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Te popularity of new structural systems and prestressing technology has led to the widespread use of the large-space foor
structures in large buildings such as high-speed rail terminals, conference centers, and sports stadiums. Te reduction of
nonessential load-bearing elements and the increase in span of the structure result in a reduction in the natural frequency and
damping ratio of the foor structure, while the foor is a crowded area with disorderly fow between people, which may lead to
human-induced vibration problems. In order to assess the dynamic performance of the large-span foor structure under crowd
load, the random crowd-foor vertical interaction equation is derived, and the correctness of the equation is verifed by comparing
it with the test. For the stochastic nature of walking crowds, a formulation modeling method for random crowd is proposed,
including pedestrian-dynamics parameters, formulation model, and response parameters. Te model is characterized by con-
sidering inter- and intrasubject variability and refects the vertical interaction between pedestrians and the foor system. According
to the random crowd-foor dynamic equation, the variation of modal parameters and acceleration response of the foor during
random crowd walking are also analyzed. Te research in this paper will help in analyzing the comfort of large-span foor
structures under pedestrian excitation and better meet the needs of the development of lightweight large-span structures.

1. Introduction

In regard to the issue of human-induced vibration, the
human-structure interaction (HSI) is usually considered,
focusing on the analysis of structural dynamic response and
pedestrian comfort. Te appropriate human-structure
coupling dynamic equation is the key to studying the
problem of human-induced vibration. Te complex foot-
bridge is regarded as an Euler beam, which helps engineers
estimate the change in structural acceleration under human-
induced load so as to analyze the comfort index of foot-
bridges. Specifcations [1–4] provide a more detailed theory
and operation method. For slender bridge structures, the
transverse width of the bridge is much smaller than the
length, so the infuence of the width direction of the bridge
can be ignored. However, for the foor structure, this as-
sumption cannot be established, because the specifcation [5]

clearly stipulates the aspect ratio of the one-way slab and the
two-way slab. At the same time, because the simplifed Euler
beam only contains one-dimensional motion direction, it
completely ignores the infuence of lateral width. Tis
simplifcation makes the movement of the crowd a linear
motion. Te simulation of random walking can only be
considered based on the random distribution of pedestrian
dynamic parameters, and the random mode of motion
cannot be realized, which deviates from the actual situation.

An appropriate pedestrian model and mathematical
model of walking load can better simulate the walking force
exerted by pedestrians. Because the periodicity of a Fourier
series model is more in line with the characteristics of pe-
destrian walking, it is favored by most researchers [6–9].
Some researchers put forward a load model for pedestrian
walking speed [10]. Considering the randomness of walking
load, the power spectrum model is more reasonable. Due to
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diferent pedestrian weights and diferent walking styles, the
inter- and intrasubject variability should not be ignored [11–13].
As is known to all, pedestrians walking on the structure is very
complex. Due to human intelligence, pedestrians can catch up,
cross, stay in place, and traverse, which further leads to the
difculty of crowd simulation. As the highest living creature,
people can adaptively change their behavior according to the
environmental changes. Te current HSI efect only considers
the infuence of pedestrians walking on the structure [12, 14].
However, when the acceleration of the structure is too large, the
annoyance rate of pedestrians increases, and pedestrians cannot
maintain the original expected pace frequency. When pedes-
trians feel strong structural vibration, to maintain body balance,
pacing frequency and phase will change adaptively under the
self-regulation mechanism. Because this phenomenon can only
be perceived by pedestrians when the structural vibration re-
sponse exceeds the psychological limit, it is more challenging to
study the intelligent behavior of pedestrians in the experiment
[15, 16]. It should be noted that these elements are not men-
tioned in the current specifcation.Te efect of randomness will
be ignored when people are equivalent to a uniform load, which
may cause the evaluation data to deviate from the actual
situation.

For the description of the collective behavior of random
crowds, the social force model is the most widely used
pedestrian-dynamics model. Te social force model includes
the self-driving force generated by pedestrians being
attracted by the target during walking, the interaction be-
tween pedestrians, and the repulsive force between pedes-
trians and obstacles [17, 18]. Fu andWei [19] considered the
inter- and intrasubject variability of the crowd and de-
veloped a new load model by associating the modifed social
force model with the walking force model. Te applicability
of the proposed method is demonstrated through specifc
concrete pedestrian bridges. Based on the social force model,
Wei [20] studied the infuence of the human-human in-
teraction efect on crowd-induced load and structural re-
sponse. Te results show that the increase in pedestrian
density is consistent with the decrease in average walking
speed and pacing frequency of pedestrians in the crowd. Te
variability of pacing frequency between pedestrians also
depends on the width of the walkway and the desired swing
space of the pedestrian. Wei et al. [21] used the social force
model to simulate crowd behavior, proposed a compre-
hensive method to quantify the uncertainty of the structural
dynamics model and the crowd behavior, and then spread
the various sources of uncertainty from the input parameters
to the response of the footbridge.

Studies have shown that pedestrians walking and staying
on the structure will lead to dynamic changes in structural
frequency and damping ratio [12, 22–24]. Modal analysis
and fnite element analysis are widely used in human-
induced vibration problems [22, 25–27], and these
methods can efectively help identify the changes in struc-
tural dynamic parameters. Te special biological structure
characteristics of the human body will exert a damping efect
on the structure to alleviate the existing vibration, which is
like the vibration reduction efect of the tuned mass damper
[28]. Due to the complex randomness of crowd behavior, the

inter- and intrasubject variability will have a great impact on
the structural response. However, the models used in en-
gineering design so far are deterministic, and there is no
framework modeling method for the stochastic crowd.
Although the concepts of structural variability and un-
certainty have been well developed, the human-structure
interactions are still developing slowly.

