations as shown in equation (1). With the
boundary condition: T(i�1)�T(i�m) �T0 and the initial con-
dition:T(j�1) �T0, the temperature distribution on the beam at
diferent times will be completely determined by solving the
system of m equations mentioned above.

Te thermal expansion of a beam is calculated according
to the formula as follows:

∆L �
1
2

􏽘

m

i�1
α Ti − T0( 􏼁∆x, (2)

where α is the thermal expansion coefcient of silicon material.
Referring from our previous publication [18], the total

thermal expansion force acting on the shuttle in Y-direction
is calculated as

F � 2nAE
∆L

L
sin θ, (3)

where Fb is a thermal expansion force along the single beam
(detailed in Section 3.2), A� h · w is the area of the beam
cross-section, E� 1.69×105 (MPa) is Young’s modulus of
silicon, and n is the number of beam pairs.

(2)

θ

O
X ga

(3)(3)

(1)

L

ω
h

Figure 1: Confguration of the EVA.
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2.3.TeDisplacementof theEVA. K is the equivalent stifness
of the V-beam system which is calculated as follows [18]:

K �
2nE 12I cos2 θ + AL2 sin2 θ􏼐 􏼑

L
3 , (4)

where I � h · w3/12 is the inertia moment of the beam’s
cross-sectional area.

Te static displacementYm of the shuttle (i.e., of aV-shaped
actuator) is calculated as follows:

Ym �
F

K
. (5)

From equations (3)–(5), we have

Ym �
AL2

12I cos2 θ + AL
2 sin2 θ

∆L sin θ. (6)

We can see that the displacement Ym depends on the
thermal expansion length ΔL and the dimension parameters
of the beam such as the beam length L, the beam width w,
and the incline angle θ.

3. Critical Frequency, Mechanical Stability, and
Thermal Safety Conditions

3.1.Critical Frequency fC. Considering a square pulse voltage
with period TU used to drive the EVA, the power supply time
tON is equal to the power of time tOFF in one cycle (tON �

tOFF �TU/2). Te critical frequency fC in this case is defned
as the maximum frequency value of the driving voltage that
satisfes the following condition: the relative displacement
reduction of the actuator is not less than the allowable value
δ% when comparing between instantaneous displacement Y
and the maximum static displacement Ymax. Te critical
frequency fC is calculated as follows:

fC �
1

TC

�
1
2tC

,

(7)

where TC is the critical period and tC is the critical power
supply time in a cycle satisfying the condition as follows:

Y tC( 􏼁
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100
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Y(tC) and Ymax are calculated by equation (6), while
Ymax �Y(t⟶∞) is combined with equation (2). So, we
have
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When the allowable displacement reduction δ% is
given, the critical frequency depends on the beam di-
mension parameters (i.e., L, w, and θ) because the tem-
perature distribution on the V-beam is also dependent on
these parameters as shown in equation (1) through the
shape factor S(h/w) and the length of the beam element
∆x � (2L/m−1).

3.2.Mechanical StabilityandTermalSafetyCondition. If the
actuator is working without load or external force, the dis-
placement of the shuttle corresponds to the thermal expan-
sion of the beam and can be computed by formula (6). At this
state, the internal reaction force of a single beam Nb depends
on the total value of the elastic force Fe. When the load Pc is
applied on the top of the shuttle, the actuator will move in the
Y-direction and will only stop if the thermal expansion force
Fb, the total elastic force of the beam system Fe, and the loadPc

are balanced (see, Figure 2). At the same time, a larger internal
force Nb will appear along the beam because the actual
elongation of the beam is less than the thermal expansion ΔL
(i.e., the beam is being compressed longitudinally). If the
internal force Nb is greater than the critical force Pcr on each
beam, axial instability or beam-buckling phenomenon will
occur and will reduce the bearing capacity of the actuator. To
avoid the beam-buckling phenomenon, we need the condi-
tion: Nb≤Pcr.

