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We obtain certain simple sufficiency criteria for a class of p-valent alpha convex functions. Many known results appear as special
consequences of our work. Some applications of our work to the generalized integral operator are also given.

1. Introduction

Let A p(n) denote the class of functions f(z) of the form

f@=2"+ Yy ad (peN={L2..]), q

k=p+n

which are analytic and multivalent in the open unit disk U =
{z € C: |z| < 1}. We note that A;(n) = A(n) and A,(1) = A.
Also let S;(n, B), Cp(n, B) and Mp(oc, nfB), 0 < a <1,
0 < B < p, np € N), denote the subclasses of A ,(n)
consisting of all functions f(z), of the form (1), which are
defined, respectively, by

1+Re ZJ{, ((ZZ)) >p, (zel), ()
Re {(1 -a) Z}C(iz)) + (xZJJ:, (ij)} >B-a, (zel).
For p = 1 and n = 1, the above three classes reduce

to the well-known classes of starlike, convex, and alpha
convex functions of order f3, respectively. We also note that
M,(0,n,0) = §*(n,0), M,(1,n,0) = C(n,0).

Sufficient condition was studied by various authors for
different subclasses of analytic and multivalent functions;

for some of the related work, see [1-9]. The object of the
present paper is to obtain sufficient conditions for the class
M P((x, n, B) of multivalent alpha convex functions of order f3.
We also consider some special cases of our results which lead
to various interesting corollaries, and relevances of some of
these with other known results are also mentioned.

We will assume throughout our discussion, unless other-
wise stated, thatn €e N,0 <0 <1,0< < p,and p € N.

To obtain our main results, we need the following lemmas
due to Mocanu [10].

Lemma 1. If q(z) € A(n) satisfies the condition

n+1

4" (@) - 1| < = (z e, 3)
(m+1)"+1
then
q(z) € S* (n,0). (4)
Lemma 2. If q(z) € A(n) satisfies the condition
argq' @] < 38, (@), (5)
where 8, is the unique root of the equation
2tan”' [n(1-6,)] +7(1-25,) =0, (6)
then
q(z) € S (n,0). (7)



2

2. Sufficient Conditions for
the Class Mp(oc, n, )

Theorem 3. If f(z) € A,(n) satisfies

<&<Zf’ ) )oc)l/(P—ﬁ)
zP \ pf ()

2 (2 zf” ~ }_ (8)
{(1 Vo T f,() a-pr-p+p
< (p-p) ew),

\(n+ 1) +1
then f(z) € Mp(oc, n, 3).
Proof. Let us set a function g(z) by

4(2) = z( /@ ( 2f' (2) )“)”“"‘”

2P\ pf (2)
)

a(p+n)a,, .
p(p-p)

for f(z) € A, (n). Then clearly (9) shows that g(z) € A(n).
Differentiating (9) logarithmically, we have

=z+

q (2)

f1-0 700" _pel]

=4(z) [l +
—1 z f(z f’(z) z

p-
(10)

which gives

’ ay 1/(p-P)
|q (z)—1| ( (pZ)(Zf (Z)> > 1
2P \ pf(2) p-B

zf' ()  zf"(2)
{“") f@ e *“‘ﬁ}‘l'
(11)
Thus using (8), we have
4 @)-1] < —21 (zeV).

Hence, using Lemma 1, we have g(z) € S*(n, 0).
From (10), we can write

zq () _,, 1 {(1_a)2f @

Zf”(Z) .
q(z) r-B f(2

e

«-p}.

(13)
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Since g(z) € S"(n,0), it implies that Re(zq'(z)/q(z)) > 0.

Therefore, we get
1 zf' (2) zf" (2)
e e S IR

(14)
. zq (2)
= Re 1@ >0,
or
1 zf' (2) zf" (2)
p_ﬁRe{(l—oc) @ +0c(1 115 ) ﬁ}>0,

(15)

and this implies that f(z) € M P(oc, n, B).
By taking « = 0 and &« = 1 in Theorem 3, we obtain
Corollaries 4 and 5 proved by Goyal et al. [6]. O

Corollary 4. If f(z) € A »n) satisfies

S\ P { a-pio-p L @ 4 a-pio-p }_
< : ) ) Bz p+p

n+1

< e —
Vn+ 1) +1

for 0 < B < p, then f(z) € S, (n, p).

(p_ﬁ) (ZG[U),

(16)

Corollary 5. If f(z) € A P(n) satisfies

{QE@V“P

pzP!

1/(p-p
} lzf" @+ =B) f @} -p+p

n+1

<—
\/(n+1)2+1

Jor 0 < B < p, then f(2) € Cp(n, p).

(p-B) (zeU),

17)

Further if we take n = 1 and p = 1 in Corollaries 4 and 5,
we get the following result proved by Uyank et al. [9].

Corollary 6. If f(z) € A satisfies

(&)1/(1—@ {zf/ (2)
z f (@)

(ZE[U))

—ﬂ}—1+4
5 (18)

7 (1-5)
for0 < B < 1, then f(z) € S*(B).