Based on this, the vertical interaction equations for the
human-foor system were derived in order to investigate the
efect of stochastic crowd excitation on a large-span foor.
Te foor system is assumed to be simply supported on four
sides. Te infuence of uncertainty in pedestrian dynamic
parameters on structural modal parameters is analyzed. Te
framework theory of the random population model is
studied, and the formula modeling method of the random
population is given. Te modeling method is characterized
by considering both the infuence of the lateral width of the
foor system and the randomness of pedestrians. According
to the calculation results of the model, from the perspective
of comfort, the pedestrian distribution law of the foor at the
maximum acceleration time is given.

2. Theoretical Analysis

In order to simplify the analysis, only four-sided simple
supports are considered for the foor system and do not
consider the composite laminated plate.Te rectangular thin
plate is considered to have damping. Te pedestrian body
always keeps contact with the thin plate while walking or
standing.

2.1. Formulations. Te dynamic equation of a rectangular
thin plate with damping is expressed as follows [29]:

D ∇4W(x, y, t) + χ∇4
zW(x, y, t)

zt
􏼢 􏼣

+ ρh
zW

2
(x, y, t)

zt
2 � F(x, y, t).

(1)

D is the bending stifness of the plate:

D �
Eh

3

12 1 − v
2

􏼐 􏼑
, (2)

where E is the elastic modulus of the material, h is the ef-
fective plate thickness, and v is Poisson’s ratio. W(x, y, t) is
the vertical defection of the plate and χ represents the
damping of the plate. According to the theory of visco-
elasticity, χ � 2ξω is generally adopted [29], ξ is the damping
ratio of the structure, and ω is the circular frequency of the
structure. In particular, ωmn � π2(i2/a2 + j2/b2)

�����
D/ρh

􏽰
, and

ρ is the plate density. F(x, y, t) is the excitation load on the
plate, and ∇4 represents quadratic Laplacian operator, which
can be rewritten as follows:

∇4 �
z
4

zx
4 + 2

z
4

zx
2
zy

2 +
z
4

zy
4. (3)

According to the mode decomposition method [30],
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W(x, y, t) � 􏽘
∞

m�1
􏽘

∞

n�1
φmn(x, y)qmn(t). (4)

Equation (1) is rewritten as follows:

D ∇4 􏽘

∞

m�1
􏽘

∞

n�1
φmn(x, y)qmn(t) + χ 􏽘

∞

m�1
􏽘

∞
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φmn(x, y) _qmn(t)⎡⎣ ⎤⎦

+ ρh 􏽘
∞

m�1
􏽘

∞

n�1
φmn(x, y)€qmn(t) � F(x, y, t),

(5)

where ϕmn is the vibration mode of the foor, the vibration
mode of the simply supported plate on four sides
φmn(x, y) � sinmπx/a sin nπy/b, and qmn is the generalized
coordinate.

When the plate vibrates freely, the load term F(x, y, t)� 0,
separating the variables from equation (5). Similarly, re-
ferring to the treatment method of the simply supported
beam equation [31], the ratio of the equation can be defned
as −ω2

mn:

€qmn(t)

qmn(t) + χ _qmn(t)
�

D∇4φmn(x, y)

ρhφmn(x, y)
� −ω2

mn. (6)

Hence,

€qmn(t) + χω2
mn _qmn(t) + ω2

mnqmn(t) � 0,

D∇4φmn(x, y) − ρhω2
mnφmn(x, y) � 0.

⎧⎨

⎩ (7)

Ten, equation (5) becomes as follows:

ρh 􏽘
∞

m�1
􏽘

∞

n�1
ω2

mnφmn(x, y) qmn(t) + χ _qmn(t)􏼂 􏼃
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􏽘
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n�1
φmn(x, y)€qmn(t) � F(x, y, t).

(8)

Equation (8) is left-multiplied by the foor mode φmn(x,
y) and integrated along the x and y directions of the plate.
According to the orthogonality of the plate,

Mmn€qmn(t) + Mmnχω
2
mn _qmn(t)

+ Mmnω
2
mnqmn(t) � Pmn(x, y, t),

(9)

where the generalized force Pmn(x, y, t) � J
S

F

(x, y, t)φmn(x, y)ds, and generalized mass Mmn(x, y, t) �

ρhJ
S
φ2

mn(x, y)ds.
Te mass-spring-damper (MSD) model simplifes the

pedestrian body into concentrated mass mP, additional
stifness kP, and damping cP. Tis model has been adopted
by many researchers [22, 26, 32] and can better refect HSI
efect.

It is assumed that the displacement of the pedestrian
staying on the structure is Z(t), as shown in Figure 1. Te
human-structure vertical coupling system, due to the

structural vibration and the continuous walking of pedes-
trians, will produce relative displacement between them.
Considering the continuity of time, there are relative velocity
diferences and relative acceleration diferences between the
structure and pedestrians. Te relative acceleration makes
the pedestrian body subject to the inertial force Pg(t)

generated by the mass mP. In addition, the relative velocity
will cause the pedestrian to sufer the damping force Pc(t),
and the relative displacement will make the pedestrian
subject to the elastic force Pk(t):

Pg(t) � Mp
€Z(t), (10)

Pk(t) � kp[W(x, y, t) − Z(t)]x�lx,y�ly
. (11)

Here, coordinates (lx, ly) indicate the position of pe-
destrians in x and y directions on the foor.

Pc(t) � cp
dW(x, y, t)

dt
− _Z(t)􏼢 􏼣

x�lx,y�ly

. (12)

It is worth noting that the derivative term in Pc(t) is

dW(x, y, t)

dt
�

zW(x, y, t)
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dt

+
zW(x, y, t)

zy
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,

(13a)

zW(x, y, t)

zx

dx

dt
�

zW(x, y, t)

zx
vx, (13b)

zW(x, y, t)

zy

dy

dt
�

zW(x, y, t)

zy
vy. (13c)

In fact, the additional velocity caused by the change of
load is small in both the x and y directions, which can be
ignored. Terefore, equation (13a) is simplifed as follows:

dW(x, y, t)

dt
≈

zW(x, y, t)

zt
. (14)

Due to the infuence of HSI, the excitation of the
structure is changed into

b
cpjkpj

mpj

y

x

z
a

cpikpi

mpi

Figure 1: Rectangular thin plate andmass-stifness-damping model.

