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In this paper, a Meir-Keeler contraction is introduced to propose a viscosity-projection approximation method for finding a
common element of the set of solutions of a family of general equilibrium problems and the set of fixed points of asymptotically
strict pseudocontractions in the intermediate sense. Strong convergence of the viscosity iterative sequences is obtained under some
suitable conditions. Results presented in this paper extend and unify the previously known results announced by many other

authors.

1. Introduction

Let H be a real Hilbert space with inner product {,-) and
norm | - ||, respectively. Let C be a nonempty closed convex
subset of H. Let A : C — H be a nonlinear mapping and F :
C x C — R be a bifunction, where R denotes the set of real
numbers. We consider the following generalized equilibrium
problem: Find x € C such that

F(x,y)+(Ax,y—x) >0, VyeC. (1)

We use EP(F, A) to denote the set of solution of problem (1).
If A = 0, the zero mapping, then the problem (1) reduces to
the normal equilibrium problem: Find x € C such that

F(x,y)>0, VyeC. (2)

We use EP(F) to denote the set of solution of problem (2). If
F = 0, then the problem (1) reduces to the classical variational
inequality problem: Find x € C such that

(Ax,y-x) >0, VyeC. 3)

We use VI(C, A) to denote the set of solution of problem (3).
The generalized equilibrium problem (1) is very general in the
sense that it includes, as special cases, saddle point problems,
variational inequalities, optimization problems, mini-max

problems, the Nash equilibrium problem in noncooperative
games, and others (see, e.g., [1-4]).

Recall that a nonlinear mapping T': C — C is said to be
nonexpansive if

[Tx-Ty| <|x-y|, Vx,yeC. (4)

T is said to be uniformly L-Lipschitz continuous if there exists
a constant L > 0 such that

IT"x-T"y| < Llx-y], n=1 vxyeC (5

T is said to be asymptotically nonexpansive if there exists a
sequence k,, € [1,00) with k,, — lasn — oo such that

IT"x-T"y| <k, Jx =y, n=1 VxyeC (6

T is said to be asymptotically nonexpansive in the intermedi-
ate sense [5] if it is continuous and the following inequality
holds:

timsupsup (7% -1~ Jx -y <0. )
n—00 x,yeC

Putting §, = max{0, sup, ,.c(IT"x - T"yll - lx - y[)}, we see

that{, — O0asn — 0. Then scheme (7) is reduced to the

following:

IT"x-T"y| < |x-y| +&» Vx,yeC. (8)



The class of asymptotically nonexpansive mappings in the
intermediate sense was introduced by Kirk [5] as a general-
ization of the class of asymptotically nonexpansive mappings.
It is known that, if C is a nonempty bounded closed convex
subset of a real Hilbert space H, then every asymptotically
nonexpansive self-mapping in the intermediate sense has a
fixed point (see, e.g., [6]).

Recall also that T is said to be a A-strict pseudocontrac-
tion [7, 8] if there exists a coefficient A € [0, 1) such that

7T < e e Ma=Dx ==
Vx,y € C.

T is said to be an asymptotically A-strict pseudocontraction
[9,10] if there exists a sequence k,, € [1,00) with k, — 1as
n — oo and a constant A € [0, 1) such that

[T =15 < ol = I+ A = T"%) = (= T") P

n>1, Vx,y € C.
(10)

T is said to be an asymptotically A-strict pseudocontraction in
the intermediate sense [11, 12] if there exists a sequence k,, €
[1,00) with k, — lasn — oo andaconstant A € [0,1)
such that

lim sup sup (||T"x ~T"|” ~ky|x - y|°

n—00 x,yeC
n n 11
-1 - (y-1"y)F) <0, W
Vx,y € C.

Putting e, = max{0, sup, ,c(IT"x - T"y|* - k,llx - yI* -

M(x = T"%) = (y = T"»)I)}, we see thate, — Oasn — oo.
Then scheme (11) is reduced to the following:

|7 - "y
<k =y + M (x = T"%) = (y = T")|” + ey

n>1, Vx,y € C.
(12)

We use Fix(T) to denote the set of fixed point of T, that is,
Fix(T) = {x € C : Tx = x}. The class of asymptotically
strict pseudocontractions in the intermediate sense was
introduced as a generalization of the asymptotically strict
pseudocontractions and asymptotically nonexpansive in the
intermediate sense. Clearly, a nonexpansive mapping is a 0-
strict pseudocontraction, and an asymptotically nonexpan-
sive mapping is an asymptotically 0-strict pseudocontraction.
(see, e.g., [7-12]).

Fixed point technique represent an important tool for
finding the approximate solution of equilibrium problem and
its variant forms, which have been studied extensively in
recent years due to their applications in physics, economics,
optimization, and pure and applied sciences. Some numerical
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methods have been proposed for finding a common element
of the set of fixed point of various types of nonexpansive
mappings and the set of solution of equilibrium problems
with bifunctions satisfying certain conditions; see [8-20] and
references therein.

