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In order to obtain an accurate fnite element model of a steel arch bridge, a frst-order modal fnite element model updating
method is proposed by using the measured frst-order modal data of the bridge. Using the measured acceleration time history data
under random excitation and the frst-order mode updating method, the stifness matrix of the fnite element model is updated,
and the frst-order frequencies and frst-order mode shapes before and after updating of the model are compared and analyzed.
Te state space method is used to compare and analyze the dynamic response and the reliability of the structure before and after
the updating of the model. Te results show that the diference of the frst-order frequencies between the updated fnite element
model and the measured result is about 0.001, and the diference of the frst-order mode shapes is less than 0.197, which meets the
needs of engineering. Dynamic response values of the updated structural model are much larger than those of the structural model
before updating. Te theoretical model is diferent from the dynamic response of actual structure, so it is necessary to update the
theoretical model. Te fnite element model updating method can provide a reliable analytical way for bridge structural health
monitoring, state evaluation, and damage identifcation.

1. Introduction

Modern structural analysis generally depends on fnite
element models to predict dynamic behavior and un-
derstand the current state of a system [1].Te fnite element
theoretical model is established according to the param-
eters of the design drawing. Tere are some errors in the
process of the structural design, which makes the initial
fnite element model deviate from the actual model [1, 2].
In addition, there are uncertainties in structural design
parameters and some errors in the modeling process, so the
fnite element model needs to be modifed according to the
static test or dynamic test [3, 4]. Te structure is subject to
external erosion, fatigue load, and other adverse factors.
With the passage of time, these adverse factors threaten the
safety of the structure. A reasonable fnite element model
can truly refect the state of the structure and predict the
damage degree of the structure in advance, which can be
used as a reliable basis for structural health monitoring and
state evaluation [5–14].

Many researchers have done a lot of studies on the fnite
element updating method. Song and Weng considered that
the structure has more overall degrees of freedom and more
elements, in order to improve the efciency of fnite element
model updating, the fnite element model updating method
of substructure is adopted, which only needs to calculate
a small number of low-order modes of each substructure to
reduce the model calculation time [15, 16]. Qin et al.
combined Kriging agent model and improved particle
swarm optimization algorithm and used structural load test
data to modify the initial fnite element model. Compared
with the basic particle swarm optimization algorithm, the
relative error is smaller and the modifed model is more
accurate [17]. Baisthakur and Chakraborty established a f-
nite element model updating algorithm based on Monte
Carlo under the Bayesian framework. Trough the com-
prehensive test and measured data of the fnite element
model of a steel truss bridge, the efectiveness of the method
is verifed. Finally, the results of the algorithm are compared
with the standard Monte Carlo algorithm, which shows that
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the algorithm is better than the standard Monte Carlo al-
gorithm [18]. Wang et al. proposed a multiscale model
updating method suitable for long-span cable-stayed
bridges. Tis method suggests the overall and local struc-
tural response and carries out multiobjective optimization
combined with the Kriging model. Te updating results
improve the accuracy of the multiscale model in the overall
and local structural response [19]. Tran-Ngoc et al. measured
the vibration of the South Australia railway bridge and
updated the bridge model combined with particle swarm
optimization algorithm and genetic algorithm. Te accuracy
of the algorithm is higher than that of a single algorithm and
the cost is low [20]. Zhang proposed a model updating
method based on free wave characteristics to pair the ex-
perimental mode and numerical prediction mode, so as to
minimize the diference between the calculated free wave
characteristics and the identifed free baud. By comparing
the measured frequency response function with the fre-
quency response function obtained from the modifed fnite
element model, the correctness of the calculation results is
verifed [18]. Zhao et al. proposed the BP neural network to
modify the model, which can establish a more accurate fnite
element analysis model and make the modifed result closer
to the real stress state of the structure [21]. Yang et al.
proposed a fast sensitivity analysis algorithm based on the
reduced fnite element model.Te basic idea of the proposed
sensitivity analysis algorithm is to use a model reduction
technique to avoid the complex calculation required in
solving eigenvalues and eigenvectors by the complete
model [22].

Hence, there are still some problems in the model updating
method, mainly due to the slow calculation speed and low
accuracy [18]. Considering that the frst-order modal in-
formation of the structure is easy to obtain, the frst-order
modal parameter identifcation result is more accurate and the
identifcation speed is faster [21]. Tis study uses the accel-
eration time history data of steel arch bridge under random
excitation to obtain the frst-order frequency and frst-order
vibration mode. Combined with the frst-order mode updating
method, the model is updated to obtain the updated frst-order
frequency and frst-order vibration mode, and the comparative
analysis of the frst-order mode before and after the bridge
updating is carried out. In this paper, the dynamic responses of
actual structure of the model before and after updating are
obtained by using the state space theory.