Shock and Vibration 3



F(x, y, t) � kp[Z(t) − W(x, y, t)] + cp
_Z(t) −

zW(x, y, t)

zt
􏼢 􏼣 + gp(t)􏼨 􏼩δ x − lx( 􏼁 y − ly􏼐 􏼑, (15)

where δ is the Dirichlet function, which means that the
pedestrian will generate the corresponding excitation only at
a certain point. gp (t) is the walking force generated by
pedestrian walking.

Te mode decomposition method is introduced in
equation (15).

F(x, y, t) � kp Z(t) − 􏽘
∞

m�1
􏽘

∞

n�1
φmn(x, y)qmn(t)⎡⎣ ⎤⎦ + cp

_Z(t) − 􏽘
∞

m�1
􏽘

∞

n�1
φmn(x, y) _qmn(t)⎡⎣ ⎤⎦ + gp(t)

⎧⎨

⎩

⎫⎬

⎭δ x − lx( 􏼁 y − ly􏼐 􏼑. (16)

According to the dynamic balance relationship, the
equilibrium conditions of the pedestrian subjected to inertial
force, elastic force, and damping force are as follows:

mp
€Z(t) + kp[Z(t) − W(x, y, t)]

+ cp
_Z(t) −

zW(x, y, t)

zt
􏼢 􏼣 � 0.

(17)

Te pedestrian dynamic equation can be obtained by
substituting equation (4) into equation (17):

mp
€Z(t) + cp

_Z(t) + kpZ(t) − cp 􏽘

∞

m�1
􏽘

∞

n�1
φmn lx, ly􏼐 􏼑 _qmn(t)

− kp 􏽘

∞

m�1
􏽘

∞

n�1
φmn lx, ly􏼐 􏼑qmn(t) � 0.

(18)

Equation (17) can be further transformed into

kp[Z(t) − W(x, y, t)] + cp
_Z(t) −

zW(x, y, t)

zt
􏼢 􏼣 � −mp

€Z(t).

(19)

Terefore, equation (16) is simplifed as

F(x, y, t) � gp(t) − mp
€Z(t)􏽨 􏽩δ x − lx( 􏼁 y − ly􏼐 􏼑. (20)

Te generalized force Pmn(x, y, t) can be simplifed as

Pmn(x, y, t) � B
S

F(x, y, t)φmn(x, y)ds,

� B
S

fp(t) − mp
€Z(t)􏽨 􏽩φmn(x, y)δ x − lx( 􏼁 y − ly􏼐 􏼑ds,

� gp(t) − mp
€Z(t)􏽨 􏽩φmn(x, y).

(21)

Te dynamic equilibrium equation of plate can be ob-
tained by substituting the above equation into equation (9):

Mmn€qmn(t) + mpφmn lx, ly􏼐 􏼑€Z(t) + Mmnχω
2
mn _qmn(t)

+ Mmnω
2
mnqmn(t) � gp(t)φmn lx, ly􏼐 􏼑.

(22)

Te coupling equation considering HSI efect can be
obtained by equations (18) and (22).

M €U + C _U + KU � F. (23)

It is assumed that there are j pedestrians in the structure,
the frst N order of the structure is taken for analysis. Matrix
M, C, and K are expressed by the following block matrices:
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M11 � diag Mmn􏼂 􏼃N×N,

M22 � diag mpj􏽨 􏽩
j×j

,

M12 �

mp1φ11 · · · mpjφ11

⋮ ⋱ ⋮

mp1φmn · · · mpjφmn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

j×N

,

(23a)

K11 � diag Mmnω
2
mn􏽨 􏽩

N×N
,

K22 � diag kpj􏽨 􏽩
j×j

,

K21 �

−kp1φ11 · · · −kp1φmn

⋮ ⋱ ⋮
−kpjφ11 · · · −kpjφmn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

j×N

,

(23b)

C11 � diag 2Mmnξmnωmn􏼂 􏼃N×N,

C22 � diag cpj􏽨 􏽩
j×j

,

C21 �

−cp1φ11 · · · −cp1φmn

⋮ ⋱ ⋮
−cpjφ11 · · · −cpjφmn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

j×N

,

(23c)

F � 􏽘

j

i�1
gpi(t)φ11 · · · 􏽘

j

i�1
gpi(t)φmn  0 · · · 0⎡⎢⎣ ⎤⎥⎦, (23d)

M �
M11 M12
0 M22

􏼢 􏼣,

C �
C11 0
C21 C22

􏼢 􏼣,

K �
K11 0
K21 K22

􏼢 􏼣.

(23e)

When the foor system is simply supported on the
short side and freely constrained on the long side,
equation (23) degenerates into one-dimensional dynamic
equation, and the mode shape of simply supported beam
is [31]

φx � sin
iπ
L

x, (24)

where L is the long side length of the plate. As shown in
Figure 2, the general bridge structure can be approximately
solved by substituting equation (24) into equation (23).

For the above nonproportional damping time-varying
diferential equation, the state space method is used to solve
the modal characteristics of the time-varying system, and the
variable step size fourth-order fve-stage Run-
ge–Kutta–Felhberg algorithm is used to solve its dynamic
response. Equation (23) can be rewritten as a state space
expression to solve changes in the modal frequency and
damping ratio of the foor [22]:

_V � AV + B, (25)

with _V �
U
_U􏼨 􏼩; A �

0 I
−M− 1

−M− 1C􏼢 􏼣; B �
0

M− 1F(t)
􏼨 􏼩.