In 2009, Qin et al. [10] introduced the following explicit
iterative algorithm for finding a common fixed point of a
finite family of asymptotically A;-strictly pseudocontractions
T, foreachi=1,2,...,N

x, =, %, +(1-a, )TH%, |, nx1, (13)

i(n)

where x, € C, {a,}2, is a sequence in (0,1) and n = [h(n) —
1IN +i(n), i = i(n) = 1,2,...,N. They also obtain weak
and strong convergence theorems based on the cyclic scheme
above.

Recently, Sahu et al. [11] considered a new iterative
scheme for asymptotically strictly pseudocontractive map-
pings in the intermediate sense. To be more precise, they
proved the following theorem.

Theorem SXY. Let C be a nonempty closed and convex subset
of a real Hilbert space H and T : C — C be a uniformly con-
tinuous asymptotically A-strictly pseudocontractive mapping in
the intermediate sense with a sequence {k, } such that Fix(T') is
nonempty and bounded. Let {a,} be a sequence in [0, 1] such
that0 < 8 < a, < 1-Aforalln € N. Let {x,} ¢ Cbea
sequence generated by the following (CQ) algorithm:

u=x €C,
In = (1 - ‘Xn) U, + “nTnxn’

2 2

C, = {wEC: Iy, = w|” < |, — wl| +9n}, (14)
Q,={weC:{(x,-w,u-x,) >0},
Xny1 = PCann (),

where 0, = (k,, — l)pﬁ +e,andp, = sup{ll x,-p |: p €
Fix(T)} < co. Then, {x,} converges strongly to Py (r(1t), where

Py is metric projection from H onto Fix(T).
In 2011, Hu and Cai [12] modified schemes (13) and (14) to
the case of asymptotically strictly pseudocontractive mappings

in the intermediate sense concerning the equilibrium problem
and proposed the following modified hybrid method:

xy €C, uyeC,
F(un’y) + <Axn’y_un>

+l(y—un,un—xn>20, VyeC,
r

n
h(n)
Zy = (1 - ﬁn) u, + ﬁnTi(nr; Up»

Yn = (1 _(Xn) U, + o2y,
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Cn:{wEC:"yn—wH2 < ||xn—w||2+6n},
Q,={weC:(x,-w,x,—x,) >0},

Xur1 = P g, (x0)
(15)

where 0, = (kh(n)—l)p§+eh(,,) — 0asn — ooand p, = sup{||
x, — p ll: p € Q} < co. Moreover, they obtained convergence
theorems under some suitable conditions.

On the other hand, Moudafi [13] introduced the following
viscosity approximation method for fixed point problem of
nonexpansive mapping

Xn+1 = (xnf (xn) + (1 - (xn) Txn’ (16)

where f is a contractive mapping. He proved that the viscosity
iterative sequence {x,} convergence strongly to a fixed point of
T, which is the unique solution of the variational inequality:

((I-f)x,z-x)=0, VzeFix(T). (17)

Furthermore, S. Takahashi and W. Takahashi [14] and Inchan
[15] modified the viscosity approximation methods for finding
a common element of the set of fixed point problems and
equilibrium problems.

In 2012, Kimura and Nakajo [16] introduced a Meir-Keeler
contraction and proposed a modified viscosity approximations
by the shrinking projection method in Hilbert spaces, the so-
called viscosity-projection method. To be more precise, they
proved the following theorem.

Theorem KN. Let C be a nonempty closed convex subset of
H, and let {T,,} be a sequence of mappings of C into itself with
Q = (72, Fix(T,,) # @ which satisfies the following condition:
there exists {a,} C R with liminf, | a, > -1 such that |
T,x — z|? <l x - z|* - a, | x- Tnxllzfor everyn € N,x € C,
and z € Q. Let f be a Meir-Keeler contraction of C into itself,
and let {x,} be a sequence generated by

x,=x¢€C, C =G

y?’l = Tnxn’
Con = {w €C,: ”yn - w"2 < ”xn - w"2 - an”xn - yn”Z} ’
Xnt1 = PC,,Hf (xn) >
(18)

for each n € N. For every sequence {z,} ¢ Candz, — z€C
andT,z, — zimply that z € Q. Then, {x,} converges strongly
to q € Q, which satisfies q = P, f(q).

In this paper, inspired and motivated by research going
on in this area, we introduce a new viscosity-projection
method for a family of general equilibrium problems and

asymptotically strict pseudocontractions in the intermediate
sense, which is defined in the following way:

x, €C, C, =C,

_ Aum AM—l__
u, = F,"F

PRty
n TM-1n Ton Tin 1

h
Zy = (1 - ﬁn) u, + ﬁnTi(;(q’)l)un’

(19)
Yn = (1 - ‘Xn) U, + 0,2,

Co = {w €C,: ||yn - w||2 < ||xn - w||2 + Gn},
Xny1 = PC,,Hf(xn) ’

where 0, = (k) — 1)p> + epmy — 0asn — ooandp, =
sup{ll x,, — p IIl: p € Q} < c0.