2. Fundamental Theory

2.1. Updating Teory of First-Order Modal Finite Element
Model. When the structure vibrates, the frst modal char-
acteristic equation of the n-DOF fnite element model of the
structure can be expressed as

KΦ1 � λ1MΦ1, (1)

where K and M are the structural mass matrix and stifness
matrix of order n × n, a λ1 and Φ1 are the frst modal ei-
genvalues and corresponding eigenvectors, respectively, λ1
is a number, and Φ1 is the matrix of order n× 1.

Let ∆K be the stifness perturbation matrix refecting the
properties of the structure. Te stifness perturbation matrix
is a sparse matrix, and its nonzero elements refect the
stifness attenuation state. Te frst-order modal structural
characteristic equation after structural stifness attenuation
can be expressed as

(K − ∆K)Φ1m � λ1mMΦ1m, (2)

where ∆K is the perturbation stifness matrix of order n × n,
λ1m and Φ1m are the frst modal eigenvalues and corre-
sponding eigenvectors obtained from the analysis of mea-
sured time history data, λ1m is a number, and Φ1m is the
matrix of order n× 1.

According to equation (2), the perturbation stifness
matrix can be expressed as

∆K � K − λ1mM. (3)

Te residual R is defned as the product of the stifness
perturbation matrix and the measured vibration mode,
which can be expressed as

R � ∆KΦ1m, (4)

where R is a column vector.
Te stifness matrix of attenuation can be also expressed

as

∆K � 􏽘
i

αiK, (5)

where αi is the attenuation coefcient of the element.

2.2. State Space Teory. Te dynamic characteristics of the
system need to be analyzed by using the state space theory
[23–27]. In structural dynamics, the dynamics equation of
a damped system with n degrees of freedom can be expressed
as

M€u (t) + C0 _u(t) + Ku(t) � U(t), (6)

where M is the structural mass matrix, C0 is the structural
damping matrix, K is the structural stifness matrix, U(t) is
the external load at time t, €u(t) is the acceleration response,
_u(t) is the velocity response, and u(t) is the displacement
response.

Te output response is determined by the sampling
frequency, and it has a certain time interval. Terefore, the
output response should adopt the state space model of the
discrete-time system. At the k sampling point, the
discrete-time state space model of the system can be
expressed as

X[k + 1] � AX[k] + BU[k],

Y[k] � CX[k] + DU[k],
(7)

where A is the state matrix of the discrete-time system, B is
the input matrix of the discrete-time system, C is the ob-
servation matrix of the discrete-time system, and D is the
input observation matrix.
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2.3. FlowChart ofModelUpdating. Te fnite element model
of the steel arch bridge in this example is updated by the
following process.

3. Engineering Example

3.1. Steel Arch Bridge Test. Te project example is a steel
cable bridge across the river, as shown in Figure 1. Te
structural form is an arch bridge, 18 cable pipelines are
installed under the bottom beam, the cable model is YJV22-
8.7/15, and the outer sleeve is a double wall corrugated pipe
with a diameter of 160mm. It was completed and put into
use in 2007.Te span of the steel arch bridge is 42m, the arch
height is 7.5m, the bridge deck width is 3.5m, and the
suspender spacing is 4m. Te cross section of the bridge is
shown in Figure 2. Te lower beam is a box section, the sum
width of the cover plate and bottom plate are 250mm and
4mm, respectively, and the sum width of web plate are
384mm and 4mm, respectively, as shown in Figure 3. Tere
are 2.5m steel jackets at both ends of the lower beam, and its
section form is the box section. Te length and width of the
cover plate and bottom plate of the section are 290mm and
8mm, respectively, and the length and width of the web plate
are 400mm and 8mm, respectively, as shown in Figure 4
Te beam at the arch structure is a circular section with an
outer diameter of 273mm and a wall thickness of 6mm.Te
middle suspender is an annular section with an outer di-
ameter of 108mm and a wall thickness of 3.5mm. Te deck
checkered steel plate is 37m long, 2.6m wide, and 4mm
thick. Te checkered steel plate is not welded to the lower
beam. Te transverse railing is mainly composed of one
76mm diameter and two 50mm diameter railings, each of
which is 37m long. Tere are 80 vertical railings with
a diameter of 76mm and a length of 1.1m. Te steel arch
bridge is made of Q235 steel with a density of 7.85×103 kg/
m3 and elastic modulus is 200GPa.