Here, I denotes the identity matrix with the same di-
mension as those for mass, stifness, and damping of the
system and F(t) is the force vector. Te modal properties can
be obtained by solving the following eigenvalue problem:

Aφ � λφ, (26)

where λ and ϕ stand for the complex eigenvalue and its
corresponding eigenvector. For a damped multidegree-of-
freedom (MDOF) system, the jth frequency, fj, and the
damping ratio, ξj, corresponding to each DOF are given as
follows:

fj �
λj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

2π
;   ξj �

Re λj􏼐 􏼑
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

λj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
. (27)

2.2. Model Validation. In order to verify the accuracy of the
human-foor coupling equation, the numerical solution is
compared with the experimental data. Te plane size is
5m× 8m, the span is 7.7m and 4.7m, respectively, and the
plate thickness is 60mm. It is a typical composite steel-
concrete foor structure. Te frst three modal frequencies of
the foor are 4.55Hz, 9.0Hz, and 11.8Hz; the corresponding
damping ratios are 0.84%, 0.88%, and 0.84% [33]. For the
simply supported beam structure, the size is 11.2m× 2m
[23, 34]. Te actual area is 10.8m× 2m, the frst three
natural frequencies of the beam are 4.44Hz, 16.8Hz, and
26.1Hz, respectively. Te modal mass of each order remains
7128 kg.

Results of the standing test and theoretical calculations
are shown in Table 1. Te pedestrians weight varies between
50 kg and 80 kg. Te data in brackets are calculated
according to equations (23a)–(23e). Comparing the mea-
sured results of the foor system, it can be found that the
calculated values are close to the experimental values. Te
calculation error of the modal frequency is less than 1%, and
the diference in the modal damping ratio is less than 7%.

12 pedestrians are selected to further analyze the in-
fuence on pedestrian walking. Te values of the natural
frequency, damping ratio, and average pedestrian weight for
each test are shown in Table 2. No. B-1 to No. B-3 are
parameters identifed by the test, and No. B-4 to No. B-8 are
calculated modal parameters. It can be seen from Figure 3
that the experimental values of the modal damping ratio fall
within the calculated efective range, and the modal fre-
quency is close to the calculated values. In Figure 3, fs1 is the
frst modal frequency of the structure, ms1 is the modal mass,
ξs is the damping ratio, cs and ks are the calculated structural
damping and stifness. Te diference in modal frequency is
less than 1% for 10 pedestrians walking.

Table 3 shows the modal damping ratio and modal
frequency variation values of the coupling system for pe-
destrians standing on the footbridge. When 10 pedestrians
are standing at the mid-span of the footbridge, the modal
damping calculated by the SDOF model is 3.4%, which is
higher than the 2.6% measured by the test value. Since the
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Figure 2: Simply supported beam model.

Table 1: Infuence of standing mode on foor modal parameters.

No.
Pedestrian parameters [33] Floor parameters

Gender Weight (kg) fH (Hz) ξp (%) cp (N·s/m) kp (N/m) fos (Hz) ξp (%)

A1 Female 49.4 5.22 32.08 1039 53141 4.523 (4.523) 1.30 (1.27)
A2 Female 54.5 5.19 31.80 1130 57955 4.520 (4.520) 1.36 (1.33)
A3 Female 60.9 5.30 32.90 1334 67535 4.517 (4.516) 1.35 (1.33)
A4 Male 59.1 4.89 39.65 1440 55791 4.520 (4.524) 1.47 (1.36)
A5 Male 70 5.08 44.66 1996 71316 4.517 (4.518) 1.40 (1.35)
A6 Male 80.5 5.18 41.30 2164 85274 4.511 (4.511) 1.47 (1.43)

Table 2: Dynamic parameters of pedestrians.

No. Pedestrians Location Average weight
(kg)

fP (Hz) ξp (%)
Min Max Min Max

B1 3 Mid-span 70 2.75 3.25 25.0 35.0
B2 6 Mid-span 70 2.75 3.25 25.0 32.5
B3 10 Mid-span 70 2.25 3.00 25.0 30.0
B4 1 Mid-span 70 2.75 3.25 25.0 35.0
B5 3 Mid-span 70 2.75 3.25 25.0 35.0
B6 6 Mid-span 70 2.75 3.25 25.0 32.5
B7 10 Mid-span 70 2.25 3.00 25.0 30.0
B8 12 Mid-span 70 2.25 3.00 25.0 30.0

Test value [29]

fs-1=4.44 Hz ms1=7128 kg ξs=0.7%
cs=2784 N.s/m ks=5547×103 N/m

3 6 10 121
No. of pedestrians

0
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4

5

M
od

el
 d
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pi

ng
 ra

tio
 (%

)

(a)

Test value [29]
Calculated value

fs1=4.44 Hz ms1=7128 kg ξs=0.7%
cs=2784 N.s/m ks=5547×103 N/m

3 6 9 120
No. of pedestrians

4.42

4.44

4.46

4.48

4.50

4.52

M
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y 

(H
z)
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Figure 3: Pedestrians walking mode verifcation. (a) Modal damping ratio and (b) modal frequency.
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infuence of lateral width is considered in this paper, it is
assumed that pedestrians are orderly distributed near the
mid-span of the structure, and the distribution distance and
arrangement mode are shown in reference [35]. According
to Table 3, the error between the calculation results and test
values is smaller when 3 and 6 pedestrians stand, and the
modal frequency calculation results of 10 pedestrians
standing are closer to the test values than the SDOF model.