Our purpose is not only to extend the viscosity-projection
method with a Meir-Keeler contraction to the case of a family
of general equilibrium problems and asymptotically strict
pseudocontractions in the intermediate sense, but also to
obtain a strong convergence theorem by using the proposed
schemes under some appropriate conditions. Results pre-
sented in this paper extend and unify the corresponding ones
of [10-13, 16].

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert
space H with inner product (-,-) and norm || - ||, respectively.
We use notation — for weak convergence and — for strong
convergence of a sequence. For every point x € H, there exists
a unique nearest point in C, denoted by P-x, such that
lx-Pexl <lx—5]. wyeC. Qo
P is called the metric projection of H onto C defined by
Pc(x) = argmingec || x — y |. It is well known that P is
nonexpansive mapping, and u = Ppx is equivalent to (see,
e.g., [21]) the following:
(x-u,u—y)>0, VyeC. (21)
Recall that a mapping A : C — H is said to be monotone
if
(Ax-Ay,x-y) >0, Vx,yeC. (22)
A is said to be r-strongly monotone if there exists a constant
r > 0 such that

(Ax- Ay, x—yyzr|x-y|’, Ve yeC. (23)

A is said to be a-inverse strongly monotone if there exists a
constant & > 0 such that

(Ax - Ay, x-y) > a|Ax - Ay|’, Vx,yeC. (24)

It is easy to see that if A is an a-inverse strongly monotone
mapping from C into H, then A is 1/a-Lipschitz continuous.



To study the generalized equilibrium problem (1), we may
assume that the bifunction F : C x C — R satisfies the
following conditions:

(Al) F(x,x) =0 forall x € C;
(A2) F is monotone, that is, F(x, y) + F(y,x) < 0 for all

x,y €GC;

(A3) for each x,y,z € C, lim,_, F(tz + (1 — t)x,y) <
F(x, y);

(A4) foreachx € C, y — F(x, y) is convex and lower semi-
continuous.

Lemma 1 (see [1, 3]). Let F : Cx C — R be a bifunction
satisfying (Al1)-(A4). Then, for any r > 0 and x € H, there
exists z € C such that

F(z,y)+1(y—z,z—x) >0, VyeC. (25)
r

Further, if F.x = {z € C : F(z,y) + (1/r){y — 2,2 — x) >
0,Vy € C}, then the following hold:

(1) F, is single-valued;

(2) F, is firmly nonexpansive, that is, || F,x—F,yII2 < (F,x-
FE.y,x—y) forallx,y € H;

(3) Fix(F,) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2 (see [8]). In a Hilbert space H, there hold the
following identities:

() llx + yI* <l xI* + 2(y, (x + )), forall x, y € H;

(i) | tx+(1=0)yl7 = ¢ I P+ (1=1) [ yl* =t (1-1) | = yI?,
forallt € [0,1], forall x, y € H.

Lemma 3 (see [8]). Let C be a nonempty closed convex subset
of a real Hilbert space H. For any x, y,z € H and given also a
real number a € R, the set

{v eC: ||y - v”z <lx=vI*+ (zv) + a} (26)
is closed and convex.

Lemma 4 (see [11]). Let C be a nonempty closed convex
subset of a real Hilbert space H and T : C — C bea
uniformly L-Lipschitz continuous and asymptotically A-strict
pseudocontraction in the intermediate sense. Then Fix(T) is
closed and convex.

Lemma 5 (see [11]). Let C be a nonempty closed convex
subset of a real Hilbert space H and T : C — C be a
uniformly L-Lipschitz continuous and asymptotically A-strict
pseudocontraction in the intermediate sense. Then I — T is
demiclosed at zero, that is, if the sequence {x,} C C such that
x, = xand x,—Tx, — 0asn — oo, then x € Fix(T).

Lemma 6 (see [11]). Let C be a nonempty closed convex subset
of a real Hilbert space H and T : C — C be an asymptotically
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A-strict pseudocontraction in the intermediate sense with y, =
k, — 1. Then

IT"x = T"y]

1
<

<= {afx-yl

AL+ a-Nyl -y +a —A)en},

n>1, Vx,y € C.
(27)

Recall also that a mapping f of a complete metric space
(X, d) into itselfis called a contraction with coefficientr € (0, 1)
ifl fG)=f() vl x=y I, forallx, y € X. It is known that
f has a unique fixed point (see, e.g., [22]). On the other hand,
Meir and Keeler [23] defined the following mapping, called the
Meir-Keeler contraction. A mapping f : X — X is called a
Meir-Keeler contraction if, for every € > 0, there exists § > 0
such that d(x, y) < € + & implies that

d(f(x),f(y)<e

We know that Meir-Keeler contraction is a generalization of
contraction, and the following result, which extends the Banach
contraction principle, is proved in [23].

Vx,y e X. (28)

Lemma 7 (see [23]). A Meir-Keeler contraction defined on a
complete metric space has a unique fixed point.