3.2. Acceleration Time History Measurement of Steel Arch
Bridge. DH5907N dual channel acceleration sensor is used for
feld measurement. Tere are 5 collectors and 1 communi-
cation controller, as shown in Figure 5. Te acceleration time
history data of the lower beam at the lower node of the boom is
measured by the sensor and synchronously transmitted to the
computer through the wireless collector. As seen from Figure 6,
there are 9 suspenders on one side of the bridge structure. Due
to the limited number of sensors, sensors are arranged on the
bridge twice for measurement. First of all, fve sensors are
placed at the suspender nodes 3, 4, 5, 6, and 7 on the left side of
the mid-span, as shown in Figure 7(a). For the second time,
place fve sensors at the suspender nodes 7, 8, 9, 10, and 11 on
the right side of the span, as shown in Figure 7(b). Te ex-
citation position is selected in the middle of the span. Te
measurement time of a group of data is about 3minutes to
obtain the measured data of bridge vibration.

3.3. Test Result. Te acceleration time history data of the
lower beam at the suspender node are measured, and the
data of the attenuation section are intercepted to obtain the

acceleration attenuation curve of the bridge after excitation.
Te acceleration attenuation curve of node 3 is shown in
Figure 8. Te frst-order frequency can be obtained after
Fourier transform [28] of the attenuation curve, as shown in
Figure 9. It can be seen from the fgure that the frst-order
frequency value is 3.369Hz, the X coordinate value is the
frequency value, and the Y coordinate is the amplitude
corresponding to the frequency value.

Trough the acceleration time history data measured by
the acceleration sensor on the bridge deck, the frst-order
frequency value and the amplitude corresponding to the
frst-order frequency of each node are identifed after
Fourier transform. Te vibration mode curve can be ob-
tained by dividing the amplitude corresponding to the frst-
order frequency of each node by the maximum value of the
amplitude corresponding to the frequency in the node, as
shown in Figure 10.

4. Model Updating

4.1. Model Establishment. Te steel arch bridge structure in
this paper belongs to a relatively complex bridge structure
system. Te fnite element model is established through the
design drawings and relevant specifcations. Te fnite ele-
ment model diagram is shown in Figure 11. Steel arch bridge
is regarded as a composite structure, and its stifness matrix,
mass matrix, and boundary conditions need to be treated to
simplify the model and minimize the error of the model.

(1) Te Selection of Elements and the Establishment of
Stifness Matrix and Mass Matrix. Te internal force
borne by the upper arch of the structure is axial force,
shear force, and bending moment, so it is regarded as
a beam element. Moreover, the arch structure is
treated with a straight beam instead of a curved
beam. Te main beam at the lower part of the
structure is treated as a beam element.Te suspender
is regarded as axial force link element, and the
stifness matrix and mass matrix of the structure are
established. When establishing the stifness and mass
matrix of the lower beam, the infuence of the
stifness andmass of bridge deck components such as
railings and bridge decks on the stifness and quality
of the lower beam of the bridge is considered. Te
railing, deck slab, and other deck members increase
the stifness of the lower beam, so the corresponding
vertical displacement element in the 37m lower
beam stifness matrix needs to be multiplied by the
additional stifness coefcient of 2.2. Furthermore,
the quality of railing, bridge deck, and other com-
ponents will afect the vibration characteristics of the
bridge. Terefore, the corresponding vertical dis-
placement elements in the 37m lower beam mass
matrix need to be multiplied by the additional mass
coefcient. Te additional mass coefcient is as
follows: the mass per meter of a main beam 42m
(excluding steel sleeve) is 43.96 kg, the total mass of
the half bridge deck (37m) structure (including
guardrail and cable) is 132.1 kg per meter, and the
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additional coefcient of mass matrix is the total mass
of structure per meter divided by the mass per meter
of main beam, which is 3.0.

(2) Determination of Boundary Conditions. Te steel
arch bridge in this example adopts the concrete
pouring method for the arch foot and lower main
beam end of the main arch, and the boundary
condition is fxed end constraint, which restricts the
vertical displacement, horizontal displacement, and
corner displacement of the arch foot and lower main
beam end of the main arch.

Te bar element stifness matrix in the structure can be
expressed as

Ke �
EA
L

1 −1

−1 1
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦, (8)

where L is the length of the rod element, E is the elastic
modulus, and A is the cross-sectional area.

Te beam element stifness matrix in the structure can be
expressed as

Figure 1: Bridge panorama.
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, (9)

where L0 is the length of the rod unit and A0 is the cross-
sectional area.