3. Pedestrian Parameter Analysis

3.1. ParameterValues. In the process of pedestrians walking,
the body gravity center is constantly changing, so the dy-
namic parameters of pedestrians in the standing and walking
state are diferent.Te average human natural frequency was
5.24Hz (±0.4Hz), and the average human damping was 0.39
(±0.05) [35]. When a single person stands on the structure,
the natural frequency of the standing posture is recom-
mended to be 5.12Hz, and the average damping ratio is
recommended to be 36.76% [32]. For pedestrians in the
walking mode, considering the HSI efect, the vertical
natural frequency of pedestrian in the SDOF model should
be 2.75Hz–3Hz and the damping ratio 27.5%–30% [23]. In
the vibration response analysis of reference [22], the
damping and stifness coefcients of pedestrians are 612N·s/
m and 14110N/m, respectively. Silva and Pimentel [36]
proposed the equivalent calculation formula for dynamic
parameters of the SDOF pedestrian model:

mp � 97.082 + 0.275mp − 37.518fp,

cp � 29.041mp
0.883

,

kp � 30351.744 − 50.261cp + 0.035c
2
p,

(28)

where mp, cp, and kp are equivalent mass, equivalent
damping, and equivalent stifness, respectively. According to
the calculation, the dynamic parameters of the equivalent
conversion for pedestrian walking are smaller than those for
pedestrian standing. Te pedestrian standing parameters in
Section 3.2 and Section 3.3 are the same as those in the
literature [35], and the values of the pedestrian walking
parameters are the same as those in the literature [23].

According to the observation of pedestrian walking speed
under diferent crowd densities on the high-speed rail platform,
2277 sets of measured data were statistically analyzed in the
literature [37], and the results are shown in Table 4.

3.2. Stifness Parameters. In the numerical analysis, the
pedestrian weight is 60 kg–80 kg, and the damping is
1700N·s/m when the pedestrian stands. When pedestrians
walk, the damping is 750N·s/m and the stifness range is
6×104N/m–8×104N/m. The specifc conversion method
for the pedestrian dynamic parameters is as follows:

fp �
1
2π

���
kp

mp

􏽳

, (29)

ξp �
cp

2
�����
kpmp

􏽱 , (30)

where fp and ξp are the vertical natural frequency and
damping ratio of pedestrians. mp, cp, and kp are the pe-
destrian weight, damping, and stifness, respectively.

It can be seen from Figure 4(a) that compared to the
structural initial state, the modal damping ratio increases
overall, but the amplitude of the rise is inversely related to
the pedestrian stifness. Te increase in pedestrian stifness
will lead to a decrease in the foor damping ratio. At the same
time, with the decrease in pedestrian weight, the inverse
correlation is more obvious. It can be seen from Figure 4(b)
that the foor modal frequency is inversely correlated with
the pedestrian stifness, and with the increase in pedestrian
weight, the inverse correlation is more obvious. However,
for the 75 kg and 80 kg pedestrians, when the stifness is
taken as 6×104N/m and 6.5×104N/m, the decrease in the
foor frequency is lower than that of the 60 kg pedestrian.
Results show that when the pedestrian stifness is low, the
change in structural frequency is not absolutely dependent
on the human-structure mass ratio for pedestrian standing,
but may be related to the values of pedestrian stifness and
weight at the same time.

Te distribution range of pedestrian stifness in the
walking state is 1.8 ×104 N/m–3 ×104 N/m [23]. Te real-
time changes of the foor structure dynamic parameters
when the pedestrian steps at 2.0 Hz, with a damping of
1700 N·s/m and a weight of 70 kg are shown in Figure 5.
Te trend for both foor damping ratio and frequency
increases and then decreases, reaching a maximum at the
mid-span position. In order to further analyze the in-
fuence of pedestrian weight change, the peak values of the
foor time-varying frequency and time-varying damping
ratio are taken for analysis. It can be seen from Figure 6
that the changes in the foor modal damping ratio and
frequency are positively correlated with the pedestrian
stifness for walking state. Te smaller the pedestrian
weight is, the greater the increase range of the foor modal
damping ratio, but the smaller the increase range of the
foor modal frequency.

3.3. Damping Parameters. Te infuence of pedestrian
damping on the dynamic parameters when standing is
shown in Figure 7. When the pedestrian weight is constant
and the pedestrian damping is increasing, the amplitude of
the increase in the foor modal damping ratio decreases. Te
larger the weight, the more obvious the HSI efect. For the
change in the foor modal frequency, it can be seen from
Figure 7(b) that when the pedestrian damping is the same
and the weight is greater, the foor modal frequency is
smaller. With the increase in pedestrian damping, the foor
modal frequency increases, but it is still less than the original
frequency.

It can be seen from Figure 8 that when pedestrians with
the same weight (70 kg) and the same stifness (75000N/m)
walk through the foor completely, the foor modal damping
ratio and the foor modal frequency signifcantly increase.
Te rising rate of the foor modal damping ratio is positively
correlated with the pedestrian damping, and the rising rate
of the modal frequency is inversely correlated with the
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pedestrian damping. It can be seen from Figure 9(a) that the
higher the pedestrian weight is, the smaller the rise range of
the foor modal damping ratio is. In particular, for a pe-
destrian of 60 kg, when the damping coefcient increases
from 850N·s/m to 950N·s/m, the increase in amplitude of
the foor modal damping ratio begins to decrease. By
comparing and analyzing the infuence of pedestrian stif-
ness change on the foor modal damping ratio in Figure 6(a),
it can be found that considering the HSI efect, the infuence
of pedestrian weight and pedestrian damping should be
considered. It can be found from Figure 9(b) that the modal
frequency decreases approximately linearly with the pe-
destrian damping. Compared with the initial vertical natural
frequency of 4.55Hz, the foor modal frequency increases at

550N·s/m and 650N·s/m, and decreases with the increase of
pedestrian damping.