Lemma 8 (see [24]). Let f be a Meir-Keeler contraction on a
convex subset C of a Banach space E. Then, for every € > 0,
there exists v € (0,1) such that || x — y ||> € implies that

If G = fF DN <rlx=yl,

Let {C,)} be a sequence of nonempty closed convex subsets
of H. We define a subset s-Li,C,, of H as follows: x € s-Li,C,
if and only if there exists {x,} ¢ H such that x, — x and
x, € C, for alln € N. Similarly, a subset w-Ls,C,, of H is
defined by y € w-Ls,C, if and only if there exists a subsequence
{Cn,-} of {C,)} and a sequence {y;} ¢ H such that y; — y and
Y € C, foralli € N.IfC, C H satisfies

Vx,y € C. (29)

C, = s-Li,C, = w-Ls,C,, (30)

it is said that {C,} converges to C, in the sense of Mosco [25],
and we write C, = M-lim,C,,. One of the simplest examples of
Mosco convergence is a decreasing sequence {C,} with respect
to inclusion. The Mosco limit of such a sequence is (), C,,. For
more details, see [26].

Lemma 9 (see [27]). Let {C,} be a sequence of nonempty
closed convex subsets of H. If C, = M-lim,C,, exists and is
nonempty, then, for each x € H, {Pg x} converges strongly to
Pe, x.

For the rest of this paper, let F,, : CxC — R bea
bifunction satisfying (A1)-(A4) and A,, : C — H be an «,,-
inverse strongly monotone mapping, for somem = 1,2,..., M.
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For eachr,, > 0 and x € H, define a mapping F*» : H — C
as follows:

Fr’:’"(x)z {zeC:Fm(z,y)+(Amx,y—z)

(D)
1
+—(y-2z,z-x)>0, Vy € C}.
rm
It follows from Lemma 1 that F*» = F, (I =r1,A,,) for each

m=12,...,M.

Let T, : C — C be a uniformly L;-Lipschitz continuous
and asymptotically A;-strict pseudocontractive mapping in the
intermediate sense with the sequences {k,,;} C [1,00) such that
lim, , .k, ; = 1and{e,;} C [0,00) such thatlim, , e,; =0,
forsomei=1,2,...,N, that is,

I =Tyl < il =51
F A= Ti%) = (=TI + e

Vx,y € C.
(32)

Remark that L = max{L; : 1 <i < N}, A = max{}; : 1 <i<
N} k, = max{k,;: 1 <i< N,neN}ande, = max{e,; : 1 <
i<N,neN}

3. Main Results

Theorem 10. Let C be a nonempty closed convex subset of
Hilbert space H. Let F,, : C x C — R be a bifunction
satisfying (Al)-(A4), and let A,, : C — H be an «a,,-
inverse strongly monotone mapping, for eachm = 1,2,..., M.
Let T; : C — C be a uniformly L;-Lipschitz continuous
and asymptotically A;-strict pseudocontractive mapping in the
intermediate sense with the sequences {k,;} and {e, ;} for each
i=1,2,...,N.If f is a Meir-Keeler contraction of C into itself
and Q) = (ﬂf\ll Fix(Ti))ﬂ(ﬂf:1 EP(F,,, A,,)) is nonempty and
bounded. Assume that {a,},{f,} are sequences in [0, 1] such
that0 <a<wa,<1,0<b< B, <1-Aandlr,,} C (0,00)
such that r,,, € [c,d] C (0,2e,), for eachm = 1,2,...,M
and n € N. Then the sequence {x,} generated by (19) converges
strongly to g = P, f(q).

Proof. We split the proof into six steps.
Step 1. We prove that P, f exists a unique fixed point. To do
this, we first show that (I —r,, ,A,,) is nonexpansive for each
m=1,2,...,M.Indeed,
2
“(I - rm,nAm) X = (I - rm,nAm) y"
2
= "(X - y) VT (Amx - Amy)”
2
= "X _y” - 2'rm,n <Amx_Amy’x_y>

(33)
+ rﬁq,n"Am'x - Amyllz

< "x - y”Z ~Tmn (2(Xm - rm,n) "Amx - Amyuz

< Jx ="

It follows that (I - r,,,A, ) is nonexpansive. By Lemma 1,
we know that ﬂff:l EP(F,,A,,) is closed and convex. We
also know from Lemma 4 that ﬂil Fix(T;) is closed, and
convex. Hence, Q) = (ﬂfil Fix(T;)) N (f-]lrf:1 EP(F,,,A,,)) is
a nonempty, closed and convex subset of C. Consequently,
Py is well-defined. Since P, is nonexpansive, the composed
mapping Py, f of C into itself is a Meir-Keeler contraction on
C; see [24, Proposition 3]. By Lemma 7, there exists a unique
fixed point z € Q of Py f.