Te mass matrix of structural elements can be expressed
as

M
e

�
ρAl
420

140 0 0 70 0 0

0 156 22l 0 54 −13l

0 22l 4l
2 0 13l −3l

2

70 0 0 140 0 0

0 54 13l 0 156 −22l

0 −13l −3l
2 0 −22l 4l

2
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, (10)

where ρ is the density, L is the unit length, and A is the cross-
sectional area.

Te transformation matrix T can be expressed as

(a) (b)

Figure 5: DH 5907N sensors: (a) communication controller and (b) collector.
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Figure 6: Model drawing of steel arch bridge.
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, (11)

where α is the angle between the local coordinate system and
the global coordinate system.

Te element stifness matrix Ke and element mass matrix
Me in the local coordinate system are transformed into the
element stifness matrix and mass matrix in the global co-
ordinate system by the transformation matrix T. Te

element stifness matrix and element mass matrix in the
overall coordinate system are integrated by using the cor-
relation table method [29] to obtain the overall stifness
matrix Kg and the overall mass matrix Mg.

Considering that the overall stifness matrix of the
structure needs to be updated, the updated stifness matrix
can be expressed as

Km � Kg − 􏽘
i

αiKi
g
, (12)

where αi is the attenuation coefcient and I is the unit
number to be updated.

4.2. Model Updating and Updating Results. When the ele-
ment stifness matrix is updated, the damage degree of the

(a) (b)

Figure 7: Measurement arrangement of sensors on-site: (a) arrangement on the left and (b) arrangement on the right.
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actual upper main arch structure and suspender is small,
mainly the damage degree of the lower beam is more serious.
In this example, the stifness matrix of the beam element
with serious damage at the lower part is updated. Firstly, the
overall stifness matrix Kg and the overall mass matrix Mg

are obtained through the integration of the element stifness
matrix. Secondly, analyze the measured acceleration time
history data to obtain the frst-order frequency and frst-
order vibration mode of bridge vibration. Replace the frst-
order frequency and frst-order vibration mode into equa-
tion (2) to obtain the overall stifness matrix to be updated.
Finally, replace the overall stifness matrix to be updated into
equation (12) to calculate the stifness attenuation coefcient
of the corresponding stifness attenuation element αi. Te
stifness of the arch bridge is calculated by software
MATLAB. Te attenuation coefcient of the arch bridge is
calculated by the stifness of the arch bridge αi is 0.100, 0.101,
0.678, 0.259, 0.331, 0.207, 0.086, and 0.101, respectively.

After the element stifness is updated by the frst-order
modal fnite element algorithm, the updated stifness matrix
and mass matrix are substituted into formula (1), and the
frst-order modal frequency and frst-order modal shape are
obtained by MATLAB software. Te frst-order frequency
values before and after updating and the diference between
them and the test value are shown in Table 1. Te frst-order
modal shape values of each node before and after updating
and the diference between them and the measuring value
are shown in Table 2.

Draw the measured vibration mode values in Table 2, the
vibration mode values before updating and the updated
vibration mode values, and obtain the test values, and the
frst-order vibration mode diagrams before and after
updating, as shown in Figure 12.

Te updating results in Tables 1 and 2 show that the frst-
order frequency diference of the steel arch bridge before
updating is 0.427Hz, and the frst-order vibration mode
diference is less than 0.306. After the frst-order modal fnite
element updating method, the frst-order frequency difer-
ence of the updating result is 0.001Hz, and the frst-order
mode diference is less than 0.197Hz. When using the frst-
order mode updating theory for updating calculation, the
software has the reason of accuracy, so that the updated
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Figure 10: First-order mode vibration diagram.
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Figure 11: Updating process of fnite element model.
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value obtained by measuring point 6 and measuring point 7
is greater than the value before updating. To sum up, the
updated diference is signifcantly smaller than that before
updating. Moreover, the updated diference meets the re-
quirements of practical engineering. Figure 12 shows that
the updated frst-order mode shape curve is closer to the
measured frst-order mode shape curve as a whole.

5. Dynamic Response Analysis

Dynamic analysis is the dynamic characteristic of structures
subjected to random excitation. Using the state space theory

in Section 2.2 to compare the dynamic analysis of the steel
arch bridge model before and after updating, we can get the
results of structural dynamic analysis before and after
updating, and assess the degree of the structural damage
under random excitation and how safe it is. Te parameter
setting value of this example is the sampling frequency
FS � 100Hz, the sampling interval △t� 1/Fs � 0.01 s, the
number of samples generated N� 5000, and the damping
matrix adopts the Rayleigh damping matrix [30]. Figure 13
shows the random excitation applied to the bridge. Fig-
ures 14 and 15 show the dynamic responses of displacement,
velocity, and acceleration outputs before and after model

Table 1: Comparison of frst-order frequencies of before and after updating with the measuring value.