In this case, formulas of Nb and Pcr can be referred from
reference [18], and the axial stability condition of the beam is
determined as follows:

1 −
AL2 − 12I􏼐 􏼑sin2 θ cos2 θ

AL2 sin2 θ + 12I cos2 θ
⎛⎝ ⎞⎠AE

∆Lmax

L
≤
4π2EI

L
2 . (10)

At a high temperature of the V-beam, some siliconmaterial
properties will change and reduce the plastic deformation
strength. Overheatingmay occur and cause failure of the beams
of the actuator if the beam temperature approaches themelting
point of silicon (i.e., about 1414°C) [19]. Here, we call a “critical
temperature” Tcr which is the temperature at which silicon
begins to plasticize (Tcr≈ 1200°C) as mentioned in reference
[20]. Te conditions to ensure thermal safety for a V-shaped
actuator can be expressed as follows:

Tmax ≤Tcr � 1200°C, (11)

where Tmax is the maximum temperature on the V-beam
when reaching the thermal steady state.

4. Effect of Beam Dimension on Critical
Frequency and Optimal
Dimension of V-Beam

4.1. Efect of Beam Dimension on Critical Frequency of EVA.
Similar to previous our work [18, 21], the V-shaped actuator has
been fabricated by using SOI (silicon on insulator) wafer with 3
layers: the structure layer of 30µm (i.e. the thickness h� 30µm
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and cannot be changed), the SiO2 bufer layer of 4µm and the
substrate of 450µm.Te material properties and parameters of
the silicon device layer are given in Tables 1 and 2.

To validate the theoretical critical frequency fc calculated
by equations (7) and (9), the 3D fnite element model of the
V-shaped beam (the dimensions, material properties, and
ambient are given in Tables 1 and 2) was established by
ANSYSWorkbench 15.Temodel is meshed with a body size
of 10micrometers in both electric and transient thermal to
simulate the nonlinear temperature on the V-shaped beam.
Te distribution of temperature along the V-beam at the
voltage of 20V and 25V is shown in Figure 3, and the change
of temperature in a time period is indicated in Figure 4.

According to Figure 4, the change of temperature on the
V-beam calculated by equation (1) and the simulation is quite
similar.Te diference in steady-state temperature between the
two ways is insignifcant (approximately 4.3%). Te time tC to
reach the steady state calculated by formula (9) and simulation
is 0.0080 s and 0.0085 s, respectively (relative error is 5.88%).
Tus, the results calculated according to the mathematical
model proposed above when compared with the simulation
are acceptable. Here, the tolerance can be explained as the heat
transfer from the shuttle to the substrate is ignored while
calculating.

In this case, we choose an allowable displacement re-
duction of δ%� 1%. By solving equations (8) and (9), the
relations between the critical frequency fC, beam length L,
and beam width w at a driving voltage of 30V have been
found and displayed in Figures 5 and 6, respectively.

From the graph in Figures 5 and 6, we can see that the
value of critical frequency will decrease while increasing
beam length L or beam width w. When the beam width
changes from 4 µm to 8 µm, the value of frequency fC will
decrease signifcantly. As an example, at a beam length
L = 600 µm and beam width gets a value of 4 µm and 8 µm,
the critical frequency deviation is 51Hz (i.e. reducing about
36.4% as shown in Figure 5). Similarly, if the beam length
increases from 400 µm to 800 µm correspondence to beam
widthw= 4 µm, the critical frequency will reduce by about
21.5Hz (frequency deviation is approximately 14.2% as
shown inFigure 6).

Hence, in order to increase the critical frequency of the
V-shaped actuator, one of the options suggested are as fol-
lows: (i) reducing the beam length L (low efect), (ii) reducing
the beam width w (high efect), and (iii) reducing both beam
length and width. However, changing beam dimensions may
afect temperature allocation on the V-beam and cause some

drawbacks such as overheating, axial instability, or loss of
displacement. In order to fgure out the best dimensions of
V-beam not only for getting a higher critical frequency but
also for satisfying save conditions such as mechanical stability
and thermal safety, we propose to use a particle swarm op-
timization (PSO) algorithm as detailed in the next section.