Step 2. We show that C,, is closed convex subset of C for each
n > 1. By the assumption of C,,,,, it is easy to see that C,, is
closed for each n > 1. We only show that C,, is convex for each
n > 1. Itis obvious that C; = C is closed and convex. Suppose

that C;. is closed and convex for some k > 1. For any w € Cy,
we see that

Iy —w|” < |xe—w|” + 6 k=1, (34)

is equivalent to

2(x; = Ypow) < ||’Ck||2 - llykllz + 0. (35)

Taking w, and w, in Cy,, and putting w = tw, + (1 — t)w,, it
follows that w;, w, € Cy, and so

2(x = Yo wy) < "xk"2 - ||J’k||2 + 6k (36)

2(x =~ ypow,) < "xk"2 - ||)’k||2 + 0. (37)

Combing (36) and (37), we obtain that
2 (%= Yo ) < |Pll” = il + 6 (38)
That is,
Iy =@l < i - @] + 64 (39)

In view of the convexity of C, we see that w € Ci.
This implies that w € Ci,,. Therefore, C;,, is convex.
Consequently, C,, is closed and convex for each n > 1.

Step 3. We show that Q ¢ C,, for each nn > 1. Put @ = F»
an'j;i F;;‘ZF:?L for everym = 1,2,..., M and @ = I for all

n € N. Note that F» = .
Therefore, u, = ©)x,. It is obvious that @ ¢ C, = C.

I =1,,A,) is nonexpansive.



Suppose that Q) ¢ C; for some k > 1. Taking p € Q, it follows
from Lemma 1 that

I, - Il = |@3"x, - ©,p]

FrM,n (I - rM,nAM) 924_19%
_FrMm (I - rM,nAM) @2/1_11)“
< “(I - rM,nAM) ®y_1xn

—(I = rpnAm) @ﬁ/PlP" (40)

<[5 - 0,

<Jotx, - o3|
=[x, - pll-

From (19), we observe that

||Zn - P”z = ||(1 - ﬁn) U, + ﬁnTi}(lg;)un - p"2

n 2
= (1 - ﬁn) "un - P“2 + ﬁn TiP(lil))un - P"
n 2
- /_3" (1 - ﬂn) Uy = Tip(lil))un

< (1= B,) u, — I’

+ By [kh(n)“”n - P"2 + A"”n - Ti}(lS)l)”n T eh(n)]
B (1= B) it~ Thw, |
< kol =PI = B, (1= B, = 1)
X "”n - 7}}53)% " Byl
< Ky 4 — P“2 + Bunin)-
(41)

By virtue of convexity of | - 1%, combining (40) and (41), we
have

“yn - pllz = ”(1 - “n) U, + 0,2, — P"2
< (1 - ‘xn) “un - p"2 + ‘xn"Zn - P"2
< (1 - “n) ”un - p"2
R (42)
t &y [kh(fl)”un - P" + ﬁneh(n)]
< et = I + (ki = 1) et = 21 + en
= . - £I” + 6,

< %, = p|* + 6, (43)
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where 6, = (k) — 1p> + epmy — 0asn — ooandp, =
sup{ll x, — p II: p € Q} < oo. Setting n = k in (40)-(43), it
follows that p € C;,. Therefore, O € C,, for eachn > 1.

Step 4. Next, we prove that lim, , x, = ¢, where g =
Pr ¢, f(q). Note that C, is a closed convex subset of H
and 0#Q ¢ C,,, ¢ C, forall n € N. Thus, {x,} is well-
defined. Since the composed mapping Pne ¢, f is a Meir-
Keeler contraction on C, there exists a unique fixed point
q =P c fq € (M1 C, by Lemma 7. Let w, = Pc f(q)
for each n € N. We get (72, C, = M-lim,C,, since Q ¢
C,.1 € C, for every n € N. Thus, from Lemma 9, we get

w, — Poe ¢, f (9) =4 (44)

We prove that x, — g in the following. If it were so, it
would hold that limsup,, _, . | x, —¢q I|> 0. Let e > 0, such
that limsup,,_, ., | x, — g > e. By the definition of Meir-
Keeler contraction, there exists § > 0 with limsup,_, . |l
x, —qll> e+ dsuchthat | x — y [< € + § implies that

If G -fl<e

From Lemma 8, there exists 7 € (0, 1) such that|| x—y [|> e+§
implies that

If G =F O <rlx=yl,

By (44), there exists nn;, € N such that | w, — q [[< § for each
n > n,. As in the proof of [24, Theorem 8], we consider the
following two cases:

Vx, y € C. (45)

Vx, y € C. (46)

(i) There exists n; > n such that || x, —gll<e+ d.

(ii) | x, — g |= € + & for every n > n,.

In case (i), it holds that

“xwl - wn1+1|| s “f (%) - f(Q)" <e. (47)

Thus we get

Xn+1 ~ q" < Xn+1 ~ wn1+1|| + |wn1+1 - q" <e+d,

which means that

limsup |x, — g < €+ 8 <limsup|x, - q]. (49)
n— 00 n—00

This is a contradiction. In case (ii), we have

If Gea) = £ @] <7l =4l

Thus we get

n>n. (50)

1 = | < 1 () = £ @)

<r e = all < 7 (= wal + w, - 4l).
(51)
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It follows from (44) that
lim sup |x,, — w,| = lim sup “xnlﬂ - wn1+1||
n—o00 n— 00
< rlimsup ||x, - w,| (52)
n—00

< limsup ||x, - w,] .
n— o0

This is a contradiction again. Therefore, we obtain that
lim, _, ,X, = g. Moreover, since x,,,; = P f(x,), we have
(f(x,) —x -y)y>0foreachyeC,,.ByQcC,,,,
we have

n+1> Xn+1

(f@-g4q9-y)=0

which is equivalent to g = P, f(q) from the property of metric
projection.