Corollary 7. If f(z) € A satisfies
(7 @) P {f @+

1iﬁzf” (z)} —1‘ -

2
< —

V5
for0 < B <1, then f(z) € C(P).

(zel),
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Remark 8. If we put f = 0 and p = 1 in Corollaries 4 and 5,
we get the result proved by Mocanu [7] and Nunokawa et al.
[8], respectively.

Theorem 9. If f(z) € A »(n) satisfies

f@(zf' @)\
‘arg{ 2 (Pf(z)) }
zf (z) zf"
@ " f@)“xﬁH

(ZG[U)>

+(p-p)arg {(1 - a)
<28.(p-P)
(20)

where §,, is the unique root of (6), then f(z) € M, (e, 1, B).

Proof. Let us set

(2) = z(f(z)(Zf’ (2) )“)Wm)
q 22 \ pf (2)
(P )Gy s
p(p-P) :

for f(z) € A, (n). Then clearly (9) shows that g(z) € A(n).
Differentiating (9), we have

(21)

q (2)
_1() {;
z [(p-P)
X {(1 -a) ZJJZ(S) +<xZJ]:, ((ZZ)) +a—p} + 1},
(22)
which gives
'arg q (z)|
B q(2)
T (23)
+arg ‘[(1 - ) Z]]:(S) +a ZJ{, ((7;) o /3]’ ‘
Thus using (8), we have
'argq' (z)| < gSn (zel), (24)

where §,, is the root of (6). Hence, using Lemma 2, we have
q(z) € S*(n,0). Now by the same arguments as in the proof
of Theorem 3, we obtain the required result. O

Making « = 0 in Theorem 9, we have the following.

Corollary 10. If f(z) € A ,(n) satisfies

(L2 o - o £

(zel),

g
(25)

i
< 58n (p - :8)
then f(z) € S;(n, B).

Further if we take n = 1 = p in Corollary 10, we get the
following result proved by Uyank et al. [9].

Corollary 11. If f(z) € A satisfies

f(2) zf' (2)
(-parg {42 g}
< ) f(2) (26)
<Z8(1-p) (zeU),
where 8, is the unique root of the equation
2tan”' [(1-6,)] +7(1-28,) =0, (27)

then f(z) belongs to the class of starlike functions of order f3.
Taking « = 1 in Theorem 9, we have the following.
Corollary 12. If f(z) € A (n) satisfies

'(2) zf" (z)
arg<£2P1>+(p—ﬁ)arg{ ]J:’(z) +1

Al

<28,(p-B). (zeU),

then f(z) € Cp(n, B).

Remark 13. If we take n = 1 and p = 1 in Corollary 12, we
get the result proved in [9], and further for 3 = 0, we get the
result proved by Mocanu [10].

3. Generalized Integral Operator

For f(z) € A P(n), we consider

G(z) = {6 J: 1‘5_1<%>ydt]>1/(s =z+

Clearly G(z) € A(n),and when p = 1,y = 1,and § = 1, then
(29) reduces to the well-known Alexander integral operator
[11].

Yapin zn+1

(n+9)

(29)

Theorem 14. Ify > 6/p, 6 > 0, and f(z) € A ,(n) satisfy

f(z) W‘S{ y(Zf’(Z) )} 1 (n+1)
1+ % - -1 € ——,
) b (5 Ry
(30)

then f(z) € S;(n, 0).



Proof. From (29), we get
G (2)G (2) = 2! ( % )y. 31)

Differentiating (31), logarithmically, we get

G (2)
G(z)

G" (2)

. G
G' (2)

f @

6-1)

SHas
~—

1
=(6—1)2+y(
(32)

Then by simple computation, we have

@(zc’ (z))w
z G(z)

1\ zG (2) 1{(zG"(2)
X{(1_5> G0 +5< G (2) ”)}_1 (33)

(1@ ”‘31 z(zf’(Z>_ )}_
_1( ZP> 1+8 @ p 1
< (n+1) ’

\/(n+1)2+1

where we have used (30). By using Theorem 3 with p = 1,
B =0,and a = 1/§, we have G(z) € M,(1/68,n,0).
From (32), we can write

1\ zG' (z) 1(zG"(2)
Re{<1_5> G +5( G (2) ”)}

(34)
v,z @ py
_SRe—f(z) 5 +1,
or
! s 1
Re Z;(S) > <p— ’—/> (since G(z) € M, ((—S,n,0>> ,
(35)
which shows that f(z) € S;(n, 0), where y > §/p. O

Theorem 15. Ify > 8/p, 8 > 0, and f(z) € A ,(n) satisfy
179 !
arg(%) +arg<l§<%—p>+l}

where 6, is the unique root of (6), then f(z) € S;(n, 0).

<E<S
2

n>

(36)

Proof. The result follows on similar lines as in the last
theorem using Theorem 9 with p = 1, = 0, and & =
1/6. O
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