4.2. Calculating the Dimension of V-Beam by Using a Particle
Swarm Optimization (PSO) Algorithm. Te PSO (particle
swarm optimization) algorithm was frst presented in 1995 by
the authors in reference [22]. Tis algorithm ofers several
advantages over other optimization techniques such as being
relatively simple, less coding, and efcient with many com-
posite problems. Terefore, it will be used to obtain the op-
timal geometry dimensions of the V-beam. Te mathematical
form of the PSO algorithm can be written as follows [23]:

V
k
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k
j + C1r1 P

k
Best − X

k
j􏼐 􏼑 + C2r2 GBest − X

k
j􏼐 􏼑,

X
k
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k
j + V

k
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(12)

where Xk
j and Vk

j are the location and rate of particle k at the
iteration jth, Wj is the inertia factor, C1 and C2 are the
particle and “social” efect coefcients, respectively, r1 and r2
are the numbers selected randomly in the range of [0, 1],
Pk
Best is the best location of particle k, and GBest is the best

location of the swarm.
Te method to solve the problem of fnding the optimal

dimension of EVA’s beams by using PSO can be described
specifcally as follows.

We need to fnd the maximum value of the objective
function fC= f(L, w, and θ) calculated by equations (7) and
(9) at voltages from 26V to 30V.Te set of beam dimension
(L, w, and θ) is limited due to the requirement of SOI-MEMS
fabrication technology as follows: 400 μm≤L≤ 800 μm􏼈 􏼉,
4 μm≤w≤ 10 μm􏼈 􏼉, and 1° ≤ θ≤ 3°{ }. Additionally, it also
satisfes constraints of boundary conditions at the same time.

Te thermal safety condition inferred from condition
(11) is as follows:

g1 � Tmax − 1200°C≤ 0. (13)

Te axial stability of the V-beam from equation (10) is as
follows:

g2 � 1 −
AL2 − 12I􏼐 􏼑sin2 θ cos2 θ

AL2 sin2 θ + 12I cos2 θ
⎛⎝ ⎞⎠AE

∆Lmax

L
−
4π2EI

L
2 ≤ 0.

(14)

According to displacement condition: Ymax≥Y∗, we
have the third constrain as follows:

g3 � Y
∗

− Ymax ≤ 0, (15)

where Y∗ ≈ 64 µm is a theoretical displacement of EVA at
U= 30V corresponding to nonoptimal beam dimension
(i.e., L= 750 µm, w= 6 µm, and θ= 2°) which has been
designed and fabricated perfectly in [21].

NN

O X

Fe

F b F
b

Pc

Beam-buckling

Figure 2: Forces acting on the EVA structure.
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Te optimal beam dimensions are determined by the PSO
algorithm and solved by using MATLAB at some voltage
values ranging between 26V and 34V.When comparing with
nonoptimal structure, most of the optimal dimension sets give
a higher critical frequency as listed in Table 3.

Te optimal results clearly show that the critical fre-
quency fC is proportional to the driving voltage in the range
from 26V to 32V and gets a maximum value of 136.22Hz at
U� 32V. Beyond this range of voltage, the optimal critical
frequency tends to decrease. Te calculation results in Ta-
ble 3 also clarify that the frequency fC reaches a maximal

value of 136.22Hz at a voltage of 32V with optimal beam
dimension set (L� 679 µm, w � 4 µm, and θ� 1.8°). Besides,
the frequency fC � 135.63Hz and maximum displacement
Ym � 70.83 µm can be obtained at a voltage of 34Vwith other
beam dimension sets (L� 722 µm, w � 4 µm, and θ� 1.8°).

Te critical frequencies and displacements of the EVA
corresponding to two optimal dimension sets as mentioned
above will be compared with the frequency and displace-
ment of nonoptimal beam dimension (i.e., L� 750 µm,
w � 6 µm, and θ� 2°) as in Figure 7. Here, the driving voltage
changes from 16V to 32V.

Table 1: Material properties of silicon.

d (kg/µm3) E (MPa) k a (pW/µm·K) C p (pJ/kg·K) ρ 0 (TΩ.µm) λ (1/K)
2330×10−18 169×103 2.57×104 7.12×1014 230×10−12 1.250×10−3

Table 2: Material parameters change with temperature [19].