VyeQ, (53)

Step 5. Now, we prove that lim,, , ., || x, — u, [= 0. From
x, — qasn — 00, we have
lim fx,,,; - x,[ =0. (54)
Since x,,,; = P;_ f(x,) € C,,,, we have
“yn = Xn+1 “2 < ”xn - xn+1"2 + en' (55)
It follows from (55) and Lemma 2 that
“yn - xnuz = ||yn ~Xpe1 t X — xn“z
= ”yn - xn+1”2 +2 <yn T Xp+ > X1 T n>
+ "xn+1 - xn"2
< zllxn - xn+1"2 +2 "yn - xn+1"
X ||3anrl - xn" +0,.
(56)
Since 6, = (k) — 1)p? + ey — 0asn — coand (54), we
obtain
nli_{{}o ”Xn - yn” =0. (57)
Foreach p € Q,m =1,2,..., M, it follows from (33) and
(40) that
l&yx, - pl’
_ 2
= Frm’n (I - rm,nAm) ®nm lxn - Frmm (I - rm,nAm) p”

< (1= 1nA) ©) 7 5, = (1= 1,0A,0)
< 07 %, = P = o (20600 = o)
<[40, x, - A,, p||

< 1w = 2l = s (200 = 7o)

x 4,00, ~ A,p| -
(58)

7
By (40), (42), and (58), we have
Iy = 2l < Ju, - pII* +6,
= |e)'x, - @) p| +6,
<|eyx, - ©)'p| +86, (59)
< ”xn - P"z “Tmn (Zam - rm,n)
x[4,,07 " x, = A,p| +6,
which implies that
rm,n (206m - rm,n) AmGZnilxn - AmP“Z
< Jxa = 2l = Iy = I + 6, (60)
< [l = yull (I = 2l + 13 = ) + 6.
Since r,,,, € [c,d] € (0,2a,,) for eachm = 1,2,..., M and

0, — 0asn — oo. From (57), we have

Tim 4,00 x, - A,.p| =0, m=1,2...,M. (6

On the other hand, it follows from the nonexpansive I —
A, and Lemma 1 that

WlVl m

|, - pIf

m—1
- rm,nAm) ®n Xn — Frm,n

(I - rm,nAm) ®Zl_1p||2

< <(I - m,nAm) ®:1n_1xn - (I p>® Xn P>
[|| mn m Zl l'xn - (I - rm,nAm) p“Z
+]e)x, - pl’

_"(I - rm,nAm) @Zl*lxn - (I - rm,nArr) p- (@len - P)||2]

< > [len s, — ol + logx, - ol
2

@',y — O X, ~ 10 (A, O, - Amp)||2] ,
(62)

n



which implies that
l&yx, - pIf
<[ "%, ol
X, = O)'x, -

= “®nm71xn - P| ’ B Xn — ®Txn||2

2 m—1 2
- rm,n”Am@n Xn — Amp"

T (@ 15, = O'x,, A, @7 x, — A, p)

n n>

< %, - 0" x, — O\, |

m—1 m
2 pn "@n x, -0, xn"

A€ x, - ALp].
(63)

From (40), (42), and (63), we obtain

19 = I <, - pI +6,

= e}, - p| + 6.
<|elx, - p| +6,
Jorts,- "

< [lx - ol

+ 2r,

mn

07 'x, —@'x “
A€ x, - A,p| + 6,
which implies that

m—1
“@n Xp —

m—1 _
h Xn

< ”xn - P"2 - ”yn - P"2 + 2rm,n

x |40 " x, - A,p| +6,

< % = yull Q= 2l + [l = 2l
2, @0 %, - O, || 4,00 x, - A,,p| + 6,
65

It follows from (57) and (65) that

lim "@ZH

n— 00

xn—@)’fxn" =0, m=12,....,M. (66)

Note that
”xn - un” < ||®2xn - ®711xn||

1 2 M-1 M
+ "@)nx,1 - ®nxn|| +eeet "@n x, -0, xn" .

(67)
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Therefore,

lim |x, —u,| = (68)

n— 0o

Step 6. Finally, we prove that g € (r]f\:’1 Fix(T})) N (ﬁif:1 EP
(F,»A,,)). To do this, we first show that g € ﬂf\_jl Fix(T;).
Note that

”un+1 - un” < "un+1 - xn+1"
(69)
+ "xn+1 - xn“ + “xn - ”n“ :
From (54) and (68), we get
nILHéO "unﬂ - un" =0. (70)
It follows that
lim |u,,; —u,| = i=12,...,N. 71)

n— 00

For any positive integer n > N, note thatn = [h(n)-1]N+i(n),
where i = i(n) = 1,2,...,N. By (19) and the conditions 0 <
a<a,<land0<b<f, <1-A,wehave

I R
1
__ n~ Yn
-l ™)
1
< L (= wl + b .