4. Random Pedestrian Framework

4.1. Framework Model. Te foor structure is a composite
foor system, and the parameters are the same as those in
Section 2.2. It is assumed that the pedestrian weight is
70 kg [23], the stifness is 25000N/m, the damping is
950 N·s/m, and the step frequency range is 1.8 Hz–2.2 Hz
[8, 22]. It is assumed that the deterministic crowd walks
along the long side of the mid-span at a constant pacing
frequency, and the change trends of the foor modal pa-
rameters are shown in Figure 10. When the pedestrian

Table 3: Verifcations of pedestrians standing on the footbridge.

Pedestrians
Test value [34] SDOF model Present

fos(Hz) ξp(%) fos(Hz) ξp(%) fos(Hz) ξp(%)

0 4.440 0.60 4.440 0.60 4.440 0.60
3 4.363 1.35 4.359 1.47 4.360 1.46
6 4.259 2.30 4.265 2.62 4.282 2.46
10 4.175 2.60 4.174 3.40 4.237 3.04

Table 4: Te mean values and standard deviations of the pacing frequency.

Crowd density (p/m2) No.
of pedestrians (p) Mean frequency (Hz) Standard deviation (Hz)

0.5 533 1.8834 0.1794
0.75 461 1.8197 0.1727
1.0 389 1.7220 0.1321
1.25 253 1.6399 0.0711
1.5 256 1.4380 0.0560
1.75 207 1.3812 0.0227
2 178 1.3471 0.0111
Note. people/m2 is simplifed as p/m2.
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Figure 4:Te infuence of pedestrian stifness on structural modal parameters in pedestrian standing state. (a) Modal damping ratio and (b)
modal frequency.
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dynamic parameters are determined, changes in the foor
modal parameters will have nothing to do with the pacing
frequency. Tis is because when the pacing frequency is
determined, only the walking speed will be afected, and
fnally, only the time diference of the crossing structure
will result. Terefore, considering the randomness of
pedestrian walking, it is more reasonable than de-
terministic pedestrian [15].

In order to realize the formulaic model of a random
crowd walking on a long-span foor, the modeling process is
divided into dynamic parameter preparation, formulaic
modeling, and response analysis. Te detailed steps can be
referred to Figure 11.

4.1.1. Dynamic Parameters. Te number of pedestrians
under diferent crowd densities is determined by the span of
the structure. Te pedestrian weight obeys a normal dis-
tribution, with an average value of 75 kg and a standard
deviation of 15 kg [12]. Te vertical natural vibration fre-
quency of pedestrians standing is 4.84Hz–5.64Hz, and the
damping ratio is 34–44% [35]. Te natural vibration fre-
quency of pedestrian walking is 2.75 Hz–3Hz, and the
damping ratio is 27.5–30% [23]. Te corresponding
damping and stifness are calculated according to equations
(29) and (30). Te pedestrian pacing frequency follows
a normal distribution [37], and the foor described in Section
2.3 is selected as the structure for analysis.
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Figure 5: Real-time changes of structural dynamic parameters under pedestrian walking with diferent stifness.
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Figure 6: Te infuence of pedestrian stifness on structural modal parameters in pedestrian walking state. (a) Modal damping ratio and (b)
modal frequency.
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4.1.2. Formulaic Modeling. Te mass matrix M, damping
matrixC, and stifness matrixK of pedestrians are generated,
respectively. Te pedestrian weight, vertical natural fre-
quency, and pacing frequency are random.

(a) Te pacing frequency of each step is used to calculate
the time of each step: Tk

j � (fk
pj)

− 1. fk
pj is the kth

pacing frequency of pedestrian j.

(b) Te relationship between pacing frequency and
pacing speed follows fk

pj � 0.35(Vk
j )3 − 1.59(Vk

j)2 +

2.93Vk
j [38], where Vk

j represents the kth step speed
of pedestrian j. Te pacing length of each step is
calculated by using the relationship lkj � Vk

j · Tk
j .

(c) In the standing state, the position of pedestrians is
fxed. Considering the actual width of the human
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Figure 7: Te infuence of pedestrian damping on structural modal parameters in pedestrian standing state. (a) Modal damping ratio and
(b) modal frequency.
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body, the left-right spacing is set at 0.5m [12], and
the front-back spacing is 0.3m. In the walking state,
the position of pedestrians is time-varying, and the
time interval Δt is taken as 1 s.

(d) According to the time substep dt, equation (23) is
continuously generated and solved step by step.
Fourier series model is used for pedestrian walking
load and Fp(t) �Gαvsin(2πfpt), αv � 2.5
(0.111 v2p − 0.017 vp) [10], and αv is dynamic load
factor about walking speed vp.

4.1.3. Response Analysis. Te efects of pedestrian standing
position, one-way walking, and two-way walking on
structural dynamic parameters were studied. It should be
noted that there is no acceleration response analysis under
the standing condition.

4.2. StandingModel. Te location distribution of pedestrians
is shown in Figure 12. Since the span of the foor is
7.7m× 4.7m, the maximum crowd density reaches 0.58 p/
m2. It can be seen from Figure 13 that the foor modal
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Figure 9:Te infuence of pedestrian damping on structural modal parameters in pedestrian walking state. (a) Modal damping ratio and (b)
modal frequency.
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damping ratio is increasing continuously, but the rising
trend gradually slows down with the increase in crowd
density. At the same time, the discrete response of the foor
modal damping ratio is larger, which is due to the infuence
of pedestrian randomness. For a crowd of 0.58 p/m2, the
maximum modal damping ratio reaches 8.42%, and the HSI
efect is very signifcant.Te foormodal frequency decreases
with the increase in crowd density. For the crowd of 0.58 p/
m2, the frequency reduction rate reaches 30%, and the
structural dynamic parameters change greatly. When
a single person stands in the middle of the foor, the average
modal damping ratio and modal frequency of the foor are
1.4% and 4.512Hz, which are close to the results of the
single-person standing test in reference [33].