Measuring value Before updating After updating
Frequency (Hz) Frequency (Hz) Diference (Hz) Frequency (Hz) Diference (Hz)
3.369 3.796 0.427 3.368 0.001

Table 2: Comparison of frst-order mode shapes of before and after updating with the measuring value.

Measuring points Measuring value Before updating After updating
Vibration mode Vibration mode Diference Vibration mode Diference

3 −0.243 −0.421 0.178 −0.340 0.097
4 −0.654 −0.877 0.223 −0.766 0.112
5 −1.000 −1.000 0.000 −1.000 0.000
6 −0.608 −0.660 0.052 −0.696 0.088
7 −0.065 0.000 0.065 0.016 0.081
8 0.553 0.660 0.107 0.650 0.097
9 0.917 1.000 0.083 0.918 0.001
10 0.571 0.877 0.306 0.768 0.197
11 0.247 0.421 0.174 0.357 0.110
Note. Te vibration mode has been normalized. Nodes 1 and 13 are fxed ends, and their vibration mode value is 0, which is not listed in Table 2.
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Figure 12: Comparison diagram of frst-order mode shapes of before and after updating with measuring values.
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updating, respectively, and the peak value of the dynamic
response in Figures 14 and 15 is the maximum value of
displacement, velocity, and acceleration output dynamic
response.

We extract the maximum dynamic analysis values of
displacement, velocity, and acceleration before and after
updating in Figures 14 and 15 and calculate the relative
diference of dynamic analysis values of displacement, ve-
locity, and acceleration before and after updating.

From Table 3, it can be seen that under the selected
random excitation, the dynamic displacement response peak

obtained by the bridge theoretical model is 0.421m, reaching
1% of the bridge span. Under the same excitation, the peak
displacement response, velocity response, and acceleration
response of the modifed model exceed the peak displace-
ment response of the theoretical model by 20.7%, 32.1%, and
30.3%, respectively. With the increase of the bridge structure
life and the environmental impact, the bridge stifness will
inevitably decrease, and among bridges, the dynamic re-
sponse analysis difer signifcantly by diferent stifness.
Hence, it is necessary to modify the theoretical model. Te
updated model can prevent the bridge from the potential
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Figure 14: Dynamic responses output before update.
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safety hazard of excessive peak dynamic response caused by
severe environment such as typhoon and earthquake.

6. Conclusion

Tis study takes the actual steel arch bridge as the test object,
uses the measured data of acceleration sensor for modal
parameter analysis, uses the frst-order modal updating
method to modify the fnite element model, compares and
analyzes the frst-order frequency and frst-order vibration
mode of the model before and after updating, and makes
dynamic response analysis of the model before and after
updating, and obtains the following conclusions:

(1) Te frst-order mode updating method is the fnite
element updating method. Te updated frst-order
frequency diference is 0.001Hz, and the updated
frst-order mode diference is within 0.197Hz. Te
updating results meet the actual needs of the project.

(2) Under random excitation, the peak dynamic re-
sponse of the structure before and after model
modifcation is obtained by using the state space
method. Te dynamic response peaks of displace-
ment, velocity, and acceleration after updating are

much larger than those before updating. Terefore,
after the theoretical model is modifed, the dynamic
characteristics of the structure under environmental
dynamic excitation such as typhoon and earthquake
can be obtained. Avoid potential safety hazards
caused by excessive peak dynamic response of the
structure.

(3) Te updating results obtained by the frst-order
mode updating method can accurately refect the
dynamic characteristics of the structure, and this
method has the advantages of simplicity and fast
calculation speed. Te updating results are close to
the actual situation, which can provide an efective
means for the actual structural health monitoring.

Data Availability

Te data used to support the fndings of this study are in-
cluded within the article/supplementary material.
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Figure 15: Dynamic responses output after update.

Table 3: Maximum dynamic response before and after updating the model.

Dynamic response Before updating After updating Relative diference (%)
Displacement (m) 0.421 0.508 20.7
Speed (m/s) 0.516 0.682 32.1
Acceleration (m/s2) 0.794 1.035 30.3
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Supplementary Materials

Te fle “data” is the acceleration monitored by sensors. Te
fle “wuxian” is the program of data analysis in our research
group. Te fle “bMassMatrice2” is the mass matrix. Te fle
“aStifnessMatrice2truss” is the stifness matrix. Te fle
“updating” is the main work of our research group. (Sup-
plementary Materials)
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