From (57) and (68), we get

Jim s, - T s = 0. 73)

By the fact that h(n) = h(n — N) + 1 and i(n) = i(n — N), we
observe that

Ty thy| < 4 =t

# ttan = T | (74)

“Tzn N) Un-N Tz(g)l U “
Applying (71), (73), and Lemma 6, we obtain
f - w0 09

By the uniformly L-Lipschitzian of T}, we have

o= Tl = o~ T8 - To]
Ty ] + L it = Tig 10

It follows from (73) and (75) that

Jim 4, = T,y || = O. (77)
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Since
“un - Tn+iun” < "un - un+i" + "unﬂ' - Tn+iun+i“

+ | Tsithei = Trith|

n+i n+i

< (14 L) |ty = s + s = Torsithni] -
(78)

Combining (71) and (77), we obtain

nleréo ||un - Tiun” =0,

i=1,2,...,N. (79)
Moreover, for eachi = 1,2,..., N, we have

”xn - Tixn” < "xn - un" + "un - Tiun" + "Tiun - Tixn"(‘
8

This implies that
Jim [x, - Tix,[| =0, i=12,...,N. (81)

Note that x, — gasn — o0. It follows from (81) and
Lemma 5 that q € [, Fix(T}).

Next, we show that g € ﬂle EP(F,,A,,). From Lemma 1
and since ®'x, = F, (I- oA n)OT  x, m = 1,2,..., M,

we have

Fm (®:znxn’ )’) + <Am®:1n_1xn> Y- ®len>

1 _
+ — <y -0'x,,0'x, - O lxn> >0, (82)
r

Vy eC.
By (A2), we have
<Am®::171xn’y - ®nmxn>

1
+

(y-0rx,0,x, -0 "'x,)  (83)

rm,n

>F, (y,0x,), VyeC.

Letz, =ty + (1 —t)qforallt € (0,1] and y € C. This implies
that z, € C. Then, we have

(A2 2, — @Tx,)

2 <Amzt’ Z = ®nmxn> - <Am®:zn71xn’zt - ®len>

O"x, — O™ 'x
m n n m
- <zt _®n Xn> . . +Fm (zt’ ®n xn)
Tin

>(A,z,—A,0"x

m>~n ""n’

24— ®nmxn>

-1
+{A,00x, - A,00 "' x,, 2

O"x, — O™ x
- <zt -0'x,, M> +F, (2,0'x,).

Tmn

- ©)'x,)

(84)

From (66), we have || A,,0)'x, — Am®nm71xn |— 0asn —
00. Moreover, by (A4) and the monotonicity of A,,, we obtain
(A,z,2,—q) 2 F, (z,,q), m=12,...,M. (85)

Using (Al), (A4), and (85), we obtain

0 =Fm(zt’zt) StFm(zt’y)_l—(1_1’)Fm(zt’q)

<tF, (z,y)+ (1 -1){(A,z2, — q) (86)
<tF,(z,y)+(1-t)t(A,z,y—q)-
and hence
F,(z,y)+(1-t){Azy—q) 20. (87)

Lett — 0, from (A3) and (87), we have

VyeC, m=12,...,M.
(88)

E,(gy)+{A.qy-q) 20,

This implies that g € EP(F,,, A,,), m = 1,2,..., M. There-
fore, q € ﬂﬁfﬂ EP(F,,, A,,). Consequently, we obtain that
q € Q. This completes the proof. O

We also obtain the following results by using the viscosity-
hybrid projection methods, which extend and improve the
hybrid method (CQ) proposed by Sahu et al. [11] and Hu and
Cai [12].

Theorem 11. Let C be a nonempty closed convex subset of
Hilbert space H. Let F,, : C x C — R be a bifunction
satisfying (Al)-(A4), and let A,, : C — H be an «a,,-
inverse strongly monotone mapping, for eachm = 1,2,..., M.
Let T, : C — C be a uniformly L;-Lipschitz continuous
and asymptotically A;-strict pseudocontractive mapping in the
intermediate sense with the sequences {k,,;} and {e,;} for each
i=1,2,...,N.If f is a Meir-Keeler contraction of C into itself
and Q) = (ﬂf.\:r1 Fix(T;))N (ﬂxz1 EP(F,,, A,,)) is nonempty and
bounded. Let {x,} be a sequence defined by

x,€C, Q =C,

A A A, DA
u,=F MFEM1...F2F"x
n "™n "™™M-1n "o Tin n

2y = (1 - ﬁn) U, + Bnnp(lf,r)l)un’
Yn = (1 - ‘xn) U, + &2y, (89)
C, = {w eC:|y, —w“2 < |, —u)||2 + On},
Qn = {M € Qn—l : <f (xnfl) -