4.3. One-Way Walking Model. In order to study the infu-
ence of pedestrian walking on the foor system, a set of
working conditions was designed, as shown in Figure 14.Te
test number was T1–T6, in which T1–T4 was one-way
single-span walking, and the maximum number of pedes-
trians was 5. Each group of pedestrians gradually difered by
0.6m span. T5-T6 was one-way double-span walking, with
the maximum number of 10 pedestrians. Under the con-
dition of T5, one group of pedestrians walked in the mid-
span of the foor; the other group was 1.2m apart. Under the
condition of T6, the average distance between the two
groups is 1.2m, which is located on both sides of the foor.
Te dynamic parameters such as pedestrian weight, stifness,
and damping have been described in detail in Section 4.1.
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Figure 11: Algorithm of pedestrians walking or standing on the foor.
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Figure 12: Pedestrian standing area distribution, the number of pedestrians increased from 1 person to 21 people (about 0.58 people/m2

crowd density), the distance between the left-right is 0.5m, and the distance between the front-back is 0.3m.
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Although the reaching interval of 1m can be modeled
and analyzed [22], considering the function of the metro-
nome and timer in the actual test process, the time interval of
pedestrian entering the structure is taken as Δt � 1 s. Results
of multiple calculations are shown in Figure 15, of which
Figures 15(a)–15(d), respectively, show the change trend of
the foor modal damping ratio of No. T1–T4. It can be seen
from the fgures that the increase in pedestrian numbers will
lead to an increase in the modal damping ratio, and the
discrete efect gradually becomes obvious. Considering the
infuence of pedestrian randomness, the phenomenon of the
discrete efect is in line with the actual situation. By com-
paring the results of T1–T4, it can be found that the damping
ratio of the foor increases with the increase of the number of
pedestrians. Tis is because the T4 condition is far away
from the mid-span area of the foor compared with the T1
condition, so the modal damping ratio increases less.
Similarly, Figures 15(e)–15(h) show the change in foor
system modal frequency under T1–T4 conditions. Generally
speaking, the modal frequency of the foor is rising. Tis
change is mainly due to the infuence of pedestrian stifness
and pedestrian damping [14, 22, 39]. It is found that the
closer to the mid-span region, the more obvious the rise of

modal frequency is. Terefore, the lateral width of the foor
has an impact on the dynamic response of the foor. Only
considering the calculation results of the mid-span area will
overestimate the infuence of the human-induced vibration
and produce unreliable evaluation results.

Te growth rate is used to characterize the increase of the
modal damping ratio and modal frequency:

βξ �
max ξos( 􏼁 − ξs

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

ξs
,

βf �
max fos( 􏼁 − fs

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

fs
,

(31)

where βξ and βf are the change rates of the modal damping
ratio and modal frequency of the foor, respectively. ξos and
fos represent the modal damping ratio and modal frequency
of the coupled system under pedestrian walking. It can be
seen from Figures 5 and 8 that ξos and fos are time-varying,
so only the peak value is taken for analysis. ξs and fs are the
initial damping ratio and natural frequency of the foor. Te
change rate is shown in Figure 16. Under the condition of
T1, the growth rate of 5 pedestrians walking reaches 181%,
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Figure 13: Dynamic parameter response of foor under pedestrian standing. (a) Modal damping ratio and (b) modal frequency.
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Figure 14: Pedestrian one-way random walking model. (T1) one-way mid-span; (T2) one-way and 0.6m away from mid-span; (T3) one-
way and 1.2m away from mid-span; (T4) one-way and 1.2m away from mid-span; (T5) one-way with mid-span and 1.2m away from mid-
span; (T6) one-way and both sides 1.2m away from the mid-span.
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and the corresponding growth rate is only 22% under T4
condition.Te growth rate under the T1 condition reaches
57%, but the T4 condition is only 7% for one-person
walking. It can be seen that the infuence of the lateral
width of the foor structure cannot be ignored.
Figure 16(b) shows the growth rate of the foor modal
frequency. Due to the small human-structure mass ratio,
the frequency change is far less obvious than the change in
damping ratio. Under T1 condition, 5 pedestrians walking
only increases by 0.33%. Compared with the infuence of
pedestrians standing in Figure 13(b), it can be found that
the infuence is very small.

Results of one-way double-span pedestrian walking in
T5-T6 conditions are shown in Figures 17 and 18. Te
number of pedestrians increases from 2 to 10. It can be
found that although the foor damping ratio is generally on
the rise. Te modal frequency of the foor is not mono-
tonically increased, but the modal frequency decreases.
Although the number of occurrences is relatively small, this
is not mentioned in previous studies. Because of the large
sample size, this paper has an advantage in modal frequency
analysis. It can be seen from Figures 17(b) and 18(b) that
with the increase of the pedestrian number, the amplitude of
modal frequency increase or decrease is also gradually ob-
vious. By comparing and analyzing Figures 17(b) and 18(b),
it can be found that the change degree of modal frequency
decrease or increase under the T6 condition is less than that
under the T5 condition. Tis is mainly due to the fact that
pedestrians are more and more far away from the mid-span

area of foor under T6 condition. In the case of the foor
modal damping ratio, both T5 and T6 conditions increase
gradually with the increase in pedestrian number. Te av-
erage value of foormodal damping ratio under T5 condition
is greater than that under T6 condition, which is also because
the distribution of pedestrians under T5 is close to the mid-
span region.