T (K) 300 400 500 600 700 800 900 1000 1100 1200 1300
k (1012pW/µm·K) 1.56 1.05 0.80 0.64 0.52 0.43 0.36 0.31 0.28 0.26 0.25
α (10−8 1/K) 262 325 361 384 402 415 418 426 432 438 444

(a) (b)

Figure 3: Te distribution of temperature along the V-beam at U� 20V (a) and U� 25V (b).
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From the graph in Figure 7, it is clear that the EVA’s
beam dimension set determined by the PSO algorithm will
give a much better critical frequency than the frequency of
the nonoptimal dimension set. Here, the critical frequency
increases by about 33.88Hz (33.1%) and 29.3Hz (28.2%) in
proportion to the optimal dimension set at 32V and 34V as
mentioned above, when considering the various voltages
changing from 16V to 32V. When applying a voltage of

34V, the maximum temperature of optimal V-beam
(L� 679 µm, w � 4 µm, and θ� 1.8°) is over critical tem-
perature mentioned in (12). Tus, the calculation at 34V is
unused and neglected.

To verify the optimal calculation results, the V-shaped
actuator with the optimal dimension set at 32V (i.e., Lt �
679 µm, wt � 4 µm, and θt � 1.8°) was simulated. Te results
of the variation of beam temperature with time calculated
according to both models are shown in Figure 8. Te de-
viation in both the temperature at the steady state and the
time to reach the steady state between the two methods is
only 3.2% and 9%, respectively. Te result reconfrms the
advantage of the optimal model.

Terefore, these sets of optimal dimensions help to
expand the working frequency range of EVA while still
satisfying the conditions of thermal safety in reference (13),
mechanical stability in reference (14), and minimum dis-
placement in reference (15) as mentioned above. In par-
ticular, the optimal dimension set of EVA at U� 32V
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Figure 5: Relation between fC and beam length L.
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Table 3: Optimal beam dimensions and critical frequencies at
various driving voltages.

U (V)
Optimal beam
dimensions f C-opt.

(Hz)
f C-nonopt.
(Hz) Y m (µm)

L (µm) w (µm) θ (°)
26 742 6.4 1.5 92.35 97.5 64.18
28 795 4.2 1.4 119.84 99.3 63.84
30 650 4 1.7 135.87 100.46 62.77
32 679 4 1.8 136.22 102.34 65.38
34 722 4 1.8 135.63 103.73 70.83

Non-opt. dimension
Opt. dimension at 32 V
Opt. dimension at 34 V
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Figure 7: Te comparison of critical frequency values.
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32V.
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(L� 679 µm, w � 4 µm, and θ� 1.8°) gives the maximum
critical frequency (i.e., largest efective frequency range) and it
can be applied in the design and calculation of thermal-based
microdevices using V-shaped actuators such as micromotor,
microgripper, or microconveyance system.

5. Conclusion

Tis study used a fnite diference heat transfer model applied
for a V-shaped actuator structure to determine more accurately
the change and distribution of temperature on the V-beam.
Besides, the conditions of thermal safety and axial stability of the
V-beam have been carefully proposed and investigated. Te
dependence of the critical frequency on beam geometry di-
mensions was also studied. Furthermore, the PSO algorithm is
applied to compute the optimal geometry dimensions of the V-
beam to achieve the best critical frequency while satisfying the
conditions of thermal safety, mechanical stability, and suitable
displacement. A set of optimal beam dimension (Lt� 679µm,
wt � 4µm, and θt� 1.8°) working with the square wave voltage
changes from 16V to 32V thereby expanding to an efective
working frequency range. In other words, it provides the critical
frequency fC of up to 136.22Hz (increasing about 33.1% in
comparison with a set of nonoptimal dimensions as mentioned
in [21]). Te accuracy of the proposed model and the optimal
result are improved as discussed at the end of Section 4.2.

Tese results may be a valuable suggestion/instruction to
design and optimize theMEMS devices driven by theV-shaped
actuator structure, which tend to improve the working capa-
bility and safety of the system as well as extend their lifetime.
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