Xne1 = PCnﬂQ,lf (xn) >

Xy X, — Uy > 0},

where 6, = (k) — 1)p? + ey — 0asn — ooandp, =
sup{ll x, — p II: p € Q} < oco. Assume that {«,} and {f3,} are
sequencesin [0, 1] suchthat0 <a < w«, <1,0<b< B, <1-A
and {r,,,} < (0,00) such thatr,, , € [c,d] c (0,2a,), for

each m = 1,2,..., M. Then the sequence {x,} generated by
(89) converges strongly to q = P f(q).
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Proof. We have that C,, and Q,, are closed convex subsets of H
and Q ¢ C,, for every n € N. We only prove that Q ¢ Q,, for
everyn € N and that a sequence {x,,} is well-defined. We have
x; € Cand Q ¢ Q; = C. Assume that x;, € Cand Q c Qy for
some k € N. Since O ¢ C, NQ, there exists a unique element
X1 = Po,nq, f (i), and hence

Vy € Ck n Qk‘

(f (X%) = Xpy1s Xper = ) 2 0, (90)

This implies that

(f (%) = Xpa1> Xprr =) 20, VyeQ. (1)

That is, QO € Q4. Therefore, we prove that Q € Q,,.

On the other hand, Py~ , f is a Meir-Keeler contraction
on C, there exists a unique element g = Pn» o f(q) €
21 Q, by Lemma7. Let z, = Py f(q) for each n € N.
Since Q ¢ Q,,; € Q,, it follows from Lemma 9 that z, —
q = Pr» q,f(q). We also have x, = Pq f(x, ;) by the
definition of Q,,. Therefore, as in the proof of Theorem 10, we
get x,, — ¢, and the desired conclusion follows immediately
from Theorem 10. This completes the proof. O

If M = N = 1, we obtain the following corollary for a
general equilibrium problem and asymptotically strict pseu-
docontraction in the intermediate sense as a special cases.

Theorem 12. Let C be a nonempty closed convex subset of
Hilbert space H. Let F : Cx C — R be a bifunction satisfying
(Al)-(A4) and A : C — H be an a-inverse strongly monotone
mapping. Let T : C — C be a uniformly L-Lipschitz continu-
ous and asymptotically A-strict pseudocontractive mapping in
the intermediate sense with the sequences {k,} and {e,}. If f is
a Meir-Keeler contraction of C into itself and Q = Fix(T) n
EP(F, A) is nonempty and bounded. Let {x,} be a sequence
defined by

x,€C, C,=¢C,
F(un’y) + <Axn’y_un>

1
+—(y-u,u,—x,) =0, VyeC,
T

n

z,= (1= B,) tt, + B,T"1,, 02)
Yn = (1 - (xn) u, +a,z,,
Cpor = {weCy |y —wl < |, —w|* +6,},
Xne1 = PC,l“f(xn) >

where 0, = (kn—l)p,f+en — O0asn — ocoand p, = supilx,—
pll: p € Q} < co. Assume that {a,} and {f3,} are sequences
in [0,1] such that0 <a < «, <1,0<b< B, <1-Aand
{r,} € (0,00) suchthatr, € [c,d] C (0,2c). Then the sequence
{x,,} generated by (92) converges strongly to q = P, f(q).

IfM =N = 1andF =0, the general equilibrium problem
(1) reduces into the classical variational inequality problem (3),
we obtain the following corollary as a special case of Theorems
10 and 12.
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Theorem 13. Let C be a nonempty closed convex subset of
Hilbert space H. Let A : C — H be an a-inverse strongly
monotone mapping. Let T : C — C be a uniformly L-Lipschitz
continuous and asymptotically A-strict pseudocontractive map-
ping in the intermediate sense with the sequences {k,} and {e,}.
If f is a Meir-Keeler contraction of C into itself and Q =
Fix(T) n VI(C, A) is nonempty and bounded. Let {x,} be a
sequence defined by

x,€C, C,=¢C,

v, =(1-a,)x, +a,T"P(x, - 1,AX,),
(93)

Cn+1 = {w € Cn : "yn - w”Z < "xn - w“2 + en} >

Xn+1 = PC,Mf(xn) >

where 0, = (k, — )p} +e, — Oasn — coandp, =
supillx, — pll : p € Q} < oco. Assume that {«,} is a sequence
in [0,1] such that 0 < b < «, <1 - Aand {r,} c (0,00) such
thatr, € [c,d] C (0,2«a). Then the sequence {x,,} generated by
(93) converges strongly to q = Pq, f(q).

Proof. If F = 0, the general equilibrium problem (1) reduces
into the classical variational inequality problem (3), and

1
<Axn>y - un) + r_ <y Uy Uy — xn> =0, Vy €C,

(94)
which is equivalent to

(y —upu,—(x,-r,Ax,)) =0, VyeC. (95

Therefore, we have u,, = Po(x, — r,Ax,). The desired con-
clusion follows immediately from Theorem 10 (Set «, = 1,
B, = «,). This completes the proof. O
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