4.4. Two-Way Walking Model. T7 and T8 conditions are
designed to study the infuence of two-way walking on foor
dynamic parameters. Te walking diagram is shown in
Figure 19. In the T7 condition, one group of pedestrians
walked along the mid-span of the foor, and the other group
of pedestrians gathered 1.2m to walk in the opposite di-
rection. In the T8 model, two groups of pedestrians walk in
opposite directions at a distance of 1.2meters from the mid-
span position of the foor. Te modal damping ratio and
modal frequency are shown in Figures 20 and 21. Te
variation law of the foor dynamic parameters is similar to
that of T5 and T6 conditions. Te diference is that the
response value of the foor under two-way walking is slightly
lower than that of one-way multispan walking. When 10
pedestrians walk on the foor, the average values of foor
modal damping ratios calculated by T5 and T6 are 3.1% and
2.3%, respectively. While the average values of foor modal
damping ratios calculated by T7 and T8 are 2.9% and 2.2%,
the maximum diference between the modal damping ratios
is less than 6.9%.
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Figure 16: Growth rates of the dynamic parameters of the foor under one-way walking. (a) βξ . (b) βf.
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Figure 17: Dynamic parameters of the foor under T5 condition. (a) Modal damping ratio and (b) modal frequency.
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Figure 18: Dynamic parameters of the foor under T6 condition. (a) Modal damping ratio and (b) modal frequency.
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Te acceleration response of two-way walking on the
foor is analyzed, and the variation range of the maximum
acceleration with a 95% guarantee rate and the maximum

root mean square acceleration of about 1 s are given. Te
calculation results are shown in Table 5. Under T7 condition,
the average maximum acceleration for 10 pedestrians

b
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Figure 19: Pedestrian two-way random model.
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Figure 20: Dynamic parameters of the foor under T7 condition. (a) Modal damping ratio and (b) modal frequency.
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Figure 21: Dynamic parameters of the foor under T8 condition. (a) Modal damping ratio and (b) modal frequency.
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random walking is 0.241m/s2, and the average value of 1s-
RMS is 0.132m/s2. Under the T8 condition, the average
value of the maximum acceleration for 10 pedestrians
random walking is 0.217m/s2, and 1s-RMS is 0.12m/s2. It
can be seen that the acceleration values meet the vibration
comfort requirements given in the specifcation [1, 3].

In order to analyze the position distribution of pedes-
trians when the structure generates the maximum acceler-
ation, the local distribution of pedestrians is recorded every
time the foor generates the maximum acceleration.
Figure 22(a) shows the pedestrian distribution under T7
conditions. It can be seen that in the case of two pedestrians,
the pedestrian distribution is mainly concentrated near the
mid-span area, similar to the normal distribution curve. In
the foor area (0, a/5) (a is the length of the long side of the
foor), there is no pedestrian distribution when the maxi-
mum acceleration is generated. As the number of pedes-
trians increases, the curve gradually becomes fat. When it
reaches a group of 10 pedestrians, the pedestrians are mainly
concentrated in the area (a/5, 2a/5), (2a/5, 3a/5), and (3a/5,
4a/5). In these three areas, the proportions of pedestrians are

close. Tis is mainly because the increase in the number of
pedestrians has led to the gradual crowding of pedestrians.
Figure 22(b) indicates that with the increase in the number
of pedestrians, the pedestrian distribution spreads to both
sides of the foor middle-span area when the maximum
acceleration is generated. According to the code [3], the
estimation of the human-induced vibration acceleration
response should be calculated with a uniformly distributed
load. According to the calculated results in Figure 22, the two
sides of the mid-span foor area can be used for uniformly
distributed load layout, such as in the area [2a/5, 4a/5] for
calculating the dynamic response.

5. Conclusions

For the analysis of a random crowd standing and walking on
the foor, the main conclusions are as follows:

(1) When the pedestrians stand on the foor, compared
with the initial state of the foor structure, the foor
modal damping ratio increases and the modal

Table 5: Acceleration response intervals of the foor with 95% guarantee rate.

Mode No. of pedestrians
Maximum acceleration (m/s2) Maximum 1 s-RMS (m/s2)

95 guarantee rates Mean 95 guarantee rates Mean

T7

2 [0.087, 0.245] 0.160 [0.047, 0.156] 0.092
4 [0.101, 0.267] 0.167 [0.052, 0.166] 0.097
6 [0.107, 0.375] 0.222 [0.056, 0.216] 0.124
8 [0.128, 0.408] 0.232 [0.064, 0.252] 0.131
10 [0.127, 0.424] 0.241 [0.056, 0.229] 0.132

T8

2 [0.061, 0.259] 0.139 [0.034, 0.144] 0.081
4 [0.074, 0.313] 0.177 [0.046, 0.175] 0.104
6 [0.125, 0.378] 0.207 [0.053, 0.248] 0.115
8 [0.12, 0.394] 0.214 [0.051, 0.246] 0.12
10 [0.117, 0.424] 0.217 [0.059, 0.287] 0.12
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Figure 22: Pedestrian distribution area at maximum acceleration on the foor. (a) Under the T7 condition and (b) under the T8 condition.
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frequency decreases. With the increase in pedestrian
stifness, the increase in the damping ratio gradually
decreases, and the decrease in frequency gradually
increases. As the pedestrian damping increases, the
increase in the amplitude of the damping ratio
gradually decreases.

(2) When pedestrians walk along the foor, the foor
modal damping increases signifcantly. With the
increase in pedestrian stifness, the rise amplitudes of
the foor damping ratio and frequency increase
gradually, while with the increase in pedestrian
damping, the increase amplitudes of the foor
damping ratio and the foor frequency decrease
gradually.

(3) Under the action of one-way multispan walking, the
foor damping ratio increases, and the modal fre-
quency no longer increases monotonously, but de-
creases. Te foor dynamic parameters under two-
way multispan walking are similar to those of one-
way multispan. With the increase in the number of
pedestrians, when the maximum acceleration occurs,
the pedestrian distribution difuses to both sides of
the foor midspan area. Structural acceleration re-
sponse analysis can take the structure [2a/5, 4a/5]
area for uniform load analysis.
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